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ABSTRACT
The goal of this study was to compare two different methods of classification: linear
discriminant

analysis

and

multinomial

logistic

regression

to

make

the

choice

between the two methods easier, and to understand how do the two models behave
under different data and group characteristics. The measure used to compare the
performance of the two techniques was the overall classification accuracy. And to
investigate the quality of prediction in terms of sensitivity and specificity, area
under the ROC curve (AUC) is also examined. Model performance had been
assessed from two special cases of the k-fold partitioning technique, the ‘leave-oneout’ and ‘hold out’ procedures. The performance evaluation was carried out on the
same real world dataset. We also performed a simulation study according to the
linear discriminant analysis model, where the multivariate normality is satisfied
with the same covariance matrix to examine the group and data characteristics that
may affect the performance of LDA and MLR.
When comparing the performance of LDA and MLR on the diabetes data as a case
study, both logistic regression and linear discriminant analysis converged in similar
results. Both methods estimated the same statistical significant coefficients, and
either can be helpful in classifying the class membership of women that diabetics.
Logistic regression slightly exceeds linear discriminant analysis in the correct
classification rate, but when taking into account sensitivity, specificity and AUC the
differences in the AUC were negligibly, thus indicating no discriminating difference
between the models.
The simulation study examined the impact of changes regarding the sample size,
distance between group means, categorization and correlation matrices between the
predictors on the performance of each method. Results indicate that the variation in
sample size, values of Euclidean distance, different number of categories had
similar impact on the result for the two methods, and both methods LDA and MLR
show a significant

improvement in

classification accuracy in

multicollinearity among the explanatory variables.
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the absence of

ملخص باللغة العربية
هدفت هذه الدراسة إلى إجراء مقارنة بين أسلوبين من أساليب التصنيف و التنبؤ ,وهي التحليل التمييزي الخطي
و أسلوب االنحدار اللوجستي المتعدد وذلك لفهم كيفية عمل كال النموذجين في التصنيف و التنبؤ تحت تأثير
الخصائص و الصفات المختلفة للبيانات.
تم في هذه الدراسة تقييم كال األسلوبين من خالل استخدام مجموعة بيانات حقيقية حيث كان المعيار المستخدم
للمقارنة بين هذين النموذجين هو دقة التصنيف التي تم حسابها بطريقتين مختلفتين والمساحة تحت المنحنى
 AUCلتحليل الـ  , ROCكما تم توليد بيانات باستخدام برامج الحاسوب بحيث تحقق هذه البيانات االفتراضات
األساسية لنموذج التحليل التمييزي الخطي

في أنها تتبع التوزيع الطبيعي المتعدد وتتساوى فيها مصفوفة

التباينات المشتركة ,وذلك بهدف مقارنة قدرة كل من النموذجين على التصنيف و التنبؤ تحت تأثير االختالف في
حجم البيانات و عدد فئات المتغير التابع و المسافة بين متوسطات المجموعات التي تحتاج إلى تصنيف و
االرتباط الداخلي بين المتغيرات المستقلة.
عند تطبيق كال النموذجين على البيانات الحقيقية ,فقد وجد أن النتائج كانت متشابهة لكال النموذجين من حيث
المعامالت التي تم تقديرها و التي يمكن استخدامها للتنبؤ باإلصابة أو عدم اإلصابة بمرض السكري ,ورغم أن دقة
التصنيف ألسلوب االنحدار اللوجستي كانت أعلى بقليل من دقة التصنيف ألسلوب التحليل التمييزي ,إال أنه عند
أخذ معيار  sensitivityو  specificityوالمساحة تحت المنحنى  AUCلتحليل الـ  ROCفقد وجد ان الفرق بين
ال  .وفي حالة البيانات المولدة فقد أكدت النتائج أن تأثير االختالف في حجم
كال النموذجين في التصنيف كان ضئي ً
البيانات و االختالف في عدد فئات المتغير التابع و المسافة بين متوسطات المجموعات كان لها نفس األثر على
أداء كل من النموذجين ,وكال النموذجين كان أداؤهما أفضل في ظل عدم وجود ارتباط داخلي بين المتغيرات
المستقلة.
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Chapter 1
Introduction
1.1 General Introduction
A categorical variable (sometimes called a nominal variable) is one
that has two or more categories. They represent types of data which may be
divided into groups. The categorical variables have no numerical meaning,
and there is no intrinsic ordering to the categories. For example, hair color,
gender, field of study, college attended, political affiliation, and status of
disease infection. Gender is a categorical variable having two categories
(male and female) and there is no intrinsic ordering to the categories from
highest to lowest. A variable with just two categories is said to be
dichotomous, whereas one with more than two categories is described as
polytomous (Agresti , 2002).
It is meaningful to address how the analyst can deal with data representing
multiple independent variables and a categorical dependent variable, how
independent

variables

can

be

used

to

contribute

to

the

discovery

of

differences in the categories. The assignment of observations or objects into
predefined homogenous groups is a problem of major practical and research
interest. For example, we may use quantitative information in predicting who
will or will not graduate from college. This would be an example of simple
binary classification problems, where the categorical dependent variable can
only assume two distinct values. In other cases, there are multiple categories
or classes for the categorical dependent variable. For example when we are
ill, we want a doctor to diagnose our disease from our symptoms.
All above are classification problems where we attempt to predict values of a
categorical

dependent

variable

categorical predictor variables.

from

one

or

more

continuous

and/or

In statistics, it is the process of allocating an
1

observation p in one of several predefined groups or categories. and an ideal
classification method, also provides in what distinguishes different classes
from each other. The basic objective is to build a discriminant function that
takes the information to summarize the p variables on an indicator that yields
the optimal discrimination between the classes, and the goal of classification
in this case, also known as supervised pattern recognition (Wehrens,2010). In
order to derive the decision rule that yields the optimal discrimination
between the classes, one assumes that a training set of pre-classified cases
−the data sample− is available, and can be used to determine the sought after
rule applicable to new cases. The decision rule can be derived in a modelbased approach, whenever a joint distribution of the random variables can be
assumed, or in a model-free approach (Joaquim P. and Marques, 2007).
There

are

numerous

algorithms

for

predicting

continuous

or

categorical

variables from a set of continuous predictors and/or categorical factor effects
(Lewicki and Hill,2006). For example, in GLM (General Linear Models) and
GRM (General Regression Models), we can specify a linear combination
design of continuous predictors and categorical factor effects to predict a
continuous

dependent

variable.

In

GDA

(General

Discriminant

Function

Analysis), we can specify such designs for predicting categorical variables to
solve classification problems.
Methodologies for addressing classification have been developed from a
variety of research disciplines, including statistics, econometrics, artificial
intelligent and operations research, so in the statistical literature one can find
numerous techniques and algorithms developed to address the problem of
classification. There are many different ways of using the training data to
predict class labels for future data (Wehrens,2010). Most software packages
already include these functions. Each technique has its own limitations and
advantages. Nearest-neighbour methods, focus on similarities with individual
2

objects and assign objects to the class that is prevalent in the neighbourhood,
k-nearest neighbor algorithm (k-NN) is one of the simplest classification
algorithms. The k-NN algorithm uses known samples of size k to determine
the class of a given instance. The given object is assigned to the class of the
most relevant sample of size k. In order to choose relevant k samples, k-NN
uses some metric. A typical metric is Euclidean distance in a multidimensional vector space. In 1951, Evelyn Fix and J.L. Hodges came up with
the idea of nearest neighbors (Lee, 2010).
A neural-network is a classification algorithm in the field of artificial
intelligence. It is a very powerful tool with the capability of pattern
recognition (Russell and Norvig,2003). ANNs were designed to model the
functioning of human brain. Linear classifiers separate objects by the value of
a linear combination of their features. The feature of an object is represented
by a vector. There is another vector to be trained with known observations.
This is called weight vector. There are several algorithms in this category
such as Support Vector

Machines

(SVM), Linear

Discriminant Analysis

(LDA), and logistic regression.
Similarities between objects can also be used directly, e.g., in kernel methods,
the most well-known representative of this type of methods is Support Vector
Machines (SVMs) (Wehrens,2010). SVM is a method to find a separating
hyperplane in data space, which maximizes the margin between the two
separated data sets. If the data are non separable in the original feature space,
they are transformed to a higher dimensional space, where the data become
linearly separable. SVM was first introduced by Vladimir Vapnik in 1995
(Lee, 2010 ).
Discriminant analysis methods use a parametric description of means and
covariances. Essentially, observations are assigned to the class having the

3

highest probability density. It maximizes the ratio of between-class variance
to

within-class

variance

(Lee,2010).

Linear

discriminant

analysis

(LDA)

develops classifications by determining linear combinations of the predictor
variables to split the observations. LDA is an algorithm to generate the linear
combination of features which best separates two or more categories of
objects. If there are only two features, the separator between object groups
will become a line. If there are three features, the separator will be a plane
and the number of features is more than three, the separator become a
hyperplane.

The class of a new observation is determined by the distance of

mean vector of each group using Mahalanobis distance. LDA was originally
developed by R.A. Fisher in 1936.
Logistic regression (LR) is a model that fits the log odds of the response to a
linear combinations of the explanatory variables. Logistic regression is a
statistical modeling method for categorical data. It is draws on much of the
same logic as ordinary least squares regression. Logistic regression classifies
observations by building a regression function to estimate the probability of
occurrence of an event. Therefore, it can only be used to classify the response
variable with two levels, i.e., success or failure of the event (Wang,2008).
Logistic regression can be extended to handle responses that are polytomous.
We can think of categorical variable as dividing the observations into several
classes.

1.2 Motivation
In any application, the choice of an optimal model cannot be made a
priori, and users should prefer simple models to complex ones, but this
preference should be evaluated in the light of model fit to the experimental
data. Classifier performance depends greatly on the characteristics of

the

data to be classified. There is no single classifier that works best on all given
4

problems. An excessively simple model may be unable to provide good fit of
the data. On the other hand, the prediction results obtained using highly
complex models, which may fit the data very well, may not allow an
immediate

and

intuitive

interpretation.

Model

validity

and

prediction

accuracy should be evaluated carefully for model selection according to the
nature of the data and the results desired. Various empirical tests have been
performed to compare classifier performance and to find the characteristics of
data that determine classifier performance. Determining a suitable classifier
for a given problem is however still more an art than a science.
Two of the most widely used statistical methods for analyzing categorical
outcome variables are linear discriminant analysis and logistic regression.
The

current

study

will

fundamentally

evaluate

the

efficacy

of

linear

discriminant analysis (LDA) and multinomial logistic regression (MLR) in
terms of multi-group classification problems. Even though the two techniques
often reveal the same patterns in a set of data, and both are appropriate for the
development of linear classification models,

the two methods differ in their

basic idea, they do so in different ways and require different assumptions.
Linear discriminant analysis makes more assumptions about the underlying
data, while MLR makes no assumptions on the distribution of the explanatory
data. Hence, it is assumed that logistic regression is the more flexible and
more robust method in case of violations of these assumptions, so setting
some guidelines for proper choice between the two methods is required.

1.3 Research Questions
There are several issues to be addressed in classification problems. Such as
classification accuracy, which is a major issue because it represents the performance
of the classifiers. Hence we may state our study questions to be as the following:
 How

these

two

models

behave

characteristics?
5

under

different

data

and

group

 Are there significant differences in terms of error rates or accuracies obtained
by LDA and MLR for group classification approaches ?
This study plans to contribute more knowledge through each of these
important questions.

1.4 The Objectives Of The Study
The purpose of this study was to compare and contrast two discriminating
techniques, linear discriminant analysis and multinomial logistic Regression,
which can be pointed as follows:
1- Discovering the usability of both LDA and MLR.
2- Determining

which

model

to

select

according

to

various

model

selection criteria.
3- Comparing between LDA and MLR on their ability of classification and
prediction.

