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Abstract
Most of Seasonal Box-Jenkins (ARIMA) models that used for forecasting seasonal time
series are additive, multiplicative or mixed models. These models assume that there is a
significant parameter between nonseasonal and seasonal parameters without testing by
certain statistical test. Moreover, most popular statistical software such as R and SPSS only
has facility to fit these models.
In this research the data which we have, is monthly observations of water consumption in
Khan Younis from January 2000 to September 2010. Thus we have about (132)
observations, attended from Coastal Municipalities Water Utility.
The aim of this research is to forecast actual data of the monthly water consumption in
Khan Younis by Seasonal Box-Jenkins (ARIMA) model, that will not happen until
detecting seasonality, identifying the model, estimating the parameters and diagnosing the
model, then we can forecasting the model.
The most important step of Box-Jenkins method is identification the model so we used
several methods to identify the model, we used classical method and automated method
(SCAN, ESACF and MINIC) and obtained three models, where the MINIC, ESACF and
SCAN methods recommended the same model ARIMA(0,1,1)×(2,1,0)12 model where it
has the minimum BIC = 20.48721, but the SCAN method recommended another that is
ARIMA(4,1,0)×(2,1,0)12 has BIC= 20.48918 while the ACF and PACF method is
recommended the model ARIMA(1,1,1)×(2,1,0)12 where has BIC = 20.773.
We

have

three

models

additive

ARIMA(0,1,1)×(2,1,0)12,

additive

ARIMA(4,1,0)×(2,1,0)12, and additive ARIMA(1,1,1)×(2,1,0)12, determined the parameters
of the three models, we found all of the coefficient estimated of the three models are highly
significant.
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The models are checked by the diagnostic tests, the standardized residuals of the serieses
are plotted, ACF‟s of residuals is plotted, the Ljung-Box test for residuals of the additive
model ARIMA (0,1,1) × (2,1,0)12 and ARIMA(4,1,0)×(2,1,0)12, confirmed that the
residuals are significant autocorrelations (p-value = 0.006056, 0.0039) respectively, then
the two models aren‟t passed to forecast, while the additive model ARIMA (1,1,1) ×
(2,1,0)12 confirmed that the residuals are nonsignificant autocorrelations (p-value =
0.09356), a quantile-quantile of residuals is plotted and the Shapiro-Wilk test of residuals
are confirmed the normality of the residuals. Then the only model where passed to forecast
is additive model ARIMA (1,1,1) × (2,1,0)12.
And finally, forecasting plot has been drawn. And the BIC value equal to 20.773 has been
obtained. According to the SARIMA fitted here, water consumption data is associated with
previous one month and residuals. And the final model satisfy the assumptions about
normal and constant residuals, CI‟s of predicted values are elicited and the additive model
ARIMA(1,1,1) × (2,1,0)12 explain 90% of the data
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ملخص
معظم نماذج بوكس جينكينز (  )ARIMAالموسمية المستخدمة في التنبؤ للسالسل الزمنية الموسمية
تكون إما تجميعية أو ضربية أو مختلطة .هذه النماذج تفترض وجود معالم ذات داللة إحصائية بين
المعالم الموسمية والغير موسمية بدون إجراء االختبارات اإلحصائية ,ومن أشهر البرامج المستخدمة
برنامج  Rوبرنامج .SPSS
في هذا البحث لدينا بيانات عبارة عن مشاهدات شهرية عن كمية استهالك المياه في محافظة
خانيونس في الفترة من يناير  2000الى ديسمبر  2010وهي عبارة عن  132مشاهدة اخذت من
مصلحة مياه بلديات الساحل )(CMWU
الهدف من هذه الدراسة هو التنبؤ لبيانات حقيقية عن كمية المياه المستهلكة في خانيونس باستخدام
نموذج بوكس جينكينزالموسمي ( )ARIMAوهذا ال يحدث قبل اكتشاف وجود الموسمية في السلسلة,
و تحديد النموذج ,و تقدير المعالم ,واجراء اختبارات مالئمة النموذج ,وبعد ذلك يمكننا التنبؤ
بالنموذج.
أهم خطوة في طريقة بوكس جينكينز هي تحديد النموذج ,لذا استخدمنا عدة طرق لتحديد النموذج ,
استخدمنا الطريقة التقليدية والطرق األتوماتيكية (  MINICو  ESACFو  ,)SCANوترشح لدينا ثالثة
نماذج  ,حيث رشحت الطرق

 MINICو  ESACFو  SCANالىمىرج الحجمٍعً

 ARIMA(0,1,1)×(2,1,0)12و  BIC = 20.48721و سشحث اٌضا طشٌقة  SCANومىرجاً آخش وهى الىمىرج
الحجمٍعً  ARIMA(4,1,0)×(2,1,0)12و  BIC= 20.489بٍىما سشحث الطشٌقة الحقلٍذٌة الىمىرج الحجمٍعً
 ARIMA(1,1,1)×(2,1,0)12و . BIC = 20.773

لذا اصبح لدينا ثالثة نماذج وهي النموذج التجميعي

 ARIMA(0,1,1)×(2,1,0)12الىمىرج الحجمٍعً

 ARIMA(4,1,0)×(2,1,0)12و الىمىرج الحجمٍعً  , ARIMA(1,1,1)×(2,1,0)12قذسوا معالم الىمارج الثالثة
وعىذ اخحباسها اثبث أن جمٍع معالم الىمارج دالة إحصائٍا ً .
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وعىذ اجشاء االخحباسات الحشخٍصٍة للىمارج جبٍه ان الىمىرج الحجمٍعً

 ARIMA(0,1,1)×(2,1,0)12و الىمىرج

الحجمٍعً  ARIMA(4,1,0)×(2,1,0)12فشال فً اجحٍاص جلك االخحباسات حٍث ان البىاقً بهما محشابطة وجبٍه رلك
مه اخحباس  Ljung-Box testحٍث كاوث قٍمة المعىىٌة (  )p-valueهً  0.006056و  0.0039على الحىالً  ,بٍىما
الىمىرج الحجمٍعً  ARIMA(1,1,1)×(2,1,0)12وجح فً اجحٍاص جلك االخحباسات حٍث كاوث قٍمة المعىىٌة (

p-

 )valueهً . 0.09356
لزا فالىمىرج الىحٍذ الزي ٌصلح للحىبؤ هى الىمىرج الحجمٍعً

 ARIMA(1,1,1)×(2,1,0)12وقذ فسش  %90مه

البٍاوات حٍث أن  . R2=0.9وقذ جم سسم واسحخشاج فحشات الثقة للقٍم المحىبأ بها .
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Abbreviations

Abbreviation
ACF
AIC
AR(p)
ARIMA(p.d.q)
ARMA(p.q)
BIC
BLUE
CH test
CI
ES
ESACF
HQ
IACF
KPSS
LBT
LF
LM test
LSE
MA(q)
MAE
MAPE
MaxAE
MaxAPE
ME
MINIC
ML
MLE
MME
MPE
MSE
OLS
PACF
PP
Q-Q
RMSE
RW
SAR(PS)
SARIMA(PS,D,QS)
SARMA(PS,QS)

Full Word
Autocorrelation Function.
Akaike Information Criterion.
Autoregressive Model of order p.
Autoregressive Integrated Moving Average Model order (p,q).
Autoregressive Moving Average Model order (p,q) .
Bayesian Information Criterion.
Best Linear Unbiased Estimator.
Canova-Hansen test
Confidence interval
Exponential Smoothing
Extended Sample Autocorrelation Function.
Hannan Quinn Criterion.
Inverse Autocorrelation Function.
Kwiatkowski-Phillps-Schmidt-Shin (KPSS) test
Ljung Box test
Loss Function
Lagrange multiplier test
Least-Squares Estimates
Moving Average Model of order q.
Mean Absolute Error.
Mean Absolute Percentage Error.
Maximum Absolute Error.
Maximum Absolute Percentage Error.
Mean Error.
Minimum information Criterion
Maximum likelihood method
maximum likelihood estimator
method of moment estimates
Mean Percentage Error.
Mean Squared Error.
Ordinary Least Squares
Partial Autocorrelation Function.
Phillips-Perron test
quantile-quantile
The Root Mean Squared Error.
Random Walk
Seasonal Autoregressive Model of order PS
Seasonal Autoregressive Integrated Moving
Average Model order (PS,QS).
Seasonal Autoregressive Moving Average Model
X

SBC
SCAN
Se
SMA(QS)
SRW
WN

of order (PS,QS) .
Schwarz- Bayesian Information Criteria
Smallest Canonical correlation method
standard error
Seasonal Moving Avarege Model of order QS
seasonal random walk
White Noise.
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Chapter 1
Introduction
1.1 Overview
Any time series data may be contains some or all seasonal, cyclical, trend and irregular
components, these components may be combined in different ways may be additive,
multiplicative or mixed. To make a model we must separate these components to can
identify, estimate and forecast.
Many time series encountered in econometrics and in natural sciences display regular
seasonal fluctuations. In the analysis of such series, the seasonal variation can be directly
incorporated in the model, or removed from the series by seasonal adjustment methods
which can implicitly or explicitly rely on seasonal models. This research describes and
analyses seasonal time series models and develops a new formulation which facilitates
parameter estimation in the state space representation of the model.
At the present time there are many statistical methods for analysis and forecasting time
series, that support modeling very complicated realities by different statistical programs
better and more precisely. This research targets to modeling and forecasting seasonal series
by Box-Jenkins methodology . In this thesis, we first explain why we believe seasonal
model forecasting is important. Then we present the study objectives in order to clearly
define the research problem. Finally, we put the plan outlines of this thesis.
1.2 Research Problem
The problem of the study is based on how to treat the seasonal data by Box-Jenkins method
passing of detecting seasonality, identifying model, estimating, diagnosting, and
forecasting. Therefore the research problem is: How can we forecast the seasonal time
series model by Box-Jenkins method using automated methods
1

1.3 Motivations
Seasonal model forecasting, in which the researcher tries to get a good model to forecast.
Forecasting using Seasonal Box Jenkins approach sometimes be a very difficult,
complicated, and problematic task, the difficulty in this method is how to detect the
seasonal fluctuations, how to identify the model and how to determine the lags of the
model. In this study we used the classical method and the automated methods to make the
seasonal model forecasting process more reliable and effective.
1.4 The Research Importance
The importance of the research is using a seasonal time series to predict water consumption
making it easier to estimate consumption and saves time and effort in the development of
suitable future plans in this area.
1.5 The Data
Data used in this study is a monthly observations of amount of water consumption in Khan
Younis that collected and compilation from Khan Younis city, Big Abasan village, Small
Abasan village and Bani Suhaila village. The number of observations is 132, representing
the period from January 2000 to September 2010, attended from Coastal Municipalities
Water Utility. The data is non stationary that has seasonal and trend problem.
1.6 Goals of the Study
The aim of this study is determine the best and most efficient model to study the seasonal
time series and use it to predict water consumption in Khan Younis by using Seasonal
Box-Jenkins method.
1.7 Research Methodology
In this study we are going to apply Seasonal Box-Jenkins forecasting method to predict
future values for the time series data of the monthly values of the amount of water
2

consumption in Khan Younis attended from Coastal Municipalities Water Utility. This
research is mixed between descriptive analytical approach in theoretical side and the case
study approach in practical side. The theoretical side addressed to the basic concepts of
modeling seasonal time series in terms of general shape, model building, estimating and
forecasting. We talk wider about identification methods to their importance.
And the practical side has been applied on actual data of water consumption in Khan
Younis to get mathematical model to predict new period of water consumption, and ensure
that the most important conclusions and recommendations.
We will use R software, SPSS and SAS to create the best model to predict, and get the best
result.
1.8 The Study Structure
The study consists of 5 chapters; Chapter 1 presents the study objectives, outline the plan
of this thesis in order to review its organization and presents the literature review. Chapter
2 presents an overview of time series models, discuss a different types of time series
models and its properties, describes the building time series models, presents univariate
Box-Jenkins forecasting method and forecasting measures. Chapter 3 presents an overview
of seasonal time series, discuss a different types of seasonal time series models and its
properties, describes the building of seasonal time series models, presents univariate
Seasonal Box-Jenkins forecasting method. Chapter 4 Practical case of analyzing data of
monthly values of the quantum of water consumption in Khan Younis attended from
Coastal Municipalities Water Utility, we present the results of Seasonal Box-Jenkins
forecasting method, create Seasonal Box-Jenkins model and predict future values based on
Seasonal Box-Jenkins model.

3

1.9 Literature Review
In this section we will mention some related studies and recall the most important findings
of these studies.
Kirchgässner & Wolters (2007) presented the Box-Jenkins approach, its different models
and their basic properties in a rather elementary. These models have become an important
tool for forecasts. They first present the most important approaches for statistical
modelling of time series. These are autoregressive (AR) processes, and moving average
(MA) processes, as well as a combination of both types, the so-called ARMA processes.
And they show how this class of models can be used for predicting the future development
of a time series in an optimal way. Finally, they conclude some remarks on the relation
between the univariate time series models and the simultaneous equations systems of
traditional econometrics.
Chatfield (2001) aimed in his book to give an overview of the many forecasting methods.
The inter relationships between the different methods are explored and the methods are
compared from both theoretical and empirical points of view. After revising the basics of
time series analysis he discussed model building for a single series, both for particular
classes of model and in general terms, looking at univariate and multivariate forecasting
methods, respectively, while discussed the evaluation of forecasts and gives advice on
which method to choose in different contexts. cover two additional important topics,
namely different ways of calculating prediction intervals (rather than point forecasts), and
the effect of model uncertainty on forecast accuracy, especially in regard to the tendency
for empirical results to suggest that prediction intervals are generally too narrow.
Frain (1992) presented notes of lectures on univariate time series analysis and Box Jenkins
forecasting given in April, 1992. He talked about univariate time series, Box Jenkins
methodology, and seasonal Box Jenkins methodology.
4

Cryer and Chan (2008) present in their book practical examples of time series in addition
to considerable material, numerous datasets, and exercises. Some of the new topics that are
integrated with the original include unit root tests, extended autocorrelation functions,
seasonal ARIMA models, subset ARIMA models, and bootstrapping. Completely new
chapters cover the topics of time series regression models, time series models of
heteroscedasticity, spectral analysis, and threshold models.
Kunst (2004) organized in a theoretical and an empirical part. In the beginning he
introduced the main concepts of linear univariate models, i.e. autoregressive, moving
average, and a combination of both, seasonal models, as this builds the basis for a model
based forecast. Thereafter he presented the forecasting methodology, which concluded the
theoretical part. In the last section he used the Austrian inflation rate to provide an example
of model building and forecasting in practice.
Franses, Paap, and Fok (2005) talked about seasonal adjustment procedures, the main idea
behind their approach is that they examine the link between models for seasonal data and
the assumptions underlying three seasonal adjustment methods, they outline the
diagnostics they use to evaluate the seasonal adjustment methods. These diagnostics are
statistical tests, which are based on the statistical relevance of parameters in certain
regression models. These diagnostics either focus on the effect of removing seasonality in
the seasonal adjustment method or on the change features of the time series other than
seasonality in the seasonal adjustment method.
Franses (2004) deals with seasonal time series in economics and he reviews models that
can be used to forecast out of sample data. Some of the key properties of seasonal time
series are reviewed, and various empirical examples are given for illustration. The potential
limitations to seasonal adjustment are reviewed. And further, he addresses a few basic
models like the deterministic seasonality model and the airline model, and he shows what
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features of the data these models assume to have. Then, he continues with more advanced
models, like those concerning seasonal and periodic unit roots. Finally, there is a
discussion of some recent advances, which mainly concern models which allow for links
between seasonal variation and heteroskedasticity and nonlinearity.

6

Chapter II
Time Series Models
2.1 Introduction
The goal of this chapter is to give some basic ideas of time series and show how
one can go through the entire process of building the model for a time series data set, and
Box-Jenkins Methodology. The time series is a set of numbers that measures the status of
some activity over time. It is the historical record of some activity, with measurements
taken at equally spaced intervals (daily, monthly, quarterly,...,etc). There are two types of
time series data: continuous, wherein observations are made at every instant of time and
discrete, wherein observations are made at (usually) equip spaced intervals. A discrete time
series can be represented as [𝑥𝑡 : t = 1, 2, ..., N] in which the subscript t indicates the time at
which the datum 𝑥𝑡 was observed. There are different models in time series including,
autoregressive (AR), moving average (MA), autoregressive moving average (ARMA),
autoregressive integrated moving average (ARIMA) . However the most commonly is used
Box-Jenkins ARIMA model that has been successfully applied in economic time series
forecasting, as well as being a good tool to develop empirical model dependencies between
successive time and failures time. (Box & Jenkins, 1994)
The aims of time series analysis are to describe and summarize time series data, fit lowdimensional models, and make forecasts. We can summarize objectives of time series into
modeling goals where included of set up a family of probabilistic models to describe the
data, estimate the model parameters, check model for goodness of fit and application goals
where included provide a compact description of the data, interpretation, prediction
(forecasting), hypothesis testing. Time series data provide useful information about the
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physical, biological, social or economic systems generating the time series, such as
economics, sociology, environment,…, etc.
2.2 The Historical Development of Time Series Analysis
Time series have already played an important role in the early natural sciences.
Babylonian astronomy used time series of the relative positions of stars and planets to
predict astronomical events, observations of the planets‟ movements formed the basis of
the laws Johannes Kepler discovered. The analysis of time series helps to detect
regularities in the observations of a variable and derive „laws‟ from them, and/or exploit all
information included in this variable to better predict future developments. The basic
methodological idea behind these procedures, which were also valid for the Babylonians, is
that it is possible to decompose time series into a finite number of independent but not
directly observable components that develop regularly and can thus be calculated in
advance. For this procedure, it is necessary that there are different independent factors
which have an impact on the variable.
In the middle of the 19𝑡 century, this methodological approach to astronomy was
taken up by the economists Charles Babbage and William Stanley Jevons. The
decomposition into unobserved components that depend on different causal factors, as it is
usually employed in the classical time series analysis, was developed by Warren M.
Persons (1919). He distinguished four different components: a long-run development, the
trend, a cyclical component with periods of more than one year, the business cycle, a
component that contains the ups and downs within a year, the seasonal cycle, and a
component that contains all movements which neither belong to the trend nor to the
business cycle nor to the seasonal component, the residual.
Under the assumption that the different non-observable factors are independent, their
additive overlaying generates the time series which we can, however, only observe as a
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whole. In order to get information about the data generating process, we have to make
assumptions about its unobserved components. The classical time series analysis assumes
that the systematic components, i.e. trend, business cycle and seasonal cycle, are not
influenced by stochastic disturbances and can thus be represented by deterministic
functions of time. Stochastic impact is restricted to the residuals, which, on the other hand,
do not contain any systematic movements. It is therefore modelled as a series of
independent or uncorrelated random variables with expectation zero and constant variance,
i.e. as a pure random process.
However, since the 1970‟s, a totally different approach has increasingly been applied to
the statistical analysis of time series. The purely descriptive procedures of classical time
series analysis were abandoned and, instead, results and methods of probability theory and
mathematical statistics have been employed. This has led to a different assessment of the
role of stochastic movements with respect to time series. Whereas the classical approach
regards these movements as residuals without any significance for the structure of time
series, the modern approach assumes that there are stochastic impacts on all components of
a time series. Thus, the „law of movement‟ of the whole time series is regarded as a
stochastic process, and the time series to be analyzed is just one realisation of the data
generating process. Now the focus is on stochastic terms with partly rather complex
dependence structures.
The first steps in this direction were taken by the Russian statistician Evgenij
Evgenievich Slutzky and the British statistician George Udny Yule at the beginning of the
last century. Both of them showed that time series with cyclical properties similar to
economic (and other) time series can be generated by constructing weighted or unweighted
sums or differences of pure random processes. E.E. Slutzky and G.U. Yule developed
moving average and autoregressive processes as models to represent time series. Herman
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Wold (1938) systematised and generalized these approaches in his doctoral thesis. Their
widespread practical usage is due to George E.P Box and Gwilym M. Jenkins (1970), who
developed methods to implement these models empirically. They had abandoned the idea
of different components and assumed that there was a common stochastic model for the
whole generation process of time series. Firstly, this method identifies a specific model on
the basis of certain statistical figures. Secondly, the parameters of this model are estimated.
Thirdly, the specification of the model is checked by statistical tests. If specification errors
become obvious, the specification has to be changed and the parameters have to be
reestimated. This procedure is re-iterated until it generates a model that satisfies the given
criteria. This model can finally be used for forecasts.
Recently, the idea of decomposing a time series has been taken up again,
particularly for the modelling of seasonal variations. However, contrary to the classical
approach, it is now assumed that all components of a time series can be represented by
simple stochastic models. The procedure for the seasonal adjustment of time series used by
Eurostat is, for example, based on such an approach. Moreover, since the 1980‟s the
possible nonstationarity of time series has increasingly been taken into consideration.
Nonstationarity might not only be caused by deterministic but also by stochastic trends
and, furthermore, the nonstationarity of time series is no longer simply eliminated through
the application of filters in order to continue within the framework of stationary models.
Nonstationarity is rather explicitly taken into account when constructing models, as long as
this is possible and seems to make sense. (Kirchgässner and Wolters, 2007)
2.3 Basics concepts
Before we discuss time series procedures, we will give a basic concepts, certain
conditions have to be fulfilled in order to make statistical inference based on time series
data, variance and covariances between elements of these series, a general representation
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of a stationary time series. This section will give a brief overview of some simple time
series models, stationary models and the autocorrelation function, Box-Jenkins model,
model identification, parameter estimation, model diagnostics, forecasting.
White Noise (WN)
Cryer and Chan, (2008) said that, a very important case of a stationary process is
called white noise process. If a time series 𝑥𝑡

is a sequence of independently and

identically distributed (iid) random variables with ﬁnite mean and variance, we shall some
times, denote this process as 𝑤𝑡

𝑖𝑖𝑑

𝑛(0 , 𝜍𝑤2 ). Its importance originates from the fact that

many useful processes can be constructed from white noise. If {𝑥𝑡 } is normally distributed
with mean zero and variance σ2 and no serial correlation, then it is said to be Gaussian
white noise or more briefly, 𝑤𝑡

𝑖𝑖𝑑

𝑛(0 , 𝜍𝑤2 ), we usually assume that the white noise

process has mean zero and denote Var (𝑥𝑡 ) by 𝜍𝑤2 . For a white noise series, all the ACFs
are zero. In practice, if all SACFs are close to zero, then the series is a white noise series.
A stationary time series Ɛ𝑡 is said to be white noise if 𝐶𝑜𝑟𝑟 (Ɛ𝑡 , , Ɛ𝑠 ) = 0 for all
𝑡 ≠ 𝑠, thus, Ɛ𝑡 is a sequence of uncorrelated random variables with constant variance and
constant mean. We will assume that this constant mean value is zero. Plots of white noise
exhibit an unorganized, jumpy, unpredictable behavior. Since the Ɛ𝑡 are uncorrelated,
previous value do not help us to forecast future value. White noise series themselves are
quite uninteresting from a forecast standpoint, but they from the building blocks for more
general models.
Random walk (RW)
Box & Jenkins,(1994) said that, a random walk process is usually method used in the
equity market to describe, for example, the behavior of stock prices or exchange rates. This
process continually drifts from any expected value in a specific period of time. In this
approach it is not considered any constant value or constant variance over time. Generally
11

we can classify different types of Non-Stationary random walk process. Before we get to
the point of transformation for the non-stationary time series data, we should distinguish
between the different types of the nonstationary processes. This will provide us with a
better understanding of the processes and allow us to apply the correct transformation.


