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Abstract 

 

This study is concerned with the three dimensional motion of a 

nonlinear   dynamical system. The motion is described by nonlinear partial 

differential equation, which is converted by Galerkins method to three 

dimensional ordinary differential equations. The three dimensional 

differential equations, under the influence of external forces or without, are 

solved analytically and numerically by the multiple time scales perturbation 

technique and the Runge-Kutta fourth order method. Phase plane technique 

and frequency response equations are used to investigate the stability of the 

system and the effects of the parameters of the system, respectively. 
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ϣЮϝЂϽЮϜ ЉϷЯв 

 

 сϧЮϜ ϣуЯЎϝУϧЮϜ ϤъϸϝЛгЮϜ ЬнЯϲϣуГ϶ ϽуО ϣгЗжϒ ϣЪϽϲ СЋϦ 

 

 СЊм бϦ ϩуϲ ϸϝЛϠϒ ϣϪыϪ сТ сГ϶ ϽуО сЫувϝзтϸ аϝЗж ϣЪϽϲ ϣЂϜϼϹϠ  бϧлϦ ϣЮϝЂϽЮϜ иϻк

еЪϽуЮϝϮ ϣЧтϽГϠ ϝлЯтнϳϦ бϦ сϧЮϜм ϣуГ϶ ϽуО ϣуϚϿϮ ϣуЯЎϝУϦ ϣЮϸϝЛв ϣГЂϜнϠ ϣЪϽϳЮϜ 

ϣЂϜϼϸ бϦ .ϣуГ϶ ϽуО ϣтϸϝК ϣуЯЎϝУϦ ϤъϸϝЛв ϣϪыϪ пЮϖ  ϣтϸϹЛЮϜм ϣуЯуЯϳϧЮϜ ЬнЯϳЮϜ

 дмϸ мϜ ϣуϮϼϝ϶ онЦ ϽуϪϓϦ ϥϳϦ ϸϝЛϠъϜ ϣуϪыϪ ϣуГ϶ ϽуПЮϜ ϣтϸϝЛЮϜ ϣуЯЎϝУϧЮϜ ϤъϸϝЛгЯЮ

 ϟтϽЧϧЮϜ пϧϲ етϽуПϧгЮϜ ϤϜϺ ϣϠϽГЏгЮϜ ϣзвϾъϜ ϣЧтϽВ аϜϹϷϧЂϝϠ ЩЮϺм онЧЮϜ иϻк ϸнϮм

ϭжмϼ ϣЧтϽВм ϣуЯуЯϳϧЮϜ ЬнЯϳЮϜ пЯК ЬнЋϳЯЮ ЬмъϜ-  ЬнЋϳЯЮ ϣЛϠϜϽЮϜ ϣϡϦϽЮϜ ев ϝϦнЪ

 ϣтϸϹЛЮϜ ЬнЯϳЮϜ пЯК  онϧЃвм ϞϼϝϯϧЮϜ ϤъϸϝЛв аϜϹϷϧЂϝϠ аϝЗзЮϜ ϼϜϽЧϧЂϜ ϣЂϜϼϸ бϦ

  . аϝЗзЮϜ пЯК ϣУЯϧϷгЮϜ ϤϜϽϧвϼϝϡЮϜ ЙугϮ ϽуϪϓϦ ЩЮϻЪм ϼнГЮϜ 

 

 



ix 

 

Contents 

                                                                                                               page 
Dedication                                                                                                              iv                                                                                                            

Declaration                                                                                                             v  

Acknowledgment                                                                                                   vi  

Abstract                                                                                                                  vii   

Contents                                                                                                                 viii   

List of Figures                                                                                                         xi  

List of Appendices                                                                                                 xii   

 

Nomenclature                                                                                                        xiii   

Chapter 1: Introduction and Literature Review                                                         

                    1.1 Introduction                                                                                    1   

                    1.2 Literature Review                                                                          2  

                    1.3 Objective of The Work                                                                  4  

Chapter 2:Three-Dimensional Nonlinear Differential Equation Under  

                            External Force    

 

                    2.1:Mathematical Analysis                                                                  6  

                    2.2:The Governing Equation Under External Force                           11  

 2.2.1: Stability Analysis                                               21  

                    2.3: Numerical Results and Discussions                                            37  

 2.3.1: Time Response Solution  

                                           2.3.2 :Theoretical Frequency Response Solution         

Chapter 3: Free Vibration Of The Three-Dimensional Nonlinear System  

                    3.1: The Governing Equations                                                          56   

        3.1.1: Stability Analysis                                              68  

                   3.2: Numerical Results and Discussions                                            77  

                                          3.2.1: Time-Response Solution  

  3.2.2 :Theoretical Frequency Response Solution        



x 

 

 

Chapter 4: Conclusions and Outlook 

 

 

  4.1: Summary                                                                        92 

                                       4.1.1 The 3-D Beam Under External Excitation 

                                       4.1.2 Free Vibration Of The 3-D Beam  

 

 4.2: Future Work                                                                   93  

Appendices                                                                                                        94  

References                                                                                                        100  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



xi 

 

                                                                                                                     

List of Figures 

 

  Number                                 Title                                             page                                                         

 

     2.1                               Non-resonant time solution of the                                 

                                          3- D model to external  excitation                          40 

                                      

     2.2                             Different resonant time solution of  the 

                                            3- D model to external excitation                         41   

                                         

     2.3                                 Frequency response curves of the  

       first mode of the system at resonance                        52                                        

     

     2.4                                  Frequency response curves of the  

      second mode of the system at resonance                   54                                  

   

     2.5                                 Frequency response curves of the                              

                                  third mode of the system at resonance                       56      

                            

     3.1                             Non-resonant time solution of the    

        3-D model to free motion                                      82                                     

                                                                                        

     3.2                             Different resonant time solution of the  

     3-D model to free motion                                     83                                         

     

     3.3                                Frequency response curves of the  

      first mode of the system at resonance                         90                               

      

     3.4                                Frequency response curves of the  

                                        second mode of system at resonance                        92  

                                                                                      

     3.5                                Frequency response curves of the  

  third mode of the system at resonance                       94                                       

 

 

 

 

                              



xii 

 

 

List of Appendices 

 

 

Appendix( A)               The coefficients presented in (2.7) ,(2.9) and (2.11)                

 

    Appendix( B)                  The coefficients presented in (2.56), (2.73) and (2.89)            

 

Appendix( C)                The coefficients presented in (3.39), (3.48) and (3.57)            

      

 

  

 

                                      

 

  



xiii 

 

NOMENCLATURE 
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, , ( 0,1)i i ig h k i=                             Perturbation variables expansion 

   1 2 3, ,q q q                                       Phase angles of the polar forms 

1 1 1( ), ( ), ( )A T B T C T                           Complex valued quantity 

 cc                                              Complex conjugate for preceding terms at the same  

                                                                    equation                                          

 , 1,2,3i is =                                Detuning parameter 

 

 

e



1 

 

Chapter1 

Introduction and Literature Review 

1.1 Introduction  

Problems involving nonlinear differential equations are extremely diverse, and 

methods of solutions or analysis are problem dependent. Nonlinear systems are interesting 

for engineers, physicists and mathematicians because most physical systems are nonlinear 

in nature. 