1.5 Methodology
The methodology of our thesis will be divided in to two parts. The first part will cover
the theoretical aspects of LDA and MLR classifiers and predictive models, and we
will discuss the various model validation and evaluation techniques.
The

second

part

will

be

as

an

empirical

comparative

case

study,

implementing LDA and MLR classifiers and predictive models into a real life
dataset and simulation data sets in order to assist model selection by choosing
the best model as much as possible according to the evaluation criteria.
In our study we will use the classification accuracy as the evaluation measure,
two of the measures of predictive accuracy will be conducted using the
various group and data characteristics to test the performance of the two
models, model performance will be assessed from two special cases of the k6

fold partitioning technique, ‘leave-one-out’ and ‘hold out’ procedures. For the
‘hold out’ procedures, we use 70 percent of the sample as training data and
the remaining 30 percent as the validation data, the process of holdout is
repeated 20 times, and the average of those 20 correct classification rate is
then taken, to estimate the true classification rate of LDA and MLR.
We will compare the classification performance of LDA and MLR, by
computing the empirical frequency of correct classified observations, over the
test sample, and the method for comparing the two classifiers, is to perform a
statistical comparisons of the accuracies of LDA and MLR classifiers, on the
specific datasets, and compute the paired t-test, which checks whether the
average difference in their performance is significantly different from zero.
All of our experiments computations will be performed on R software
statistical package version 2.15.0 .

1.6 Organization Of The Dissertation
The current chapter served as an introduction and background of the present
study, and highlighted
us to

carry

classification

out

the main reasons and the motivation that prompted

this

methods

study,
used

in

and has

been reference

classification

problem

to

the common

with

categorical

response data. This chapter also describe our proposed methodology, and
contains a brief review of previous research.
The organization of the remainder of this dissertation will be structured as
follows:
The second chapter presents the literature review for the classifications
methods used in this study, namely linear discriminant analysis (LDA) and
multinomial logistic regression (MLR), the idea and the theoretical aspects of
the classification methods used in this thesis will be given in detail. In the
third chapter, we outline methods in detail for the performance criteria chosen
for estimating misclassification error rates to compare both methods. In the
7

fourth chapter, we perform extensive experimental studies to evaluate the
theoretical results, and we will evaluate the prediction accuracy of LDA and
MLR assigned to real data set, we also performed a simulation study to
examine the group and data characteristics that may affect the performance of
LDA and MLR. In this chapter, we will describe the process of the
simulations and the empirical results obtained are presented and discussed,
whereas in the fifth chapter we discuss conclusions of the study and
recommendations for future research.

1.7 Literature Review
There are various studies that have been performed to compare and evaluate
classifier

performance

especially

the

performance

of

linear

discriminant

analysis and multinomial logistic regression, and to find the characteristics
that may affect the classifier performance. In this section we will offer the
most important of these studies.
 Efron (1975) studied the relative efficiency of logistic regression and
normal discrimination analysis. He presented that while LR is less
efficient, estimates will have greater variance than LDA when the data
are multivariate normal, it is robust to departures from normality. He
found that typically, logistic regression is between one half and two
thirds as effective as normal discrimination.


Press and Wilson (1978) compared logistic regression and parametric
discriminant analysis in terms of the proportion of correct classifications
and

conclude

that

logistic

regression

with

maximum

likelihood

estimators is preferable to parametric discriminant analysis in cases for
which the variables do not have multivariate normal distributions, but if
the

populations

discriminant

are

analysis

normal

with

estimators

are

identical
preferred

estimators for the discriminant analysis problem.
8

covariance
to

logistic

matrices,
regression

 Montgomery et al (1987) are compared the two methods in veterinary
data using stepwise linear discriminant analysis and logistic regression in
a first dataset and comparing the selected variables, the order of
selection, the sign and the magnitude of the estimated coefficients of the
discriminating models in a second dataset, resulted that although both
methods

converged,

logistic

analysis

particularly

when

regression
the

is

preferable

assumptions

of

to

discriminant

normality

and

equal

variance are not met.
 Brenn and Arnesen (1985) compared the ability of discriminant analysis,
logistic regression, and Cox model when applied in a dataset of 6595
men aged 20–49, who were followed for 9 years for total and coronary
deaths, in order to select possible risk factors. Logistic regression and
Cox model derived the same set of variables, and discriminant analysis
set of variables had only minor differences. The researchers also noticed
that a time-saving option, offered for both the logistic and Cox selection,
showed no advantage compared with discriminant analysis, since by
analyzing

more

than

3800

subjects,

the

logistic

and

Cox

methods

consumed, respectively, 80 and 10 times more computer time than
discriminant analysis. Thus, the researchers reached to the conclusion
that

discriminant

analysis

is

preferred

for

preliminary

or

stepwise

analysis, otherwise Cox method should be used.


Antonogeorgos et al (2009) who applied both Logistic regression and
discriminant analyses in their clinical study in order to predict the
probability

of

a

specific

explanatory

variables.

The

categorical
aim

of

outcome
this

work

based
is

to

upon

several

evaluate

the

convergence of these two methods when they are applied in data from the
health sciences. For this purpose, they modeled the association of several
factors with the prevalence of asthma symptoms with both the two
methods

and

compared

the

result.
9

In

conclusion,

logistic

and

discriminant analyses resulted in similar models, and in order to decide
which method should be used, we must consider the assumptions for the
application of each one.
 In the study of Pohar et al.(2004) who consider the problem of choosing
between the LDA and MLR and used several simulated datasets, the
convergence

of

the

two

methods

is

examined

when

the

linear

discriminant assumptions for normality of the distribution of explanatory
variables are met, when they are violated, and when they are categorized
for various parameters of the explanatory variables such as sample size,
covariance

matrix,

Mahalanobis

distance,

and

the

direction

of

the

distance between the group means. The authors concluded that linear
discriminant analysis is a more appropriate method when the explanatory
variables are normally distributed. For categorized predictor variables,
linear discriminant analysis remains preferable, and logistic regression
overcomes discriminant analysis only when the number of categories is
small. and the results of LDA and MLR are close whenever the normality
assumptions are not too badly violated.
 Manel (1999) used a dataset about the occurrence of a common river bird
and compared the performance of multiple discriminant analysis (MDA),
logistic

regression

(LR)

and

artificial

neural

networks

(ANN)

in

predicting the species presence or absence from 32 variables. ANN
correctly classified marginally more cases (88%) than either LR (83%) or
MDA (84%). Model performance was assessed from two methods of
data partitioning. In a `leave-one-out' approach, LR correctly predicted
more cases (82%) than MDA (73%) or ANN (69%). However, in a
holdout procedure, all the methods performed similarly (73-75%). All
methods predicted true absence. LR and MDA were both more efficient
in the use of computer time than ANN.
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 Hossain et al. (2002) compared the performance of multinomial logistic
regression (MLR) and discriminant analysis (DA) models to predict
arrival time at the hospital, the goal was to determine the best statistical
method

for

prediction

myocardial infarction

of

arrival

intervals

for

patients

with

acute

symptoms. One model for MLR and two models

for DA were developed using the training dataset. One DA model had
equal prior probabilities, and one DA model had proportional prior
probabilities. Predictive performance of the models was compared and
the overall predictive performance by MLR and DA with proportional
priors was higher, the DA models with equal priors performed much
better in the smaller groups. Correct classifications were 62.6% by MLR,
62.4% by DA using proportional prior probabilities, and 48.1% using
equal prior probabilities of the groups.
 Maroco et al.(2011) compared seven non parametric classifiers derived
from Data Mining methods (Multilayer Perceptrons Neural Networks,
Radial

Basis

Function

Neural

Networks,

Support

Vector

Machines,

CART, CHAID and QUEST Classification Trees and Random Forests)
to three traditional classifiers (Linear Discriminant Analysis, Quadratic
Discriminant
classification
Support
accuracy.

Analysis

and

accuracy,

Vector

Logistic

specificity,

Machines

However

Regression)

this

sensitivity.

showed
method

the

larger

showed

high

in

terms

Results
overall

of

overall

showed

that

classification

specificity

but

low

sensitivity. Random Forest ranked second in overall accuracy. Linear
Discriminant

Analysis

also

showed

acceptable

overall

accuracy.

The

authors conclude that when taking into account sensitivity, specificity
and

overall

classification

Discriminant analysis rank

accuracy

Random

first among

Forests

Linear

all the classifiers tested

prediction of dementia using several neuropsychological tests.
11
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 Kiang (2003) used a simulated datasets and compared the performance of
neural networks and a decision tree method, and three statistical methods
linear discriminant analysis (LDA), logistic regression analysis, and kth
nearest-neighbor (kNN) models in terms of the misclassification rates
and used synthetic data to introduce imperfections such as nonlinearity,
multicollinearity, unequal covariance and to understand the strengths and
limitations of different classification methods and the effects of data
characteristics

on

their

performance

in

a

controlled

setting.

Kiang

concluded that Neural network and logistic regression methods provide
the best relative performance under most scenarios and he showed that
there is no single method that clearly outperforms all methods in all
problem situations and the logistic model is superior to DA in all cases,
especially

when

the

normality,

linearity,

and

identical

covariance

assumptions do not hold and only the normality assumption has an
impact on DA. The sample size has significant effect on kNN and
Decision tree methods, and then on neural networks, It has less impact on
DA and logistic models, and in the current test case, the improvement
stabilized after the 300-sample size for those two models.
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Chapter 2
Overview Of Classification Methods
2.1

Introduction
In

Statistical

categorical

classification we

dependent

variable

attempt

from

to

one

or

predict
more

values

of

continuous

a

and/or

categorical predictor variables. It is the process of allocating an observation p
in one of several predefined groups or categories. An ideal classification
method provides in what distinguishes different classes from each other. The
basic objective is to build a discriminant function that takes the information
to summarize the p variables on an indicator that yields the optimal
discrimination between the classes. It deals with rules of case assignment to
categories or classes, and the goal of classification, is to provide a model that
yields

the

predictive

optimal

discrimination

performance

between

(Wehrens,2010).

several

The

classes

assignment

in
of

terms

of

alternatives

observations or objects into predefined homogenous groups is a problem of
major practical and research interest. In this chapter, the two classification
methods namely linear discriminant analysis (LDA) and multinomial logistic
regression (MLR), used in this study, will be discussed in detail.

2.2

Discriminant Analysis

Discriminant

analysis

is

a

statistical

technique

that

allows

one

to

understand the differences of objects between two or more groups with
respect
statistical

to

several

variables

classification

simultaneously.

method

used

for

It

is

decades

the
by

first

multivariate

researchers

and

practitioners in developing classification models (Hamid,2010). Discriminant
analysis is used in situations where the clusters are known a priori. The aim
of discriminant analysis is to classify an observation, or several observations,
13

into these known groups. Given two or more groups or populations and a set
of associated variables one often wants to locate a subset of the variables and
associated functions of the subset that leads to maximum separation among
the

centroids

of

the

groups.

The

exploratory multivariate

procedure

of

determining variables and a reduced set of functions called discriminants or
discriminant

functions

is

called

discriminant

analysis.

In

general,

discriminant analysis concerns with the development of a rule for allocating
objects into one of some distinct groups. Then, the constructed classification
rule will be used to determine a group of some future objects. Discriminants
that are linear functions of the variables are called linear discriminant
functions (LDF). The number of functions required to maintain maximum
separation for a subset of the original variables is called the rank or
dimensionality of the separation. The goals of a discriminant analysis are to
construct a set of discriminants that may be used to describe or characterize
group separation based upon a reduced set of variables, to analyze the
contribution of the original variables to the separation, and to evaluate the
degree

of

separation

(Timm,2002).

Some

of

the

ideas

associated

with

discriminant analysis go back to around 1920. The English statistician Karl
Pearson (1857–1936) proposed what was called the coefficient of racial
likeness (CRL), a type of intergroup distance index. The CRL was studied
extensively by G. M. Morant (1899–1964) in the 1920s. In the 1920s, too,
study of another distance index started in India, to be formalized by P. C.
Mahalanobis (1893–1972) in the 1930s. The idea of multivariable intergroup
distance was translated to that of a linear composite of variables derived for
the purpose of two-group classification by R. A. Fisher (1890–1962) in the
1930s. The distance and variable composite ideas appeared in print prior to
Fisher’s seminal discriminant analysis article in 1936 (“The use of multiple
measurements
Eugenics).

in

taxonomic

problems,”

which

appeared

in

Annals

of

At the suggestion of Fisher, M. M. Barnard applied two-group
14

(predictive) discriminant analysis in a 1935 study involving seven Egyptian
skull characters (Huberty & Olejnik, 2006) The extension of two-group
classification to multiple groups was given by C. R. Rao in 1948 (Croux et
al., 2005). Many other extensions and refinements of Fisher’s ideas have
appeared since the 1940s.