Pure Random Walk (𝑿𝒕 = 𝑿𝒕−𝟏 + Ɛ𝒕 )

Random walk predicts that the value at time "t" will be equal to the last period value
plus a stochastic (non-systematic) component that is a white noise, which means Ɛt is
independent and identically distributed with mean "0" and variance "σ²". Random walk can
also be named a process integrated of some order, a process with a unit root or a process
with a stochastic trend. It is a non mean reverting process that can move away from the
mean either in a positive or negative direction. Another characteristic of a random walk is
that the variance evolves over time and goes to infinity as time goes to infinity; therefore, a
random walk cannot be predicted.


Random Walk with Drift (𝑿𝒕 = 𝜶 + 𝑿𝒕−𝟏 + Ɛ𝒕 )

If the random walk model predicts that the value at time "t" will equal the last period's
value plus a constant, or drift (𝛼), and a white noise term (Ɛ𝒕 ), then the process is random
walk with a drift. It also does not revert to a long-run mean and has variance dependent on
time.


Deterministic Trend (𝒀𝒕 = 𝜶 + 𝜷𝒕 + Ɛ𝒕 )

Often a random walk with a drift is confused for a deterministic trend. Both include a
drift and a white noise component, but the value at time "t" in the case of a random walk is
regressed on the last period's value (𝑿𝒕−𝟏 ), while in the case of a deterministic trend it is
regressed on a time trend (𝛽𝑡). A non-stationary process with a deterministic trend has a
mean that grows around a fixed trend, which is constant and independent of time.
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Random Walk with Drift and Deterministic Trend (𝑿𝒕 = 𝜶 + 𝑿𝒕−𝟏 + 𝜷𝒕 + Ɛ𝒕 )
Another example is a non-stationary process that combines a random walk with a drift

component (𝛼) and a deterministic trend (𝛽𝑡). It specifies the value at time "t" by the last
period's value, a drift, a trend and a stochastic component. (web 2)
Stationarity
Box & Jenkins(1994) stated that the basis of time series analysis is stationarity. A
random variable or random process is said to be stationary if all of its statistical parameters
are independent of time. Time series may be stationary or nonstationary. The time series is
said to be stationary if the mean, variance and autocovariance (at various lags) does not
change regardless of what is the point measure, it fixed over time. Moreover, the time
series 𝑥𝑡 is said to be strictly stationary if the joint distribution of 𝑥𝑡1 , … , 𝑥𝑡𝑘 is identical
to that of 𝑥𝑡1−𝑠 , … , 𝑥𝑡𝑘 −𝑠 for all choices of 𝑡1 , 𝑡2 , … , 𝑡𝑘 , and all choices of time lag(s),
where k is an any positive integer and 𝑡1 , 𝑡2 , … , 𝑡𝑘 is a collection of 𝑘 positive integers. In
other words, strict stationary requires that the joint distribution of 𝑥𝑡1 , … , 𝑥𝑡𝑘 is constant
under time shift. A weaker version of stationarity is often assumed a time series 𝑥𝑡 is
weakly stationary if both the mean of 𝑥𝑡 and the covariance between 𝑥𝑡 and 𝑥𝑡−𝑠 are time
invariant, where s is an arbitrary integer. More speciﬁcally, 𝑥𝑡 is weakly stationary if :
(a) 𝐸(𝑥𝑡 ) = µ𝑡 , which µ𝑡 = µ is a constant, for all 𝑡 .
(b) 𝐸[(𝑥𝑡 − 𝜇𝑡 )2 ] = 𝜍𝑡2
respectively and the covariance of 𝑥𝑡 , 𝑥𝑠
(c) 𝐶𝑜𝑣 𝑥𝑡 , 𝑥𝑡−𝑠 = 𝐸 𝑥𝑡 − 𝜇𝑡 𝑥𝑠 − 𝜇𝑠

= γs , which only depends on all time 𝑡 and

lag 𝑠.
However in weak stationarity, we suppose that the first two moments of 𝑥𝑡 are finite, if 𝑥𝑡
is strictly stationary and its first two moments are finite, then 𝑥𝑡 is also weakly stationary,
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from the definitions , but the converse is not true in general (Box and Jenkins, 1976). A
series is said to be strictly stationary if it has, in addition to a ﬁxed mean and constant
variance, a constant autocovariance structure. When a series possesses this covariance
stationarity, the covariance structure is stable over time (Diebold, 1998).


Dickey-Fuller test

This is an adaptation of the ADF test proposed by Elliott et al. (1996). It uses generalized
least squares to detrend the data before testing whether the series has a unit root. They
claim that their test has very similar power to the standard Dickey-Fuller test in the
absence of a deterministic trend and considerably improved power in the case when there
is an unknown deterministic trend.


Phillips-Perron test

Phillips and Perron (1988) test is perhaps the most frequently used alternative to the ADF
test. It modifies the test statistic so that no additional lags of the dependent variable are
need in the presence of serially correlated errors. An advantage with the test is that it
assumes no functional form for the error process of the variable which means that it is
applicable to a very wide set of problems. A disadvantage of the test is that it relies on
asymptotic theory. For that reason it may not be the most appropriate test to use. However,
a frequent strategy is to test the series for a unit root using several different tests and seeing
if they give the same answer.


Kwiatkowski-Phillps-Schmidt-Shin (KPSS) test

The Kwiatkowski et al. (1992) (KPSS) test is a test where the null is the other way around:
it tests to see if a series can reject stationarity. It assumes that the process for 𝑦 can be
written 𝑦𝑡 = 𝛿𝑡 + 𝜁𝑡 + 𝜀𝑡
with an auxiliary for 𝜁𝑡
𝜁𝑡 = 𝜁𝑡−1 + 𝑢𝑡

with 𝑢𝑡 ~ 𝑖𝑖𝑑 0, 𝜍𝑢2
14

Such that it follows a random walk. A test of 𝜍𝑢2 = 0 is a test for stationarity. In general
there are still size and power problems with this test in common with the Phillips-Perron
test. However it represents a useful alternative hypothesis and may conflict with tests that
assume nonstationarity as the null, thus indicating that there may be real doubt as to the
properties of the data.
Dependency
The most widely used measures of dependence are geared towards linear relations
and continuous variables. Correlation based indices are common and are defined over the
realization of the random variables. Entropy based indices are defined over the actual
distribution which are the bases of independence / dependence concepts, and more fully
represent their underlying variables, both continuous and discrete. A measure of functional
dependence for a pair of random variables X and Y may be required to satisfy the
following properties:
1. It is well defined for both continuous and discrete variables.
2. It is normalized to 0 if 𝑋 and 𝑌 are independent , and lies between -1 and +1.
3. The modulus of the measure should equal unity if there is an exact (nonlinear)
relationship, 𝑋 = 𝑔 (𝑌) say, between the variables.
4. It is equal to or has a simple relasionship with the linear correlation coefficient in
the case of a bivariate normal distribution.
5. The measure is invariant under continuous and strictly increasing transformations
(. ).This is useful since 𝑋 and 𝑌 are independent if and only if (𝑋) and (𝑌) are
independent.
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2.4 Autocorrelation, Partial Autocorrelation and Inverse Autocorrelation Functions
2.4.1 Autocorrelation Function (ACF)
An important guide to the properties of a time series is provided by a series of
quantities called sample autocorrelation coefficients or serial correlation coefficient, which
measures the correlation between observations at different distances apart. These
coefficients often provide insight into the probability model which generated the data. The
sample autocorrelation coefficient is similar to the ordinary correlation coefficient between
two variables (𝑥) and (𝑦), except that it is applied to a single time series to see if successive
observations are correlated.
Given (𝑁) observations on discrete time series we can form (𝑁 − 1) pairs of observations.
Regarding the first observation in each pair as one variable, and the second observation as
a second variable, the correlation coefficient is called autocorrelation coefficient of order
one. (web 1)
We want to estimate autocorrelation function 𝜌𝑘 for a set of lags 𝑘 = 1, 2, . ... The
simplest way to do this is to compute the sample correlation between the pairs 𝑘 units a
part in time. Note that the concept of correlation expanding in the case of stationary time
series to become the autocorrelation function. The correlation coefficient between 𝑋𝑡 and
𝑋𝑡−𝑘 called the lag 𝑘 autocorrelation of 𝑋𝑡 and denoted by the symbol 𝜌𝑘 , which under the
assumption of weak stationary and defined as:
𝜌k = 𝑐𝑜𝑟𝑟(𝑋𝑡 , 𝑋𝑡−𝑘 ) =

𝑇
𝑇=𝐾+1 𝑋𝑡 −𝑋 𝑋 𝑡−𝑘 −𝑋
𝑇
2
𝑇=1 𝑋𝑡 −𝑋

=

𝛾𝑘
𝛾0

∶ 𝑓𝑜𝑟 𝑘 = 1,2, ….

where 𝛾𝑘 = 𝑐𝑜𝑣 (𝑋𝑡 , 𝑋𝑡−𝑘 )

(2.2)

Since 𝜌𝑘 is a correlation, it has the simple properties:
a)

−1 ≤ 𝜌𝑘 ≤ 1

b)

𝜌𝑘 = 𝜌−𝑘

c)

𝜌0 = 1

(2.1)

( Box and Jenkins, 1994)
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Correlogram: A useful aid in interpreting a set of autocorrelation coefficients is a
graph called a correlogram, and it is plotted against the lag(𝑘), where is the autocorrelation
coefficient at lag(𝑘). A correlogram can be used to get a general understanding on the
following aspects of our time series:
A random series: if a time series is completely random then for large (𝑁), will be
approximately zero for all non-zero values of (𝑘).
Short-term correlation: stationary series often exhibit short-term correlation
characterized by a fairly large value of 2 or 3 more correlation coefficients which, while
significantly greater than zero, tend to get successively smaller.
Nonstationary series: If a time series contains a trend, then the values of will not
come to zero except for very large values of the lag.
Seasonal fluctuations: Common autoregressive models with seasonal fluctuations,
of period s are:

and

𝑋(𝑡) = 𝑎 + 𝑏 𝑋(𝑡 − 𝑠) + Ɛ𝑡

(2.3)

𝑋(𝑡) = 𝑎 + 𝑏 𝑋(𝑡 − 𝑠) + 𝑐 𝑋(𝑡 − 2𝑠) + Ɛ𝑡

(2.4)

where Ɛ𝑡 is a white noise series. (web 1)
2.4.2 Partial Autocorrelation Function (PACF)
A partial autocorrelation coefficient for order 𝑘 measures the strength of correlation
among pairs of entries in the time series while accounting for (i.e., removing the effects of)
all autocorrelations below order 𝑘. For example, the partial autocorrelation coefficient for
order 𝑘 = 5 is computed in such a manner that the effects of the 𝑘 = 1, 2, 3, 𝑎𝑛𝑑 4 partial
autocorrelations have been excluded. The partial autocorrelation coefficient of any
particular order is the same as the autoregression coefficient of the same order. (web 1)
The correlation coefficient between two random variables 𝑋𝑡

and 𝑋𝑡−𝑘

after

removing the impact of the intervening 𝑋𝑡−1 , 𝑋𝑡−2 , … , 𝑋𝑡−𝑘+1 , is called (PACF) at lag 𝑘
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and denoted by ∅𝑘𝑘 One of the methods of calculation are based on the account partial
regression coefficient ∅𝑘𝑘 in the equation:
𝑋𝑡 = ∅𝑘1 𝑋𝑡−1 + ∅𝑘2 𝑋𝑡−2 + ⋯ + ∅𝑘𝑘 𝑋𝑡−𝑘 + 𝛼𝑡

(2.5)

∅𝑘𝑘 calculated from the relationship:
∅00 = 1, ∅11 = 𝜌1 ,
𝜌

∅𝑘𝑘 =

𝑘− 𝑘−1
𝑗 =1 ∅𝑘 −𝑗 𝜌 𝑘 −𝑗
1− 𝑘−1
𝑗 =1 ∅𝑘−1 𝜌 𝑗

, 𝑘 = 2,3 …

(2.6)

𝑤𝑒𝑟𝑒 ∅𝑘𝑗 = ∅𝑘−𝑗 ∅𝑗 − ∅𝑘𝑘 ∅𝑘−1,𝑘−1 ; j=1,2,3…,k-1
Linear time series model can be tentatively identified by its autocorrelation function
(ACF), and partial autocorrelation function (PACF), by a plot of 𝜌𝑘 versus lag 𝑘 is often
called a correlogram as follows:


If 𝜌1 is non-zero, this indicates that the serial is first order serially correlated.



If 𝜌𝑘 tails off geometrically with increasing lags, and (PACF) cut off after certain
lag it means that the model is autoregressive process.



If 𝜌𝑘 cut off after a small number of lags, and (PACF) tails off geometrically with
increasing lags, it means that the model is moving average process. (Box &
Jenkins, 1994)

2.4.3

The Inverse Autocorrelation Function (IACF)

Chatfield (1979) defined the inverse autocorrelation function (IACF) as the autocorrelation
function associated with the reciprocal of the spectral density of a stationary time series,
assuming the model is invertible, this means that if 𝑧𝑡 follows the invertible ARMA
model ∅(𝐵)𝑧𝑡 = 𝜃(𝐵)𝑎𝑡 model, then the inverse autocorrelation function of this model is
the autocorrelation function (ACF) of the dual model 𝜃(𝐵)𝑧𝑡 = ∅(𝐵)𝑎𝑡 . Note that if the
original model is a pure autoregressive model, then the IACF is an ACF corresponding to a
pure moving average model .Thus, the IACF has the cut-off feature and behaves similarly
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to the partial autocorrelation function. The confidence interval of the IACF depends
heavily on the estimation method and the asymptotic variance of the IACF estimate is
more complicated than that of the partial autocorrelation function (PACF) estimate, which
1

is N . Therefore, there is more statistical error when estimating a confidence interval of the
IACF than of the PACF.
2.5 Structural time series models
Before trying to model and forecast a given time series, it is desirable to have a
preliminary look at the data to get a „feel‟ for them and to get some idea of their main
properties. The time plot is the most important tool, but other graphs and summary
statistics may also help. In the process, the analyst will also be able to „clean‟ the data by
removing or adjusting any obvious errors.
Any time series can contain some or all of the following components : trend (T),
cyclical (C), seasonal (S), irregular (I). These components may be combined in different
ways. It is usually assumed that they are multiplied, added or mixed, i.e.,
𝑋𝑡 = 𝑇 × 𝐶 × 𝑆 × 𝐼

(2.7)

or, 𝑋𝑡 = 𝑇 + 𝐶 + 𝑆 + 𝐼

(2.8)

To correct for the trend in the first case one divides the first expression by the trend (T). In
the second case it is subtracted.


Seasonal variation

This type of variation is generally annual in period and arises for many series, whether
measured weekly, monthly or quarterly, when similar patterns of behaviour are observed at
particular times of the year. Note that if a time series is only measured annually (i.e. once
per year), then it is not possible to tell if seasonal variation is present.
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Trend

This type of variation is present when a series exhibits steady upward growth or a
downward decline, at least over several successive time periods. Trend may be loosely
defined as “long-term change in the mean level”, but there is no fully satisfactory
mathematical definition. The perception of trend will depend, in part, on the length of the
observed series. Furthermore, the decomposition of variation into seasonal and trend
components is not unique.


Cyclical variation

The cycle is considered to be a sequence of smooth fluctuations longer than a year
which occur around the long-term trend and is characterized by alternating periods of
expansion and contraction .


Irregular fluctuations

The phrase „irregular fluctuations‟ is often used to describe any variation that is „left
over‟ after trend, seasonality and other systematic effects have been removed. As such,
they may be completely random in which case they cannot be forecast. However, they may
exhibit short-term correlation or include one-off discontinuities.
Classical methods work quite well when the variation is dominated by a regular
linear trend and/or regular seasonality. However, they do not work very well when the
trend and/or seasonal effects are changing through time or when successive values of the
irregular fluctuations are correlated. Correlation between successive values of the same
time series is generally called autocorrelation. It is often found that successive residuals
from a trend-and-seasonal model are correlated when separated by a short time interval and
this is called short-term autocorrelation. Then a more sophisticated modelling approach
may well be desirable to improve forecasts. (Chatfield, 2001)
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2.6 Types of time series models
2.6.1General linear processes
Yule (1921-1927), claimed that time series can be represented as a linear
combination of a sequence of uncorrelated random variables. Affirmed this, too Wild
(1938), which states that every weakly stationary non deterministic stochastic process {Xt }
can be interpreted as a linear combination (or linear filter) of a sequence of uncorrelated
random variables, however the linear filter representation is given by:
∞
j=0 Ψj et−j

Xt = et + Ψ1 et−1 + Ψ2 et−2 + … =

∞
i=1 Ψi

for our purposes, it suffices to assume that

, Ψ0 = 1

(2.9)

< ∞

(2.10)

note the case where the Ψ‟s form an exponentially decaying sequence Ψj = ∅j where
a number strictly between −1 and +1. Then Xt = et + ∅1 et−1 + ∅2 et−2 + …
E(Xt ) = 0),

σ2

is

(2.11)

ϕσ 2

var(Xt ) = 1−ϕe 2 ,

𝑐𝑜𝑟𝑟 Xt , Xt−1 = ϕ,



𝑐𝑜𝑣 Xt , Xt−1 = 1−ϕe2 ,

𝑐𝑜𝑟𝑟 Xt , Xt−k = ϕk

(2.12)

for a general linear process in (2.9) :
E Xt = 0, γk = cov Xt , Xt−k = σ2ϵ

∞
i=0 ψi ψi+k

k≥0

(2.13)

(Cryer and Chan, 2008).
2.6.2 Autoregressive (AR) processes
A time series {𝑋𝑡 } is said to be an autoregressive process of order p (abbreviated
AR(p)) if it is a weighted linear sum of the past p values plus a random shock so that the
general equation of AR(p) is
𝑋𝑡 = 𝜑1 𝑋𝑡−1 + 𝜑2 𝑋𝑡−2 + · · · + 𝜑𝑝 𝑋𝑡−𝑝 + Ɛ𝑡 ,

(2.14)

where {Ɛ𝑡 } denotes a purely random process with zero mean and variance 𝜍 2 , Using the
backward shift operator B, such that 𝐵𝑋𝑡 = 𝑋𝑡−1 , the AR(𝑝) model may be written more
succinctly in the form :
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𝜑(𝐵)𝑋𝑡 = Ɛ𝑡

(2.15)

where 𝜑(𝐵) = 1 − 𝜑1 𝐵 − 𝜑2 𝐵 2 − ·· · −𝜑𝑝 𝐵𝑝 is a polynomial in B of order p. The
properties of AR processes can be examined by looking at the properties of the function φ.
As 𝐵 is an operator, the algebraic properties of 𝜑 have to be investigated by examining the
properties of 𝜑(𝑥), say, where 𝑥 denotes a complex variable, rather than by looking at
𝜑(𝐵). It can be shown that the equation (2.15) has a unique causal stationary solution
provided that the roots of 𝜑(𝑥) = 0 lie outside the unit circle. This solution may be
expressed in the form:
𝑋𝑡 =

∞
𝑗 ≥0 ψj Ɛt−j

(2.16)

for some constants 𝜓𝑗 such that 𝜓𝑗 < ∞.
The above statement about the unique stationary solution may be unfamiliar to the reader
who is used to the more customary time series literature. The latter typically says
something like “an AR process is stationary provided that the roots of 𝜑(𝑥) = 0 lie
outside the unit circle”. This will be good enough for most practical purposes but is not
strictly accurate; for further remarks on this point. The simplest example of an AR process
is the first-order case given by
𝑋𝑡 = 𝜑𝑋𝑡−1 + Ɛ𝑡

(2.17)

The time-series literature typically says that an AR(1) process is stationary provided
that |𝜑| < 1. It is more accurate to say that there is a unique stationary solution of (2.17)
which is causal, provided that |𝜑| < 1. The ACF of a stationary AR(1) process is given
by 𝜌𝑘 = 𝜑𝑘

𝑓𝑜𝑟 𝑘 = 0, 1, 2, . ...