Time, effort and money are spent to get rid of or minimize vibrations, noise and 

chaos. Also, resonance of oscillating systems may lead to their damage or destruction. It is 

important to study the behavior of vibrating system under different resonance conditions. 

Common methods for the qualitative analysis of nonlinear ordinary differential equations 

include linearization via Taylor expansion, change of variables into systems easier to 

study, and perturbation methods. 

 

Perturbation theory comprises mathematical methods for finding an approximate solution 

to a problem, by starting from the exact solution of a related problem. Acritical feature of 

the technique is a middle step that breaks the problem into solvable and perturbation. 

 

1.1.1 Definition:  Fourth order Runge-Kutta method: 

        The fourth order Runge-Kutta method can be used to solve differential equations  

         numerically. It is defined for any initial value problem of the following type: 

                                                
0 0

( , ),

( ) .

y f t y

y t y

¡=

=
                                                                     (1.1) 

The definition of the RK4 method for the initial value problem in equation (1.1) is shown 

in equation (1.2) 

      ( )1 1 2 3 42 2 ,
6

n n

h
y y k k k k+= + + + +                                                                         (1.2) 

with h the time step, and the coeffi cients 1 2 3, ,k k k and 4k are defined as follows: 



2 

 

1

2 1

3 2

4 3

( , ),

( , ),
2 2

( , ),
2 2

( , ).
2 2

n n

n n

n n

n n

k f t y

h h
k f t y k

h h
k f t y k

h h
k f t y k

=

= + +

= + +

= + +

  

                                                                                                                                         (1.3)                                                                                                    

These coefficients indicate the slope of the function at three points in the time interval, the 

beginning, the mid-point and the end. The slope at the midpoint is estimated twice, first 

using the value of 1k to determine 2k next using the value of 2k to compute 3k . 

Knowing the k-coefficients, the solution at the next time step can be computed by 

equation (2). 

 

1.2 Literature Review 

 Wang, Hu and Zhong [1] studied non-linear dynamical systems of a simply 

supported translating beam considering the interactions between beam translation and 

flexible deformation. The extended Hamilton's principle is employed to derive the 

equations of the longitudinal and transverse vibration of the beam under finite deformation 

theory which are non-linearly coupled. RungeïKutta method is utilized to solve the 

nonlinear governing equations. Yaman [2]  studied the sub-combination internal resonance 

of a uniform cantilever beam of varying orientation with a tip mass under vertical base 

excitation .The EulerïBernoulli theory slender beam was used to derive the governing 

nonlinear partial differential equation. Eftekhari, Rad and Mahzoon [3] investigated large 

flexible structures  that can be modeled as flexible beams with an appendage, Egidio, 

Luongo and Vestroni [4] developed non-linear one-dimensional model of inextensional, 

shear undeformable, thin-walled beam with an open cross-section.  Huang, Fung and Lin 

[5] studied  the  dynamic  stability  of a  moving string  in  three-dimensional vibration.  

Perngjin and Nayfeh [6] studied  three nonlinear integro-differential equations of motion. 

The  analysis focuses  on  the  case of primary  resonance  of the first in-plane flexural 

mode when its frequency is approximately twice the  frequency of the first  out-of-plane 

flexural-torsional mode. Chen and Ding [7] investigated the nonlinear three-dimensional 

vibration of axially moving strings. 
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 Hegazy [8,9] applied the method of multiple time scales to investigate the 

response of nonlinear mechanical systems with internal and external resonances. The 

stability of vibrating systems is investigated by applying both the frequency response 

equation and the phase plane methods. The numerical solutions are focused on both the 

effects of the different parameters and the behavior of the system at the considered 

resonance cases. EL-Bassiouny et. al. [10] studied the system of two degrees of freedom 

with quadratic and cubic nonlinearities and subjected to parametric and external 

excitations. The method of multiple scale perturbation technique is used to analyze the 

response of this system. The numerical solution of the investigated system is obtained by 

using RungeïKutta method and the stability of this solution is studied using phase plane 

method. The results showed that the frequency response curves for the case of principal 

parametric resonance of the first mode have multi valued solutions for the variation of each 

parameter. Ji and Hansen [11] considered two types of resonances: fundamental and 

subharmonic. The regions of instability and chaotic response are shown for different 

damping levels. The measured data are illustrated through time histories and phase plots. 

L.Cveticanin [12] has developed various approximate analytical methods for obtaining 

solutions for strongly non-linear differential equations in a complex function. The method 

of harmonic balance, the method of Krylov-Bogoliubov and the elliptic perturbation  

method were studied . Yurdda , Özkaya and Boyac [13] studied nonlinear vibrations of an 

axially moving multi-supported string. The main difference of this study from the others is 

that there are non-ideal supports allowing minimal deflections between ideal supports at 

both ends of the string . S. Stoykov and P. Ribeiro [14] presented amodel for isotropic 

beams with arbitrary cross sections and vibrating in space. The displacement field was 

based on Timoshenkoôs theory for bending and Saint-Venantôs for torsion. The warping 

function, which can not be derived analytically for complex cross sections, was obtained 

numerically by solving the Laplace equation, with Neumann boundary conditions, using 

the boundary element method. The integrals over the cross section were obtained 

numerically by Gauss integration . Srinil , Rega and Chucheepsakul [15] investigated the 

nonlinear characteristics in the large amplitude three-dimensional free vibrations of 

inclined sagged elastic cables. Sadri and Younesian [16] analytically studied  nonlinear 

forced vibration of a plate-cavity system. Galerkin methods used to derive the coupled 

nonlinear equations of wathe system. In order to solve the nonlinear equations of plate-

cavity system, multiple Scales method was employed. Closed form expressions were 

obtained for the frequency-amplitude relationship in different resonance conditions. 
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 Machado , Saravia and Dotti [17] used ageometrically non-linear theory for 

thin-walled composite beams to present the nonlinear dynamic response of  large 

displacements and rotations adopting a shear deformable displacement field and valid for 

bisymmetric cross- sections either open or closed. The internal resonance is presented in 

the beam dynamic behavior. Zhang , Ding, Chen and Yang [18] studied the steady-state 

periodic response of the forced vibration for an axially moving viscoelastic beam in the 

supercritical speed range. For this motion, the model is cast in the standard form of 

continuous gyroscopic systems. Lee and Perkins [19]  investigated  internal resonances in  

suspended,  elastic cables driven by planar excitation. C.J. Voesenek [20] implemented a 

Fourth Order Runge-Kutta Method for Orbit Simulation. Helmi Alsultan [21] investigated 

the analytic and numerical solutions of a first and second-degree of freedom model of 

nonlinear dynamic beam system. 

1.3 The Objectives of The Work 

 The objectives of this study are to implement analytical and numerical methods to 

determine the solution of three-Dimensional nonlinear ordinary differential equations, and 

to study the effects of some parameters on the behavior of the (NODEs). Moreover we use 

the plane phase method and frequency response function to investigate  (NODEs) and its 

stability Then the analytical predictions are verified by numerical simulations.  