2.2.1 Discriminant Analysis and MANOVA
Discriminant analysis was developed by Fisher (1936) for the purpose of
multivariate
MANOVA

classification
and

Discriminant

of

discriminant

function

individuals
analysis

analysis

is

in

are

groups.

Mathematically,

same

(Chandran,2009).

the

multivariate

analysis

of

variance

(MANOVA) reversed, they are however, the opposite of each other in terms
of

the

independent

independent
variables

act

variables
as

and

the

determine

the

predictor

independent variables act

dependent
group

variables.

membership,

variables.

In

In

MANOVA

while

discriminant

the

the

dependent

analysis,

as the predictors while group membership

the
is

determined by the dependent variables. The fundamental difference between
the two procedures may lie in the wording of the questions that each address.
Discriminant analysis asks the question; can a linear combination of predictor
variables predict group membership? Usually, several variables are included
in a study to see which ones contribute to the discrimination between groups.
MANOVA asks “whether group membership is associated with reliable mean
differences on a combination of dependent variables. The statistical tools of
MANOVA and discriminant analysis both have a fundamental base in the
greater linear model. As such, both are methods of looking at multivariate
differences among groups.
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2.2.2 Data requirements for discriminant analysis
Discriminant analysis, like all statistical procedures, is underlain by certain
assumptions. Discriminant function analysis is computationally very similar
to MANOVA, and all assumptions for MANOVA apply.
Sample size: Unequal sample sizes are acceptable (Pai,2009). The sample
size of the smallest group needs to exceed the number of predictor variables.
Normal distribution: It is assumed that the data (for the variables) represent a
sample from a multivariate normal distribution. You can examine whether or
not

variables

are

normally

distributed

with

histograms

of

frequency

distributions (Huberty & Olejnik, 2006, Wang,2008), or we perform the
Shapiro-Wilk test for testing multivariate normality.
Homogeneity of variances/covariances: DA is very sensitive to heterogeneity of
variance-covariance matrices. Discriminant analysis requires that the population
variances and covariances for all independent variables are equal across the dependent
variable groups. This is known as the homogeneity of variance-covariance matrices
assumption (Geoffry,1992).
Outliers: DA is highly sensitive to the inclusion of outliers. Data outliers
influence the estimation of the group centres and covariances (Reimann et al,
2008). If one group in the study contains extreme outliers that impact the
mean, they will also increase variability.
Multicollinearity: If one of the independent variables is very highly correlated
with another, or one is a function of other independents, then the standardized
discriminant

function

coefficients

will

not

reliably

assess

the

relative

importance of the predictor variables (Poulsen, French, 2002). So there must
also be low multicollinearity of the independents. Discriminant analysis also
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assumes independence of cases and multivariate linearity of relationships
among the independent variables in each category of the dependent variable.

2.2.3 Basic Theory of LDA Algorithm
In the case of several populations, we have a sampling unit (object) to be classified
into one of Kth populations. The information we have available consists of the p
variables in the observation vector X measured on the sampling unit. The random Pvector X given by X = (X1, · · ·,Xp)ˋ .
When there are k populations, we can use a classification procedure due to Fisher
(1936). LDA tries to discriminate the input data by dimension reduction (Gul, 2003).
LDA searches for the best projection to project the input data, on a lower dimensional
space, in which the data of different classes are well-separated as much as possible as
in Figure 2.1. Linear Discriminant Analysis (LDA) searches for those vectors in the
underlying space that best discriminate among classes (rather than those that best
discriminates between the data). In Figure 2.2, this criteria for LDA can be observed.
The principal assumption for Fisher’s procedure is that the K populations have the
same covariance matrix ∑1 = ∑2 =…= ∑k and normality is not required (Johnson ,
Wichern , 1999).
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FIGURE 2.1

: Three 3-dimensional distributions are projected onto 2-dimensional

subspaces, described by normal vectors W1 and W2. As LDA tries to find the greatest
seperation among the classes, W1 is better than W2 for LDA

FIGURE 2.2 : Projection of 3-classes feature data
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Its basic idea is to project high-dimensional data onto a lower dimensional subspace
and performs classification in this lower dimensional subspace.

Y = ℓ' X
E(Y) = ℓ' E ( X /

With expected value
and variance

( 2.1 )

)

i

for population i

( 2.2 )

var ( Y ) = ℓ' cov ( X ) ℓ = ℓ'∑ ℓ for all populations

The projection maximizes the distance between the means among several competing
classes while minimizes the variance within each class. A linear combination of
variables ' ℓ ' maximizing the ratio of the between-groups sums of squares B and the
within-groups sums of squares W .
let ̅ denote the mean vector of the combind populatins and

the between groups

sums of cross product

∑

̅

= ∑

= ℓ' (

̅

( 2.3 )

̅= ∑

Where

̅Y = ∑

iY

∑

) = ℓ' ̅

And form the ratio :

=

=

∑

̅
∑

(∑

=

∑

̅

̅
∑
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̅

)

( 2.4 )

∑

or

̅

=

(2.5)

∑

The ratio in (2.5) the variability between the group of Y- values relative to the
common variability within groups, we can then select

to maximize this ratio .

Ordinarily ∑ and µ are unavailable. But we have a training set consisting of correctly
classified observations. Suppose the training set consists of a random sample size
from population

, i = 1,2,…, k . Denote the

data set, from population

, by

Xi and its jth row by x'ij . After first constructing the sample mean vectors

̅i =

∑

(2.6)

And ̅ is the total sample mean vector

̅=
Which is the

∑
̅

=

∑

∑

∑

(2.7)

∑

vector average taken over all of the sample observations in the

training set .
We define the sample between groups matrix B which includes the sample sizes

B=∑

̅

̅

̅

̅

(2.8)

An estimate of ∑ is based on the sample within groups matrix

W=∑
Where

=∑

∑

̅

̅

̅

̅

(2.9)

is the number of samples in the kth class and ̅ is the mean vector of class

i, k is the number of classes , ̅ is the jth sample of class i .

=W/(

+

+…+

21

– k ) is the estimate of ∑ .

So, the goal of LDA is to maximize the between-class measure while minimizing the
within-class measure. This objective function can be described by :

F=

=

( 2.10 )

where tr( ) denotes the matrix trace. If we define the total scatter matrix as
T=∑

̅

̅

, then we have T = B + W

If W is a nonsingular matrix, then the optimal projection matrix

which maximizes

the criterion (2.10) can be solved finding the first eigenvectors associated with the
maximum eigenvalues of the following generalized eigenvalue problem

=W

(2.11)

It should be noted that B rank is bounded by k − 1, and therefore there should be at
most k − 1 eigenvectors corresponding to nonzero where

is a diagonal eigenvalue

matrix. Sort the eigenvectors by the associated eigenvalues from large to small and
keep the first k − 1 eigenvectors and then these eigenvectors form the basis vectors of
the LDA-projected space(Andrew , 2002).
For the sample linear discriminants , let
nonzero eigenvalues of

̂ , ̂ , … , ̂ > 0 , denote the s ≤

B and ̂ , ̂ , … , ̂ be the corresponding

eigenvectors. Then the vector of coefficients ̂ that maximize the ratio is given by ̂
=

̂

. The linear combination ̂

produce the second discriminant ̂

is called the first discriminant , the choice ̂ = ̂

and continuing, we obtain ̂

sample gth discriminant, g ≤ s .
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=

̂

, the

2.2.4 Allocation Rules for Known Distributions
Fisher’s approach (1936) using (2.1) is essentially nonparametric because no
distributional assumptions were made. However, if the two populations are normal
with equal covariance matrices, then this method is (asymptotically) optimal; that is,
the probability of misclassification is minimized (Rencher, 2002).
In general if we have populations

; j = 1,2,…,J and we have to allocate an

observation "x" to one of these groups. A discriminant rule is a separation of the
sample space (in general
member of population
regions

such that if x ⋴

) into sets

, it is identified as a

. The main task of discriminant analysis is to find "good"

such that the error of misclassification is small (Hardle and Simar , 2003).

For j = 2 groups , let

be the sample space that is the collection of the all possible

observations "x" , if the first class is the population of "x" values for
from the second class as the population of "x" values for
and

and those

.These two populations

can be described by probability density functions

and

, then this

method is (asymptotically) optimal; that is, the probability of misclassification is
minimized .
The conditional probability, P(2/1) of classifying an object as
from

when in fact it is

is

P(2/1) = P( x ⋴

/

)=∫

(2.12)

Similarly the conditional probability, P(1/2) of classifying an object as belonging to
the first population

, although it actually comes from

P(1/2) = P( x ⋴

/
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)=∫

(2.13)

The misclassified observations create a cost C( i / j ) when a
to
Let

observation is assigned

.
be the prior probability of population

, where "prior" means the a priori

probability that an individual selected at random belongs to

(i.e., before looking to

the value x). Prior probabilities should be considered if it is clear ahead of time that an
observation is more likely to stem from a certain population
Let

be the prior probability of

, and

the prior probabilities as follows:
the proportion in

, where

+

.

be the prior probability of

is the proportion of observations in

.We define
and

is

=1.

Then the overall probabilities of correctly or incorrectly classifying objects can be
derived as the product of the prior and conditional classification probabilities .
P( observation is correctly classified as
= P( x ⋴

/

P( observation is misclassified as

)

= P( x ⋴

/

P( observation is correctly classified as
= P( x ⋴

/

P( observation is misclassified as

)

= P( x ⋴

/

)
)P(

)= P( 1/1 )

)P(

)= P( 1/2 )

)
)P(

)= P( 2/2 )

)P(

)= P( 2/1 )

The expected cost of misclassification (ECM) is given by
ECM = c ( 2/1 ) P( 2/1 )
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+ c ( 1/2 ) P( 1/2 )

(2.14)

We will be interested in classification rules that keep the ECM small or minimize it
over a class of rules. The discriminant rule minimizing the ECM (2.14) for two
populations is given below. For the region

and

and for two given populations,

the rule minimizing the ECM is given by

:

(

)(

)

(2.15)

:

(

)(

)

(2.16)

To assign an observation x to

or

, Fisher (1936) employed his LDF. To apply

the rule, he assumed that ∑1 = ∑2 = ∑ and because he did not assume any pdf,
Fisher’s rule does not require normality(Timm, 2002). He also assumed that

=

and that
c ( 1/2 ) = c ( 2/1 ), So (2.15) and (2.16) give us

:
In this case , if

1

:

1, we assign

is a new observation and

On the other hand , if

1 , we assign

1

to

to

.

2.2.5 Classification With Two Multivariate Normal Populations
Classification rules that make assumptions regarding the pdfs

and

, such as

normality, are called parametric procedures. While Fisher’s LDF is nonparametric, it
is only asymptotically optimal under normality and requires the covariance matrices to
be equal(Timm, 2002).
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Assume that
is

and

are multivariate normal densities ,

, ∑ ). Suppose that the joint densities of

(

populations

and

= [

is

(

, ∑ ) and

,…,

] for

are given by

=

∑

exp [

(x-

Suppose that the population parameters

)'∑

(x-

) ] for i=1,2

(2.17)

and ∑ are known . Then the minimum

,

ECM region in (2.15) and (2.16) become

:

(x–

)' ∑ ( x –

)+
(

:

(x–

)' ∑ ( x –

)' ∑

(x–

)+

)(

)

(x–

)

)

)' ∑

(x–

(x–

(

)(

)

(2.18)

And the allocation rule that minimizes the ECM is as follows:
Allocate

(

–

to

)' ∑

if

(

–

)' ∑

(

+

)

In[(
Allocate

to

)(

)]

(2.19)

otherwise.