For higher-order stationary AR processes, the ACF will typically be a mixture of terms
which decrease exponentially or of damped sine or cosine waves. The ACF can be found
by solving a set of difference equations called the Yule-Walker equations given by
𝜌𝑘 = 𝜑1 𝜌𝑘−1 + 𝜑2 𝜌𝑘−2 + · · · + 𝜑𝑝 𝜌𝑘−𝑝 , 𝑓𝑜𝑟 𝑘 = 1, 2, . ..,
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(2.18)

where 𝜌0 = 0. Notice that the AR model is typically written in mean-corrected form with
no constant on the right-hand side of the general equation. This makes the mathematics
much easier to handle. A useful property of an AR(p) process is that it can be shown that
the PACF is zero at all lags greater than p. This means that the sample partial PACF can be
used to help determine the order of an AR process (assuming the order is unknown as is
usually the case) by looking for the lag value at which the sample partial ACF „cuts off‟
(meaning that it should be approximately zero, or at least not significantly different from
zero, for higher lags). (Chatfield, 2001)
2.6.3 Moving Average (MA) processes
A series 𝑋𝑡 is said to follow a moving-average process of order q or MA(q) process if
𝑋𝑡 = Ɛ𝑡 + 𝜃1 Ɛ𝑡−1 + 𝜃2 Ɛ𝑡−2 + . . . + 𝜃𝑞 Ɛ𝑡−𝑞 ,

(2.19)

where Ɛ𝑡 is again white noise. MA(q) models immediately define stationary processes,
every MA process of finite order is stationary. In order to preserve a unique representation,
usually the requirement is imposed that all zeros of 𝜃 𝑧 = 1 + 𝜃1 𝑧 +. . . + 𝜃𝑞 𝑧 𝑞 are equal
or larger than one in modulus. Some authors, including Box and Jenkins, represent the
MA(q) model with minus signs, i.e. 𝑋𝑡 = Ɛ𝑡 − 𝜃1 Ɛ𝑡−1 − 𝜃2 Ɛ𝑡−2 − . . . − 𝜃𝑞 Ɛ𝑡−𝑞 , to
achieve the same polynomial form 𝜃 𝑧 = 1 − 𝜃1 𝑧−. . . − 𝜃𝑞 𝑧 𝑞 as in the AR case. In
principle, there is no difference between these two notations, but one has to be careful
when comparing MA models from different sources as the sign of the parameter θ is
reversed. In that case, the MA model corresponds to the Wold representation of the
stationary process. Wold‟s Theorem tells that every stationary process can be decomposed
into a deterministic part and a purely stochastic part, with the stochastic part being an MA
process. The errors (or innovations) of the Wold representation are defined as prediction
errors, if 𝑋𝑡 is predicted linearly from its past. This theorem justifies the general usage of
MA models in linear time series. A characteristic feature of MA processes is that their
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ACF ρ(j) becomes zero after j=q. In fact, it is fairly easy to calculate all values of ρ(j) from
given MA coefficients θj. The property of the ACF should be reflected in the correlogram,
which should „cut off‟ after q. In contrast, the partial ACF converges to zero geometrically.
(kunst, 2004)
2.6.4 Autoregressive Moving Average (ARMA) processes
A series 𝑋𝑡 is said to follow an autoregressive moving average process of order (p, q)
or ARMA(p, q) process if
𝑋𝑡 = 𝜑1 𝑋𝑡−1 + 𝜑2 𝑋𝑡−2 + · · · + 𝜑𝑝 𝑋𝑡−𝑝 + Ɛ𝑡 − 𝜃1 Ɛ𝑡−1 − 𝜃2 Ɛ𝑡−2 − . . . − 𝜃𝑞 Ɛ𝑡−𝑞 (2.20)
with εt white noise. The ARMA model is stable–i.e., it has a stationary „solution‟–if all
zeros of 𝜑 (𝑧) are larger than one. The representation is unique if all zeros of 𝜃(𝑧) are
larger or equal to one in modulus and if 𝜑(𝑧) and 𝜃(𝑧) do not have common zeros. The
stable ARMA model always has an infinite-order MA representation. If all zeros of 𝜃(𝑧)
are larger than one, it also has an infinite order AR representation. In practice, ARMA
models often permit to represent an observed time series with a lesser number of
parameters than AR or MA models. A representation with the minimum number of free
parameters is often called parsimonious. Particularly for forecasting, parsimonious models
are attractive, as the sampling variation in parameter estimates may adversely affect
prediction. In small samples, under-specified ARMA models–i.e., with some parameters
set to zero, while they are indeed different from zero–often give better predictions than
correctly specified ones. For ARMA processes, both ACF and partial ACF functions
approach zero at a geometric rate. It is very difficult to determine lag orders p and q for
ARMA models from visual inspection of correlograms and partial correlograms. While
some authors did suggest extensions of the correlogram extended ACF, extended sample
ACF), most researchers determine lag order by comparing a set of tentatively estimated
models by information criteria. After estimating coefficients
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𝜃j and 𝜑j by some

approximation to maximum likelihood and calculating approximate errors 𝜀 t, one-step
forecasts are defined by
𝑋𝑡−1 1 = 𝜑1 𝑋𝑡−1 + 𝜑2 𝑋𝑡−2 + ⋯ + 𝜑𝑝 𝑋𝑡−𝑝 − 𝜃1 Ɛ𝑡−1 − 𝜃2 Ɛ𝑡−2 − ⋯ − 𝜃𝑞 Ɛ𝑡−𝑞 (2.21)
Two-step forecasts are obtained from
𝑋𝑡−1 2 = 𝜑1 𝑋𝑡−1 1 + 𝜑2 𝑋𝑡−1 + ⋯ + 𝜑𝑝 𝑋𝑡−𝑝+1 − 𝜃2 Ɛ𝑡−1 − ⋯ − 𝜃𝑞 Ɛ𝑡−𝑞+1

(2.22)

(kunst ,2004)
2.6.5 Autoregressive Integrated Moving Average (ARIMA) processes
We now reach the more general class of models which is the title of the whole of this
section. In practice many time series are nonstationary and so we cannot apply stationary
AR, MA or ARMA processes directly. One possible way of handling non-stationary series
is to apply differencing so as to make them stationary. The first differences, namely
(𝑋𝑡 − 𝑋𝑡−1 ) = (1 − 𝐵)𝑋𝑡 , may themselves be differenced to give second differences, and
so on. The 𝑑th differences may be written as (1 − 𝐵)𝑑 𝑋𝑡 . If the original data series is
differenced d times before fitting an ARMA(p, q) process, then the model for the original
undifferenced series is said to be an ARIMA(p, d, q) process where the letter „I‟ in the
acronym stands for integrated and d denotes the number of differences taken.
Mathematically, it is generalized to give:

φ B 1 − 𝐵 𝑑 𝑋𝑡 = θ(B)Ɛt

(2.23)

ARIMA models are, in theory, the most general class of models for forecasting a time
series which can be stationarized by transformations such as differencing and logging. In
fact, the easiest way to think of ARIMA models is as fine-tuned versions of random-walk
and random trend models: the fine-tuning consists of adding lags of the differenced series
and/or lags of the forecast errors to the prediction equation, as needed to remove any last
traces of autocorrelation from the forecast errors. The acronym ARIMA stands for
"Auto-Regressive Integrated Moving Average." Lags of the differenced series appearing in
the forecasting equation are called "auto-regressive" terms, lags of the forecast errors are
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called "moving average" terms, and a time series which needs to be differenced to be made
stationary is said to be an "integrated" version of a stationary series. Random-walk and
random-trend models, autoregressive models, and exponential smoothing models (i.e.,
exponential weighted moving averages) are all special cases of

ARIMA models. A

nonseasonal ARIMA model is classified as an "ARIMA(p,d,q)" model, where, p is the
number of autoregressive terms, d is the number of nonseasonal differences, and q is the
number of moving average terms. To identify the appropriate ARIMA model for a time
series, you begin by identifying the order(s) of differencing needing to stationarize the
series and remove the gross features of seasonality, perhaps in conjunction with a variance
stabilizing transformation such as logging or deflating. If you stop at this point and predict
that the differenced series is constant, you have merely fitted a random walk or random
trend model. (Recall that the random walk model predicts the first difference of the series
to be constant, the seasonal random walk model predicts the seasonal difference to be
constant, and the seasonal random trend model predicts the first difference of the seasonal
difference to be constant, usually zero.) However, the best random walk or random trend
model may still have autocorrelated errors, suggesting that additional factors of some kind
are needed in the prediction equation. (web 3)
2.7 Box-Jenkins Model building strategy
Model building is an important part of time series analysis. The task facing the modern
time series is to develop reasonably simple models capable of forecasting, interpreting, and
testing hypothesis concerning its field of application (Enders; 2004).
Box & Jenkins(1994) stated that, time series model building is considered as a threestage iterative procedure based on identification, estimation, and diagnostic checking.
Diagnostic checking is to check the fitted model in its relation to the data with intent to
reveal inadequacies and so to achieve the model improvement (Box et.al. 1994). The object
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of the diagnostic checking stage is not merely to determine whether there is evidence of
lack of fit but also to suggest ways in which model may be modified when this is
necessary.
Box and Pierce; (1970) stated that two basic methods overfitting and diagnostic Checks
applied to residuals are suggested. If the parameters are known exactly, the stochastic
process underlying a sample time series can be computed directly from the observations;
when this calculation is made with estimates substituted for the true parameter values, the
resulting sequence is referred as the residuals, which can be regarded as estimates of the
errors. If the appropriate model has been chosen, there will be zero autocorrelation in the
errors and introduced a useful tool for testing the adequacy of autoregressive moving
average (ARMA) models. (Chand & Kamal, 2006)


Box-Jenkins Methodology

The Box-Jenkins approach to modelling ARIMA processes was described in a highly
influential book by statisticians G.E.P. Box and G.M. Jenkins in 1970. An ARIMA process
is a mathematical model used for forecasting. Box-Jenkins modelling involves identifying
an appropriate ARIMA process, fitting it to the data, and then using the fitted model for
forecasting. One of the attractive features of the Box-Jenkins approach to forecasting is
that ARIMA processes are a very rich class of possible models and it is usually possible to
find a process which provides an adequate description to the data.
2.7.1 Box-Jenkins Model Identification
The identification stage is the most important and also the most difficult: it consists to
determine the adequate model from ARIMA family models. The most general Box-Jenkins
model includes difference operators, autoregressive terms, moving average terms, seasonal
difference operators, seasonal autoregressive terms, and seasonal moving average terms.
This phase is founded on the study of autocorrelation and partial autocorrelation. The first
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step in developing a Box-Jenkins model is to determine if the series is stationary and if
there is any significant seasonality that needs to be modelled.
Stationarity in Box-Jenkins Models
The Box-Jenkins model assumes that the time series is stationary. A stationary series
has constant mean, constant variance, and constant autocorrelation structure. Regression
with nonstationary variables is a spurious correlation. The random walk
𝑋𝑡 = 𝑋𝑡−1 + Ɛ𝑡

(2.24)

where Ɛ𝑡 ~ 𝑁(0, 𝜍 2 ) is not stationary, since its variance increases linearly with time 𝑡.
Stationarity can be assessed from a run sequence plot. The run sequence plot should show
constant location and scale. It can also be detected from an autocorrelation plot.
Specifically, non-stationarity is often indicated by an autocorrelation plot with very slow
decay. Box and Jenkins recommend differencing non-stationary series one or more times
to achieve stationarity. Doing so produces an ARIMA model, with the "I" standing for
"Integrated". But its first difference 𝛥𝑋𝑡 = 𝑋𝑡 – 𝑋𝑡−1 = Ɛ𝑡 is stationary, so X is integrated
of order 1, or 𝑦 ~ 𝐼 (1). ( Dobre & Alexandru , 2008 )
Seasonality in Box-Jenkins Models
Box-Jenkins models can be extended to include seasonal autoregressive and seasonal
moving average terms. At the model identification stage, our goal is to detect seasonality,
if it exists, and to identify the order for the seasonal autoregressive and seasonal moving
average terms. For Box-Jenkins models, it isn‟t necessary remove seasonality before fitting
the model. Instead, it can include the order of the seasonal terms in the model specification
to the ARIMA estimation software. Once stationarity and seasonality have been addressed,
the next step is to identify the order (the p and q) of the autoregressive and moving average
terms. The primary tools for doing this are the autocorrelation plot and the partial
autocorrelation plot. The sample autocorrelation plot and the sample partial autocorrelation
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plot are compared to the theoretical behaviour of these plots when the order is known.
(Dobre & Alexandru, 2008)
Initially we can identify the pure model as Jonathan D. cryer and Kung-Sik chan, (2008)
summarize in the following table by using (ACF & PACF ) :
Model

ACF

PACF

ARIMA(p, 0, 0)

Decays slowly

ARIMA(0, 0, q)

Cuts off after lag
q

Decays slowly

ARIMA(p, 0, q)

Decays slowly

Decays slowly

ARIMA(0, d, 0)

Does not decay

Cuts off after lag p

Does not decay

table 2.1: using ACF & PACF to identify the time series model
The model specification of mixed ARMA model is much more complicated than that
of pure AR or MA models. We shall consider two methods. The first method to identify
the order of a mixed model is the extended autocorrelation function (EACF) of Tsay and
Tiao (1984, JASA). The EACF, in fact, applies to ARIMA as well as ARMA models.
However, it treats an ARIMA(p, d, q) model as an ARMA(p + d, q) model. The basic idea
of EACF is based on the “generalized” Yule-Walker equation. Conceptually, it involves
two steps. In the first step, we attempt to obtain consistent estimates of AR coefficients.
Given such estimates, we can transform the ARMA series into a pure MA process. The
second step then uses the sample ACF of the transformed MA process to identify the MA
order q.(Tsay, 2005)
2.7.2 Box-Jenkins Model Estimation
Estimating the values of parameters in models consists of estimating the 𝜑
parameter(s) from an autoregressive model or the 𝜃 parameter(s) from a moving average
model. As indicated by McDowall et al. (1980) and others, the following rules apply:
1. Parameters must differ significantly from zero and all significant parameters must be
included in the model.
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2. Because they are correlations, all autoregressive parameters, 𝜑, must be between
-1 and 1. If there are two such parameters (p = 2) they must also meet the following
requirements:
𝜑1 + 𝜑2 < 1 and 𝜑2 – 𝜑1 < 1

(2.25)

These are called the bounds of stationarity for the auto-regressive parameter(s).
3. Because they are also correlations, all moving average parameters, 𝜃 , must be
between -1 and 1. If there are two such parameters (q = 2) they must also meet the
following requirements:
𝜃1 + 𝜃2 < 1 and 𝜃2 – 𝜃1 < 1

(2.26)

These are called the bounds of invertibility for the moving average parameter(s). (web 4)
To deal the problem of estimating the parameters of an ARIMA model based on the
observed time series 𝑋1 , 𝑋2 , … , 𝑋𝑛 . We assume that a model has already been specified;
that is, we have specified values for p, d, and q. With regard to nonstationarity, since the
dth difference of the observed series is assumed to be a stationary ARMA(p,q) process, we
need only concern ourselves with the problem of estimating the parameters in such
stationary models. In practice, then we treat the 𝑑th difference of the original time series as
the time series from which we estimate the parameters of the complete model. For
simplicity, we shall let 𝑋1 , 𝑋2 , … , 𝑋𝑛 denote our observed stationary process even though it
may be an appropriate difference of the original series. We first discuss the method of
moments estimators, then the least squares estimators, and finally full maximum likelihood
estimators.
The Method of Moments(MME)
The method of moments is frequently one of the easiest, if not the most efficient,
methods for obtaining parameter estimates. The method consists of equating sample
moments to corresponding theoretical moments and solving the resulting equations to
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obtain estimates of any unknown parameters. The simplest example of the method is to
estimate a stationary process mean by a sample mean. ( cryer & chan , 2008)
Least-Squares Estimates (LSE)
The procedure used to derive estimates of the parameters of the model is that of least
squares. The least squares estimates are used because they have a number of desirable
statistical properties, and they are easily computed. Provided the residuals are normally
distributed, uncorrelated, and have constant variance, they are asymptotically (i.e., for
large sample sizes) efficient (i.e., their sampling variance is less than the sampling variance
of any other linear estimates) and consistent (for large samples there is, loosely speaking, a
high probability that the parameter estimate is close to the parameter being estimated).
(Caldwell , 2006)
Maximum Likelihood Estimates (MLE)
An alternative method to least-squares for obtaining estimates is the method of
maximum likelihood. In this procedure, a distribution is assumed for the Ɛt‟s. This
distribution involves the unknown parameters of the model. Those values are then chosen
for the parameters that maximize the probability (“likelihood”) of having observed the
particular sample of Ɛ𝑡 ‟s that were actually observed. Although maximum likelihood
estimates are identical to least squares estimates in the case of normally distributed Ɛ𝑡 ‟s
there are a number of advantages associated with knowledge of the entire likelihood
function (as a function of the parameters):
1. Restriction of the parameters to certain regions (of stationarity or invertibility) are
easily handled.
2. Alternative models that, statistically speaking, are about as good as the least-squares
model, may be identified.
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3. Parameter redundancies, such as a common factor in 𝛷(𝐵) and 𝛩(𝐵), would be
recognized (the maximum would tend to lie along a line or plane). ( Caldwell, 2006)
2.7.3 Box-Jenkins Model Diagnostic
Hypothesis Testing
In the course of analysis of a tentatively proposed model, it is necessary to make
various statistical tests of hypotheses concerning the values of parameters or the shapes of
distributions. Such tests of hypotheses assume a particular distribution for the Ɛ𝑡 ‟s. Note
that none of the estimates (except the maximum likelihood estimates) depends on the
distribution form. In what follows, we shall present tests based on the assumption of a
normal distribution of the Ɛ𝑡 ‟s. Usually, the tests will still be appropriate if the Ɛ𝑡 ‟s deviate
somewhat from normality. In any event, it is possible to test the hypothesis of normality of
the residuals (Ɛ𝑡 ‟s) by means of a Kolmogorov Smirnov test of goodness of fit. (Caldwell,
2006)
Significance of Parameters
In model building, it is generally less undesirable to risk introduction of an unnecessary
parameter into the model, than to omit a necessary one. Nevertheless, it is desirable to be
able to test whether or not the estimated φ‟s and θ‟s of the fitted model
Φ B wt = Θ(B)Ɛt

(2.27)

are statistically significantly different from zero. (Caldwell, 2006)
Analysis of Residuals
Plots of Residuals : As we have already noted, the unobserved stochastic component {𝑋𝑡 }
can be estimated, or predicted, by the residual
𝑋𝑡 = 𝑌𝑡 − μt

(2.28)

Predicted is really a better term. We reserve the term estimate for the guess of an unknown
parameter and the term predictor for an estimate of an unobserved random variable. We
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call 𝑋𝑡 the residual corresponding to the 𝑡th observation. If the trend model is reasonably
correct, then the residuals should behave roughly like the true stochastic component, and
various assumptions about the stochastic component can be assessed by looking at the
residuals. If the stochastic component is white noise, then the residuals should behave
roughly like independent (normal) random variables with zero mean and standard
deviation s. Since a least squares fit of any trend containing a constant term automatically
𝑋

produces residuals with a zero mean, we might consider standardizing the residuals as 𝑠𝑡 .
However, most statistics software will produce standardized residuals using a more
complicated standard error in the denominator that takes into account the specific
regression model being fit.
With the residuals or standardized residuals in hand, the next step is to examine various
residual plots. We first look at the plot of the residuals over time. ( cryer & chan , 2008)
Normality of Residuals: Normality can be checked more carefully by plotting the so-called
normal scores or quantile-quantile (QQ) plot. Such a plot displays the quantiles of the data
versus the theoretical quantiles of a normal distribution. With normally distributed data,
the QQ plot looks approximately like a straight line.
An excellent test of normality is known as the Shapiro-Wilk test. It essentially
calculates the correlation between the residuals and the corresponding normal quantiles.
The lower this correlation, the more evidence we have against normality.
Autocorrelation of Residuals: Another very important diagnostic tool for examining
dependence is the sample autocorrelation function. Consider any sequence of data
𝑋1 , 𝑋2 , … , 𝑋𝑛

whether residuals, standardized residuals, original data, or some

transformation of data. Tentatively assuming stationarity, we would like to estimate the
autocorrelation function ρk for a variety of lags 𝑘 = 1, 2, …. The obvious way to do this is
to compute the sample correlation between the pairs k units apart in time. That is, among
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(𝑋1 , 𝑋1+𝑘 ), (𝑋2 , 𝑋2+𝑘 ), (𝑋3 , 𝑋3+𝑘 ),..., and (𝑋𝑛−𝑘 , 𝑋𝑛 ). However, we modify this slightly,
taking into account that we are assuming stationarity, which implies a common mean and
variance for the series. With this in mind, we define the sample autocorrelation function,
𝑟𝑘 , at lag 𝑘 as :
𝑟𝑘 =

𝑇
𝑇=𝐾+1 𝑋𝑡 −𝑋 𝑋 𝑡−𝑘 −𝑋
𝑇
2
𝑇=1 𝑋𝑡 −𝑋

=

𝛾𝑘
𝛾0

∶ 𝑓𝑜𝑟 𝑘 = 1,2, ….