 The three dimensional nonlinear differential equations, which represent a three-degree-of 

freedom motion of the beam , are subjected to the following: 

(1) External Force 

2 2 2 3 2

1 1 2 3 2 4 5( )g g g h g gk h k g g kw e a h h h h h¡¡ ¡+ + + + + + + 

2 4 2 3 2 3 2 3 4 4

6 7 8 9 10 11( gk g k h k h g h k h ge h h h h h h+ + + + + +  

3 2 5 2 2 4 2 2

12 13 14 15 16 ) cos ,g k g h k g g k h g k F th h h h h e+ + + + + = W                            (1.4) 

2 3 2 2
2 1 2 3 4( )h w h h hgk h hk hge b l l l l¡¡ ¡+ + + + + +  

2 4 3 2 5 3 4 3 2 3
5 6 7 8 9 10 11( hg h k h hgk hk h g gkhe l l l l l l l+ + + + + + +            

2 2 3
12 13 ) cos ,hg k hkg F tl l e+ + = W                                                                                 (1.5)
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2 2 2 2 3 3
3 1 2 3 4 5( )k w k k h k gk gh g ke d t t t t t¡¡ ¡+ + + + + + + 

2 5 4 2 3 2 3 2 3 4
6 7 8 9 10 11( k g k g k k g h g h ge t t t t t t+ + + + + +  

2 2 2 2 5 4 2 3
12 13 14 15 16 ) cos .gh k kh g g h k h k F tt t t t t e+ + + + + = W                                          (1.6) 

 

(2) Free motion 

2 2 2 2 2 3 2
1 1 2 3 4 5( )g g h g gk h k g g kw e h h h h h¡¡+ + + + + +  

4 2 3 2 3 2 3 4 4
6 7 8 9 10 11( g gk g k h k h g h k h ge a h h h h h h¡+ + + + + + + 

 3 2 5 2 2 4 2 2
12 13 14 15 16 ) 0,g k g h k g g k h g kh h h h h+ + + + + =                                           (1.7)  

2 2 3 2 2
2 1 2 3 4( )h h hgk h hk hgw e l l l l¡¡+ + + + +

 

4 3 2 5 3 4
5 6 7 8 9( h hg h k h hgk hke b l l l l l¡+ + + + + +

 

3 2 3 2 2 3
10 11 12 13 ) 0,h g gkh hg k hkgl l l l+ + + + =

                                                     (1.8)  

2 2 2 2 2 3 3
3 1 2 3 4 5( )k k h k gk gh g kw e t t t t t¡¡+ + + + + +

 

5 4 2 3 2 3 2 3 4
6 7 8 9 10 11( k k g k g k k g h g h ge d t t t t t t¡+ + + + + + +

 

2 2 2 2 5 4 2 3
12 13 14 15 16 ) 0.gh k kh g g h k h kt t t t t+ + + + + =

                                            (1.9) 

where g , h and k are functions of time "t" . 
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Chapter 2 

Three-Dimensional Nonlinear Differential Equation Under 

External Force 

In this chapter,  we present the perturbation and numerical solutions of three-dimensional 

nonlinear differential equations that describe the oscillations of modes of the beam under 

external forces. The multiple scale perturbation technique and Runge-Kutta fourth order 

numerical method are used to investigate the system behavior and its stability. All possible 

resonance cases will be extracted and effect of different parameters on system behavior at 

resonant condition are studied. 

2.1 Mathematical Analysis 

        In this section, The nonlinear partial differential equation governing the flexural 

deflection ( , )u x t  of the beam, subject to harmonic axial excitation 0 1cosp p p t= - W, is 

given by [20] 

22 4 2 2

0 1 0 12 4 2 2

3
( cos ) ( cos )

2

u u u u u u
m c EI p p t p p t

t xt x x x

µ µ µ µ µ µå õ
+ + + + W + + W +æ ö
µ µµ µ µ ç ÷ µ

3 32 2 42 2 4 4

2 2 4 4

27 9
3 3 0

2 4

u u u u u u u
EI

x x xx x x x

è øå õ å õµ µ µ µ µ µ µå õ å õ å õé ù- - + =æ ö æ öæ ö æ ö æ öæ ö æ öé ùµ µ µç ÷ µ µ ç ÷ µ ç ÷ µç ÷ ç ÷ê ú

                             (2.1) 

 under the following boundary conditions: 

(2.2)  ( ) 0u x = and 0
u

x

µ
=

µ
 at 0x = , .x L=   

Equation(2.1) will be converted to a three dimensional nonlinear ordinary differential 

equations . Using the method of Galerkins we substitute the expression    

2 3
( , ) ( )sin ( )sin ( )sin

x x x
u x t g t h t k t

L L L

p p på õ å õ å õ
= + +æ ö æ ö æ ö

ç ÷ ç ÷ ç ÷
 

 

 into equation (2.1). Then we have 
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2 3
sin sin sin ,

u x x x
g h k

t L L L

p p pµ å õ å õ å õ
¡ ¡ ¡= + +æ ö æ ö æ ö

µ ç ÷ ç ÷ ç ÷
 

2

2

2 3
sin sin sin ,

u x x x
g h k

t L L L

p p pµ å õ å õ å õ
¡¡ ¡¡ ¡¡= + +æ ö æ ö æ ö

µ ç ÷ ç ÷ ç ÷
 

2 2 3 3
cos cos cos ,

u x x x
g h k

x L L L L L L

p p p p p pµ å õ å õ å õ
= + +æ ö æ ö æ ö

µ ç ÷ ç ÷ ç ÷
 

2 2 2 2

2 2 2 2

4 2 9 3
sin sin sin ,

u x x x
g h k

x L L L L L L

p p p p p pµ å õ å õ å õ
=- - -æ ö æ ö æ ö

µ ç ÷ ç ÷ ç ÷
 

3 3 3 3

3 3 3 3

8 2 27 3
cos cos cos ,

u x x x
g h k

x L L L L L L

p p p p p pµ å õ å õ å õ
=- - -æ ö æ ö æ ö

µ ç ÷ ç ÷ ç ÷
 

 
4 4 4 4

4 4 4 4

16 2 81 3
sin sin sin .

u x x x
g h k

x L L L L L L

p p p p p pµ å õ å õ å õ
= + +æ ö æ ö æ ö

µ ç ÷ ç ÷ ç ÷
                          (2.3) 

Substituting ,
n

n

u

t

µ

µ
 

m

m

u

x

µ

µ
 into equation (2.1), we get 

2 3
sin sin sin

x x x
m g h k

L L L

p p pè øå õ å õ å õ
¡¡ ¡¡ ¡¡+ + +æ ö æ ö æ öé ù
ç ÷ ç ÷ ç ÷ê ú

4 4 4

4 4 4

2 3 16 2 81 3
sin sin sin sin sin sin

x x x x x x
c g h k EI g h k

L L L L L LL L L

p p p p p p p p pè øè øå õ å õ å õ å õ å õ å õ
¡ ¡ ¡+ + + + + +é ùæ ö æ ö æ ö æ ö æ ö æ öé ù
ç ÷ ç ÷ ç ÷ ç ÷ ç ÷ ç ÷é ùê ú ê ú

( )
2 2 2

0 1 2 2 2

4 2 9 3
cos sin sin sin

x x x
p p t g h k

L L LL L L

p p p p p på õå õ å õ å õæ ö- W - - - +æ ö æ ö æ öæ ö
ç ÷ ç ÷ ç ÷ç ÷

 

( )
2 2 2 2

0 1 2 2 2

3 2 2 3 3 4 2 9 3
cos cos cos cos sin sin sin

2

x x x x x x
p p t g h k g h k

L L L L L L L L LL L L

p p p p p p p p p p p på õå õå õå õ å õ å õ å õ å õ å õæ ö- W + + - - -æ öæ öæ ö æ ö æ ö æ ö æ ö æ öæ öæ öç ÷ ç ÷ ç ÷ ç ÷ ç ÷ ç ÷ç ÷ç ÷ç ÷