In most practical situations , the population quantities

,

and ∑ are unknown , so

the rule (2.19) must be modified. Wald and Anderson have suggested replacing the
population parameters by their sample estimates (Jonson and Wichern, 1999).
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Suppose, then that we have
,…,
-2

] from

observations of the multivariate random variable

and

measurements of this quantity from

, with

=[
+

P . Then the sample mean vectors and covariance matrices are determined by

̅

∑

=

,

∑

=

(2.20)
̅

∑

=

,

∑

=

Since it is assumed the present population have the same covariance matrix ∑ , the
sample covariance matrices

and

are pooled to derive a single unbiased estimate

of ∑ .

=[
Substituting

for

,

]

for

+ [

]

(2.21)

for ∑ in (2.19) gives the sample

and

classification rule :
Allocate

(

–

to

)'

if

(

–

)'

(
In[(

Allocate

to

+

)
)(

)]

(2.22)

otherwise.

In summary, Fisher’s rule has some optimal properties if ∑1 = ∑2,

=

and c1 = c2

provided samples are obtained from normal populations. When this is not the case,
Fisher’s rule is to be avoided (Timm , 2002).

26

2.3

Multinomial Logistic Regression

2.3.1 Introduction
Regression methods have become an integral component of any data analysis
concerned with describing the relationship between a response variable and
one or more explanatory variables. It is often the case that the outcome
variable is discrete, taking on two or more possible values. Over the last
decade the logistic regression model (LR) has become, in many fields, the
standard method of analysis in this situation. Logistic regression (LR), a
statistical modeling method for categorical data has expanded from its origins
in biomedical research to fields such as business and finance, engineering,
marketing, economics,

and health

policy (Meyers

et al.

2006).

Logistic

regression was proposed as an alternative in the late 1960s and early 1970s
(Cabrera, 1994), and it became routinely available in statistical packages in
the early 1980s.

Logistic regression has found two broad applications in

applied research: classification (predicting group membership) and profiling
(differentiating between two groups based on certain factors) (Tansey et al.
1996). It is important to understand that the goal of an analysis using this
method is the same as that of any model-building technique used in statistics:
To find the best fitting and most parsimonious to describe the relationship
between

the

independent
regression
relationships

outcome

(dependent

(predictor
is

well
between

or

suited
a

or

response

explanatory)
for

describing

categorical

outcome

variable)

variables.
and

a

set

Generally,

testing

variable

and

logistic

hypotheses

and

one

of

or

about
more

categorical or continuous predictor variables. The most common example of
modeling, is the usual linear regression model where the outcome variable is
assumed to be continuous. In linear regression analysis, it is possible to test
whether two variables are linearly related and to calculate the strength of the
linear relationship between the variables can be described by an equation of
27

the form Y =

, where Y is the variable being predicted (the

dependent variable), X is a variable whose values are being used to predict Y
(the independent variable), and
estimated. The parameter
when X = 0. the parameter

and

are population parameters to be

, called the intercept, represents the value of Y
represents the change in Y associated with a one-

unit increase in X or the slope of the line that provides the best linear estimate
of Y from X. In multiple regression, there are several predictor variables. If K
denotes the number of independent variables, the equation becomes Y =
+

+ … +

and

, … ,

,

+

are called partial slope

coefficients, reflecting the fact that any one of the K predictor variables
, … ,

,

provides only a partial explanation or prediction for the value of

Y. The equation is sometimes written in a form that explicitly recognizes that
prediction of Y from X may be imprecise, Y =
predictors, Y =

+

+

+

+ … +

+

, or for several

, where

is the error

term, a random variable that represents the error in predicting Y from X.
Estimates of the intercept

and the regression coefficients

( or

, …,

,

) are obtained mathematically using the method ordinary least squares
(OLS) estimation. The linear regression model can be extended easily to
accommodate

dichotomous

predictors,

including

sets

of

dummy

variables

(Menard , 2002).
What distinguishes a logistic regression model from the linear regression
model is that the outcome variable in logistic regression is binary or
dichotomous.
homoscedasticity

Also

logistic

between

the

regression
dependent

models
and

do

independent

not

assume

variables.

The

assumptions required for statistical tests in logistic regression are far less
restrictive than those for OLS regression (Dinesh,2009). There is no formal
requirement for multivariate normality, homoscedasticity, or linearity of the
independent variables within each category of the dependent variable (Allison
28

,1999).

Also there is two important differences between logistic regression

model and the linear regression model. The first difference concerns the
nature of the relationship between the outcome and independent variable
(Hosmer & Lemeshow, 2000).

In any regression problem the key quantity is

the mean value of the outcome variable, given the value of the independent
variable. This quantity is called the conditional mean and will be expressed as
''E(Y | x)" where Y denotes the outcome variable and x denotes a value of the
independent variable. The quantity E(Y |x) is read "the expected value of Y,
given the value x". In linear regression we assume that this mean may be
expressed as linear equation in x (or some transformation of x or Y), such as
E(Y |x) =

. This expression implies that it is possible for E(Y |x) to

take on any value as x ranges between - and +. Linear regression model for
π(x) does not accurately capture the relationship between y and x and it may
even produce predicted values for π(x) that are outside the permissible range

𝑦

𝜋 𝑥

of 0 to 1, as shown in figure 2.3

𝑥

FIGURE 2.3 : Linear regression for a binary dependent variable
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With dichotomous data the conditional mean must be greater than or equal to
zero and less than or equal to 1 [ 0  E(Y | x)  1]. The expected value of
by definition, E( ) = l x Pr(
this reduces to E(
E(
We get

= 0). If we define

= Pr( -= 1),

)=

)=E(

=

=l) + 0 x Pr(

is,

+ ) = E(

) + E(

) + E(

)=

which is sometimes called the linear probability model. As the

name suggests, this model says that the probability that Y= l is a linear function of x.
The second important difference between the linear and logistic regression models
concerns the conditional distribution of the outcome variable. In the linear regression
model we assume that an observation of the outcome variable may be expressed as y =
E(Y | x) + . The quantity is called the error and expresses an observation's deviation
from the conditional mean. The most common assumption is that

follows a normal

distribution with mean zero and some variance that is constant across levels of the
independent variable. It follows that the conditional distribution of the outcome
variable given x will be normal with mean E(Y | x), and a variance that is constant.
This is not the case with a dichotomous outcome variable. the errors are neither
normally distributed nor constant across the entire range of data (Peng et al, 2001). In
this situation we may express the value of the outcome variable given x as y =
+ . Here the quantity may assume one of two possible values. If y = 1 then
(x) with probability

(x), and if y = 0 then =

(x) with probability 1-

has a distribution with mean zero and variance equal to

(x)[1-

(x)

=1-

(x). Thus,

(x)]. That is, the

conditional distribution of the outcome variable follows a binomial distribution with
probability given by the conditional mean,

(x).

These problems with the linear model led statisticians to develop alternative
approaches that make more sense conceptually and also have better statistical
properties. Logistic regression solves these problems by applying the logit
transformation to the dependent variable (Peng et al 2002). In essence, the logistic
model predicts the logit of Y from X which is estimated by maximum likelihood.
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2.3.2 Odds, Odds Ratio, and the Logit Transformation
We want to predict the probability that a case will be classified into one as opposed
to the other of the two categories of the dependent variable. Let ( ) = P( Y = 1/ X = x )
= 1- P( Y = 0/ X = x ) if we know one probability, we know the other .

And

.

X can be categorical or continuous, but Y is always

categorical. The values of

( ) must lie between 0 and 1. To solve this problem, we

( ) =

replace the probability that Y= 1 with the odds that Y = 1. The odds that Y = 1, written
odds( Y=1) , is the ratio of the probability that Y = 1 to the probability that Y

1. The

odds that Y=1 is equal to P( Y=1 )/[ 1 – P( Y=1 )]
The natural logarithm of the odds ,

[

]

, is called the logit of Y, written

logit(Y). The equation for the relationship between the dependent variable and the
independent variables then become
logit [

]=

+

+

+…+

(2.23)

which is the logistic regression model, We can convert logit (Y) back to the odds by
exponentiation , calculating
[ odds that Y = 1 ] =
odds(Y=1)=

. This result in the equation
[

]

=

(2.24)

We can then convert the odds back to the probability that (Y = 1) by the formula
P( Y = 1 )= [ odds that Y = 1 ] / [ 1 + odds that y = 1 ] . This produce the equation
=

(2.25)

This equation has the desired property that no matter what values we substitute for the
ß's and the x's, P will always be a number between 0 and 1.
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2.3.3 Fitting Logistic Regression Models
Suppose we have a sample of
=1,2, ... , , where
and

is

the

independent observations of the pair (

).

denotes the value of a dichotomous outcome variable

value

of

the

independent

variable

for

the

subject.

Furthermore, assume that the outcome variable has been coded as 0 or 1,
representing the absence or the presence of the characteristic, respectively.
This coding for a dichotomous outcome is used throughout the text. To fit the
logistic regression model in equation (2.23) to a set of data requires that we
estimate the values of
linear

regression,

the

,

,… ,

used

most

= (
method

) the unknown parameters. In
often

for

estimating

unknown

parameters is least squares. In that method we choose those values of

and

(in the univariate model) which minimize the sum of squared deviations
of the observed values of Y from the predicted values based upon the model.
Under the usual assumptions for linear regression the method of least squares
yields

estimators

with

a

number

of

desirable

statistical

properties.

Unfortunately, when the method of least squares is applied to a model with a
dichotomous outcome the estimators no longer have these same properties.
The general method of estimation that leads to the least squares function
under the linear regression model (when the error terms are normally
distributed) is called maximum likelihood. This method will provide the
foundation for our approach to estimation with the logistic regression model.
In a very general sense the method of maximum likelihood yields values for
the unknown parameters which maximize the probability of obtaining the
observed set of data. In order to apply this method we must first construct a
function,

called

the

likelihood

function.

This

function

expresses

the

probability of the observed data as a function of the unknown parameters.
The maximum likelihood estimators of these parameters are chosen to be
those values that maximize this function. Thus, the resulting estimators are
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those which agree most closely with the observed data. We now describe how
to find these values from the logistic regression model.
A convenient way to express the contribution to the likelihood function for
the pair
(

) is through the expression

[1 -

]

(2.26)

Since the observations are assumed to be independent, the likelihood function is
obtained as the product of the terms given in expression (2.26) as follows:

[

L( ) = ∏

]

(2.27)

The principle of maximum likelihood states that we use as our estimate of

the value

which maximizes the expression in equation (3.5) . the log likelihood, is defined as :

=
To find the value of

=∑

[

] + (1-

that maximizes

)[

]}

we differentiate

(2.28)

function with

respect to the k + 1 coefficients and set the resulting expressions equal to zero. There
will be k + 1 likelihood equations that are obtained by differentiating the log
likelihood. The likelihood equations that result may be expressed as follows:

]=0

∑[
∑

The value of

]=0

[

(2.29)

j = 1, 2 , …, k

(2.30)

given by the solution to equations (2.29) and (2.30) is called the

maximum likelihood estimate denoted as ̂ .

2.3.4 Logit Models for Multinomial Responses
The multinomial logit regression model is the natural extension of the simple
binary logistic regression model to
categories

(Heeringa

et

al,2010).

responses that have three or more distinct
To

understand

the

multinomial

logit

regression model, suppose that Y is a categorical response variable with J
categories. Multicategory also called polytomous. Logit models for nominal
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response variables simultaneously describe log odds for all ( ) pairs of
categories. Given a certain choice of
Let
{

of these, the rest are redundant.

at a fixed setting x for explanatory variables, and
,

, …,

When one takes

} be the response probabilities satisfying ∑

=1,

independent observations based on these probabilities, the

probability distribution for the number of outcomes that occur as each of the J
types is multinomial (Agresti , 2002).
If a category is fixed as a baseline category, we have J - 1 log odds paired
with the baseline category. When the last category (J) is the baseline, the
baseline-category logits are
, j = 1,…, J-1

The logit model using baseline-category logits with predictor x has the form
=

+

, j = 1,…, J-1

(2.31)

The model consists of J - 1 logit equations, with separate parameters. By
fitting these J - 1 logit equations simultaneously, estimates of the model
parameters can be obtained, and the same parameter estimates occur for a pair
of categories regardless of the baseline category. The estimates of the
response probabilities can be expressed as
=

j = 1,…, J-1

∑

(2.32)

For J=2 , (2.32) simplifies to the formula of type (2.25) used for binary logistic
regression.