(2.29)

A plot of rk versus lag k is often called a correlogram. The residuals are approximately
normally distributed with zero means; however, for small lags 𝑘 and 𝑗, the variance of 𝑟k
can be substantially less than

1
𝑛

and the estimates 𝑟k and 𝑟j can be highly correlated. For

larger lags, the approximate variance

1
𝑛

does apply, and further 𝑟k and 𝑟j are approximately

uncorrelated. (cryer & chan, 2008)
The Ljung-Box Test: After tentative model has been fitted to the data, it is important to
perform diagnostic checks to test the adequacy of the model and, if need be, to suggest
potential improvements. One way to accomplish this through the analysis of residuals. It
has been found that it is effective to measure the overall adequacy of the chosen model by
examining a quantity 𝑄 known as Box-Pierce statistic (a function of autocorrelations of
residuals) whose approximate distribution is chi-square and computed as:
𝑄=𝑛

k 2
1 r (j)

(2.30)

Where 𝑘 is a maximum lag considered, 𝑛 is the number of observations in the series, 𝑟(𝑗)
is the estimated autocorrelation at lag 𝑗; 𝑘 can be any positive integer and is usually around
20. 𝑄 follows chisquare with 𝑘 − 𝑚1 degrees of freedom where 𝑚1 is the number of
parameters estimated in the model. A modified 𝑄 statistic is Ljung–Box statistic which is
given by
𝑄 = 𝑛(𝑛 + 2)

r 2 (j)

(2.31)

𝑛−𝑗
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The 𝑄 statistic is compared to critical values from chi-square distribution. If model
is correctly specified, residuals should be uncorrelated and 𝑄 should be small (the
probability value should be large). A significant value indicates that the chosen model does
not fit well. (web 5)
Over-fitting and parameter redundancy
One technique that can be used for diagnostic checking is overfitting. Having
identified what is believed to a correct model, we actually fit a more elaborate one, this
puts the identified model in jeopardy, because the more elaborate model contains
additional parameters covering feared directions of discrepancy. Careful thought should be
given to the question of how the model should be augmented. In particular, in accordance
with the discussion on model redundancy, it would be foolish to add factors simultaneously
to both side of the ARMA model. If the analysis fails to show that the additions are
needed, we shall not, of course have proved that our model is correct. (Box, Jenkins &
Reinsel, 1994)
Using the ACF and PACF of your stationary series you decide on the form of your
ARIMA model. This is just the starting point for modelling your series. Step One: Fit the
number of terms you think should be in the model. Step Two: Reject any terms that are not
significant, you now have an ARIMA(p,d,q) format for your model. Step Three: Now you
overfit your model fit an extra AR term. If this is rejected (i.e. not significant) then you
move on to Step Four. If the extra AR term is not rejected, you now have a new
ARIMA(p,d,q) format to start from and you go back to Step Two. Step Five: Fit an extra
MA term. If this is rejected (i.e. not significant) then you are finished and you conclude
that the ARIMA(p,d,q) format of your model (from Step Two) fits the data. If the extra
MA term is not rejected, you now have a new ARIMA(p,d,q) format to start from and you
go back to Step Two.
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2.7.4 Box-Jenkins Model Forecasting
According to Chatfield (2001), a univariate forecasting method is defined in the
following way: Let 𝑥1 , 𝑥2 , … . , 𝑥𝑡 be observations on a single time series and want to
forecast for 𝑥𝑡+ for  = 1,2, . .. Then the procedure for computing a point forecast, 𝑥𝑡 (),
which is based only on past and present values of the given series (and possibly augmented
with a function of time e.g. a linear trend) is a called a univariate forecasting method.
There can be made a distinction between forecasting method and model, where a model is
a mathematical representation of reality and a method is a rule or formula for computing a
forecast.
The “prediction problem”
There exists a general “prediction problem” which is also extendible for all other
forecast methods. Univariate forecasts can be denoted as 𝑥𝑡− by 𝑥𝑡 () and more
generally, the forecast could be expressed as some function of the observed data
𝑥𝑡 , 𝑥𝑡−1 , 𝑥𝑡−2 , … say 𝑥𝑡  = 𝑔(𝑥𝑡 , 𝑥𝑡−1 , … ) There are two possibilities for the evaluation
of a forecast, the loss function and the mean square error (MSE).
The Loss Function
In order to evaluate a forecast the analyst can define a loss function, where 𝑒
denotes a forecast error: 𝑒 = (𝑜𝑏𝑠𝑒𝑟𝑣𝑒𝑑 𝑣𝑎𝑙𝑢𝑒 − 𝑓𝑜𝑟𝑒𝑐𝑎𝑠𝑡). 𝐿(𝑒), which is the loss
function, specifies the “loss” associated with a forecast error of size e and has usually two
properties:
1) 𝐿(0) = 0 , and
2) 𝐿(𝑒) is a continuous function, which increases with the absolute value of 𝑒.
In practice one can find two common loss functions:
quadratic loss 𝐿(𝑒) = 𝑘1 𝑒 2
absolute error loss function 𝐿 𝑒 = 𝑘2 e ,
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where 𝑘1 , 𝑘2 denote constants. The loss function implies that a forecast that minimizes
average loss when averaged over the probability distribution of forecast errors is defined as
being favored. In practical application it may be difficult to write down a context specific
loss function and therefore quadratic loss is used more than any other loss function.
The Mean Square Error (MSE)
More widely used than the loss function is the measurement of forecast accuracy by
the Mean Square Error (MSE), namely 𝐸

𝑋𝑡+ − 𝑋𝑡 

2

. It can be shown that the

MSE implies a quadratic loss function, ( Hamilton ,1994). Furthermore, Chatfield (2001)
assumes that the “best” forecast is the minimum MSE forecast, although there could be
used alternatives of loss function and measurements of forecast accuracy. Density
forecasting tries to find the complete conditional distribution of 𝑋𝑡+ given 𝑋𝑡 , 𝑋𝑡−1 , …,
which is needed for an evaluation of the general expression for the conditional expectation
of a future value, namely 𝐸 𝑋𝑡+ 𝑋𝑡 , 𝑋𝑡−1 , … . As this might be difficult in most of the
cases there could be used an alternative where the analyst should find the joint probability
distribution of {𝑋𝑡+ , 𝑋𝑡 , 𝑋𝑡−1 , … } but which is usually only possible for certain models
with normal errors. Therefore most of general theory of prediction restricts attention to
linear predictors of the form 𝑥𝑡 (h) =

t−1
i=0 wi

xt−i ,

(2.31)

where the problem reduces to finding suitable weights { 𝑤𝑖 } so as to minimize the forecast
MSE and sometimes this is also called linear least squares forecasts (for a process which is
jointly Gaussian it can be shown that the linear predictor is appropriate as the minimum
MSE forecast; for a process which is not Gaussian, a linear predictor may still provide a
good approximation to the best MSE forecast).
Model-based forecasting
After having identified a particular model for a given time series and estimated the
model parameters there has to be computed a forecast from the fitted model (𝑀 denotes the
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true model, 𝑀𝑓 the fitted model). Using a quadratic loss function implies that the best way
to compute a forecast is to choose 𝑥𝑡 () to be the expected value of 𝑋𝑡+ conditional on
the model, 𝑀 , and on the information available at time 𝑡, which will be denoted by 𝐼𝑡 :
𝑥𝑡 () = 𝐸 𝑋𝑡+ 𝑀, 𝐼𝑡

(2.32)

where 𝐼𝑡 consists for a univariate procedure of 𝑥𝑡 , 𝑥𝑡−1 , … plus the current value of time,
namely 𝑡 (usually there is used more often the fitted than the true model).
Linear Models: Autoregressive (AR) Models
The prediction is done in the following way:


One-step forecast: 𝑋𝑡−1 1 = 𝛷1 𝑋𝑡−1 + 𝛷2 𝑋𝑡−2 + ⋯ + 𝛷𝑝 𝑋𝑡−𝑝

(2.33)

where the true coefficients are replaced by in sample estimates 𝛷j.


Two steps forecast: 𝑋𝑡−1 2 = 𝛷1 𝑋𝑡−1 1 + 𝛷2 𝑋𝑡−1 + ⋯ + 𝛷𝑝 𝑋𝑡−𝑝+1

(2.34)

where the unknown observation Xt is replaced by its prediction 𝑋𝑡−1 1 .
For longer horizons, predictions will converge eventually to the long run mean which
must be zero. Specifying AR models with a constant term:
𝑋𝑡 = μ + Φ1 Xt−1 + ⋯ + Φp Xt−p + Ɛt
And with a mean: 𝐸 𝑋𝑡 = 1−Φ

μ
1 −Φ 2 −⋯−Φ p

(2.35)
μ

= Φ(1)

(2.36)

Where 𝛷(1) ≠ 0
Linear models: Moving-average (MA) models
Forecasting an MA model requires the estimation of the coefficients 𝜃𝑗 from the
sample after having identified the lag order q. In order to identify the lag order q there can
be used the visual inspection of correlograms or information criteria (nowadays used). By
maximizing the likelihood or by approximating computer algorithm estimates for
coefficients 𝜃𝑗 can be found, but also estimates of the errors Ɛt have to be found using some
computer algorithm.
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One-step forecast (if 𝜃𝑗 and Ɛt are available):

𝑋𝑡−1 1 = 𝜃1 Ɛt−1 + 𝜃2 Ɛt−2 + ⋯ + 𝜃𝑞 Ɛt−q

(2.37)



(2.38)

Two-step forecast: 𝑋𝑡−1 2 = 𝜃2 Ɛt−1 + 𝜃3 Ɛt−2 + ⋯ + 𝜃𝑞 Ɛt−q+1

which implies that after some steps the forecasts will become trivially zero.
Linear models: Autoregressive moving-average (ARMA) models
Forecasting with parsimonious (parsimonious = representation with minimum
number of free parameters) ARMA models could be interesting if it the sample is a small
sample and some parameters set to zero while indeed different from zero could lead to
better predictions than models correctly including all parameters. Autocorrelation function
and partial autocorrelation functions approach is set zero at a geometric rate for ARMA
processes. Lag orders p and q are difficult to be set by visual inspection of correlograms
and partial correlograms, therefore in the literature it is sometimes suggested to look at
extended versions of the correlogram (extended ACF, extended sample ACF) and most set
lag order by information criteria.


One-step forecasts (if 𝜃𝑗 and 𝛷𝑗 are estimated, maximum likelihood approximated
and approximate errors Ɛt calculated):

𝑋𝑡−1 1 = 𝛷1 𝑋𝑡−1 + 𝛷2 𝑋𝑡−2 + ⋯ + 𝛷𝑝 𝑋𝑡−𝑝 +𝜃1 Ɛt−1 + 𝜃2 Ɛt−2 + ⋯ + 𝜃𝑞 Ɛt−q


(2.39)

Two-steps forecasts:

𝑋𝑡−2 2 = 𝛷1 𝑋𝑡 1 + 𝛷2 𝑋𝑡−2 + ⋯ + 𝛷𝑝 𝑋𝑡−𝑝 +𝜃2 Ɛt−1 + 𝜃3 Ɛt−2 + ⋯ + 𝜃𝑞 Ɛt−q+1 (2.40)
(kunst, 2004)
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2.8 Summary
In this chapter, we have discussed the basic concepts of time series models. We talked
about seasonal problem. We illustrated the (ACF, PACF, IACF) and the concepts with the
basic autoregressive integrated moving average (ARIMA) time series models. Also we
talked about time series model building mechanism identification, parameter estimation
and model diagnostic, and talked about forecasting ARIMA models, forecast accuracy and
measures of forecast accuracy.
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Chapter 3
Seasonal Time Series Models
3.1 Introduction
The seasonal component represents intra-year, monthly or quarterly fluctuations
that recur every year with more or less the same timing and intensity. Thus, they create an
annual pattern of changes, a seasonal pattern. Some examples of this kind of influences are
the considerable increase of residents departing abroad in July and August, the significant
drop in prices of clothing in February-March and August-September. Causes for seasonal
fluctuations include natural factors (climatic variations: summer, winter, rainfalls),
administrative or legal measures (starting and ending dates of school year, fiscal year) and
social , cultural, traditional, and calendar-related effects that are stable in annual timing
(e.g., public fixed holidays such as Christmas, Valentine‟s Day). (web 6). McElray, (2008)
defined a seasonality as a characteristic of a time series in which the data experiences
regular and predictable changes which recur every calendar year. Any predictable change
or pattern in a time series that recurs or repeats over a one-year period. A time series has
seasonality if its sample autocorrelation function (ACF) has significant values at multiples
of the seasonal period (e.g., for monthly data at lags 12, 24, etc.). Seasonality in economic
time series is defined as ”the systematic, although not necessarily regular, intra-year
movement caused by the changes of the weather, the calendar, and timing of decisions,
directly or indirectly through the production and consumption decisions made by agents of
the economy. These decisions are influenced by endowments, the expectations and
preferences of the agents, and the production techniques available in the economy.” The
definition stresses both the characteristic features of the seasonal components, their causes,
and the economic contents. (Brendstrup et. al., 2004)
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3.2 The Historical Development of Seasonality
The analysis of the components of time series has a long history going back to
work in astronomy, meteorology, and economics in the 17th through 19th centuries, and to
early seasonal analysis by Buys-Ballot (1847). Poynting (1884) and Hooker (1901)
attempted to remove the trend and seasonal differential from prices by averaging prices
over several years, Persons (1919) isolate the four unobserved components in a time series
as 𝑋𝑡 = 𝑆𝑡 × 𝑇𝑡 × 𝐶𝑡 × Ɛ𝑡

or

𝑋𝑡 = 𝑆𝑡 + 𝑇𝑡 + 𝐶𝑡 + Ɛ𝑡 where 𝑆𝑡 is the

seasonal component; T t is the trend component; 𝐶𝑡 is the cyclical component; Ɛ𝑡 is the
random component. His method used fixed seasonal factors although it was well noted in
the literature at the time that in certain domains the idea of fixed seasonality was not valid.
It was up to Crum (1925) to modify Person‟s original method in order to handle varying
seasonality. The first overall seasonal adjustment methodology was created by Macauly
(1930). This approach is nowadays commonly referred to as "Classical Decomposition"
and laid the foundations of many modernday approaches including the X11-ARIMA
method. Two major developments came during the early 1950s. The first one was the
introduction of exponential smoothing techniques which simplified the tedious
computations previously needed. The second development was the introduction of
computers, which also provided an impetus to decomposition methods since calculations
that previously took days could be performed in a few seconds. This allowed researchers to
develop even more complicated methods since each new version could be easily tested on
large number of time series in order to test its quality. Following the work of Box and
Jenkins in the 1970s on autoregressive moving averages a new semi-parametric variant of
X-11 was developed by Dagum (1980). X-11-ARIMA differs from its predecessors by
using ARIMA model to forecast beyond the current series and back cast before the
beginning of the series. The result was that revisions were significantly reduced when

42

finally the missing data became available. The X-12 ARIMA program had been introduced
at the mid 1990s. It placed the analysis of trading days, the treatment of holidays and
outliers effects, and the replacement of the missing data to new basics, and also widened
the range of diagnostics, like revision history and sliding spans. Beside the moving average
methods, pure model based approaches were also developed. By these parametric models,
we have to make distinction between deterministic and stochastic models. By ARIMA
(Auto Regressive Integrated Moving Average) model based approach, one starts by
modelling the time series and derives the models for the components from this estimated
model. In the structural model based approach, one starts directly with the estimation of the
components (Engle (1978), Harvey and Todd (1983)). The most received structural models
are BAYSEA (Akaike and Ishiguro (1980)), the latter uses the Kalman filter and related
algorithms to fit unobserved component time series models. The modelling of time series
can be traced back at least to Yule (1927) who introduced autoregressive models and
Slutsky (1937) who proposed moving average models. It was up to Wold (1938) to fit such
moving average models to data and he also described the use of mixed ARMA models.
Box and Jenkins‟ (1970) findings provided a set of criteria to determine the type of and
order of an ARIMA model, which should be applied, to any time series. In addition these
rules were based on statistical theory thereby satisfying one of the main criticisms levelled
against the ad-hoc approaches. ARIMA modelling used non-seasonal and seasonal
differencing in order to model non-stationary series.
Besides parametric models, other non-parametric models were developed too, for
example the SABL (Seasonal Adjustment at Bell Laboratories) Cleveland, Devlin and
Terpenning (1982). It is a method which is in principal similar construction to X-11. SABL
was especially created to handle anomalous data (outliers). (Foldesi, Bauer, Horvath, and
Urr, 2007)
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3.3 Detecting seasonality
Seasonal fluctuations is a phenomenon that often occurs in practical life. If such a
pattern is present it must be incorporated into the time series model, how to do this will
discussed in a later section. The seasonality can be detected by:
graphical technique
This technique depend on the analyst experience to decide if the time series
seasonal or not, so the analyst can detect the seasonality by sight. There are four methods
of graphical technique :


The usual plot of a time series, with time displayed on the x-axis and the observed
variable on the y-axis.



A seasonal sub-series plot, with the observed variable on y-axis displayed time
ordered by season on the x-axis this means if we have for example monthly data, then
all January values are plotted in chronological order, then all February values, and so
on. In addition, a reference line is drawn at the group means. Before generating this
plot one has to specify the length of the periodic fluctuation in many cases the user
will know it from the context of the given problem or by checking the autocorrelation
plot.



The box plot, with the observed variable on the y-axis displayed in form of a box time
ordered by season on the x-axis. In form of a box means, that for each group, e.g. if we
have monthly data then for all January, February, and so on the median, the 25% lower
and 75% upper quartile has to be calculated and a box has to be drawn between the
two quartiles (therefore the box represents 50% of the data) and a point for the median
value. In addition, the plot also shows the minimum and maximum point of the data in
the respective period, which are connected with the box by a straight line. In other
words, the box plot indicates the middle 50% of the data, the median, and the extreme
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points. So the box plot is especially useful for large data sets if we want to detect
seasonality.