32 2 2 2

2 2 2

27 2 2 3 3 4 2 9 3
cos cos cos sin sin sin

2

x x x x x x
EI g h k g h k

L L L L L L L L LL L L

p p p p p p p p p p p p
å õå õå õå õ å õ å õ å õ å õ å õæ ö+ + + - - -æ öæ öæ ö æ ö æ ö æ ö æ ö æ öæ öæ öç ÷ ç ÷ ç ÷ ç ÷ ç ÷ ç ÷ç ÷ç ÷ç ÷

2 2 2

2 2 2

4 2 9 3
3 sin sin sin

x x x
EI g h k

L L LL L L

p p p p p p
å õå õå õ å õ å õæ ö- - - -æ öæ ö æ ö æ öæ öæ öç ÷ ç ÷ ç ÷ç ÷ç ÷

2 4 4 4

4 4 4

2 2 3 3 16 2 81 3
3 cos cos cos sin sin sin

x x x x x x
EI g h k g h k

L L L L L L L L LL L L

p p p p p p p p p p p p
å õå õå õå õ å õ å õ å õ å õ å õæ ö- + + + + +æ öæ öæ ö æ ö æ ö æ ö æ ö æ öæ öæ öç ÷ ç ÷ ç ÷ ç ÷ ç ÷ ç ÷ç ÷ç ÷ç ÷

4 4 4 4

4 4 4

9 2 2 3 3 16 2 81 3
cos cos cos sin sin sin 0.

4

x x x x x x
EI g h k g h k

L L L L L L L L LL L L

p p p p p p p p p p p på õå õå õå õ å õ å õ å õ å õ å õæ ö+ + + + =æ öæ öæ ö æ ö æ ö æ ö æ ö æ öæ öæ öç ÷ ç ÷ ç ÷ ç ÷ ç ÷ ç ÷ç ÷ç ÷ç ÷

                                                                                                                                          (2.4) 
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Multiplying (2.4) by sin
x

L

på õ
æ ö
ç ÷

 and integrating form 0 to L  

and using the following non-dimensional quantities 

*

4
,

EI
t t

mL
=  *

2

1
,g g

r
=  *

2

1
,h h

r
=  *

2

1
,k k

r
=

 4
* mL

EI
W = W

  

                                                                                                                                          (2.5) 

dropping the asterisks , we obtain: 

2 2 2 4 2 2 2 2 6 4 6 4
2 2

0 1 0 04 4 4 2 2 6 6

24 54
cos

22 2 2 2 16 16

r EI cr EI r EI r r r r
g g g p g p g t p h g p gk

L mL L L L L L

p p p p p
¡¡ ¡+ + - + W - - -

6 4 6 4 6 4 6 4
2 3 3 2

0 0 1 16 6 6 6

36 3 3 36
cos cos

16 16 16 16

r r r r
p h k p g p g t p h k t

L L L L

p p p p
- + W + W +

6 4 6 4 6 4 6 4
2 2 2 2

1 0 1 16 6 6 6

9 9 54 24
cos cos cos

16 16 16 16

r r r r
p g k t p g k p gk t p h g t

L L L L

p p p p
W - + W + W -

10 8 10 8 10 8 10 8
4 2 3 2 3 2 3

12 12 12 12

118098 13122 183708 3348

64 64 64 64

r EI r EI r EI r EI
gk g k h k h g

L L L L

p p p p
- - - -

10 8 10 8 10 8 10 8
4 4 3 2 5

12 12 12 12

41472 10368 14580 54

64 64 64 64

r EI r EI r EI r EI
h k h g g k g

L L L L

p p p p
- - - -

10 8 10 8 10 8 6 6
2 2 4 2 2 2

12 12 12 8

154548 243 32076 1296

64 64 64 8

r EI r EI r EI r EI
h k g g k h g k h k

L L L L

p p p p
- - + +

6 6 6 6 6 6 6 6
3 2 2 2

8 8 8 8

9 1458 81 288

8 8 8 8

r EI r EI r EI r EI
g gk g k gh

L L L L

p p p p
+ - + +

6 6 6 6 6 6 6 6
2 3 2 2

8 8 8 8

396 3 225 45

8 8 8 8

r EI r EI r EI r EI
h k g g k gk

L L L L

p p p p
- - - -

6 6 10 8 10 8 10 8
2 2 2 2 3 4

8 12 12 12

24 26568 36450 4374

8 128 128 128

r EI r EI r EI r EI
gh g h k g k k g

L L L L

p p p p
+ + + +

10 8 10 8 10 8 10 8
3 2 4 5 2 3

12 12 12 12

972 2079 18 64152

128 128 128 128

r EI r EI r EI r EI
g k g k g h k

L L L L

p p p p
+ + - +

10 8 10 8 10 8 10 8
4 4 3 2 2 2

12 12 12 12

864 19008 1368 79704
0

128 128 128 128

r EI r EI r EI r EI
h g h k g h h k g

L L L L

p p p p
- + + =         (2.6) 
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or simply 

2 2 2 2 3 2
1 1 2 3 4 5( )g w g g h g gk h k g g ke a h h h h h¡¡ ¡+ + + + + + + +

2 4 2 3 2 3 2 3 4 4
6 7 8 9 10 11( gk g k h k h g h k h ge h h h h h h+ + + + +

3 2 5 2 2 4 2 2
12 13 14 15 16 ) cos( )g k g h k g g k h g k F th h h h h e+ + + + + = W

                                        

 (2.7)

 
where 0 1 0p p= =

 

The coefficients of equation (2.7) are defined in Appendix A. 

Similarly, we  obtain the equation that governs the motion of the beam in the second 

direction, but will be multiplying the result by 
2

sin
x

L

på õ
æ ö
ç ÷

, then  integrating the whole 

equation from 0  to L . Using the non-dimensional quantities given in equation (2.5),  we 

obtain: 

2 2 2 4 2 2 2 2 6 6

0 1 04 4 4 6

8 2 2 9
cos

2 2 22 2

r EI cr EI r EI r r r
h h h p h p t p hgk

L LL mL L L

p p p p
¡¡ ¡+ + - + W - +

6 6 6 4 6 4 6 4
3 2 2

1 1 1 06 6 6 6

9 3 27 3
cos cos cos

2 2 2

r r r r
p hgk t p h t p hk t p hg

L L L L

p p p p
W + W + W - -

6 4 6 4 6 4 10 8 10 8
2 2 3 4 3 2

0 1 06 6 6 12 12

27 3 3 27 9477
cos

2 2 2 2

r r r r EI r EI
p hk p hg t p h hg h k

L L L L L

p p p p p
+ W - - - -

10 8 10 8 10 8 10 8 10 8
5 3 4 3 2 3

12 12 12 12 12

216 656 59049 405 1296

2 8 2

r EI r EI r EI r EI r EI
h hgk hk h g gkh

L L L L L

p p p p p
- - - - -

10 8 10 8 6 6 6 6 6 6
2 2 3 2 2

12 12 8 8 8

8019 243 81 729 9

4

r EI r EI r EI r EI r EI
hg k hkg ghk hk hg

L L L L L

p p p p p
- + + + +

6 6 6 6 6 6 6 6 6 6
3 2 2 3

8 8 8 8 8

72 12 90 108 24r EI r EI r EI r EI r EI
h hg hgk hk h

L L L L L

p p p p p
- - - - +

10 8 10 8 10 8 10 8 10 8
4 5 3 3 2 4

12 12 12 12 12

2187 36 513 486 99

4 4 16

r EI r EI r EI r EI r EI
hk h hkg h k hg

L L L L L

p p p p p
+ + + + +

10 8 10 8 10 8 10 8
3 2 2 3 3 2

12 12 12 12

3645 4617 378 54
0.