2.3.5 Model Interpretation
In the linear regression model, the interpretation of the slope coefficients (the
estimated ̂ is relatively straightforward. The slope coefficients represent the
change in the dependent variable when the independent variable changes by
one unit (when all other independent variables are held constant). The
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mathematical reason for this is that there is no link function involved (or,
expressed more correctly, the link function is the identity function y = y).
In the logistic regression model, the link function is the logit transformation
{[

g(x) =

]

}=

. The slope coefficient therefore represents the change

in the logit corresponding to a change of one unit in the independent variable
(all other independent variables held constant). The interpretation depends on
placing meaning on the difference between two logits.
That is

for any value of x. The log odds ratio for a

change of c units in x is obtained from the logit difference
,

and

the

associated

exponentiating this logit difference

odds

ratio

is

obtained

by

.

A measure to make interpretation easier is the odds ratio. The odds for the
outcome to be present amongst individuals with a covariate value of x = 1 are
defined as relation of the probability of the outcome to be present to the
probability of the outcome not to be present:
[

]

(2.33)

Vice versa, the odds for the outcome being present among individuals with the
covariate value x = 0 are defined by:
[

]

(2.34)

So the odds ratio (OR) is given by the equation
OR =

[

]

[

]

(2.35)

An odds ratio expresses how much more likely it is for the outcome to be
present among those with covariate values of

than among those with

. An odds ratio of two would mean that the risk for a certain outcome of
a subject with covariate

is twice

as high as the risk of a subject with

in the study population. An odds ratio lower than one indicates that a
35

covariate value of

reduces the risk, while an odds ratio of one

indicates that the covariate does not have an effect. For dichotomous
variables, the odds ratio indicates the change of risk in relation to the
reference category (usually). In the case of polytomous variables with k > 2
categories,

slope coefficients have to be estimated. The odds ratios of

these coefficients also indicate the change of risk in relation to the reference
category. The adequacy of this interpretation is entirely dependent on the
adequacy of the model assumptions, namely linearity and constant slope.
Departure

from

this

makes

interpretation

inappropriate.

One

of

these

departures is called interaction. The relationship of independent variable and
logit is still linear, but the slopes differ for certain groups. When interaction is
present, the association between risk factor and outcome variable depends in
some way on the level of the covariate. The effect of the risk factor cannot be
specified without also specifying the level of the covariate (Hosmer &
Lemeshow, 2000).

2.3.6 Strategies In Model Selection
Model selection for logistic regression faces the same issues as for linear
regression.

Cautions

generalized linear

that

apply

to

ordinary

model. The selection

process

regression

hold

becomes harder

for

any

as the

number of explanatory variables increases, because of the rapid increase in
possible

effects

and

interactions.

For

instance,

a

model

with

several

predictors may suffer from multicollinearity, correlations among predictors
making it seem that no one variable is important when all the others are in the
model. A variable may seem to have little effect because it overlaps with
other predictors in the model. There are two competing goals: The model
should be complex enough to fit the data well. On the other hand, it should be
simple to interpret. Many model selection procedures exist, no one of which
is always best (Agresti,2002). The goal of any method is to reduce the
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independent variables to those that contain relevant information. The more
variables included in a model, the greater the estimated standard errors
become, and the more dependent the model becomes on the observed data. In
order to achieve this goal we must have: (1) a basic plan for selecting the
variables for the model and (2) a set of methods for assessing the adequacy of
the model both in terms of its individual variables and its overall fit. (Hosmer
& Lemeshow 2000). There are several steps one can follow to aid in the
selection of variables for a logistic regression model. An algorithmic method
for searching among models is to use a stepwise method in which variables
are selected either for inclusion or exclusion from the model in a sequential
fashion based solely on statistical criteria. This can be performed in two
directions: either one starts with a model containing all possible variables and
iteratively discards variables that contribute least. This is called backward
selection. The other option, forward selection, is to start with an empty
model, and to keep on adding variables until the contribution is no longer
significant. The stepwise approach is useful and in that it builds models in a
sequential fashion and it allows for the examination of a collection of models
which might not otherwise have been examined. Any stepwise procedure for
selection or deletion of variables from a model is based on a statistical
algorithm that checks for the importance of variables, and either includes or
excludes them on the basis of a fixed decision rule. The "importance" of a
variable is defined in terms of a measure of the statistical significance of the
coefficient for the variable. The statistic used depends on the assumptions of
the model. In stepwise linear regression an F-test is used since the errors are
assumed to be normally distributed. In logistic regression the errors are
assumed to follow a binomial distribution, and significance is assessed via the
likelihood ratio chi-square test. The likelihood ratio test (LR-Test, LRT) is a
statistical test that can be used to compare the goodness-of fit of two nested
models. It compares a relatively complex model to a simpler model, and
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judges which of those models better fits the particular dataset. Both models
should be fitted using exactly the same set of observations for this type of test
to be valid (Heeringa , West and Berglund,2010). The test provides an
objective criterion for selecting among possible models. It approximately
follows a

distribution, with the number of parameters (degrees of freedom,

df) being the number of additional parameters in the more complex model.
The test statistic is defined by
LR = -2 .
With

= -2 .(

(2.36)

being the maximum likelihood of the simple model and
being the maximum likelihood of the more complex model.

Thus, at any step in the procedure the most important variable, in statistical
terms, is the one that produces the greatest change in the log-likelihood
relative to a model not containing the variable (i.e., the one that would result
in the largest likelihood ratio statistic, G). Since the magnitude of G depends
on its degrees-of-freedom, any procedure based on the likelihood ratio test
statistic, G, must account for possible differences in degrees-of-freedom
between variables. This is done by assessing significance through the p-value
for

G

(Hosmer

&

Lemeshow

2000).

Forward

selection

adds

terms

sequentially until further additions do not improve the fit. At each stage it
selects the term giving the greatest improvement in fit. The minimum P-value
for testing the term in the model is a sensible criterion, since reductions in
deviance for different terms may have different df values. A stepwise
variation of this procedure retests, at each stage, terms added at previous
stages to see if they are still significant. Backward elimination begins with a
complex model and sequentially removes terms. At each stage, it selects the
term for which its removal has the least damaging effect on the model

(e.g.,

largest P-value). The process stops when any further deletion leads to a
significantly poorer fit. With either approach, for qualitative predictors with
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more than two categories, the process should consider the entire variable at
any stage rather than just individual dummy variables. Add or drop the entire
variable rather than just one of its dummies. Otherwise, the result depends on
the coding. The same remark applies to interactions containing that variable
(Agresti, 2002). Other criteria besides significance tests can help select a
good model in terms of estimating quantities of interest. The best known is
the Akaike information criterion AIC. (Akaike, 1974).
Given several competing models, the one with the lowest AIC is the one
fitting the data best. The AIC punishes more complex models because it takes
the number of parameters into account. It is defined by
AIC = - 2
With

+2K

L as the maximum likelihood of the model and

(2.37)
K as the number of

parameters of the model.

2.3

Summary

In this chapter we have discussed and covered the theoretical aspects and the
main ideas of LDA and MLR classifiers and predictive models. Even though
the two techniques often reveal the same patterns in a set of data to provide a
model that yields the discrimination between several classes, they do so in
different ways and require different assumptions. As the name implies,
logistic regression draws on much of the same logic as ordinary least squares
regression, it classifies observations by building a regression function to
estimate the probability of occurrence of an event, while linear discriminant
analysis is a multivariate method of classification, it develops classifications
by determining linear combinations of the predictor variables and looking at
multivariate differences among groups, it maximizes the ratio of betweenclass variance to within-class variance to split the observations, but the
application of LDA has some important assumptions, i.e., multinormality of
each group and homogeneity of covariance matrices. In the next chapter we
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will present the most common methodologies in detail used for validating
these models.

Chapter 3
Performance criteria
3.1 Introduction
The objective of

building a classification rule is to correctly classify

as many future units as possible. There are several criteria available to
evaluate a set of classification rules, The simplest and the most frequently
used

criterion

for

comparison

between

two

methods

is

error

rate

or

misclassification rate (Harrell, 1997). This is simply the proportion of units
misclassified by the rule. On the other side, the hit rate is the proportion of
units classified correctly by the rule. There are three types of probabilities of
correct classification: The first is the optimal hit rate obtained when a
classification rule is based on known parameter. The second is the conditional
hit rate: this is the hit rate obtained by applying a rule based on a particular
sample to future samples taken from the same population.

The third is the

unconditional or expected error rate, which is the expected value of actual
conditional hit rates over all possible samples of the given size. In practice
population parameters are unknown. Therefore, most research on the error
rate estimation focused on the actual hit rate (Hussein,2002). Probably the
simplest and most widely used method for estimating prediction error is
cross-validation. This method directly estimates well the

expected prediction

error (Hastie et al,2009)

3.2 Estimating Misclassification Rates
Given a classification rule, one wants to evaluate how well the rule performs
in assigning an observation to the correct population, to judge the ability of
classification procedures to predict group membership, we usually use the
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probability of misclassification, which is known as the error rate. We could
also use its complement, the correct classification rate. The performance of a
sample classification function can be evaluated by calculating the Actual
Error Rate (AER). The

AER indicates how the sample classification function

will perform in future samples. Just as the optimal error rate, it cannot be
calculated because it depends on an unknown density function. However, an
estimate of a quantity related to the AER can be calculated. There is a
measure of performance that does not depend on the form of the parent
population

(Pai,2009),

which

can

be

calculated

for

any

classification

procedure. This measure is called the Apparent Error Rate (APER). It is
defined as the fraction of observations in the training sample that are
misclassified by the sample classification function.
A simple estimate of the error rate can be obtained by trying out the
classification procedure on the same data set that has been used to compute
the classification functions. This is called the substitution or resubstitution
method (Rencher,2002). Each observation is submitted to the classification
functions and assigned to a group. We then count the number of correct
classifications

and

the

number

of

misclassifications.

The

proportion

of

misclassifications resulting from resubstitution is called the apparent error
rate (APER). The results can be conveniently displayed in a classification
table

or

confusion

matrix,

which

shows

actual

versus

membership such as Table 3.1 for two groups. Among the
,

are correctly classified into

where

=

misclassified into
+

+

, and

. Similarly, of the

, and

APER =

=
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group

observations in

are misclassified into
observations in

are correctly classified into

. Thus

predicted

, where

,

,
are

=

Similarly, we can define : The apparent correct error rate is 1 – APER. The APER is
an estimate of the probability that a classification rule based on a given sample will
misclassify a future observation.
Apparent correct classification rate =

=

TABLE 3.1. Classification Table for Two Groups
Actual

Number of

Group

Observations

Predicted Group
1

2

1
2

The method of resubstitution can be readily extended to the case of several
groups. It is an estimate of the probability that our classification functions
based on the present sample will misclassify a future observation. This
probability is called the actual error rate. Unfortunately, the apparent error
rate underestimates the actual error rate because the data set used to compute
the classification functions is also used to evaluate them. The classification
functions are optimized for the particular sample and may be capitalizing on
chance to some degree, especially for small samples (Pai,2009). Another
evaluation procedure is to split the total sample into a training sample and a
validation sample. The training sample is used to construct the classification
function and the validation sample is used to evaluate it. The error rate is
determined by the proportion misclassified in the validation sample. This
method overcomes the bias problem by not using the same data to both build
and judge the classification function.
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3.3 Improved Estimates of Error Rates
For large samples, the apparent error rate has only a small amount of bias for
estimating the actual error rate and can be used with little concern. We
discuss two techniques for reducing the bias in the apparent error rate, that is,
increasing the apparent error rate to a more realistic level.