The autocorrelation plot or the correlogram, with the time lag displayed on the x-axis
and the autocorrelation coefficient on the y-axis this means if a data set is random
(no seasonality) then the autocorrelations should be near zero for all time lags.
It is recommended to use first of all the usual plot of the time series. Although, in

the most cases seasonality can then be already indicated, the sub-series and the box plot
can give a clearer answer. The advantage of the sub-series plot is, that it shows both the
seasonal difference between groups , but also within groups. Whereas the box plot shows
only the seasonal difference between groups and should especially used for large data sets.
Since both the sub-series and the box plot assume that the seasonal periods are known, the
autocorrelation plot is a helpful tool for finding these periods. ( Kunst , 2004 )
Chi-square methods
Chi-square techniques include a variety of methods designed for different goals of a
study. A common situation is that a researcher may want to test whether there is a
statistically significant difference in the observed distribution of a variable between two or
more categories of a grouping variable (Siegel & Castellan 1988). Thus, the purpose of this
kind of analysis is mainly that of a significance test (Armitage & Berry 1987). On the other
hand, when a researcher is interested in certain forms of departure from the null
hypothesis, he can use a chi-square goodness-of-fit test, which assesses a goodness-of-fit
of an observed sample distribution in relation to a hypothesised distribution. The main
value of the chi-square goodness-of-fit test is not that of rejecting the null hypothesis, but
rather that of a routine screening test making sure, that enough data is gathered to discern a
departure from the null hypothesis. Confidence intervals are found to be a feasible way to
locate the categories, like months, which actually show departures from the null hypothesis
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(Wonnacott & Wonnacott 1990). The use of chi-square methods in seasonality analyses
has some limitations, though. Firstly, the chi-square test does not take into account the
ordered structure of the data, and it does not distinguish between irregular fluctuation and a
smooth cyclical pattern. Test is also sensitive to a variety of types of departures from the
assumed distributional form. The chi-square methods, however, can be thought as
“portmanteau techniques” able to assist in many different situations. Their popularity as
one of the tests for seasonality may be accounted for by the simple mathematical theory
behind them, which make them easy to calculate and understand. Sometimes chi-square
tests have been utilized together with more sophisticated methods in order to “facilitate
comparisons with previous studies” (Clarke et al. 1998).
Correlation analysis
A correlation analysis is used either for significance testing or assessing the degree
of a relationship. Thus, it does not only test whether two quantitative variables are
associated but also estimate the extent to which two variables are related with each other
(Sokal & Rohlf 1981). A correlation coefficient, however, does not indicate that the
relationship is one of cause and effect. Two most common techniques for correlations are
the Pearson‟s product-moment correlation and the Spearman‟s rank order correlation
coefficient. In seasonality studies, the Pearson‟s and Spearman‟s correlation coefficients
have been used to assess the relationships between two time series data. However, since
these analyses are intended to look for a linear relationship between two variables, their
use in seasonal data including possible cyclic trends.
3.4 Stationary for seasonality
The main purpose of seasonal adjustment is to separate the observed data into two
components, a nonseasonal component and a seasonal component. These components are
not observed, and have to be estimated from the data. It is assumed that yt = ytNS+ ytS ;
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where ytNS is the estimated nonseasonal component, and ytS is the estimated seasonal
component. This decomposition assumes an additive relation. When this is not the case,
one can transform yt until it holds for the transformed data. (Franses, 2004)
Time-series analysis is primarily concerned with time series that have a time
constant covariance structure and time-constant mean and volatility. These are called
stationary. So must be eliminate the seasonality problem before determining the model by
different ways :
Block Averaging
The simplest way to remove seasonality is to average the observations at the same
point in each repetition of the cycle and subtract that average from the values at those
respective points in the cycle.
Seasonal Differences of 𝑋𝑡 : 𝑋𝑡 − 𝑋𝑡−𝑠 (S = 4 for quarterly data, S = 12 for monthly data)
are also denoted by ΔS. These seasonal differences remove trend and seasonality
simultaneously.
Mathematical transformations: a useful transformations for achieving stationarity.


the logarithm transformation is also a useful method in certain circumstances. where
the series increased dispersion seems to be associated with higher levels of the series
the higher the level of the series, the more variation there is around that level and
conversely.



𝑋𝑡

logarithmic differences of 𝑋𝑡 = log(𝑋

𝑡−1

) are first differences of the logarithmized

data.


growth rates

100(𝑋𝑡 −𝑋𝑡−1 )
𝑋𝑡−1

have properties similar logarithmic differences and are

therefore often applied to the same data sets . (kunst , 2011)

47

3.5 Basic models


Seasonal random walk (SRW)
A simple model that allows the seasonal pattern to change over time is the seasonal

random walk, given by
𝑦𝑡 = 𝑦𝑡−𝑠 + Ɛ𝑡

(3.1)

It might not immediately be clear from this expression that seasonality changes, and
therefore it is useful to consider the S annual time series 𝑌𝑠,𝑇 . The seasonal random walk
implies that for these annual series it holds that
𝑌𝑠,𝑇 = 𝑌𝑠,𝑇−1 + Ɛ𝑠,𝑇

(3.2)

Hence, each seasonal series follows a random walk, and due to the innovations, the annual
series may switch position. From graphs it is not easy to discern whether a series is a
seasonal random walk or not. The observable pattern depends on the starting values of the
time series, relative to the variance of the error term. When the starting values are very
close to each other, seasonal patterns seem to change quite rapidly (the series y) and when
the starting values are far a part, the graph of the x series suggests that seasonality is close
to constant, at least at first sight. This demonstrates that simply looking at graphs might not
be reliable. Here, a look at the autocorrelations of the series (1 − 𝐵 𝑆 )𝑦𝑡 could be helpful.
In the case of a seasonal random walk, the estimated autocorrelation function should look
like a white noise series, while such a function for a 1 − 𝐵 𝑆 transformed deterministic
seasonality series, would result in an error process like Ɛ𝑡 − Ɛ𝑡−𝑠 , with a theoretical 𝑠
order autocorrelation of value (-0.5). Remarkably, even though the realizations of a
seasonal random walk can show substantial within-sample variation, the out of sample
forecasts are deterministic. Indeed, at time n, these forecasts are
𝑦𝑛+1 = 𝑦n+1−S

(3.3)

𝑦𝑛+2 = 𝑦n+2−S

(3.4)
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𝑦𝑛+𝑠 = 𝑦n

(3.5)

𝑦𝑛+𝑠+1 = 𝑦n+1

(3.6)

𝑦𝑛+𝑠+2 = 𝑦n+2

(3.7)

Another way of allowing for seasonal random walk type changing pattern, is to
introduce changing parameters. For example, a subtle form of changing seasonality is
described by a time-varying seasonal dummy parameter model. For example, for S = 4 this
model could look like
𝑦𝑡 =

4
𝑠=1 δs,t

Ds,t + Ɛt

(3.8)

where
𝛿𝑠,𝑡 = 𝛿𝑠,𝑡 −𝑆 + Ɛ𝑠,𝑡

(3.9)

When the variance of Ɛ𝑠,𝑡 = 0, the constant parameter model appears. The amount of
variation depends on the variance of Ɛ𝑠,𝑡 . Such a model is used as a test vehicle in Canova
and Hansen (1995) to diagnose if there is changing seasonality in time series. (Franses,
2004)


Seasonal ARIMA Models
Seasonality often accounts for a major part of quarterly or monthly movements in

time series. While the interest in explicitly modeling these seasonal patterns has been
steadily increasing in recent years, no consensus has been reached as to which model
yields the most appropriate description. Among the most popular models of seasonality are
(1) models with a constant (deterministic) seasonal pattern, (2) seasonal unit root models,
(3) models in first and seasonal differences, and (4) periodic models. We have already seen
how differencing the series {Xt} at lag s is a convenient way of eliminating a seasonal
component of period s. If we fit an ARMA(p, q) model 𝜑(𝐵)𝑌𝑡 = 𝜃(𝐵)𝑍𝑡 to the
differenced series 𝑌𝑡 = (1 − 𝐵 𝑠 )𝑋𝑡 , then the model for the original series is
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𝜑(𝐵)(1 − 𝐵 𝑠 )𝑋𝑡 = 𝜃(𝐵)𝑍𝑡 . This is a special case of the general seasonal ARIMA model
defined as :
If d and D are nonnegative integers, then{Xt} is a seasonal ARIMA (p,d,q)×
(P,D,Q)s process with period s if the differenced series 𝑌𝑡 = (1 − 𝐵)𝑑 (1 − 𝐵 𝑠 )𝐷 𝑋𝑡 is a
causal ARMA process defined by
𝜑(𝐵)ɸ(𝐵 𝑠 )𝑌𝑡 = 𝜃(𝐵)𝛩(𝐵 𝑠 )𝑍𝑡 ; {𝑍𝑡 } ̴ 𝑊𝑁(0, 𝜍 2 ),

(3.10)

where 𝜑(𝑧) = 1 − 𝜑1 𝑧 − · · · − 𝜑𝑝 𝑧𝑝 , ɸ(𝑧) = 1 − ɸ1 𝑧 − · · · − ɸ𝑝 𝑧𝑝 ,
𝜃(𝑧) = 1 + 𝜃1 𝑧 +· · · +𝜃𝑞 𝑧𝑞 , and 𝛩 (𝑧) = 1 + 𝛩1 𝑧 +· · · + 𝛩𝑄 𝑧𝑄 .
(Brockwell,and Davis,2001)
3.6 Seasonal Box-Jenkins Model building strategy
3.6.1 Identification Seasonal ARIMA Models
The first and important step in identifying Seasonal ARIMA models for a (possibly
transformed) data set is to find d and D so as to make the differenced observations
𝑌𝑡 = (1 − 𝐵)𝑑 (1 − 𝐵 𝑠 )𝐷 𝑋𝑡

stationary

in

appearance.

After

achieving

stability,

determining the appropriate form to represent the series and degree using autocorrelation
function (ACF) and partial autocorrelation function (PACF), this method based on the
accuracy of graphs for (ACF) and (PACF), where match Coefficient of autocorrelation and
partial autocorrelation for seasonal time series with theoretical behavior of autocorrelation
function and partial autocorrelation function shown in table (3.1):
Model
SAR(PS)

ACF

PACF

Decrease slowly,
decays exponentially

SMA(QS)

Cuts off after seasonal
difference(QS)

SARMA(PS,QS)

Decrease slowly ,
decays exponentially

Cuts off after seasonal
difference(PS)
Decrease slowly, decays
exponentially
Decrease slowly ,
decays exponentially

Table 3.1: Using ACF & PACF to identify the seasonal time series model
(Abd El-Mohamadi and toama, 2011)
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Next we examine the sample ACF and PACF of {𝑌𝑡 } at lags that are multiples of s
for an indication of the orders P and Q in the model. If 𝜌(·) is the sample ACF of {𝑌𝑡 }, then
P and Q should be chosen such that 𝜌(ks), k=1, 2, . . ., is compatible with the ACF of an
ARMA(P,Q) process. The orders p and q are then selected by trying to match
𝜌 1 , … , 𝜌 𝑠 − 1 with the ACF of an ARMA(p, q) process. Ultimately, the AICC
criterion and the goodness of fit tests are used to select the best Seasonal ARIMA model
from competing alternatives. For given values of p, d, q, P, D, and Q, the parameters φ, θ,
ɸ, Θ, and 𝜍 2 can be found using the maximum likelihood procedure.
The differences 𝑌𝑡 = (1 − 𝐵)𝑑 (1 − 𝐵 𝑠 )𝐷 𝑋𝑡 constitute an ARMA(p+sP, q+sQ)
process in which some of the coefficients are zero and the rest are functions of the
(p+P+q+Q) dimensional vector 𝛽 = (𝜑, ɸ, 𝜃, 𝛩). For any fixed β the reduced likelihood
ℓ(β) of the differences 𝑌𝑡+𝑑+𝑠𝐷 , . . . , 𝑌𝑛 is easily computed. The maximum likelihood
estimator of β is the value that minimizes ℓ(β), and the maximum likelihood estimate of σ2
is given by 𝜍 2 =

s(𝜑 ,𝜃 )
𝑛

, where s(𝜑, 𝜃) =

2

𝑛 (x j −x J )
𝑗 =1 r
j−1

, and 𝜑, 𝜃 are the values of φ, θ that

minimize
ℓ φ, θ = ln

s φ,θ
n

+

n
j=1 r j−1

(3.11)

n

(Brockwell ,and Davis ,2001)
As we show that the autocorrelation and partial autocorrelation functions can effectively
identify pure autoregressive and pure moving average models. On the other hand, when
both the degrees of the autoregressive polynomial (p+P) and the moving average
polynomial (q + Q) are not zero, the previous functions are much more difficult to
interpret. In this case, other identification methods, different from the classical methods,
are used. Among these, we can mention the extended autocorrelation function(EACF) and
the smallest canonical correlation(SCAN) methods developed by Tsay and Tiao (1984,
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1985). These methods are very informative in the identification of ARIMA models for
non-seasonal time series, but they are less successful when they are directly applied to
seasonal time series. It is to be noted that these methods can also be used with
nonstationary series. Some penalty function methods have been proposed for ARMA
model identification. These methods can be used with seasonal time series and their
popularity is constantly increasing. The reason for this is that they can be effective,
computationally cheap and objective. However, although some results have been extended
to nonstationary series, these methods are in principle only applicable to stationary series.
Automated method’s
Numerous alternatives to the Box-Jenkins approach have been developed during the last
three decades to make the model identification process more reliable and less subjective.
Choi (1992) published a survey of different procedures for model identification, where
automated methods are classified to:


penalty function methods (e.g., BIC of Rissannen(1978), Schwarz(1978), AIC
of Akaike (1974)).



innovation regression methods (e.g., HR of Hannan & Rissanen(1982), KP of
Koreisha & Pukkila( 1990)).



pattern identification methods (e.g., the corner method of Beguin, Gourieroux,
& Montfort(1980), ESACF and SCAN of Tsay & Tiao(1984),( 1985)).

Penalty Function Methods
In the identification stage, once the differencing orders d and D in ∅ B ф Bs ∇d ∇Ds zt =
θ B Θ Bs Ɛt

have been obtained for the nonstationary series {𝑧𝑡 }, the problem remains

of finding an ARMA model for the differenced series 𝑢𝑡 = ∇𝑑 ∇𝐷𝑠 𝑧𝑡 .
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Since the early 1970s, some procedures to determine the orders k and i of an ARMA(k, i)
model have been proposed which minimize a function of the form
P K, i = ln σ2k,i + k + i

C(M)
M

; k ≤ K ,i ≤ I

(3.12)

where σ2k,i is the maximum likelihood estimate of the variance of the white noise variance,
C(M) is some function of the number of observations M of the series, and K and I are
upper bounds for the orders, usually imposed a priori. Because σ2k,i decreases as the orders
increase, it cannot be a good criterion to choose the orders minimizing it. This is the reason
why the penalty term k + i

C(M)
M

is included.

The penalty function identification methods are regarded as objective. if C(M) in (3.12) is
replaced with 2, we obtain the famous AlC criterion, which stands for Akaike's
Information Criterion. Other possible choices are C M = ln
(M), which corresponds to
the BIC (Bayesian Information Criterion), and C M = 2ln
(ln M ) which gives the HQ
criterion (Hannan and Quinn). The BIC criterion imposes a greater penalty term than does
AIC. One criterion for selection of AR(p) models is the FPE (Final Prediction Error)
criterion, which is given by FPE p = 1 +

P
M

σ2p .

Innovation regression method
Hannan and Rissanen's minimum information criterion (MINIC) combines the regression
technique and the penalty functions AIC and BIC for the modeling of stationary and
invertible ARMA (p, q) processes. The MINIC procedure consists of three steps.
1- The first is to fit a high-order AR model to the observations. The choice of
autoregressive parameter is determined by the order minimizing the AIC.
2- The second step is to apply the ordinary least squares (OLS) method to the series
and estimated innovations of the fitted AR model. As a result, m autoregressive and
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j moving-average OLS estimates are obtained 𝑚 = 𝑃𝑚𝑖𝑛 , … , 𝑃𝑚𝑎𝑥 . is the
autoregressive test order, 𝑗 = 𝑞𝑚𝑖𝑛 , … , 𝑞𝑚𝑎𝑥 . is the moving-average test order.
3- As the last step, the BIC is computed for each of 𝑚 × 𝑗 ARMA models. A model
with the smallest BIC is used as a MINIC recommendation.
Pattern Identification Methods
Some methods have been applied for determining the orders of an ARMA process which
use the extended Yule Walker equations. For the fowling equation {the ARMA(p,q)} .
zt + ∅1 zt−1 + … + ∅p zt−p = C + Ɛt + θ1 Ɛt−1 + … + θq Ɛt−q
these last equations are given by γj = − ∅1 γj−1 − … − ∅p γj−p

(3.13)
, j = q + 1, q + 2, …

Where γj , j = 0,1, ... . ., is the covariance function of the process. These methods are often
called pattern identification methods. (Choi, 1992)
Contrary to Choi's remark about penalty function methods being computationally
exorbitant and pattern identification methods being computationally cheap. The pattern
identification methods are so called because they are based on certain functions which give
rise to two-way arrays with distinctive patterns. For each ARMA(p, q) model, the
corresponding two-way array shows a unique pattern. Using the sample analog of this two
way array, an ARMA model is identified by looking for a theoretical pattern which is
closely resembled by the sample one.
Many methods have been proposed to make it easier to identify the ARMA orders, for
example, the corner method (Becuin et al., 1980), the extended autocorrelation (ESACF)
method (Tsay and Tiao, 1984), The minimum information criterion (MINIC) method can
tentatively identify the order of a stationary and invertible ARMA process. (Hannan and
Rissannen (1982)), and the smallest canonical correlation (SCAN) method (Tsay and Tiao,
1985), among others. The model identification of mixed ARMA model is much more
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complicated than that of pure AR or MA models as we know. We shall consider four
methods:
1. The Extended Autocorrelation Function
The first method to identify the order of a mixed model is the extended autocorrelation
function (EACF) of Tsay and Tiao (1984). The EACF, in fact, applies to ARIMA as well
as ARMA models. However, it treats an ARIMA(p, d, q) model as an ARMA(p + d, q)
model. The basic idea of EACF is based on the “generalized” Yule-Walker equation.
Conceptually, it involves two steps. In the first step, we attempt to obtain consistent
estimates of AR coefficients. Given such estimates, we can transform the ARMA series
into a pure MA process. The second step then uses the sample ACF of the transformed MA
process to identify the MA order q. The best way to introduce EACF is to consider simple
example:
Example: Suppose that 𝑍𝑡 is an ARMA(1,1) model
𝑍𝑡 − ∅𝑍𝑡−1 = 𝑎𝑡 − 𝜃𝑎𝑡−1 ,

∅ <1,

𝜃 <1

For this model, the ACF is
1−𝜃∅ (∅−𝜃)

𝜌𝑙 =

1+𝜃 2 −2∅𝜃

∅𝜌𝑙−1

𝑓𝑜𝑟 𝑙 = 1

(3.14)

𝑓𝑜𝑟 𝑙 > 1

For p = 1, the usual Yule-Walker equation is

𝜌1 = ∅𝜌0

and the j-th generalized Yule-Walker equation is

𝜌𝑗 +1 = ∅𝜌𝑗
(0)

Denote the solution of the Yule-Walker equation by ∅1,1 = ∅1,1 and that of the j-th
(𝑗 )

generalized Yule-Walker equation by ∅1,1 . Then, we have
(𝑗 )

∅1,1 =

𝜌1 ≠ ∅ 𝑓𝑜𝑟 𝑗 = 0
∅
𝑓𝑜𝑟 𝑗 > 0

(3.15)
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Thus, the solution of the usual Yule-Walker equation is not consistent with the AR
coefficient ∅. However, ALL of the solutions of the j-th generalized Yule-Walker
equations are consistent with the AR coefficient. In sample, these results say that the
(j)

estimates of ∅1,1 obtained by replacing the ACF by sample ACF have the property:
𝜌1 𝑓𝑜𝑟 𝑗 = 0
∅
𝑓𝑜𝑟 𝑗 > 0

(𝑗 )

∅1,1 =
(j)

Now define the transformed series W1,t by:
(j)

(j)

W1,t = Zt − ∅1.1 Zt−1 for j > 0

(3.16)
(j)

The above discussion shows that W1,t for j > 0 is asymptotically a pure MA(1) process.
(j)

Consequently, by considering the ACF of the W1,t series, we can identify that the MA
order is 1. (Jonathan D. Cryer Kung,2008 )
Now Model identification via EACF, to make use of the EACF for model identification ,
we consider the two-way table:
AR
m
0
1
2
3
…

0
𝜌1
𝜌1,1
𝜌2,1
𝜌3,1
…..

1
𝜌2
𝜌1,2
𝜌2,2
𝜌3,2
…..

MA(j)
2
𝜌3
𝜌1,3
𝜌2,3
𝜌3,3
…..

3
𝜌4
𝜌1,4
𝜌2,4
𝜌3,4
….