4 8

r EI r EI r EI r EI
hgk hg k gkh h g

L L L L

p p p p
+ + + =     (2.8)        
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Or ,simply  

2 3 2 2
2 1 2 3 4( )h w h h hgk h hk hge b l l l l¡¡ ¡+ + + + + + +

2 4 3 2 5 3 4 3 2 3
5 6 7 8 9 10 11( hg h k h hgk hk h g gkhe l l l l l l l+ + + + + + +

2 2 3
12 13 ) cos( )hg k hkg F tl l e+ = W                                                                                (2.9) 

The coefficients of equation (2.9) are defined in Appendix A. 

Similarly, we obtain the equation that governs the motion of the beam in the third 

direction, but will be multiplying the result by
3

sin
x

L

på õ
æ ö
ç ÷

, then integrating the whole 

equation from 0  to L .Using the non-dimensional quantities given in equation (2.5), we  

obtain:  

2 2 2 4 2 2 2 2

0 14 4 4 3 3

81 9 9
cos

22 2 2 2

r EI cr EI r EI r r
k k k p k p k t

L mL L L L

p p p
¡¡ ¡+ + - + W +

6 4 6 4 6 4 6 4 6 4
2 2 2 2 3

1 1 0 1 06 6 6 6 6

54 27 54 9 3
cos cos cos

4 8 4 4 16

r r r r r
p h k t p g k t p h k p h g t p g

L L L L L

p p p p p
W + W - + W - +

6 4 6 4 6 4 6 4 6 4
3 3 2 3 2

1 1 0 0 06 6 6 6 6

243 3 27 243 9
cos cos

16 16 8 16 4

r r r r r
p k t p g t p g k p k p h g

L L L L L

p p p p p
W + W - - - -

10 8 10 8 10 8 10 8 10 8
5 4 2 3 2 3 2 3

12 12 12 12 12

177147 1458 32805 15066 4644

32 64 16 64 64

r EI r EI r EI r EI r EI
k g k g k k g h g

L L L L L

p p p p p
- - - - -

10 8 10 8 10 8 10 8 10 8
4 2 2 2 2 5 4

12 12 12 12 12

13824 61965 21141 27 23328

64 16 16 64 16

r EI r EI r EI r EI r EI
h g gh k kh g g h k

L L L L L

p p p p p
- - - - -

10 8 6 6 6 6 6 6 6 6
2 3 3 2 3 2

12 8 8 8 8

170586 6561 324 3 81

16 8 8 4

r EI r EI r EI r EI r EI
h k k kh g g k

L L L L L

p p p p p
+ + - - +

6 6 6 6 6 6 6 6 6 6
2 3 2 2 3

8 8 8 8 8

18 2187 243 486 3

8 8 8

r EI r EI r EI r EI r EI
gh k kh g k g

L L L L L

p p p p p
- - - - -

6 6 10 8 10 8 10 8 10 8
2 5 5 4 2 3

8 12 12 12 12

180 27 118098 4374 78732

8 128 128 128 128

r EI r EI r EI r EI r EI
gh g k kg g k

L L L L L

p p p p p
+ + + + +
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10 8 10 8 10 8 10 8 10 8
2 3 4 4 2 2 3 2

12 12 12 12 12

314928 69984 8640 134136 9234

128 128 128 128 128

r EI r EI r EI r EI r EI
h k kh h g h k g g k

L L L L L

p p p p p
+ - + + +

10 8 10 8
3 2 2 2

12 12

3672 64152
0

128 128

r EI r EI
g h h g k

L L

p p
+ =                                                                (2.10) 

Or ,simply 

 2 2 2 2 3 3
3 1 2 3 4 5( )k w k k h k gk gh g ke d t t t t t¡¡ ¡+ + + + + + + + 

2 5 4 2 3 2 3 2 3 4
6 7 8 9 10 11( k g k g k k g h g h ge t t t t t t+ + + + +   

2 2 2 2 5 4 2 3
12 13 14 15 16 ) cos( )gh k kh g g h k h k F tt t t t t e+ + + + + = W                                 (2.11) 

The coefficients of equation (2.11) are defined in Appendix A. 

 

2.2 The governing equations under external force: 

In this section the solution of the differential equations (2.7), (2.9) and (2.11) is analyzed.  

Applying the method of multiple scales. We assume that g, h and k are in the forms 

(2.12) 

0 1 0 0 1 1 0 1

0 1 0 0 1 1 0 1

0 1 0 0 1 1 0 1

( , ) ( , ) ( , ) ...,
( , ) ( , ) ( , ) ...,
( , ) ( , ) ( , ) ...,

g T T g T T g T T
h T T h T T h T T
k T T k T T k T T

e
e
e

= + +
= + +
= + +

  

where       0T t=                     1 0 .T T te e= =  

The time derivatives are written as 

   0 1

2
2

0 0 12

...,

2 ...,

d
D D

dt
d

D D D
dt

e

e

= + +

= + +

                                                                                            (2.13)                                      

Where      
0

0

,D
T

µ
=
µ

              
1

1

.D
T

µ
=
µ

                 

Applying (2.13) to  
0 1g g ge= +  we obtain: 
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2
0 0 0 1 1 0 1 1

2 2 2
0 0 0 1 0 1 0 0 1 1

,

2 2 .

g D g D g D g D g

g D g D g D D g D D g

e e e

e e e

¡= + + +

¡¡= + + +
  

                                                                                                                                        (2.14) 

Similarly, applying (2.13) to 0 1h h he= +  and 0 1k k ke= +  we obtain:   

2
0 0 0 1 1 0 1 1

2 2 2
0 0 0 1 0 1 0 0 1 1

,

2 2 ,

h D h D h D h D h

h D h D h D D h D D h

e e e

e e e

¡= + + +

¡¡= + + +
 

2
0 0 0 1 1 0 1 1

2 2 2
0 0 0 1 0 1 0 0 1 1

,

2 2 .

k D k D k D k D k

k D k D k D D k D D k

e e e

e e e

¡= + + +

¡¡= + + +
                                                       

                                                                                                                                        (2.15) 

 

Substituting , , , ,g g g h k¡ ¡¡  into equation (2.7), we obtain 

2 2 2 2 2
0 0 0 1 0 1 0 0 1 1 1 0 1 0 0 0 1 1 0 1 12 2 ( ) ( ( )D g D g D D g D D g g g D g D g D g D ge e e w e e a e e e+ + + + + + + + +

2 2 2 3
1 0 1 0 1 2 0 1 0 1 3 0 1 0 1 4 0 1( ) ( ) ( ) ( ) ( ) ( ) ( )h h g g k k g g h h k k g gh e e h e e h e e h e+ + + + + + + + + + + +