3.3.1 Partitioning the Sample
One way to avoid bias is to split the sample into two parts, The “training”
sample and the “validation” sample. Then, the classification rule is created
using the training sample and the apparent error rate is determined using the
validation

sample.

With

the

training

sample,

we

calculate

classification

functions. We then submit each observation vector in the validation sample to
the classification functions obtained from the training sample. Since these
observations are not used in calculating the classification functions, the
resulting error rate is unbiased. To increase the information gained, we could
also reverse the roles of the two samples so that the classification functions
are obtained from the validation sample and evaluated on the training sample.
The

two

estimates

of

error

could

then

be

averaged.

The

primary

disadvantages of this procedure (Timm,2002) are that:
1- It requires a large sample that may not be available.
2- Since the classification rule is based upon a subset of the sample, it does
not evaluate the classification function we will use in practice it may be a
poor estimate of the population classification function, depending on the
split. We prefer to use all or almost all the data to construct the
classification functions so as to minimize the variance of our error rate
estimate
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3.3.2 The Hold-Out Method
The holdout method, sometimes called test sample estimation (Kohavi,1995).
Suppose the total number of available observations is
set of observations (the training set containing

observations) is used to

design the classification rule, and the remaining (
validation

set)

is

used

to

estimate

the

error

. One portion of the

-

) test sample (the

rate

and

validating

the

classification rule (Huberty, 1994). It is common to designate 2/3 of the data
as the training set and the remaining 1/3 as the test set. There are a problems
assiociated with holdout method (Hussein,2010). First, this method requires a
large sample size, but in applications large sample is not always available.
Second, the classification rule that is validated is not the one that would
actually be used. Third, there is a problem associated with the appropriate
relative size of the training sample to the testing sample.

3.3.3 The Cross-Validation Method
As noticed in the early 30s by Larson (1931), training an algorithm and
evaluating

its

statistical

performance

on

the

same

data

yields

an

overoptimistic result. In most real applications, only a limited amount of data
is available, which leads to the idea of splitting the data: Part of data (the
training sample) is used for training the algorithm, and the remaining data
(the validation sample) are used for evaluating the performance of the
algorithm. The validation sample can play the role of

new data (Arlot and

Alain,2010). In this method, ( ) classifiers are designed. Each classifier is
designed by choosing k of the

observations as a training set, and its error

rate is estimated using the remaining (
repeated for all distinct choices of

) observations. This process is

patterns and the average of the error rates

is computed. The average of the error rate of each subset is therefore an
estimate of the error rate of the classifier (Kotsiantis,2007). This type of
validation is, of course, more expensive computationally, but useful when the
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most accurate estimate of a classifier’s error rate is required. A popular
choice for the value of k is

, yielding the well-known leave-one-out

method.

4.3.4 K-fold cross validation
The basic form of cross-validation is k-fold cross-validation, if we had
enough data, we would set aside a validation set and use it to assess the
performance of our prediction model. Since data are often scarce, this is
usually not possible. To finesse the problem, K-fold cross validation uses part
of the available data to fit the model, and a different part to test it (Hastie et
al,2009). In K-fold cross validation the original data set is randomly divided
into k subsets, of (approximately) equal size, and the holdout method is
repeated k times (the folds). Each time, one of the k subsets is used as the test
set and the other k-1 subsets are put together to form a training set. Then the
average error across all k trials is computed to produce a single estimation.
For example, when

, the scenario looks like this:

1

2

3

4

5

Train

Train

validation

Train

Train

For the

part (third above), we fit the model to the other

parts of

the data, and calculate the prediction error of the fitted model when predicting
the

part of the data. We do this for

and combine the

estimates of prediction error.
The advantage of this method is that every data point gets to be in a test set
exactly once, and gets to be in a training set k-1 times. The variance of the
resulting estimate is reduced as k is increased. The disadvantage of this
method is that the training algorithm has to be rerun from scratch k times,
which means it takes k times as much computation to make an evaluation. A
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variant of this method is to randomly divide the data into a test and training
set

k

different

times.

The

advantage

of

doing

this

is

that

you

can

independently choose how large each test set is and how many trials you
average over. If k equals the sample size, this is called "leave-one-out" crossvalidation .

3.3.5 Leave-one-out cross-validation
As

the

name

suggests,

leave-one-out

cross-validation

(LOOCV)

involves

using a single observation from the original sample as the validation data, and
the remaining observations as the training data. This is repeated such that
each observation in the sample is used once as the validation data. This is the
same as a K-fold cross-validation with K being equal to the number of
observations

in the original sample. The function approximator is trained

on all the data except for one point and a prediction is made for that point as
does the resubstitution method with less bias than other cross-validation
methods in the estimated classification error rate (Lesaffre et al,1989).

The

actual classification rule for future observations would be based on all N
observations. As before the average error is computed and used to evaluate
the model. The evaluation given by leave-one-out cross validation error
(LOOCV)

is good, but at first view it seems very expensive to compute

because of the large number of times the training process is repeated.

3.4 Evaluation of a Classification Model
For the evaluation of two methods, sensitivity, specificity can be also
measured in the same dataset. Sensitivity of a binary classification test with
respect to some class is a measure of how well this test identifies a condition
and expresses the probability of a case being classified in that class, meaning
the proportion of true positives of all positive cases in the population.
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Specificity, on the other hand, expresses the proportion of the true negative
classified cases of a binary classification test of all the negative cases in the
population.

If the number of classes is two, for example, Table 3.2 shows the

predicted classification and true classification. True Positives (TP), True
Negatives (TN), False Positives (FP), and False Negatives (FN), are the four
different possible outcomes of classification prediction for a two-class case
with classes “1” and “0”.
The sensitivity is calculated by =

, and the specificity is

TABLE 3.2: True class and predicted class
Actual
Group

Predicted Group
1

2

1
2

Both the sensitivity and specificity are usually given in percentages. A
decision method is considered good if it simultaneously has a high sensitivity
and a high specificity, so there is a trade-off between sensitivity and
specificity (Tom Fawcett, 2004). The receiver operating characteristic (ROC)
curve can represent the trade-off graphically. In a ROC curve the true positive
rate (Sensitivity) is plotted in function of the false positive rate (100Specificity), it depicts relative trade-offs between benefits (true positives) and
costs (false positives).
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3.5 Summary
There are several criteria available to evaluate a set of classification rules,
The simplest and the most frequently used criterion for comparison between
two methods is misclassification rate. The determination of reliable estimates
of a classifier error rate is an essential task in order to assess its usefulness
and to compare it with alternative classifier. In this chapter we presented the
most common methodologies in detail used for estimating misclassification
error rates to compare numerous classification models available. In the
absence of independent validation data, a common approach to estimating
predictive accuracy is based on some form of resampling the original data.
This

chapter

has

focused

on

two

particular

resampling

techniques,

the

Holdout and the Cross-Validation, which is a simple and trustworthy methods
to estimate prediction errors as we already have seen.
In the next chapter we will perform an empirical comparative case study,
implementing LDA and MLR classifiers and predictive models into a various
real life datasets and simulation data sets in order to assist model selection by
choosing the best model as much as possible according to the evaluation
criteria.
.
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Chapter 4
Empirical Case Study
4.1 Introduction
In our experiments we will use the classification accuracy as the evaluation
measure, two of the measures of predictive accuracy will be conducted using
the various group and data characteristics to test the performance of the two
models, model performance will be assessed from two special cases of the kfold partitioning technique, ‘leave-one-out’ and ‘hold out’ procedures. The
easiest way to do this is to split the data into two distinct, non-overlapping
groups: a training set and a test set (or holdout samples), then we can see how
accurately they both classify the samples from the test set. This process is
repeated 20 times and the average of those 20 correct classification rate is
then taken to estimate the true classification rate of LDA and MLR for each
data set.
In this study, for the two methods of classification and for each of the data
characteristics, we use 70 percent of the sample as training data and the
remaining 30 percent as the validation data, and we will compare the
classification performance of LDA and MLR by computing the empirical
frequency of correct classified observations over the test sample.
For the evaluation of the two methods, sensitivity, specificity, and accuracy
will be also measured in the same dataset, and to investigate the quality of
prediction in terms of sensitivity and specificity, area under the ROC curve
(AUC) is also examined. We will compare LDA with MLR on the exactly
same datasets with the same training and test settings.
In order to examine the group and data characteristics that may affect the
performance of LDA and MLR to compare the two methods, we also
performed a simulation study to examine the group and data characteristics
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that may affect the performance of LDA and MLR, and all of our
experiments were performed on software R statistical package.

4.2 Applications to Real Data
Linear

discriminant

analyses

and

logistic

regression

are

multivariate

statistical methods which can be used for the evaluation of the associations
between various covariates and a categorical outcome. Both methodologies
have

been

extensively

applied

in

research,

especially

in

medical

and

sociological sciences.
In this section, linear discriminant analysis and logistic regression methods
are compared using the diabetes data as a case study. These data were
collected by the National Institute of Diabetes and Digestive and Kidney
Diseases, but they are now available from the UCI Machine Learning
Repository. These data can be found in the file "PimaIndiansDiabetes" on the
package "mlbench" under R. The original page where the data set can be
found is: http://archive.ics.uci.edu/ml/datasets/Pima+Indians+Diabetes
The Pima Indians Diabetes data set is an example of a data set from the
medical domain. A population of women who were at least 21 years old, of
Pima Indian Heritage and living near Phoenix, Arizona, was tested for
diabetes

according

to

World

Health

Organization

criteria

(WHO).

The

classification task consists of predicting whether a patient would test positive
for diabetes. The class labels of the Pima data are 1 for diabetes and 0
otherwise. There are 8 predictor variables for 768 patients, all females, at
least 21 years of age, and among the 768 patients, 268 tested positive for
diabetes (class 1) according to WHO criteria. For details the frequency and
percentage distributions of the groups are presented in Table 4.1
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TABLE 4.1 The Class Distribution of the Diabetes Data
class name

class size

class distribution

Positive

268

34.9 %

Negative

500

65.1%

As Table 4.1 is evaluated, it is seen that the data set, actually consisted of two subgroups with n1= 268 (34.9%) cases in the first group, and n2=264 (65.1%) in the
second group.
The data set has 768 cases, all with the following numeric attributes and they are:
1. “pregnant”: Number of times pregnant.
2. “glucose”: Plasma glucose concentration a 2 hours in an oral glucose tolerance test.
3. “pressure”: Diastolic blood pressure (mm Hg).
4. “triceps”: Triceps skin fold thickness (mm).
5. “insulin”: 2-Hour serum insulin (mu U/ml).
6. “mass”: Body mass index (weight in kg/(height in m) 2).
7. “pedigree”: Diabetes pedigree function.
8. “age”: Age in years.
9. Class variable (0 or 1). The Class variable (9) is treated as 0 (false), 1 (true – tested
positive for diabetes). A brief statistical analysis is given in Table 4.2.
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TABLE 4.2 Brief Statistical Analysis of Diabetes Data
Attribute

Std.
Deviation

Min/Max

3.85
120.89
69.11

3.370
31.973
19.356

0/17
0/199
0/122

20.54

15.952

0/99

79.80
31.993
.47188
33.24

115.244
7.884
.331
11.760

0/846
0/67.1
.078/2.42
21/81

Mean

pregnant
plasma glucose
pressure
triceps skin fold
thickness
insulin
body mass index
diabetes pedigree
age in years

4.2.1 Testing LDA assumptions
It is important to examine the group and data characteristics that may affect the
performance of LDA method. Since real-world data are usually contaminated. The
main assumptions of LDA are tested here. The first is that the multivariate normality
of the N variables within each group. This means that each variable must be
(approximately) normally distributed within each group. Since real-world data are
rarely multivariate normally distributed, we also wish to test the performance of the
selected classification procedures when allowing departures from normality.
Therefore, before carrying out the classification, we perform the Shapiro-Wilk test
for testing multivariate normality.
Another

procedure

to

evaluate

multivariate

normality

graphically

programmed by Thompson (1990) is used to explore multivariate normality
by plotting Mahalanobis distances against derived chi-square values in a
scatterplot, if the data are multivariate normal, the plotted pairs should be
close to a straight line.
The second is that the covariance matrices are equal. Box's M test is used to
see if another assumption of LDA holds: are the covariance matrices equal or
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not? The null hypothesis is that they are, the alternative hypothesis is that
they are not.
Another assumption is that the variables should not be highly correlated. The
correlation coefficient between each pair of variables should be calculated.