4
𝜌5
𝜌1,5
𝜌2,5
𝜌3,5
…..

…
….
….
….
….
…..

Table (3.2) The EACF to identify the order of an ARMA model

In practice, the EACF in the above table(3.2) is replaced by its sample counterpart. To
identify the order of an ARMA model, we need to understand the behavior of the EACF
table for a given model. Before giving the theory, we shall illustrate the function of the
table. Suppose that 𝑍𝑡 is an ARMA(1,1) model, then the corresponding EACF table is
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AR
m
0
1
2
3
4
5
…

0
X
X
X
*
*
*
…..

MA(j)
2
X
0
0
X
*
*
…..

1
X
𝟎∗
X
*
*
*
…..

3
X
0
0
0
X
*
….

4
X
0
0
0
0
X
…..

5
X
0
0
0
0
0
……

…
….
….
….
….

…..

Table(3.3):autocorrelation ARMA(1,1) model, EACF method
where “X” and “O” denotes non-zero and zero quantities, respectively,
“*” represents a quantity which can assume any value between −1 & 1.

From the table, we see that there exists a triangle of “O” with vertex at (1, 1), which is the
order of Zt . In practice, the non-zero and zero terms are determined by the sample EACF
and its estimated standard error via the Bartlett‟s formula for MA models. Of course, we
cannot expect to see an exact triangle as that of the above table. However, one can often
make a decision based on the pattern of the EACF table(3.3).
To understand the triangular pattern, it is best to consider a simple example such as
ARMA(1,1) model of the above table. In particular, we shall discuss the reason why ρ2,2 is
different from zero for an ARMA(1,1) model. By definition, ρ2,2 is the lag-2 ACF of the
(2)

(2)

(2)

2
2
transformed series W2,t = Zt − ∅2,1 Zt−1 − ∅2,2 Zt−2 , where ∅2,1
and ∅2,2
are the solution

of the 2nd generalized Yule-Walker equation of order 2, namely
𝜌3
𝜌2
𝜌4 = 𝜌3

2
𝜌1 ∅2,1
𝜌2 ∅ 2
2,2

However, for an ARMA(1,1) model, ρj = ∅ρj−1 for j > 1 so that the above Yule-Walker
equation is “singular” in theory. In practice, the equation is not exactly singular, but is
2
2
illconditioned. Therefore, the solution ∅2,1
and ∅2,2
can assume any real numbers.

Consequently, the chance that ∅2,i2 = 0 is essential zero. More importantly, this implies
(2)

that the transformed series W2,t is not an MA(1) series. Therefore, ρ2,2 ≠ 0. Intuitively,
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one can interpret this result as an over-fitting phenomenon. Since the true model is
(2)

ARMA(1,1)and we are fitting an AR(2) polynomial in the construction of W2,t , the nonzero ρ2,2 is in effect a result of over fitting of the second AR coefficient.
Using exactly the same reasoning, one can deduce the triangular pattern of the EACF table.
Thus, it can be said that the triangular pattern of EACF is related to the over fitting of AR
(j)

polynomials in constructing the transformed series Wm,t .
2. The MINIC Method
Hannan and Rissanen's minimum information criterion (MINIC) combines the regression
technique and the penalty functions AIC and BIC for the modeling of stationary and
invertible ARMA (p, q) processes. The MINIC procedure consists of three steps. The first
is to fit a high-order AR model to the observations. The choice of autoregressive parameter
is determined by the order minimizing the AIC. The second step is to apply the ordinary
least squares (OLS) method to the series and estimated innovations of the fitted AR model.
As a result, m autoregressive and j moving-average OLS estimates are obtained 𝑚 =
𝑃𝑚𝑖𝑛 , … , 𝑃𝑚𝑎𝑥 . is the autoregressive test order, 𝑗 = 𝑞𝑚𝑖𝑛 , … , 𝑞𝑚𝑎𝑥 . is the moving-average
test order. As the last step, the BIC is computed for each of 𝑚 × 𝑗 ARMA models. A
model with the smallest BIC is used as a MINIC recommendation. For more illustration:
The Minimum Information Criterion (MINIC) method can tentatively identify the order of
a stationary and invertible ARMA process. Given a stationary and invertible time series
𝑍𝑡 : 1 ≤ 𝑡 ≤ 𝑛 with mean corrected form 𝑍𝑡 = 𝑍𝑡 − 𝜇𝑧 , with a true autoregressive order
of p, and with a true moving average order of q, you can use the MINIC method to
compute information criteria (or penalty functions) for various autoregressive and moving
average orders. The following paragraphs provide a brief description of the algorithm. If
the series is a stationary and invertible ARMA(p,q) process of the form
𝛷 𝑝,𝑞 𝐵 𝑍𝑡 = 𝛩 𝑝,𝑞 (𝐵)𝜖𝑡

(3.17)
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the error series can be approximated by a high-order AR process
𝜖𝑡 = 𝛷(𝑝 𝜖 ,𝑞) (𝐵)𝑍𝑡 ≈ 𝜖𝑡

(3.18)

where the parameter estimates 𝛷(𝑝 𝜖 ,𝑞) are obtained from the Yule-Walker estimates. The
choice of the autoregressive order, 𝑝𝜖 , is determined by the order that minimizes the
Akaike information criterion (AIC) in the rang 𝑝𝜖,𝑚𝑖𝑛 ≤ 𝑝𝜖 ≤ 𝑝𝜖,𝑚𝑎𝑥
𝐴𝐼𝐶 (𝑝𝜖 , 0 = ln(𝜍 2 (𝑝 𝜖 ,0) + 2(𝑝𝜖 + 0)/𝑛
1

𝜍 2 (𝑝 𝜖 ,0) =

Where

𝑛

𝑛
2
𝑡=𝑝 𝜖 +1 𝜖𝑡

(3.19)

.

Note that Hannan and Rissannen (1982) use the Bayesian information criterion (BIC) to
determine the autoregressive order used to estimate the error series. Box et al (1994) and
Choi (1990) recommend the AIC. Once the error series has been estimated for
autoregressive test order
𝑚 = 𝑃𝑚𝑖𝑛 , … , 𝑃𝑚𝑎𝑥 and for moving-average test order 𝑗 = 𝑞𝑚𝑖𝑛 , … , 𝑞𝑚𝑎𝑥 , the OLS
estimates 𝛷(𝑚 ,𝑗 ) 𝑎𝑛𝑑 𝛩(𝑚 ,𝑗 ) are computed from the regression model
Zt =

(m,j)
m
Zt−i
i=1 ∅i

+

(m,j)
j
ϵt−k
k=1 θk

+ error

(3.20)

From the preceding parameter estimates, the BIC is then computed
BIC m, j = ln(σ2
Where 𝜍 2

𝑚 ,𝑗

1

=𝑛

m,j

) + 2(m + j)ln
(n)/n

𝑛
𝑡=𝑡 0 (𝑧𝑡

−

(𝑚 ,𝑗 )
𝑚
𝑧𝑡−𝑖
𝑖=1 ∅𝑖

(3.21)
+

(𝑚 ,𝑗 )
𝑗
𝜖𝑡−𝑖 ),
𝑘=1 𝜃𝑘

Where 𝑡0 = 𝑝𝜖 + max 𝑚, 𝑗 .
A MINIC table is then constructed using BIC (m, j) (see Table 3.3). If 𝑝𝑚𝑎𝑥 > 𝑝𝜖,𝑚𝑖𝑛 , the
preceding regression may fail due to linear dependence on the estimated error series and
the mean-corrected series. Values of BIC (m,j) that cannot be computed are set to missing.
For large autoregressive and moving average test orders with relatively few observations, a
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nearly perfect fit can result. This condition can be identified by a large negative BIC(m, j)
value.

AR
0
1
2
3
..

0
BIC(0,0)
BIC(1,0)
BIC(2,0)
BIC(3,0)
…

MA
2
BIC(0,2)
BIC(1,2)
BIC(2,2)
BIC(2,3)
….

1
BIC(0,1)
BIC(1,1)
BIC(2,1)
BIC(3,1)
…

3
BIC(0,3)
BIC(1,3)
BIC(2,3)
BIC(3,3)
…

…
…
…
…
…
…

Table (3.4) MINIC Table identified by a least BIC(m, j) value

3. The SCAN Method
The Smallest Canonical (SCAN) correlation method can tentatively identify the orders of a
stationary or nonstationary ARMA process. Tsay and Tiao (1985) proposed the technique,
and Box et al (1994) and Choi (1990) provide useful descriptions of the algorithm. Given a
stationary or nonstationary time series

𝑍𝑡 : 1 ≤ 𝑡 ≤ 𝑛

with mean corrected form

𝑍𝑡 = 𝑍𝑡 − 𝜇𝑧 , with a true autoregressive order of p + d, and with a true moving average
order of q, you can use the SCAN method to analyze eigenvalues of the correlation matrix
of the ARMA process. The following paragraphs provide a brief description of the
algorithm. For autoregressive test order 𝑚 = 𝑝𝑚𝑖𝑛 , … , 𝑝𝑚𝑎𝑥 and for moving-average test
order, 𝑗 = 𝑞𝑚𝑖𝑛 , … , 𝑞𝑚𝑎𝑥 perform the following steps.
1- Let 𝑌𝑚 ,𝑡 = (𝑧𝑡 , 𝑧𝑡−1 , … , 𝑧𝑡−𝑚 ). Compute the following 𝑚 + 1 × (𝑚 + 1) matrix.
𝐵 𝑚, 𝑗 + 1 = (
𝐵 ∗ 𝑚, 𝑗 + 1 = (

𝑡
𝑡
−1
𝑡 𝑌𝑚 ,𝑡−𝑗 𝑌𝑚 ,𝑡−𝑗 −1 ) ( 𝑡 𝑌𝑚 ,𝑡−𝑗 −1 𝑌𝑚 ,𝑡 )
𝑡
−1
𝑡 𝑌𝑚 ,𝑡 𝑌𝑚 ,𝑡 ) (

𝑡
𝑡 𝑌𝑚 ,𝑡 𝑌𝑚 ,𝑡−𝑗 −1 )

(3.22)

𝐴∗ 𝑚, 𝑗 = 𝐵 ∗ 𝑚, 𝑗 + 1 𝐵 𝑚, 𝑗 + 1

(3.23)

where t ranges from j + m + 2 to n.
2- Find the smallest eigen value, 𝜆∗ 𝑚, 𝑗 𝑜𝑓 𝐴∗ 𝑚, 𝑗 and its corresponding normalized
𝑚 ,𝑗

eigen vector , 𝛷𝑚 ,𝑗 = (1, −∅1

𝑚 ,𝑗

, −∅2

𝑚 ,𝑗

, … , −∅𝑚
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The squared canonical correlation estimate is 𝜆∗ 𝑚, 𝑗 .
3- Using the 𝛷𝑚 ,𝑗 as AR(m) coefficients, obtain the residuals for 𝑡 = 𝑗 + 𝑚 + 1 𝑡𝑜 𝑛 by
following the formula:
(𝑚 ,𝑗 )

𝑤𝑡

𝑚 ,𝑗

= 𝑍𝑡 − ∅1

𝑚 ,𝑗

𝑍𝑡−1 , −∅2

𝑚 ,𝑗

𝑍𝑡−2 , … , −∅𝑚

𝑍𝑡−𝑚

(3.24)

4- From the sample autocorrelations of the residuals, 𝑟𝑘 (𝑤), approximate the standard error
of the squared canonical correlation estimate by 𝑣𝑎𝑟(𝜆∗ 𝑚, 𝑗
Where 𝑑 𝑚, 𝑗 = 1 + 2

𝑗 −1
(𝑚 ,𝑗 )
))
𝑖=1 𝑟𝑘 (𝑤

1

2)

≈ 𝑑(𝑚, 𝑗)/(𝑛 − 𝑚 − 𝑗)
(3.25)

The test statistic to be used as an identification criterion is
𝑐 𝑚, 𝑗 = − 𝑛 − 𝑚 − 𝑗 ln
(1 −

𝜆 ∗ 𝑚 ,𝑗
𝑑 𝑚 ,𝑗

)

(3.26)

which is asymptotically 𝑥12 if 𝑛 = 𝑝 + 𝑑 𝑎𝑛𝑑 𝑗 ≥ 𝑞
𝑚 > 𝑝 𝑎𝑛𝑑 𝑗 < 𝑞

or 𝑚 ≥ 𝑝 + 𝑑 𝑎𝑛𝑑 𝑗 = 𝑞 , for

there is more than one theoretical zero canonical correlation

between𝑌𝑚 ,𝑡 and 𝑌𝑚 ,𝑡−𝑗 −1 . Since the 𝜆∗ 𝑚, 𝑗 are the smallest canonical correlations for
each (m, j), the percentiles of c(m, j) are less than those of a 𝑥12 , therefore, Tsay and Tiao
(1985) state that it is safe to assume a 𝑥12 , For m < p and j < q , no conclusions about the
distribution of c(m, j) are made. A SCAN table is then constructed using c(m,j) to
determine which of the 𝜆∗ 𝑚, 𝑗 are significantly different from zero (see Table 3.5). The
ARMA orders are tentatively identified by finding a (maximal) rectangular pattern in
which the 𝜆∗ 𝑚, 𝑗 are insignificant for all test orders 𝑚 ≥ 𝑝 + 𝑑 𝑎𝑛𝑑 𝑗 ≥ 𝑞 . There may
be more than one pair of values (p + d, q) that permit such a rectangular pattern. In this
case, parsimony and the number of insignificant items in the rectangular pattern should
help determine the model order. Table (3.6) depicts the theoretical pattern associated with
an ARMA(2,2) series.

61

AR
0
1
2

0
C(0,0)
C(1,0)
C(2,0)

1
C(0,1)
C(1,1)
C(2,1)

MA
2
C(0,2)
C(1,2)
C(2,2)

3
….

C(3,0)
…

C(3,1)
…

C(3,2)
….

3
C(0,3)
C(1,3)
C(2,3)

…
…
….
…

C(3,3)
….

…
…

Table (3.5) SCAN Table the smallest canonical correlations for each (m,j)

AR
0
1
2
3
4
5

0
*
*
*
*
*
*

1
X
X
X
X
X
X

MA
2
X
X
0
0
0
0

3
X
X
0
0
0
0

4
X
X
0
0
0
0

5
X
X
0
0
0
0

6
X
X
0
0
0
0

7
X
X
0
0
0
0

Table (3.6) Theoretical SCAN Table for ARMA(2,2) Series
X: significant terms , 0: insignificant terms , *: no pattern

4- The Corner method as mathematical pattern identification method
The Corner method produce a table whose values will show a great rectangle of zeros
starting from some indexes takes place (p, q) of the tabl (3.6). This couple (p,q) will
characterize the time series model ARMA (p, q). The table is built starting from the
calculation of the following determining:
𝜌𝑠 𝜌𝑠−1 𝜌𝑠−2 … 𝜌𝑠−𝑟+1
𝜌𝑠+1 𝜌𝑠 𝜌𝑠−1 … 𝜌𝑠−𝑟
.
∆(𝑟, 𝑠)
.
𝜌𝑠+𝑟−1 𝜌𝑠+𝑟−2 𝜌𝑠+𝑟−3 … 𝜌𝑠

(3.27)

For r ≥ 1 and s ≥ 1. It is important to note 𝜌𝑠 is the value of the Autocorrelation Function
for the delay s and 𝜌𝑠 = 𝜌−𝑠 . In such a way that:
c i, j = ∆(j + 1, i + 1)

(3.28)

For i = 0,1,2, ..., K, being K a relatively big number.
A theoretical Corner table for a model ARMA (p,q) is presented in Table (3.7). It is
expected that the Corner table produces a large south east rectangular sub-matrix whose all
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elements are zeros. The coordinates of the northwest corner of this zero-rectangle are (p,q).
It provides a strong clue for us to identify the order of the underlying process
AR/MA
1
…
…
p-1
P
P+1
…
k

1
X
X
X
X
X
X
X
X

…
X
X
X
X
X
X
X
X

…
X
X
X
X
X
X
X
X

q-1
X
X
X
X
X
X
X
X

q
X
X
X
X
0
0
0
0

q+1
X
X
X
X
0
0
0
0

…
X
X
X
X
0
0
0
0

K
X
X
X
X
0
0
0
0

Table (3.7) Corner Table for ARMA (p, q). Note: X represent nonzero value

Because in the practice we generally have a finite number of observations and, therefore,
the values of the Autocorrelation Functions are estimates, it will be difficult to locate the
points p, q by means of a visual inspection. It becomes necessary to specify an approach to
differentiate the values theoretically zero and the other ones. Following . we simplify the
Corner table using indicator symbols. The Simplified Corner table is defined as follows:
∗

𝑐 𝑖, 𝑗

∆(𝑗 +1,𝑖+1)

0 𝑖𝑓

𝑆𝐸(∆ 𝑗 +1,𝑖+1 )

𝑥

<2

(3.29)

𝑜𝑡𝑒𝑟𝑤𝑖𝑠𝑒

for i, j = 0, 1, ..., K. “X” represents a nonzero element. The standard error of any Δ
element in the estimated Corner table is given by:
𝑆𝐸 ∆ =

𝐴𝐺𝐴′

(3.30)

𝑛

where A is a (1 x h) vector with elements
𝑎 𝑗 =

𝜕∆
𝜕𝜌 𝑗

h is the maximal lag among all the autocorrelations in (3.27), n is the sample size,
G is a (h x h) matrix whose (i, j) element is:
∞
𝑘=−∞

𝜌𝑘 𝜌𝑘−𝑖+𝑗 + 𝜌𝑘+𝑗 𝜌𝑘−𝑖 − 2𝜌𝑘 𝜌𝑗 𝜌𝑘−𝑖 − 2 𝜌𝑘 𝜌𝑗 𝜌𝑘−𝑗 + 2𝜌𝑖 𝜌𝑗 𝜌𝑘2
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(3.31)

Comparison between the penalty functions and pattern methods
Penalty function method is useful with seasonal time series and their popularity is
constantly

increasing.

It‟s

effective,

computationally,

objective

and

it

being

computationally exorbitant and there is important advantage that is no shared by many of
other identification methods that is use with multivariate data are direct generalizations of
the ones for the univariate case. Penalty function method can also be used to identify
vector ARMA models.
Pattern method so called because they are based on certain functions which give rise to
two-way arrays with distinctive patterns. It is less successful when they are directly applied
to seasonal time series. It‟s being computationally cheap, some of pattern method working
with seasonally data and it‟s not very useful. It‟s

effective , sample for using and if we

applied it‟s condition we have direct identification.
Comparison between the pattern methods
Now we want to compare between four important pattern method C-Table, SCAN,MINIC
and ESACF methods. The pattern identification methods are so called because they are
based on certain functions which give rise to two-way arrays with distinctive patterns. The
method (ESACF) and method (SCAN) can be effective with non-seasonal time series and
can also be used with nonstationary series.
The Corner method (C-Table), which can only be used with stationary series.
MINIC can only be only used with the modeling of stationary and invertible series.
Tetiana stadnytsky(2008), concluded the following:
1- the Corner method works well when the sample size is large, but it works poorly in
small to moderate sample sizes.
2-

the ESACF method is more robust with respect to sample size and works
reasonably well .
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3-

in the pure structures, MINIC and SCAN perform well for autoregressive models,
whereas ESACF works better in moving-average cases.

4-

SCAN and ESACF are superior to MINIC for mixed (p,q) models.

5- the positive effect of sample size is more pronounced for MINIC than for SCAN
and ESACF.
3.6.2

Estimation seasonal ARIMA processes
Having specified a tentative seasonal model for a particular time series, we proceed

to estimate the parameters of that model as efficiently as possible. As we have remarked
earlier, multiplicative seasonal ARIMA models are just special cases of our general
ARIMA models. As such, all of our work on parameter estimation in section 2.7.2 carries
over to the seasonal case.
3.6.3

Diagnostic seasonal ARIMA processes
We will discuss a number of diagnostic and specification tests that can be applied

to judge the quality of a seasonal adjustment procedure. Each test focusses on a property
that should (or should not) be present in seasonally adjusted data. We consider tests for the
presence of seasonal unit roots, the presence of changing seasonal means, the presence of
deterministic seasonality, the presence of correlation in the seasonal lag, the presence of
periodicity in the autoregressive parameters and the presence of seasonality in the variance
of the series. Different models can be obtained for various combinations of AR and MA
individually and collectively. The best model is obtained with following diagnostics.
Low Akaike Information Criteria (AIC) / Bayesian Information Criteria (BIC) /
Schwarz- Bayesian Information Criteria (SBC)
AIC is given by 𝐴𝐼𝐶 = (−2 𝑙𝑜𝑔 𝐿 + 2𝑚)

(3.32)

where m = p+q+P+Q and L is likelihood function. since -2 log L is approximately equal to
{n(1+log2π)+nlogσ2}where σ2 is the model MSE, AIC can be written as
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𝐴𝐼𝐶 = {𝑛(1 + 𝑙𝑜𝑔2𝜋) + 𝑛𝑙𝑜𝑔𝜍 2 + 2𝑚} and because first term in this equation is
constant , it is usually omitted while comparing between models. As an alternative to AIC,
sometimes SBC is also used which given by
SBC = logσ2 +

(𝑚 𝑙𝑜𝑔 𝑛)
𝑛

.