2 2 4 3 2
5 0 1 0 1 6 0 1 0 1 7 0 1 0 1( ) ( )) ( ( ) ( ) ( ) ( )g g k k k k g g k k g gh e e e h e e h e e+ + + + + + + +

3 2 3 2 4 4
8 0 1 0 1 9 0 1 0 1 10 0 1 0 1 11 0 1 0 1( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )k k h h g g h h h h k k h h g gh e e h e e h e e h e e+ + + + + + + + + + + + +

3 2 5 2 2 4
12 0 1 0 1 13 0 1 14 0 1 0 1 0 1 15 0 1 0 1( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )g g k k g g h h k k g g g g k kh e e h e h e e e h e e+ + + + + + + + + + + +

2 2
16 0 1 0 1 0 1( ) ( )( ) ) cos( )h h k k g g F th e e e e+ + + = W                                                                (2.16) 

Considering the coefficients of 0eand 1eonly, we get 

2 2 2 2 2 2
0 0 0 1 0 1 0 1 0 1 1 0 0 1 0 0 2 0 02D g D g D D g g g D g h g k ge e w ew ea he h e+ + + + + + + +

2 3 2
3 0 0 4 0 5 0 0 cos( ).h k g g k F th h e h e e+ + = W 

 

Now equating the coefficient of same powers of  Ů  yields: 

0( ):o e 0 1 0

2 2( ) 0D gw+ =                                                                                            (2.17)                                                                                                 
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1( ):o e
  

2 2 2

0 1 0 1 0 1 1 0 0 1 0 02D g D D g g D g h gw a h+ + + +
 

 
2 2 3 2

2 0 0 3 0 0 4 0 5 0 0 cos( ).k g h k g g k F th h h h+ + + + = W                                                

or                      

2 2 2
0 1 1 0 1 0 0 0 1 0 0( ) 2D g D D g D g h gw a h+ =- - -  

  2 2 3 2
2 0 0 3 0 0 4 0 5 0 0 cos( )k g h k g g k F th h h h- - - - + W   

                                                                                                                                        (2.18) 

The general solution of (2.17) is given by 

1 0 1 0
0 0 1 1 1( , ) ( ) ( )

i T i T
g T T A T e A T e

w w-
= +                                                                    (2.19)                                                                              

 

Now substituting , , , ,h h h g k¡ ¡¡  from equations (2.15) into equation (2.9) we get: 

2 2 2 2 2
0 0 0 1 0 1 0 0 1 1 2 0 1 0 0 0 1 1 0 1 12 2 ( ) ( ( )D h D h D D h D D h h h D h D h D h D he e e w e e b e e e+ + + + + + + + + +

3 2 2
1 0 1 0 1 0 1 2 0 1 3 0 1 0 1 4 0 1 0 1( )( )( ) ( ) ( )( ) ( )( ) )h h g g k k h h h h k k h h g gl e e e l e l e e l e e+ + + + + + + + + + + +

2 4 3 2 5 3
5 0 1 0 1 6 0 1 0 1 7 0 1 8 0 1 0 1 0 1( ( )( ) ( ) ( ) ( ) ( )( )( )h h g g h h k k h h h h g g k ke l e e l e e l e l e e e+ + + + + + + + + + + +

4 3 2 3
9 0 1 0 1 10 0 1 0 1 11 0 1 0 1 0 1( )( ) ( ) ( ) ( ) ( )( )h h k k h h g g h h g g k kl e e l e e l e e e+ + + + + + + + + +

2 2 3
12 0 1 0 1 0 1 13 0 1 0 1 0 1( )( ) ( ) ( )( )( ) ) cos .h h g g k k h h k k g g F tl e e e l e e e e+ + + + + + + = W 

Now equating the coefficient of same powers of  Ů  yields 

( )0 2 2
0 2 0( ): 0.o D he w+ =                                                                                                    

(2.20)
 

2 2 3 2 2
0 1 0 1 0 2 1 0 0 1 0 0 0 2 0 3 0 0 4 0 0( ): 2 coso D h D D h h D h h g k h h k h g F te w b l l l l+ + + + + + + = W       

or 

( )2 2 3 2 2
0 2 1 0 1 0 0 0 1 0 0 0 2 0 3 0 0 4 0 02 cos .D h D D h D h h g k h h k h g F tw b l l l l+ =- - - - - - + W                 (2.21)                                                                                                                                     

                                                                                                                                         

So the general solution of (2.20) is 
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2 0 2 0
0 0 1 1 1( , ) ( ) ( ) .

i T i T
h T T B T e B T e

w w-
= +                                                                     (2.22)                                                                                 

 

Now substituting , , , ,k k k g h¡ ¡¡   from equations (2.15) into equation (2.11) we get: 

2 2 2 2 2
0 0 0 1 0 1 0 0 1 1 3 0 1 0 0 0 1 1 0 1 12 2 ( ) ( ( )D k D k D D k D D k k k D k D k D k D ke e e w e e d e e e+ + + + + + + + +

2 2 2 3
1 0 1 0 1 2 0 1 0 1 3 0 1 0 1 4 0 1( ) ( ) ( )( ) ( )( ) ( )h h k k g g k k g g h h g gt e e t e e t e e t e+ + + + + + + + + + +

3 2 5 4 2 3
5 0 1 6 0 1 7 0 1 0 1 8 0 1 0 1( ) ( ( ) ( ) ( ) ( ) ( )k k k k g g k k g g k kt e e t e t e e t e e+ + + + + + + + + +

3 2 3 2 4
9 0 1 0 1 10 0 1 0 1 11 0 1 0 1( ) ( ) ( ) ( ) ( )( )g g k k g g h h g g h ht e e t e e t e e+ + + + + + + + +

2 2 2 2 5
12 0 1 0 1 0 1 13 0 1 0 1 0 1 14 0 1( )( ) ( ) ( ) ( ) ( ) ( )g g h h k k g g h h k k g gt e e e t e e e t e+ + + + + + + + + +

4 2 3
15 0 1 0 1 16 0 1 0 1( ) ( ) ( ) ( ) cos( ).h h k k h h k k F tt e e t e e e+ + + + + = W 

 

Now equating the coefficients of same powers of  e  yields: 

0 2 2
0 1 0( ):( ) 0.o D ke w+ =                                                                                         (2.23) 

2 2
0 1 0 1 0 3 1 0 0( ): 2o D k D D k k D ke w d+ + +

2 2 2 3 3
1 0 0 2 0 0 3 0 0 4 0 5 0 cos( ).h k k g h g g k F tt t t t t+ + + + + = W            

or 

2 2 2
0 3 1 0 1 0 0 0 1 0 0( ) 2D k D D k D k h kw d t+ =- - -         

2 2 3 3
2 0 0 3 0 0 4 0 5 0 cos( ).k g h g g k F tt t t t- - - - + W                                                           

 (2.24)  

So the general solution of (2.23) is 

3 0 3 0
0 0 1 1 1( , ) ( ) ( ) .

i T i T
k T T C T e C T e

w w-
= +                                         (2.25) 

To solve equations (2.18) we use equations (2.19) , (2.22) and (2.25) 