Exploratory Data Analysis
Preliminary exploration of the data is an important for multivariate analysis
and it is good practice to begin by examining relevant scatterplot matrices,
this may draw attention to errors in the data, reveals relationships or
association between two variables. Exploring correlation between variables is
an important part of exploratory data analysis. Before you start to model data,
it is a good idea to visualize how variables related to one another. These
scatter plots can be organized into a matrix shown in figure 4.1 making it
easy to look at all pairwise correlations in one place.
The following figure 4.1, shows the scatter plot of Diabetes data organized
into a matrix, making it easy to look at all pairwise correlations in one place
to investigate the possible relationship between each pair of variables and to
visualize how variables related to one another.
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FIGURE 4.1: Scatter plot of Diabetes dataset
Figure 4.1 shows the scatter plot of Diabetes dataset in the lower panel, and
each small chart in the upper panel of the scatter plot shows the correlation
between the given pair of variables.

Test Of Multivariate Normality
The function mshapiro.test in the mvnormtest package produces the ShapiroWilk test for multivariate normality. Shapiro test statistic for the multivariate
normality of Diabetes data had a value of 0.9056 with a probability of p-value
< 2.2e-16. Since the p value is less than 0.05 (the level of significance for the
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test), there is a sufficient evidence to reject the null hypothesis and conclude
that the data are not multivariate normally distributed.
To evaluate the data further, we investigate the multivariate chi-square Q-Q plot
shown in Figure 4.2.
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QQ Plot Assessing Multivariate Normality
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qchisq(ppoints(n), df = p)

FIGURE 4.2: Diabetes data Chi-Square Plot
According to the multivariate chi-square plot shown in Figure 4.2, the points
appear to had a nonlinear tend and doesn’t lie close to a straight line, thus
indicating that the data are not normally distributed.
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Test For Covariance Matrix Equality
Box's M test testing the assumption of equal covariance for equality of the
group covariance matrices. In this case, Box's M statistic had a value of
229.559 with a probability of 0.00. Since the result is significant (p

0.05)

so there is sufficient evidence that we reject the hypothesis that the groups
covariance matrices are equal.

4.2.2 The Results of Linear Discriminant Analysis
Significance tests and strength of relationship statistics for each discriminant
function for the diabetes grouping are presented in the Wilks' Lambda Table
(Table 4.3). The Wilks' Lambda provided chi-square tests of significance for
the function. The associated chi-square statistic tests the hypothesis that the
means of the functions listed are equal across groups. The small significance
value indicates that the discriminant function does better than chance at
separating the groups. Here it was found to have 0.00 degrees of significance,
so we can conclude that the corresponding function explain the group
membership well.
TABLE 4.3 Wilks' Lambda Table

Table

4.4.

Wilks' Lambda

Chi-square

df

Sig.

0.697

275.336

8

0.00

The

standardized

canonical

discriminant

function

coefficients,

which measure the relative importance of the selected variables, the larger
absolute value of the coefficient corresponds to greater discriminating ability,
and mean that the groups differ a lot on that variable, indicate that the
independent variable “plasma glucose” was the most powerful discriminating
variable, followed by “body mass index” and “number of times pregnant”.
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“triceps skin fold thickness”, “insulin” and “age” were less successful as
predictors.
TABLE 4.4 Standardized Canonical Discriminant Function Coefficients
Variables

Function1

pregnant

0.309

plasma glucose

0.764

pressure

-0.205

triceps skin fold thickness

0.011

insulin

-0.094

body mass index

0.455

diabetes pedigree

0.219

age in years

0.137

To compare these two groups, two classification functions were used to
assign

cases

into

each

group

(Table

4.5).

For

each

observation,

two

classification scores were computed for each function. The cases were
assigned to the group whose function obtained the higher score.
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TABLE 4.5 Linear Discriminant Function Coefficients
LDA functions
Variables
tested_negative

tested_positive

pregnant

-0.056

0.074

plasma glucose

0.116

0.153

pressure

0.093

0.078

triceps skin fold thickness

0.005

0.006

insulin

-0.010

-0.011

body mass index

0.442

0.525

diabetes pedigree

2.807

3.735

age in years

0.164

0.181

(Constant)

-19.435

-27.926

4.2.3 The Results of Logistic Regression
In this subsection multinomial logistic regression analysis was performed on the
diabetes data set. The presence of a relationship between the dependent variable and
combination of independent variables is based on the statistical significance of the
final model chi-square.
TABLE 4.6 Model Fitting Information
Model Fitting Criteria

Likelihood Ratio Tests

Model
-2 Log Likelihood
Intercept Only

993.484

Final

723.445

Chi-Square df
270.039
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8

Sig.
.000

According to the results shown in Table 4.6, it is seen that -2 log likelihood
value of basic model only with intercept term was 993.484, this value
decreased into 723.445 with the independent variables appearance in the
model. In this analysis, the probability of the model chi-square (270.039) was
0.00, less than the level of significance (0.05). The null hypothesis that there
was no difference between the model without independent variables and the
model

with

independent

variables

was

rejected.

The

existence

of

a

relationship between the independent variables and the dependent variable
was supported.

TABLE 4.7 Pseudo

measurements

Measurements

values

Cox and Snell

0.296

Nagelkerke

0.408

McFadden

0.272

As Pseudo R2 values presented in Table 4.7 are examined, explanation ratios
of dependent variables upon independent variables are seen. Nagelkerke R2
value is the modified form of Cox & Snell coefficient. According to the
results shown in Table 4.7, it is seen that dependent variables define 29.6% of
the variance in independent variables according to Cox & Snell R2 value,
40.8% according to Nagelkerke R2 value, and 27.2% according to McFadden
value.
The

likelihood

ratio

test

evaluates

the

overall

relationship

between

an

independent variable and the dependent variable. Statistics of likelihood ratio
tests obtained from MLR are presented in Table 4.8.

59

TABLE 4.8 Likelihood Ratio Tests
Model Fitting Criteria
Effect

-2 Log Likelihood of
Reduced Model

Likelihood Ratio Tests
Chi-Square

df

Sig.

Intercept

934.653

211.207

1

.000

preg

738.678

15.233

1

.000

plas

838.372

114.927

1

.000

pres

729.993

6.548

1

.011

skin

723.453

.008

1

.929

insu

725.187

1.742

1

.187

mass

764.225

40.779

1

.000

pedi

733.785

10.340

1

.001

age

725.968

2.522

1

.112

According to the results shown in Table 4.8, it is seen that there is a
statistically significant relationship between the independent variables ( preg,
plas, pres, mass, and pedi) and the dependent variable, so it play significant
role in the cause of diabetes.
Other variables (skin, insu, and age) contributions into the model are not
significant which implies that these factors don’t play significant role in the
cause of diabetes.
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TABLE 4.9 Results of Fitting the Logistic Regression Model to the Diabetes
Data
Variable

Coeff.

Std. Error

Wald

df

Sig.

Intercept

-8.405

0.717

137.546

1

0.000

preg

0.123

0.032

14.747

1

0.000

1.131

plas

0.035

0.004

89.897

1

0.000

1.036

pres

-0.013

0.005

6.454

1

0.011

0.987

skin

0.001

0.007

0.008

1

0.929

1.001

insu

-0.001

0.001

1.749

1

0.186

0.999

mass

0.090

0.015

35.347

1

0.000

1.094

pedi

0.945

0.299

9.983

1

0.002

2.573

age

0.015

0.009

2.537

1

0.111

1.015

Estimates

for

the

parameters

obtained

through

the

maximum

Exp(B)

likelihood

estimation method for the final model are shown in Table 4.9. Odds ratios
were close to or greater than 1 for most of the variables.
Our

equation

can

be

written:
+ 0.945 pedi
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4.2.4 Classification results of the Diabetes data set
Linear discriminant analysis (LDA) method are compared with multinomial
logistic regression method using the Diabetes data as a case study for the
comparison of methods.
In order to compute the correct classification rate for the Diabetes data we
will use the ‘leave-one-out’ method, Table 4.10 and Table 4.11 illustrate the
confusion matrix of

LDA

and MLR

classification methods

respectively,

assigned to the dependent variable associated with the Diabetes dataset to
classify the class membership of women that diabetics using ' leave-one-out’
method. The class labels of the data are 1 for diabetes and 0 otherwise

TABLE 4.10 Confusion Matrix of Diabetes Data LDA Classification using
leave-one-out
Predicted
Actual
Sample
Population
size
0
1
0
1

442
115

58
153

500
268

TABLE 4.11 Confusion Matrix of Diabetes Data MLR Classification using
leave-one-out
Predicted
Actual
Sample
Population
size
0
1
0
1

445
112

55
156

500
268

For the ‘hold out’ procedures, we use 70 percent of the sample as training
data and the remaining 30 percent as the validation data, the process of
holdout

is

repeated

20

times,

and

the

average

of

those

20

correct

classification rate is then taken to estimate the true classification rate of LDA
and

MLR

for

Diabetes

data,

Tables

4.12

gives

the

overall

correct

classification results of each method. Our next step is to perform paired t-test,
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to test the significance of the performance difference between LDA and
MLR, over the Diabetes dataset.
TABLE 4.12 Overall Accuracy for Diabetes Classification
Method

LOOCV %

Hold Out %

LDA

77.47

77.49

MLR

78.26

78.40

To evaluate the performance of LDA and MLR for the Diabetes data, we
employ the confusion matrix, which shows actual versus predicted group
membership for the two groups. Using Table 4.10, we can see that 442 of 500
women from the first group were correctly classified, and 153 of 268 women
from the second group were correctly classified, so LDA succeeded to
classify 595 instances from original 768 instances correctly, and the overall
correct classification rate was 77.47 percent (Table 4.12).
For the MLR performance, Table 4.11 illustrate the confusion matrix of
MLR, it can be seen that MLR succeeded to classify 601 instances from
original 768 instances correctly, and the overall correct classification rate was
78.26 percent (Table 4.12).
According to the results shown in Table 4.12, it can be seen that the
classification accuracy of MLR using “leave one out” cross validation and
holdout validation, was slightly better than classification accuracy of LDA.
However, t-test results, indicate that there are significant difference between
the two models performances, and MLR performed better than LDA in the
Diabetes data set.
Given these classification rates, it seems plausible using MLR to classify the
class membership of women that diabetics. This mainly, due to the that, the
assumption of multivariate normality for the Diabetes data was violated, and
there were no homogeneous covariance matrices.
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Discriminant analysis model
Logistic regression model

Figure 4.3 Receiver operating characteristics (ROC) curves for the discriminant
analysis and logistic regression models.
For

each

model,

we

plotted

the

corresponding

response

operating

characteristics (ROC) curve (Figure 4.3). An ROC curve graphically displays
sensitivity and 100% minus specificity (false positive rate). By plotting the
ROC curves for two models on the same axes, one is able to determine which
model is better for classification, namely, that model whose curve encloses
the larger area beneath it.
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TABLE 4.13: Sensitivity and specificity and AUC of logistic regression and
discriminant analysis models
Linear discriminant analysis
Sensitivity Specificity

Logistic regression

AUC

Sensitivity Specificity

AUC

(%)

(%)

(%)

(%)

(%)

(%)

79.35

72.51

83.50

79.89

73.93

83.90

Table 4.13 presents sensitivity, specificity,

and area under the ROC curve

(AUC) of both approaches.
The ROC curves of the two models clearly indicate that the logistic model is
similar to the linear discriminant analysis model, no difference in the area
under the curve (AUC), 83.5% versus 83.9%.
In general, both logistic regression and discriminant analyses converged in
similar

results.