(3.33)

Plot of residual ACF
Once the appropriate ARIMA model has been fitted , one can examine the
goodness of fit by means of plotting the ACF of residuals of the fitted model . If most of
the sample autocorrelation coefficients of the residuals are within the limits ±1.96

𝑁

where N is the number of observations upon which the model is based then the residuals
are white noise indicating that the model is good of fit.
Box-Pierce and Ljung-Box tests
After tentative model has been fitted to the data , it is important to perform
diagnostic checks to test the adequacy of the model and, if need be, to suggest potential
improvements .One way to accomplish this is through the analysis of residuals. It has been
found that it is effective to measure the overall adequacy of the chosen model by
examining a quantity Q known as Box-Pierce statistic (a function of autocorrelations of
residuals ) whose approximate distribution is chi-square and is computed as follows
𝑄 = 𝑛

𝑟 2 (𝑗) where summation extends from 1 to k with k as the maximum lag

considered, n is the number of observations in the series , 𝑟(𝑗) is the estimated
autocorrelation at lag j; k can be any positive integer and is usually around 20. Q follows
Chi-square with (𝑘 − 𝑚1 ) degrees of freedom where m1 is the number of parameters
estimated in the model. A modified Q statistic is the Ljung-Box statistic which is given by
Q = n(n + 2)

r 2 (j)
(n−j)

.

(3.34)

The Q statistic is compared to critical value from chi-square distribution. If model
is correctly specified, residuals should be uncorrelated and Q should be small (the
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probability value should be large). A significant value indicates that the chosen model
does not fit well. All these stages require considerable care and work and they themselves
are not exhaustive. (web 7)
Canova-Hansen test
The test developed by Canova and Hansen (1995) takes as the null hypothesis that
the seasonal pattern is deterministic. To explain the test, consider the process
yt =

4
𝑠=1 δs Ds,t

+ Ɛt

(3.35)

with
𝛿1𝑡 = µ𝑡 + 𝛼1𝑡 − 𝛼3𝑡

𝛿1𝑡 = µ𝑡 – 𝛼2𝑡 + 𝛼3𝑡

𝛿1𝑡 = µ𝑡 − 𝛼1𝑡 − 𝛼3𝑡

𝛿1𝑡 = µ𝑡 + 𝛼2𝑡 + 𝛼3𝑡

where the stochastic trend is defined as µ𝑡 = µ + µ𝑡−1 + 𝜉𝑡 with 𝜉𝑡 ~ 𝑁(0, 𝜍𝑗2 ) and the
stochastic seasonal terms are given by αjt = βj + αj,t−1 + ηjt with 𝜂𝑗𝑡 ~ 𝑁(0, 𝜍𝑗2 ), for
𝑗 = 1, 2, 3. The process has a stochastic seasonal pattern if some 𝜍𝑗2 > 0. If 𝜍𝑗2 = 0 for
all 𝑗, we have deterministic seasonality. The Canova-Hansen test corresponds to jointly
testing for 𝜍12 = 𝜍22 = 𝜍32 = 0. The asymptotical critical values are given in Canova and
Hansen (1995). For the quarterly case and a significance level of 5%, the critical value is
1.010. The Canova-Hansen test also allows for testing for stationarity of the process itself,
that is, testing for 𝜍𝜉2 = 0. However, this is not considered here as we only focus on the
seasonal properties of the data. The null hypothesis in the Canova-Hansen test is rejected
in case seasonality of a series is not constant. After seasonal adjustment the CanovaHansen test therefore should not reject. Note that having no seasonal pattern at all also
implies constant seasonality. (Franses, Paap, and Fok , 2005)
Test for equal seasonal dummies
A basic test for the presence of seasonality in a time series is to regress the time
series on four seasonal dummies. If there is no seasonality in the series, the four
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coefficients for these dummies should be equal. This property can easily be tested with an
F-test. This test can be performed for the level of the series as well as for the first
difference, depending on the behavior of the series. The test regression equals
Δ1 yt =

4
𝑠=1 βs Ds,t

+ Ɛt ,

(3.36)

where Ds,t = 1 if 𝑡 corresponds to season 𝑠 and 0 otherwise. If there is no seasonality,
the F-test for 𝛽1 = 𝛽2 = 𝛽3 = 𝛽4 should not be rejected. (Franses , Paap and Fok, 2005)
Test for correlation at the seasonal lag
Seasonal time series typically display autocorrelation at the seasonal lags. To test
for significant autocorrelation at the seasonal lag we consider the following regression
model 𝛥1 𝑦𝑡 = µ + 𝜑1 𝛥1 𝑦𝑡−1 + 𝜑2 𝛥1 𝑦𝑡−2 + 𝜑3 𝛥1 𝑦𝑡−3 + 𝜑4 𝛥1 𝑦𝑡−4 + Ɛ𝑡

(3.37)

and we test for 𝜑4 = 0 using a t-test. Insignificant values of the t-test denotes absence of
correlation at the seasonal lag. One has to be a little cautious with this approach.
Autocorrelation at the seasonal lag does not have to imply seasonality as the true lag order
of the series may be 4 or higher. (Franses , Paap and Fok , 2005)
Test for seasonality in the variance
The previous tests mainly consider the presence of seasonality in the mean of the
series. To test for the presence of seasonality in the variance of the series we consider the
residuals Ɛ𝑡 of an AR(p) model for 𝛥1 𝑦𝑡
𝛥1 𝑦𝑡 = µ +

p
𝑖=1 𝜑𝑖 𝛥1 𝑦𝑡−𝑖

+ Ɛ𝑡 .

(3.38)

The Lagrange multiplier test (LM) for seasonality in the residuals amount to testing for
𝛽1 = 𝛽2 = 𝛽3 = 𝛽4 in the auxiliary regression
Ɛ2𝑡 =

4
𝑠=1 βs Ds,t

+

p
𝑖=1 ρi

Δ1 yt−I + ηt

(3.39)

using a standard F-test, where Ɛt denotes the estimated residuals of (3.18). Insignificant
values of the F-test imply the absence of seasonality in the variance. The value of p can be
determined using BIC. (Franses , Paap and Fok , 2005)
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3.6.4

Forecasting Seasonal ARIMA Processes
Forecasting Seasonal ARIMA processes is completely analogous to the forecasting

of ARIMA processes. Expanding out the operator (1 − 𝐵)𝑑 (1 − 𝐵 𝑠 )𝐷 in powers of B,
rearranging the equation (1 − 𝐵)𝑑 (1 − 𝐵 𝑠 )𝐷 𝑋𝑡 = 𝑌𝑡 , and setting 𝑡 = 𝑛 +  gives the
analogue Xn+h = Yn+h +

𝑑+𝐷𝑠
𝑗 =1 a j X n+h−j

(3.40)

Under the assumption that the first 𝑑 + 𝐷𝑠 observations 𝑋−𝑑−𝐷𝑠+1 , . . . , 𝑋0 are uncorrelated
with {𝑌𝑡 , 𝑡 ≥ 1}, we can determine the best linear predictors 𝑃𝑛 𝑋𝑛+ of 𝑋𝑛+ based on
{1, 𝑋−𝑑−𝐷𝑠+1 , . . . , 𝑋𝑛 } by applying 𝑃𝑛 to each side of equation (3.20) to obtain
𝑃𝑛 Xn+h = 𝑃𝑛 Yn+h +

𝑑+𝐷𝑠
𝑗 =1 a j 𝑃𝑛 X n+h−j

(3.41)

The first term on the right is just the best linear predictor of the (possibly nonzero mean)
ARMA process {𝑌𝑡 } in terms of {1, 𝑌1 , . . . , 𝑌𝑛 }. And the prediction mean squared error as
𝜍𝑛2 () = 𝐸(𝑋𝑛+ − 𝑃𝑛 𝑋𝑛+ )2 =

−1
𝑗 =0

(

𝑗
2
𝑟=0 𝜒𝑟 𝜃𝑛 +−𝑟−1,𝑗 −𝑟 )

vn+h−j−1

(3.42)

where 𝜃𝑛𝑗 and 𝑣𝑛 are obtained by applying the innovations algorithm to the differenced
series {𝑌𝑡 } and
𝜒(𝑧) =

∞
𝑟
𝑟=0 𝜒𝑟 𝑧

= [ 𝜑(𝑧) ɸ(𝑧 𝑠 )(1 − 𝑧)𝑑 (1 − 𝑧 𝑠 )𝐷 ]−1 , 𝑧 < 1

(3.43)

For large n we can approximate
𝜍𝑛2 () = 𝐸(𝑋𝑛+ − 𝑃𝑛 𝑋𝑛+ )2 =

−1
𝑗 =0

(

, if 𝜃(𝑧)𝛩(𝑧 𝑠 ) is nonzero for all |z| ≤ 1, by 𝜍𝑛2  =
ψ z =

∞
j
𝑗 =0 ψj z

𝑗
2
𝑟=0 χr θn+h−r−1,j−r )
−1
2
𝑗 =0 ψj ψ,

θ(z)Θ(z s )

= φ(z) ɸ(z s )(1 − z)d (1 − z s )D , 𝑧 < 1

vn+h−j−1 (3.44)

where
(3.45)

(Brockwell ,and Davis ,2001)
Advantages and disadvantages of Box Jenkins method
Many advantages of the Box Jenkins ARIMA model such that the choice of weights is

wide, allowing user to identify much more subtle patterns in data than with previous
methods, offers philosophy of modelling based on principle of parsimony, the simpler the
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model the better, so long as it passes range of suitable diagnostic checks, can increase the
forecast accuracy while keeping the number of parameters to a minimum. But their
disadvantages is Complex and difficult to understand, but automatic versions are now
available in many software packages; for many users it promises more than it delivers. It
seems that for many applications, the flexibility is a dis-advantage as the identified patterns
don‟t persist into period to be forecast.
3.7 Measuring Forecasting Accuracy
A fundamental concern in forecasting is the measure of forecasting error for a
given data set and a given forecasting method. Accuracy can be defined as “goodness of
fit“ or how well the forecasting model is able to reproduce data that is already known.
(Makridakis and Wheelwright,1989) We can used some standard error measures as mean
square error (MSE), mean absolute percent error (MAPE), and mean absolute deviasion
(MAE).
Mean Square Error (MSE)
As a measure of dispersion of forecast errors , statisticians have taken the average
of the squared individual errors . The smaller the MSE value, the more stable the model.
However, interpreting the MSE value can be misleading , for the mean squared error will
accentuate large error terms. Equation (3.46) describes the mean squared error
measurement.
MSE =

n ( X −X )2
t
t
t=1

(3.46)

n

Mean Absolute Percent Error (MAPE)
MAPE is regarded as better error measurement than MSE because it does not
accentuate large errors . Equation (3.47) illustrates the MAPE formula .
MAPE =

𝑋 𝑡 −X t
𝑛
𝑡=1
𝑋𝑡

𝑛

× 100%

(3.47)
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Mean Absolute Error (MAE)
This error measurement is the average of the absolute value of the error without
regard to whether the error was an overestimate or underestimate.
MAE =

𝑛
𝑡=1

X t −X t

(3.48)

𝑛

(Krajewski and Ritzman, 1993)
3.9 Summary
In this chapter, we talked wider about seasonality problem, and about detecting
seasonality. We talked about tests of stationarity. We have discussed the basic concepts of
seasonality time series models. We illustrated the (ACF, PACF, IACF) and the concepts
with the basic seasonal autoregressive integrated moving average (Seasonal ARIMA) time
series models. Also we talked about time series model building mechanism identification
by the classical method and the automated method such that (SCAN, MINIC and ESACF),
parameter estimation and model diagnostic, and talked about forecasting seasonal ARIMA
models, and automatic Box-Jenkins method. And finally, we talked about forecasting
accuracy and measures of forecasting accuracy.
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Chapter 4
Case Study
4.1 Introduction
The aim of this chapter is to illustrate the forecasting of Seasonal Box-Jenkins method by
using actual seasonal data, we will talk about the nature of the data source, identification of
the seasonal ARIMA model, parameter estimation and forecast of future values.
Furthermore, our data was the monthly water consumption in Khan Younis from January
2000 to September 2010, attended from Coastal Municipalities Water Utility.
4.2 Data Description
The data which we have, is monthly observations of water consumption from January 2000
to September 2010. Thus we have about (132) observations. To take a general idea about
the data, we displayed descriptive statistics of the actual data, as in table (4.1):
descriptive

Mean

Median Maximum Minimum

Std. Dev

Skewness

Kurtosis

statistics

237600

221400

77472.96

0.2325945

-0.9879404

420900

95640

Table(4.1): Descriptive statistics for the water consumption in Khan Younis.

From table (4.1), we can see some descriptive statistics of the data. The maximum value in
the period from January 2000 to September 2010 is 420900, while the value 95640 is
recorded as the minimum value for the same period, and from output (4.1) shapiro.test
discus that the data has normal distribution since p-value is 0.0018 < 0.05.
Shapiro-Wilk normality test
data: Q
W = 0.9651, p-value = 0.001802
Output (4.1) Shapiro-Wilk normality test of data (water consumption)
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4.3 Data Preparation
First, we just need to know whether or not the data is autocorrelated. A statistical test such
as the Box-Ljung test can provide the answer. By using this test, we will get the p-value.
Conventionally, a p-value of less than 0.05 indicates that, the data contains a significant
autocorrelations.
Box-Ljung test
data: Q
X-squared = 104.5541, df = 1, p-value < 2.2e-16
Output (4.2) Box-Ljung autocorrelations test of data (water consumption)

From output (4.2), The p-value is near zero, which indicates that the data has a significant
autocorrelations. The data has been recorded over a period of time, so our data (monthly
water consumption) is a time series data.
4.4 Seasonal Box-Jenkins ARIMA Model
First we can explore the stationary of actual water consumption data by the stationary test
KPSS test which the alternative hypothesis is stationary
KPSS Test for Level Stationary, data: Q
KPSS Level = 2.9084, Truncation lag parameter = 2, p-value = 0.01
Output (4.3) Test for Level Stationary of data (water consumption)

From output (4.3), KPSS test for the stationary confirms that the data is nonstationary
which the p-value = 0.01 < 0.05. So, we plot the series for more information about the
series. A plot of the actual information is given by Figure 4.1
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Figure 4.1 Monthly Water Consumption Data

Figure (4.1) displays the time series of the water consumption data; we might well consider
a nonstationary model. We can see from this time series that there seems to be seasonal
variation in the quantum of water consumption per month, it increases every summer, and
decrease every winter, and the seasonal fluctuations are roughly increase in size over time
then there is a trend in the series. Again, it seems that this time series could probably be
described using an additive model. It appear clearly with ACF and PACF of the data.
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Figure 4.2 ACF and PACF of Monthly Water Consumption Data
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Figure 4.2 displays ACF and PACF which takes the sine form that confirm the series has
seasonality problem. To be sure of this assumptions, we decomposing the time series.
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Figure 4.3 Decomposition of Water Consumption Data

Figure 4.3 shows clearly the seasonal component and trend component in the
decomposition of the series. So, we take the first difference to separate the trend
component, then plot the new series, ACF and PACF of the new series.
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Figure 4.4 First Difference of Water Consumption Data
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Figure 4.5 ACF and PACF of First Difference of Water Consumption Data
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Figure 4.4 and figure 4.5 confirm that the trend component is separated but the seasonal
component still in the series, then we will take the seasonal lag to separate the seasonal
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component, then plot the new series, ACF and PACF of the new series.
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Figure 4.6 First Difference and Seasonal Difference of Water Consumption Data

Figure 4.6 confirms that there is no trend and no seasonality in the series but we
want to make tests to be sure that the series is stationary. Phillips-Perron unit root test get
p-value = 0.01 ˂ 0.05 in output 4.4 and KPSS test get p-value = 0.1 ˃ 0.05 in output 4.5
which confirms the series is now stationary.
Phillips-Perron Unit Root Test

data: dsdata

Dickey-Fuller Z(alpha) = -138.0533, Truncation lag parameter = 4, p-value = 0.01
alternative hypothesis: stationary
Output (4.4) Phillips-Perron Unit Root test for Stationary of adjusted data (water consumption)

KPSS Test for Level Stationarity

data: dsdata

KPSS Level = 0.0199, Truncation lag parameter = 2, p-value = 0.1
Output (4.5) KPSS test for Level Stationary of data (water consumption)
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4.4.1 Model Identification
Now we ready to identify the model by using Box Jenkins methodology and automated
identification methods MINIC, SCAN, ESACF, after that we see what is the method's
more effective of our data .
1- Plot of ACF and PACF
Now we have a stationary series and can determine the value of p, q, P, and Q by plotting
the ACF and PACF to the stationary series to.
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Figure 4.7 ACF and PACF of First Difference and Seasonal Difference of Water Consumption Data

Figure 4.7 notes that ACF cuts off at lag 1 and PACF cuts off at lag 1, then the nonseasonal part of ARIMA is (1,1,1). And ACF cuts off at lags 1 and 13, and PACF is tails
off then the seasonal part of ARIMA is (2,1,0). Then the model is additive
ARIMA(1,1,1)×(2,1,0)12 which has BIC=20.773.
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2- ESACF method
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Output (4.6) ESACF method (The ARIMA Procedure) of First Difference and Seasonal Difference of Water
Consumption Data
Use identify options to identify a good model
The ARIMA Procedure
Extended Sample Autocorrelation Function
Lags
AR 0
AR 1
AR 2
AR 3
AR 4
AR 5

MA 0
-0.4390
-0.4969
-0.5199
-0.5206
-0.1032
0.4713

MA 1
-0.0481
0.1369
-0.1079
0.0305
0.1548
0.1063

MA 2
-0.0437
-0.0317
-0.0327
-0.1559
0.1765
0.1540

MA 3
-0.0081
-0.0034
-0.0183
-0.1935
-0.2106
-0.0709

MA 4
0.1554
0.1714
0.1593
0.1057
-0.3782
-0.1989

MA 5
-0.0357
-0.0646
-0.0456
-0.0704
-0.0827
-0.2941

MA 4
0.1509
0.0963
0.1438
0.3947
0.0001
0.0995

MA 5
0.7456
0.6074
0.6951
0.5711
0.4689
0.0055

ESACF Probability Values
Lags
AR 0
AR 1
AR 2
AR 3
AR 4
AR 5

MA 0
<.0001
<.0001
<.0001
<.0001
0.2686
<.0001

MA 1
0.6554
0.2684
0.3180
0.7954
0.1303
0.3888

MA 2
MA 3
0.6857 0.9402
0.7838 0.9747
0.8076 0.8792
0.2082 0.0954
0.0778 0.0590
0.1103 0.5498

Output(4.7) ESACF and ESACF probability values

From output (4.6, 4.7) we can see the ESACF result recommend the model
ARIMA(0,1,1)×(2,1,0)12 with BIC = 20.48721.
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3- MINIC method
Minimum Information Criterion
Lags
AR 0
AR 1
AR 2
AR 3
AR 4
AR 5

MA 0

MA 1

20.81465
20.64712
20.57935
20.53623
20.48918
20.52463

20.48721
20.52727
20.55167
20.55449
20.52934
20.56434

MA 2

MA 3

MA 4

MA 5

20.5247 20.55757 20.59588 20.62674
20.56482 20.59768 20.63601 20.66684
20.5882 20.54626 20.58415 20.61207
20.58123 20.58098 20.56007 20.58689
20.54467 20.57494 20.58446 20.61375
20.57436 20.60814 20.61831 20.6502

)Error series model: AR(10)
Minimum Table Value: BIC(0,1) = 20.48721

Output(4.8) MINIC method (The ARIMA Procedure) of First Difference and Seasonal Difference of Water
Consumption Data

From output 4.8 we can essay to see that the minimum BIC(0,1) that we have
ARIMA(0,1,1)×(2,1,0)12 since BIC(0,1) = 20.48721.
4- SCAN method

ARMA(p+d,q) Tentative Order Selection Tests
---------SCAN---------------ESACF-------p+d
Q
BIC
p+d
q
BIC
0
1
20.48721
0
1
20.48721
4
0
20.48918
(5% Significance Level)
Output (4.9) SCAN method (The ARIMA Procedure) of First Difference and Seasonal Difference
of Water Consumption Data

From output (4.9) we can see the SCAN result recommend two models
ARIMA(0,1,1)×(2,1,0)12 with BIC = 20.48721, and ARIMA(4,1,0)×(2,1,0)12 with
BIC=20.48918 . Then after using the identification methods we have three models :
Identification method

ARIMA models

BIC

ACF and PACF

ARIMA(1,1,1)×(2,1,0)12

20.773

ESACF, MINIC, SCAN

ARIMA(0,1,1)×(2,1,0)12

20.48721

SCAN

ARIMA(4,1,0)×(2,1,0)12

20.48918

Table (4.2) The proposed ARIMA models from the identification methods
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From table (4.2) we note that the MINIC, ESACF and SCAN methods recommended the
same model ARIMA(0,1,1)×(2,1,0)12 model where it has the minimum BIC = 20.48721,
but the SCAN method recommended another that is ARIMA(4,1,0)×(2,1,0)12 has
BIC= 20.48918 while the ACF and PACF method is recommended the model
ARIMA(1,1,1)×(2,1,0)12 where has BIC = 20.773. we show that three methods
recommended the model ARIMA(0,1,1)×(2,1,0)12 which has the best chance to represents
the data, but we can‟t confirms that before estimating the parameters, diagnose the model
and compare the results and fitted CI‟s.
4.4.2 Model Estimation
Having specified a tentative seasonal model for a particular time series, we proceed to
estimate the parameters of that model as efficiently as possible.