Equation (2.18) becomes 
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( ) ( )2 2 1 0 1 0 1 0 1 0
0 1 1 0 1 1 1 0 1 1( ) 2 ( ) ( ) ( ) ( )

i T i T i T i T
D g D D A T e A T e D A T e A T e

w w w ww a- -
+ =- + - + -

( )( )
2

2 0 2 0 1 0 1 0
1 1 1 1 1( ) ( ) ( ) ( )

i T i T i T i T
B T e B T e A T e A T e

w w w wh - -
+ + - 

( )( )
2

3 0 3 0 1 0 1 0
2 1 1 1 1( ) ( ) ( ) ( )

i T i T i T i T
C T e C T e A T e A T e

w w w wh - -
+ + -

( )( ) ( )
2 3

2 0 2 0 3 0 3 0 1 0 1 0
3 1 1 1 1 4 1 1( ) ( ) ( ) ( ) ( ) ( )

i T i T i T i T i T i T
B T e B T e C T e C T e A T e A T e

w w w w w wh h- - -
+ + - + -

    ( )( )
2

3 0 3 0 1 0 1 0
5 1 1 1 1 0( ) ( ) ( ) ( ) cos .

i T i T i T i T
C T e C T e A T e A T e F T

w w w wh - -
+ + + W            (2.26)   

Simplifying equation (2.26) we obtain 

(2 )2 2 21 0 1 0 0 2 1
0 1 1 1 1 1( ) 2

i T i T iT
D g i A e i Ae B Ae

w w w ww w a w h +¡+ =- - - -

( 2 ) (2 )2 20 2 1 1 0 0 3 1
1 1 22

iT i T iT
B Ae BBAe C Ae

w w w w wh h h- + +
- - -

( 2 ) ( 2 )2 20 3 1 1 0 0 3 2
2 2 32

iT i T iT
C Ae CCAe CB e

w w w w wh h h- + +
- - -

( 2 ) 32 3 23 0 0 3 2 1 0 1 0
3 3 4 42 3

i T iT i T i T
CBBe CB e A e A Ae

w w w w wh h h h- +
- - - -

( 2 ) ( 2 )2 20 3 1 3 0 0 3 1 0
5 5 5

1
2 ,

2

iT i T iT i T
CA e CAAe CA e Fe cc

w w w w wh h h+ - + W
- - + + 

                                                                                                                                        (2.27) 

where cc is a complex conjugate for every preceding term. 

Rearranging equation (2.27) gives 

( )2 2 2 1 0
0 1 1 1 1 1 2 4( ) 2 2 2 3

i T
D g i A i A BBA CCA A A e

ww w a w h h h¡+ = - - - - - +

( ) 3 (2 ) ( 2 )3 2 23 0 1 0 0 2 1 0 2 1
3 5 4 1 12 2

i T i T iT iT
CBB CAA e A e B Ae B Ae

w w w w w wh h h h h+ - +
- - - - - -

(2 ) ( 2 ) ( 2 ) ( 2 )2 2 2 20 3 1 0 3 1 0 3 2 0 3 2
2 2 3 3

iT iT iT iT
C Ae C Ae CB e CB e

w w w w w w w wh h h h+ - + + - +
- - - -

( 2 ) ( 2 )2 20 3 1 0 3 1 0
5 5

1

2

iT iT i T
CA e CA e Fe cc

w w w wh h+ - + W
- - + +                                                (2.28) 
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The particular solution of equation (2.28) is given by 

( ) 3 2
3 5 3 (2 )4 13 0 1 0 0 2 1

1 0 1 2 2 2
2 2 11 3 1

2 2
( , )

4 ( )8

i T i T iT
CBB CAA A B A

g T T e e e
w w w wh h h h

w w ww w w

+
- -

= + + -
+-

2 2 2
( 2 ) (2 ) ( 2 )1 2 20 2 1 0 3 1 0 3 1

2 1 2 3 3 1 3 1 34 ( ) 4 ( ) 4 ( )

iT iT iTB A C A C A
e e e

w w w w w wh h h

w w w w w w w w w

- + + - +
+ - +

- + -

2 2
( 2 ) ( 2 )3 30 3 2 0 3 2

2 2 2 2 2 2
1 3 2 3 2 1 3 2 3 2( 4 4 ) ( 4 4 )

iT iTCB CB
e e

w w w wh h

w w w w w w w w w w

+ - +
- +

- - - - + -

2 2
( 2 ) ( 2 )5 50 3 1 0 3 1 0

2 2 2 2 2 2
3 1 3 1 3 1 3 1 1( 4 3 ) ( 4 3 ) 2( )

iT iT i TCA CA F
e e e cc

w w w wh h

w ww w w ww w w

+ - + W
+ - + +

- - + - -W
 

More simplification will give the following solution 

( ) 3 2
3 5 3 (2 )4 13 0 1 0 0 2 1

1 0 1 2
1 3 1 3 2 2 11

2 2
( , )

( )( ) 4 ( )8

i T i T iT
CBB CAA A B A

g T T e e e
w w w wh h h h

w w w w w w ww

+
- -

= + + -
- + +

2 2 2
( 2 ) (2 ) ( 2 )1 2 20 2 1 0 3 1 0 3 1

2 1 2 3 3 1 3 1 34 ( ) 4 ( ) 4 ( )

iT iT iTB A C A C A
e e e

w w w w w wh h h

w w w w w w w w w

- + + - +
+ - -

- + -

2 2
( 2 ) ( 2 )3 30 3 2 0 3 2

2 3 1 2 3 1 2 3 1 2 3 1(2 )(2 ) ( 2 )( 2 )

iT iTCB CB
e e

w w w wh h

w w w w w w w w w w w w

+ - +
+ -

+ + + - - + - - + +

2 2
( 2 ) ( 2 )5 50 3 1 0 3 1 0

3 1 3 1 3 1 3 1 1 1( 3 )( ) ( 3 )( ) 2( )( )

iT iT i TCA CA F
e e e cc

w w w wh h

w w w w w w w w w w

+ - + W
+ + +

+ + - - -W +W

 

                                                                                                                     (2.29) 

To solve equations (2.21) we use equations (2.19) , (2.22) and (2.25) 

Equation (2.21) becomes 

( ) ( )2 2 2 0 2 0 2 0 2 0
0 2 1 0 1 1 1 0 1 1( ) 2 ( ) ( ) ( ) ( )

i T i T i T i T
D h D D B T e B T e D B T e B T e

w w w ww b- -
+ =- + - + -

( )( )( )2 0 2 0 1 0 1 0 3 0 3 0
1 1 1 1 1 1 1( ) ( ) ( ) ( ) ( ) ( )

i T i T i T i T i T i T
B T e B T e A T e A T e C T e C T e

w w w w w wl - - -
+ + + -



17 

 

( ) ( )( )
3 2

2 0 2 0 2 0 2 0 3 0 3 0
2 1 1 3 1 1 1 1( ) ( ) ( ) ( ) ( ) ( )

i T i T i T i T i T i T
B T e B T e B T e B T e C T e C T e

w w w w w wl l- - -
+ - + + -

( )( )
2

2 0 2 0 1 0 1 0
4 1 1 1 1 0( ) ( ) ( ) ( ) cos .

i T i T i T i T
B T e B T e A T e A T e F T

w w w wl - -
+ + + W                  (2.30)                                                                                                                                                                                                     