Both

methods

estimated

the

same

statistical

significant

coefficients. The overall classification rate for both was good, and either can
be helpful in classifying the class membership of women that diabetics.
Logistic

regression

slightly exceeds

discriminant

function

in

the

correct

classification rate but when taking into account sensitivity, specificity and
AUC the differences in the

AUC were

discriminating difference between the models.
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negligibly, thus indicating

no

4.3 Applications to Simulation Data
In this subsection we performed a simulation study to examine the group and
data characteristics that may affect the performance of LDA and MLR. To
compare and evaluate the performance of LDA and MLR in terms of these
characteristics, we created a simulated data sets according to the linear
discriminate analysis model, where the multivariate normality of the N
variables within each group is satisfied with the same covariance matrix and
different mean vectors.
covariance matrix.

For simplicity, we use the identity matrix as the

This simulation experiment generated data with various

characteristics, we perform this comparison with an example where all the
assumptions of the linear discriminant analysis are satisfied to test the
performance of the selected classification procedures in the optimal situation,
and observe the impact of changes regarding the sample size, distance
between group means, categorization and correlation matrices between the
predictors. Evaluating the performances of the classification techniques are
carried out using the classification accuracy rate as the evaluation measure.

4.3.1 Simulation Results for the Effect of Sample Size
In this section, 7 simulated datasets with different numbers (n) of individuals
are used to compare the performance of linear discriminant analysis and
multinomial logistic regression.

The

samples

are

simulated from normal

distributions with the same covariance matrix and different mean vectors,
which are divided equally into 2 classes. These simulations are based on an R
function mvrnorm for simulating from a multivariate normal distribution
from R package MASS. This simulation experiment generated data with a
sample sizes of 50, 100, 200, 400, 500 and 1000. We set the simulations
where the explanatory variables are normally distributed with the same
covariance matrix and different mean vectors to observe the impact of
changes

related

to

sample

size.

Table
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4.14

shows

the

classification

performance of LDA and MLR versus the sample size, and figure 4.4
illustrates

the

classification

performance

obtained

for

each

of

methods.
TABLE 4.14: Simulation results for the effect of sample size.
LDA

MLR

%

%

50

82.60

82.00

100

86.00

86.00

200

83.50

83.10

400

87.30

87.90

500

85.60

85.80

800

84.60

84.40

1000

85.60

85.50

Sample Sizes

Figure 4.4: The Classification Performance vs. the Sample Size
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the

two

According to the simulation results for the effect of sample size shown in
Table 4.14 is to be noted that the variation in sample size has similar effect on
the two methods and as the sample size increases the classification accuracy
increases and the sample size significantly affects the performance of LDA
and MLR, but the performance of LDA is slightly better than MLR.
However, for the large sample sizes the results of the two methods become
really close and the differences between the two methods become negligible.
A peculiar observation of the effect of sample size for the performance of
multinomial logistic regression is that the efficiency of this technique could
become the largest when the sample size is 400 and growing rapidly when
increasing the sample size from 50 to 400, so the increase of the sample size
has a significant impact but when increasing the sample size of 400, the
classification

accuracy

rates

decrease

incrementally

as

the

sample

size

increases and the variation in sample sizes has little impact on classification
accuracy

rates,

however,

the

classification

accuracy

rates

decrease

incrementally as the sample size increases.

4.3.2 Simulation Results for the Effect of Distance Between Group
Means
It is of interest to examine the behavior and the efficiency of LDA and MLR
when the differences between group means has different values, this may
indicate whether when the mean differences between group decrease the
discrimination

become

more

difficult.

In

this

section

the

samples

are

simulated from normal distributions with the same covariance matrix but the
Euclidean distance between each pair of sample mean is differ from a sample
to another, the numbers of observations of each group are fixed with

=

=200
Table 4.15 shows the classification performance of LDA and MLR versus the
distance between each pair of sample mean, and figure 4.5 illustrates the
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classification performance obtained for each of the two methods regards to
the distance between each pair of sample mean.

TABLE 4.15: Simulation results for the effect of Distance Between Group Means
LDA

MLR

%

%

0.50

60.00

60.00

1.00

69.50

69.00

1.50

74.50

74.00

2.00

80.50

81.00

3.00

94.50

94.00

4.00

98.00

99.00

D

FIGURE 4.5: The Classification Performance versus the Distance Between Group Means

According to the simulation results for the effect of distance between group
means shown in Table 4.15, it can be seen that the variation in values of
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Euclidean distance has similar effect on the two methods and as the values
increases the classification accuracy increases and the distance between group
means significantly affects the performance of

LDA and MLR, but for low

values of Euclidean distance the performance of LDA is slightly better than
MLR, but as this distance increases and it takes values above3, MLR
performs better.

4.2.3 Simulation Results for Different Number of Categories
In this subsection, 5 simulated samples with different numbers of categories
for the discrete dependent variable are used to compare the performance of
linear discriminant analysis and multinomial logistic regression to assess each
method in terms of number of categories. The samples are simulated from
normal distributions with the same covariance matrix and different mean
vectors, which are categorized into a certain number of categories and
divided equally for every category to have the same number of observations.
Table 4.16 shows the classification performance of LDA and MLR versus the
numbers

of

categories,

and

figure

4.6

illustrates

the

classification

performance obtained for each of the two methods regards to the numbers of
categories.
TABLE 4.16: Simulation results for the effect of the number of categories
Num. Of

LDA

MLR

Categories

%

%

2

86.00

86.80

3

79.30

79.60

4

81.40

81.30

5

81.70

81.10

10

74.60

74.20

71

FIGURE 4.6: The Classification Performance versus the number of categories

According to the simulation results for the effect of the number of categories
shown in Table 4.16, it
increases,

the

can be seen that as the number of categories

classification

accuracy

decreased

significantly

for

the

performance of LDA and MLR, and different number of categories had a
similar impact on the result for the two methods.
But although the number of categories had a similar impact on both methods,
the performance of MLR was slightly better when the number of categories
was small or less than 4, but with the case of the number of categories above
4, the performance of LDA was better than the performance of MLR.
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4.3.4 Simulation Results for the Effect of Correlation Between
Explanatory Variables
To compare and evaluate the performance of LDA and MLR in terms of the
presence of multicollinearity and examine the effect of correlation between
explanatory variables on the performance of LDA and MLR, 6 simulated
samples with two predictors has a correlation coefficients of 0.25, 0.50, 0.65,
0.75, 0.83 and 90 were used for this purpose. The samples are simulated from
normal distributions with the same covariance matrix and different mean
vectors, which has a sample size of 200 for each sample.
Table 4.17 shows the classification performance of LDA and MLR versus the
proportion of the correlation between the explanatory variables, and figure
4.7 illustrates the classification performance obtained for each of the two
methods regards to the proportion of the correlation between the explanatory
variables.

TABLE 4.17: Simulation Results for The Effect Of The Proportion of
Correlation Between Explanatory Variables
LDA

MLR

%

%

0.25

86.10

86.00

0.50

85.00

85.50

0.65

85.00

84.00

0.75

83.50

84.00

0.83

81.00

83.50

0.90

83.50

83.50

Correlation
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FIGURE 4.7: The Effect of Correlation Between Explanatory Variables on the Performance
of LDA and MLR

According to the simulation results for the effect of correlation between
explanatory

variables

shown

in

Table

4.17,

it

can

be

seen

that

the

performance of LDA and MLR differ in maximum 2%, the classification
accuracy rates decrease incrementally as the values of correlation coefficient
increases so the value of correlation coefficient affect the LDA and MLR
performance

and

both

methods

LDA

and

MLR

show

a

significant

improvement in classification accuracy in the absence of multicollinearity
among the explanatory variables.
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Chapter 5
Conclusion and Recommendation
5.1 Conclusion
In this experimental study we have compared two different methods of
classification: linear discriminant analysis and multinomial logistic regression
in terms of the classification accuracy, model performance had been assessed
from two special cases of the k-fold partitioning technique, ‘leave-one-out’
and ‘hold out’ procedures. And to investigate the quality of prediction in
terms of sensitivity and specificity, area under the ROC curve (AUC) is also
examined.
The performance evaluation was carried out on the same real world dataset,
we also performed a simulation study to examine the group and data
characteristics that may affect the performance of LDA and MLR.
As a conclusion, this study was very helpful for us to make the choice
between the two methods easier, and to understand how do the two models
behave under different data and group characteristics.
When comparing the performance of LDA and MLR on the diabetes data as a
case

study,

both

logistic

regression

and

linear

discriminant

analysis

converged in similar results. Both methods estimated the same statistical
significant coefficients. The overall classification rate for both was good, and
either can be helpful in classifying the class membership of women that
diabetics. Logistic regression slightly exceeds linear discriminant analysis in
the correct classification rate, and t-test results, indicate that there are
significant

difference

between

the

two

models

performances,

and

MLR

performed better than LDA in the Diabetes data set. This mainly, due to the
that, the assumption of multivariate normality for the Diabetes data was
violated, and there were no homogeneous covariance matrices.

But when

taking into account sensitivity, specificity and AUC the differences in the
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AUC were negligibly, thus indicating no discriminating difference between
the models.
Also, a simulation study were performed, to generate data sets according to
the linear discriminate analysis model, where the multivariate normality of
the N variables within each group is satisfied with the same covariance matrix
and different mean vectors, to examine the group and data characteristics that
may affect the performance of LDA and MLR to compare and evaluate the
performance of LDA and MLR in terms of these characteristics.
When

comparing

the

performance

of

linear

discriminant

analysis

and

multinomial logistic regression to observe the impact of changes regarding
the sample size, we conclude that the variation in sample size has similar
effect on the two methods, and as the sample size increases the classification
accuracy increases, and the sample size significantly affects the performance
of LDA and MLR, and the performance of LDA is slightly better than MLR.
In the case of the differences between group means has different values, we
can say the variation in values of Euclidean distance has similar effect on the
two methods, and as the values increases the classification accuracy increases
and the distance between group means significantly affects the performance
of

LDA and MLR, but for low values of Euclidean distance the performance

of LDA is slightly better than MLR, but as this distance increases and it takes
values above3, MLR performs better.
When

comparing

the

performance

of

linear

discriminant

analysis

and

multinomial logistic regression to assess each method in terms of number of
categories, we conclude that, as the number of categories increases, the
classification accuracy decreased significantly for the performance of LDA
and MLR, and different number of categories had a similar impact on the
result for the two methods, and the performance of MLR was slightly better
when the number of categories was small or less than 4, but with the case of
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the number of categories above 4, the performance of LDA was better than
the performance of MLR.
Also we compare and evaluate the performance of LDA and MLR in terms of
the

presence

of

multicollinearity and

examine

the

effect

of

correlation

between explanatory variables on the performance of LDA and MLR, and we
conclude that the value of correlation coefficient affect the LDA and MLR
performance,

and

both

methods

LDA

and

MLR

show

a

significant

improvement in classification accuracy in the absence of multicollinearity
among the explanatory variables.

5.2 Recommendations
According

to

the

conclusion

reported

above

we

may

recommend

the

followings:
 It is important to examine the group and data characteristics that may
affect the performance of LDA method, since real-world data are
usually contaminated.
 Regard using LDA, the main assumptions of LDA had to be tested. The
first is that the multivariate normality, and homogeneity of covariance
matrices,

when

these

assumptions

are

met,

discriminant

function

analysis more powerful and efficient analytic strategy
 Regard

using

MLR,

this

model

seems

suitable

to

be

used

for

classification problem in cases for which the variables do not have
multivariate

normal

distributions,

nor

equal

variance

within

each

group.
 If one or more of the independent variables are very highly correlated
with another, you should remove one of them which doesn’t seem
essential to your model, and making sure that this variable is not
important in predicting the target variable, removing it may reduce or
eliminate multicollinearity.
76

 For linear discriminant analysis and multinomial logistic regression, a
large sample size is required

in order

to achieve

its maximum

prediction accuracy.
 Regard using the linear discriminant,

this model seems suitable to be

used for classification when the dependent variable has more than four
groups/categories, but with the case of the number of categories less
than 4, the performance of MLR was better than the performance of
LDA.
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