ARIMA (0,1,1) × (2,1,0)12
ARIMA (0,1,1) × (2,1,0)12
Coefficients:
MA1

SAR1

SAR2

Estimate

-0.8022

-0.4807

-0.3361

Standard error

0.0566

0.0937

0.1158

T-test

14.162

-5.128

-2.903

Sig

0.000

0.000

0.004

sigma^2 estimated as 578457395

log likelihood = -1370.62

AIC = 2406.4

Table(4.3): Estimation parameters of the model ARIMA (0,1,1) × (2,1,0)12

Table 4.3 gives the maximum likelihood estimates and their standard errors for the
ARIMA(0,1,1)×(2,1,0)12 model. The coefficient estimates are all highly significant, and we
proceed to check further on this model. 𝜃1 = −0.8022 and 𝑝 − 𝑣alue = 0.000 < 0.05,
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ɸ1 = −0.4807 and p − value = 0.000 < 0.05 and ɸ2 = −0.3361 and p − value =
0.004 < 0.05.


ARIMA (4,1,0) × (2,1,0)12
ARIMA (4,1,0) × (2,1,0)12
Coefficients:
AR1

AR2

AR3

AR4

SAR1

SAR2

Estimate

-0.6373

-0.4310

-0.3314

-0.2074

-0.4455

-0.3040

Standard error

0.0941

0.1104

0.1090

0.0931

0.0994

0.1176

T-test

-6.7712

-3.9051

-3.0410

-2.2274

-4.4815

-2.5815

Sig

0.000

0.000

0.002

0.028

0.000

0.011

sigma^2 estimated as 610287840

log likelihood = -1371.66

AIC = 2415.1

Table(4.4): Estimation parameters of the model ARIMA (4,1,0) × (2,1,0)12

Table 4.4 gives the maximum likelihood estimates and their standard errors for the
ARIMA(4,1,0)×(2,1,0)12 model. The coefficient estimates are all highly significant, and we
proceed to check further on this model. φ1 = −0.6373 and p − value = 0.000 <
0.05, φ2 = −0.4310 and p − value = 0.000 < 0.05, φ3 = −0.3314 and p − value =
0.002 < 0.05,

φ4 = −0.2074

and

p − value = 0.028 < 0.05,ɸ1 = −0.4455

p − value = 0.000 < 0.05 and ɸ2 = −0.3040 and p − value = 0.011 < 0.05.
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and



ARIMA (1,1,1) × (2,1,0)12
ARIMA (1,1,1) × (2,1,0)12
Coefficients:
AR1

MA1

SAR1

SAR2

Estimate

0.2565

-0.9513

-0.5004

-0.3575

Standard error

0.0982

0.0380

0.0946

0.1098

T-test

2.610

25.007

-5.292

-3.257

Sig

0.011

0.000

0.000

0.001

sigma^2 estimated as 554592349

log likelihood = -1368.55

AIC = 2403.3

Table(4.5): Estimation parameters of the model ARIMA (1,1,1) × (2,1,0)12

Table 4.5 gives the maximum likelihood estimates and their standard errors for the
ARIMA(1,1,1)×(2,1,0)12 model. The coefficient estimates are all highly significant, and we
proceed to check further on this model. φ1 = 0.2565 and p − value = 0.011 < 0.05,
θ1 = −0.9513 and p − value = 0.000 < 0.05, ɸ1 = −0.5004 and p − value = 0.000 <
0.05 and ɸ2 = −0.3575 and p − value = 0.001 < 0.05.
4.4.3 Model diagnostic
Now we will apply the diagnostic tests to check the estimated models by plotting the
standardized residuals, ACF of residuals, histogram plot of residuals, Q-Q plot of residuals,
Box-Ljung test for residuals and Shapiro-Wilks normality test for residuals.
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Figure (4.8) A plot of standardized residuals, ACF of residuals and p-values plot for Ljung-Box Chisquared statistics of ARIMA (0,1,1) × (2,1,0)12 model

From figure (4.8) the standardized residuals don‟t show clusters of volatility and seem to
be fairly “random” with no particular patterns. Second part is an autocorrelation (ACF)
plot of residuals. The plot of ACF shows that there is no significant autocorrelation
between the residuals, and the third part shows a plot of the p-values of the Ljung-Box test
which isn‟t appear clearly if the p-value significant or not, so we see output (4.10) where
gives a chi-squared value of 23.06 with 9 degrees of freedom, leading to a p-value =
0.006056 ˂ 0.05, the residuals is not white noise, then the diagnostic is failed and the
model does not exhibits lack of fit.
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Box-Ljung test
data: residuals from modelsc
X-squared = 23.063, df = 9, p-value = 0.006056
Output (4.10) Box-Ljung test for the residuals of ARIMA (0,1,1) × (2,1,0)12 model

Next we investigate the question of normality of the error terms via the residuals. Figure
(4.9) displays the histogram of the residuals. The shape is somewhat “bell-shaped” but
certainly not ideal. Perhaps a quantile-quantile plot in figure (4.10) will tell us more.
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Figure (4.9) A histogram plot for residuals of ARIMA (0,1,1) × (2,1,0)12 model
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Figure (4.10) A Q-Q plot for residuals of ARIMA (0,1,1) × (2,1,0)12 model

Here we again see the one outlier in the upper tail, but the Shapiro-Wilk test of normality
in output (4.11) has a test statistic of W = 0.9873, leading to a p-value of 0.2635 ˃ 0.05,
and normality is not rejected at any of the usual significance levels.
Shapiro-Wilk normality test
data: residuals(modelsc)
W = 0.9873, p-value = 0.2635
Output (4.11) Shapiro-Wilk normality test of residuals from ARIMA (0,1,1) × (2,1,0)12 model
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ARIMA (4,1,0) × (2,1,0)12

Figure (4.11) A plot of standardized residuals, ACF of residuals and p-values plot for Ljung-Box Chi-squared
statistics of ARIMA (4,1,0) × (2,1,0)12 model

From figure (4.11) the standardized residuals don‟t show clusters of volatility and seem to
be fairly “random” with no particular patterns. Second part is an autocorrelation (ACF)
plot of residuals. The plot of ACF shows that there is no significant autocorrelation
between the residuals, and the third part shows a plot of the p-values of the Ljung-Box test
which isn‟t appear, so we see output (4.12) where gives a chi-squared value of 19.1398
with 6 degrees of freedom, leading to a p-value = 0.003934 ˂ 0.05, the residuals is not
white noise, then the diagnostic is failed and the model does not exhibits lack of fit.
Box-Ljung test
data: residuals from modelsc2
X-squared = 19.1398, df = 6, p-value = 0.003934
Output (4.12) Box-Ljung test for the residuals of ARIMA (4,1,0) × (2,1,0)12 model
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Next we investigate the question of normality of the error terms via the residuals. Figure
(4.12) displays the histogram of the residuals. The shape is somewhat “bell-shaped” but
certainly not ideal. Perhaps a quantile-quantile plot in figure (4.13) will tell us more
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Figure (4.12) A histogram plot for residuals of ARIMA (4,1,0) × (2,1,0)12 model
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Figure (4.13) A Q-Q plot for residuals of ARIMA (4,1,0) × (2,1,0)12 model
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Here we again see the one outlier in the upper tail, but the Shapiro-Wilk test of normality
in output (4.13) has a test statistic of W = 0.9881, leading to a p-value of 0. 0.3165 ˃ 0.05,
and normality is not rejected at any of the usual significance levels.
Shapiro-Wilk normality test
data: residuals(modelsc2)
W = 0.9881, p-value = 0.3165
Output (4.13) Shapiro-Wilk normality test of residuals from ARIMA (4,1,0) × (2,1,0)12 model



ARIMA (1,1,1) × (2,1,0)12

Figure (4.14) A plot of standardized residuals, ACF of residuals and p-values plot for Ljung-Box Chi-squared
statistics of ARIMA (1,1,1) × (2,1,0)12 model

From figure (4.14) gives plot for standardized residuals. We can notes some strange
behavior in the middle of the series, this plot does not suggest any major irregularities with
the model, we check the model by ACF of residual at February 2009 looks suspicious. To
look further, we graph the sample ACF of the residuals the only “statistically significant”
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correlation is at lag 17, and this correlation has a value of only −0.17, a very small
correlation. Furthermore, we can think of no reasonable interpretation for dependence at
lag 17. Finally, we should not be surprised that one autocorrelation out of the 36 displayed
is statistically significant. This could easily happen by chance alone. Except for marginal
significance at lag 17, the model seems to have captured the essence of the dependence in
the series. And a plot of the p-values of the Ljung-Box test which isn‟t appear, so we see
output (4.14) which gives significant result, where gives a chi-squared value is 13.5741
with 8 degrees of freedom, leading to a p-value = 0.09356 ˃ 0.05, a further indication that
the model has captured the dependence in the time series.
Box-Ljung test
data: residuals from model17
X-squared = 13.5741, df = 8, p-value = 0.09356
Output4.14 Box-Ljung test of residuals from First Difference and Seasonal Difference of Water Consumption
Data

Next we investigate the question of normality of the error terms via the residuals. Figure
(4.15) displays the histogram of the residuals. The shape is somewhat “bell-shaped” but
certainly not ideal. Perhaps a quantile-quantile plot in figure (4.16) will tell us more.

20
10
0

Frequency

30

40

Histogram of residuals(modelsc1)

-50000

0

50000

100000

residuals(modelsc1)

Figure (4.15) A histogram plot for residuals of ARIMA (1,1,1) × (2,1,0)12 model
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Figure (4.16) A Q-Q plot for residuals of ARIMA (1,1,1) × (2,1,0)12 model

Here we again see the one outlier in the upper tail, but the Shapiro-Wilk test of normality
in output (4.15) has a test statistic of W = 0.9824, leading to a p-value of 0.08504 ˃ 0.05,
and normality is not rejected at any of the usual significance levels.
Shapiro-Wilk normality test
data: residuals(model17)
W = 0.9824, p-value = 0.08504
Output (4.15) Shapiro-Wilk normality test of residuals from ARIMA (1,1,1) × (2,1,0)12 model

4.4.4 Model Forecasting
As

seen

in

section

ARIMA(4,1,0)×(2,1,0)12

(4.4.3)
and

we

have

three

models,

ARIMA(0,1,1)×(2,1,0)12,

ARIMA(1,1,1)×(2,1,0)12,

the

models

ARIMA(0,1,1)×(2,1,0)12 and ARIMA(1,1,1)×(2,1,0)12 doesn‟t pass the diagnostic tests,
while the model ARIMA(1,1,1)×(2,1,0)12 passes it, so we can forecast this model.
From table (4.6) we show that R2=0.9 in ARIMA(1,1,1)×(2,1,0)12that the model explained
90% of the data, and the result for measures of forecast accuracy for the
ARIMA(1,1,1)×(2,1,0)12 model is RMSE=23492.8, MAPE=7.8335, MaxAPE=27.435,
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MAE=18491.2, MaxAE=86338.6 and BIC=20.773. And prediction limits are obtained
precisely as in figure 4.17 shows the forecasts and 95% forecast limits for a lead time of
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5e+05

two years for the ARIMA(1,1,1)×(2,1,0)12 model that we fit.
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Figure 4.17 Plot of the series, predicted values and 95% CI of forecast limits by ARIMA method

The figure 4.12 represents predict two years forward (24 period) of future time period. We
note from the drawing that the values of forecasting behave the same values of the original
series for the year 2000 (in other words that the forecasts convergence values of the
original series for months of 2000). So the model ARIMA(1,1,1)×(2,1,0)12 is suitable to
the data.
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Fitted values and confidence interval CI are obtained by ARIMA model in table (4.6).
ARIMA CI

Lower

Fitted

Upper

Jan 2011

232243.4

277617.9

322992.4

Feb 2011

222595.6

270036.1

317476.6

Mar 2011

237740.8

285529.8

333318.9

Apr 2011

303864.2

351795.2

399726.2

May 2011

312204.6

360239.3

408274.1

Jun 2011

338853.5

386983

435112.5

Jul 2011

351623.6

399845.5

448067.3

Aug 2011

340983.7

389297.3

437610.8

Sep 2011

382277.4

430682.3

479087.2

Oct 2011

354439.3

402935.4

451431.4

Nov 2011

304038

352625

401212

Dec 2011

282161.2

330839

379516.7

Jan 2012

248956.9

303975.5

358994.1

Feb 2012

260461.3

316361.8

372262.3

Mar 2012

255933.3

312139

368344.8

Apr 2012

314989.1

371400.6

427812.1

May 2012

328547.4

385141.9

441736.4

Jun 2012

355342.2

412113.7

468885.2

Jul 2012

358400.8

415347.4

472294.1

Aug 2012

349750.6

406871.4

463992.2

Sep 2012

386459.1

443753.5

501047.9

Oct 2012

351405.7

408873.2

466340.6

Nov 2012

310989

368628.9

426268.9

Dec 2012

298308.3

356120.2

413932.1

Table 4.6 Predicted values and 95% CI of forecast limits by seasonal ARIMA method
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4.5 Summary
In this chapter, we tried to identify, estimate, fit, and forecast actual seasonal data
by Box-Jenkins method, we applied this method on the data of the monthly water
consumption in Khan Younis.
We have (132) observations of monthly observations of water consumption data in Khan
Younis from January 2000 to September 2010. We taked a general idea about the data
descriptive statistics of the actual data, the maximum value is 420900, the minimum value
is 95640, and normality shapiro.test has p-value is 0.0018 < 0.05. The Box-Ljung test is
talked and a significant autocorrelations is confirmed.
In Seasonal Box-Jenkins method, we first used KPSS test for stationary and plotted the
monthly data as a time series, then the nonstationary is confirmed, and we found that there
is a seasonal variation and trend by plotting the ACF, PACF and decomposing the series.
We taked the first difference to separate the trend component, then plotting the ACF,
PACF and plotting the series, the trend component is separated, and the seasonal
component still in the series, so we taked the seasonal difference, and plotting the series,
we noted that no trend and no seasonality, Phillips-Perron unit root test and KPSS test
confirmed that the series became stationary. Then we applied several methods of
identification to get several models, such that ACF and PACF metod, ESACF, SCAN and
MINIC methods, we got the models additive ARIMA(0,1,1)×(2,1,0)12, additive
ARIMA(4,1,0)×(2,1,0)12, and additive ARIMA(1,1,1)×(2,1,0)12.
We the values of p, q, P, and Q are determined for the three models, so we estimated the
parameters of the additive model ARIMA(0,1,1)×(2,1,0)12, The parameters of that model
are (θ1 = −0.8022, ɸ1 = −0.4807 and ɸ2 = −0.3361), and all of the coefficient
estimated are highly significant, estimated the parameters of the additive
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model

ARIMA(4,1,0)×(2,1,0)12, The parameters of that model are (φ1 = −0.6373, φ2 = −0.43,
φ3 = −0.3314, φ4 = −0.2074 ɸ1 = −0.4455 and ɸ2 = −0.3040), and all of the
coefficient estimated are highly significant, and estimated the parameters of the additive
model ARIMA (1,1,1) × (2,1,0)12, the parameters of that model are (φ1 = 0.2565,
θ1 = −0.9513, ɸ1 = −0.5004 and ɸ2 = −0.3575), and all of the coefficient estimated
are highly significant.
The models are checked by the diagnostic tests, the standardized residuals of the serieses
are plotted, ACF‟s of residuals is plotted, the Ljung-Box test for residuals of the additive
model ARIMA (0,1,1) × (2,1,0)12 and ARIMA (4,1,0) × (2,1,0)12,confirmed that the
residuals are significant autocorrelations (p-value = 0.006056, 0.0039) respectively, then
the two models aren‟t passed to forecast, while the Ljung-Box test for residuals of the
additive model ARIMA (1,1,1) × (2,1,0)12 confirmed that the residuals are nonsignificant
autocorrelations (p-value = 0.09356), a quantile-quantile of residuals is plotted and the
Shapiro-Wilk test of residuals are confirmed the normality of the residuals. And finally,
fitted values and confidence interval CI of the predicted values of the additive model
ARIMA (1,1,1) × (2,1,0)12 are obtained, the additive model ARIMA (1,1,1) × (2,1,0)12
explain 90% of the data

95

CHAPTER 5
Conclusion and Recommendations
5.1 Conclusion
Any time series data may be contains some or all seasonal, cyclical, trend and irregular
components, these components may be combined in different ways may be additive,
multiplicative or mixed. And to make a model we must separate these components to can
identify, estimate and forecast.
In this research the data which we have, is monthly observations of water consumption in
Khan Younis from January 2000 to September 2010. Thus we have about (132)
observations, attended from Coastal Municipalities Water Utility.
When we explored the data, we find it has seasonal and trend, so we must get rid of these
problems before identifying the model, we get first difference and seasonal difference to
access to the stationary, we determined the seasonal lags from a series manner by plotting
ACF and PACF, we discussed methods of identification models, classical method and
automated method (SCAN, ESACF and MINIC) and obtained three models.
We got the models additive ARIMA(0,1,1)×(2,1,0)12, additive ARIMA(4,1,0)×(2,1,0)12,
and additive ARIMA(1,1,1)×(2,1,0)12.
We the values of p, q, P, and Q are determined for the three models, so we estimated the
parameters of the additive model ARIMA(0,1,1)×(2,1,0)12, The parameters of that model
are (θ1 = −0.8022, ɸ1 = −0.4807 and ɸ2 = −0.3361), and all of the coefficient
estimated are highly significant, estimated the parameters of the additive

model

ARIMA(4,1,0)×(2,1,0)12, The parameters of that model are (φ1 = −0.6373, φ2 = −0.43,
φ3 = −0.3314, φ4 = −0.2074 ɸ1 = −0.4455 and ɸ2 = −0.3040), and all of the
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coefficient estimated are highly significant, and estimated the parameters of the additive
model ARIMA (1,1,1) × (2,1,0)12, the parameters of that model are (φ1 = 0.2565,
θ1 = −0.9513, ɸ1 = −0.5004 and ɸ2 = −0.3575), and all of the coefficient estimated
are highly significant.
The models are checked by the diagnostic tests, the standardized residuals of the serieses
are plotted, ACF‟s of residuals is plotted, the Ljung-Box test for residuals of the additive
model ARIMA (0,1,1) × (2,1,0)12 and ARIMA (4,1,0) × (2,1,0)12,confirmed that the
residuals are significant autocorrelations (p-value = 0.006056, 0.0039) respectively, then
the two models aren‟t passed to forecast, while the Ljung-Box test for residuals of the
additive model ARIMA (1,1,1) × (2,1,0)12 confirmed that the residuals are nonsignificant
autocorrelations (p-value = 0.09356), a quantile-quantile of residuals is plotted and the
Shapiro-Wilk test of residuals are confirmed the normality of the residuals. And finally,
forecasting plot has been drawn. And the BIC value equal to 20.773 has been obtained.
According to the SARIMA fitted here, water consumption data is associated with previous
one month and residuals. And the final model satisfy the assumptions about normal and
constant residuals, CI‟s of predicted values are elicited and the additive model
ARIMA(1,1,1) × (2,1,0)12 explain 90% of the data
5.2 Recommendations:
We recommend to Coastal Municipalities Water Utility in Khan Younis to uses this model
to predict the amount of water consumption and regulate the amount of water consumption.
We recommend to the researchers to search about another methods of solving seasonality
problem such that Exponential Smoothing methods.
We recommend to the researcher to make a comparison between Box_Jenkins method and
other methods of solving seasonality problem.
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