Simplifying equation (2.30) we obtain 

(2 2 0 2 1 3)2 0 2 0
0 2 1 2 2 1( ) 2

iTi T i T
D h i B e i Be BACe

w w ww ww w b w l
+ +

¡+ =- - - -

( ( (0 2 1 3) 0 2 1 3) 0 2 1 3)
1 1 1

iT iT iT
BACe BACe BACe

w w w w w w w w w
l l l

+ - - + - - + +
- - -

3 (2 ) ( 2 )3 2 2 22 0 2 0 0 3 2 0 3 2
2 2 3 33

i T i T iT iT
B e B Be C Be C Be

w w w w w wl l l l+ - +
- - - -

( 2 ) ( 2 )2 22 0 0 2 1 2 0 0 2 1
3 4 4 42 2

i T iT i T iT
CCBe BA e BAAe BA e

w w w w w wl l l l+ - +
- - - + 0 ,

2

i TF
e cc
W

+ +   

                                                                                                                                       (2.31) 

 

Rearranging equation (2.31) gives 

2 2 2 2 0
0 2 1 2 2 2 3 4( ) ( 2 3 2 2 )

i T
D h i B i B B B CCB BAA e

ww w b w l l l¡+ = - - - - - -

( (33 0 2 1 3) 0 2 1 3)2 0
2 1 1

iT iTi T
B e BACe BACe

w w w w w wwl l l
+ + + -

- - -

( ( (2 )20 2 1 3) 0 2 1 3) 0 3 2
1 1 3

iT iT iT
BACe BACe C Be

w w w w w w w wl l l
- + - - + + +

- - -

( 2 ) ( 2 ) ( 2 )2 2 20 3 2 0 2 1 0 2 1 0
3 4 4 .

2

iT iT iT i TF
C Be BA e BA e e cc

w w w w w wl l l- + + - + W
- - + + 

                                                                                                                                        (2.32) 

The particular solution of equation (2.32) is given by 

3
(3 0 2 1 3)2 12 0

1 0 1 2 2 2
2 1 1 2 1 3 2 3 3

( , )
8 ( 2 2 2 )

iTi TB BAC
h T T e e

w w wwl l

w w ww ww w w w

+ +-
= - -
- - - - -
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( (0 2 1 3) 0 2 1 3)1 1
2 2 2 2

1 1 2 1 3 2 3 3 1 1 2 1 3 2 3 3( 2 2 2 ) ( 2 2 2 )

iT iTBAC BAC
e e

w w w w w wl l

w ww ww w w w w ww ww w w w

+ - - + -
- -

- - + + - - + + - -

2
( (2 )0 2 1 3) 31 0 3 2

2 2 2
1 1 2 1 3 2 3 3 2 3 3( 2 2 2 ) ( 4 4 )

iT iTC BBAC
e e

w w w w wll

w ww ww w w w w w w

- + + +
- -

- + - + - - -

2 2
( 2 ) ( 2 )3 40 3 2 0 2 1

2 2
2 3 3 1 2 1(4 4 ) ( 4 4 )

iT iTC B BA
e e

w w w wl l

w w w ww w

- + +
- -

- - -

2
( 2 )4 0 2 1 0

2 2 2
1 2 1 2

.
(4 4 ) 2( )

iT i TBA F
e e cc

w wl

ww w w

- + W
- +

- -W

 

 

More simplification will give the following solution 

3
( (3 0 2 1 3) 0 2 1 3)2 1 12 0

1 0 1 2
3 1 3 1 2 1 3 3 1 22

( , )
( )( 2 ) ( )( 2 )8

iT iTi TB BAC BAC
h T T e e e

w w w w w wwl l l

w w w w w w w w w ww

+ + + --
= + + +

+ + + - + - --

( (0 2 1 3) 0 2 1 3)1 1

1 3 3 1 2 3 1 3 1 2( )( 2 ) ( )( 2 )

iT iTBAC BAC
e e

w w w w w wl l

w w w w w w w w w w

- + - - + +
+ +
- + - + + + -

 

2 2
(2 ) ( 2 )3 30 3 2 0 3 2

3 2 3 3 2 34 ( ) 4 ( )

iT iTC B C B
e e

w w w wl l

w w w w w w

+ - +
+ +

+ - +
 

2 2
( 2 ) ( 2 )4 40 2 1 0 2 1

1 2 1 1 2 14 ( ) 4 ( )

iT iTBA BA
e e

w w w wl l

w w w w w w

+ - +
+ +

+ -
 0 .

2( )( )2 2

F i T
e cc

w w

W
- +

-W +W
 

                                                                                                                                        (2.33) 

  

To solve equations (2.24) we use equations (2.19) , (2.22) and (2.25) 

Equation (2.24) becomes 

( ) ( )2 2 3 0 3 0 3 0 3 0
0 3 1 0 1 1 1 0 1 1( ) 2 ( ) ( ) ( ) ( )

i T i T i T i T
D k D D C T e C T e D C T e C T e

w w w ww d- -
+ =- + - +

( )( )
2

2 0 2 0 3 0 3 0
1 1 1 1 1( ) ( ) ( ) ( )

i T i T i T i T
B T e B T e C T e C T e

w w w wt - -
- + +  

( )( )
2

3 0 3 0 1 0 1 0
2 1 1 1 1( ) ( ) ( ) ( )

i T i T i T i T
C T e C T e A T e A T e

w w w wt - -
- + +  
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( )( )
2

2 0 2 0 1 0 1 0
3 1 1 1 1( ) ( ) ( ) ( )

i T i T i T i T
B T e B T e A T e A T e

w w w wt - -
- + +  

( ) ( )
3 3

1 0 1 0 3 0 3 0
4 1 1 5 1 1 0( ) ( ) ( ) ( ) cos .

i T i T i T i T
A T e A T e C T e C T e F T

w w w wt t- -
- + - + + W 

                                                                                                                                        (2.34) 

Simplifying equation (2.34) we obtain 

(2 )2 2 23 0 3 0 0 2 3( ) 20 3 1 3 3 1
i T i T iT

D k i C e i Ce B Ce
w w w ww w d w t +¡+ =- - -  

(2 )23 0 0 2 32 1 1
i T iT

CBBe B Ce
w w wt t -

- -

(2 ) ( 2 )2 20 3 1 1 0 0 3 1
2 2 22

iT i T iT
AC e ACCe AC e

w w w w wt t t+ - +
- - -  

(2 ) ( 2 )2 20 2 1 0 2 1
3 3

iT iT
B Ae B Ae

w w w wt t+ - +
- -  

33 21 0 1 0 1 0
3 4 42 3

i T i T i T
BBAe A e A Ae

w w wt t t- - -  33 23 0 3 0 0
5 53 .

2

i T i T i TF
C e C Ce e cc

w wt t W
- - + + 

                                                                                                         (2.35) 

Rearranging equation (2.35) gives 

( )2 2 2 3 0
0 3 1 3 3 1 5( ) 2 2 3

i T
D k i C i C CBB C C e

ww w d w t t¡+ = - - - -  

( ) (2 )2 21 0 0 2 3
2 3 4 12 2 3

i T iT
ACC BBA A A e B Ce

w w wt t t t +
+ - - - -  

(2 ) (2 ) ( 2 )2 2 20 2 3 0 3 1 0 3 1
1 2 2

iT iT iT
B Ce AC e AC e

w w w w w wt t t- + - +
- - -  

(2 ) ( 2 )2 20 2 1 0 2 1
3 3

iT iT
B Ae B Ae

w w w wt t+ - +
- - 3 33 31 0 3 0 0

4 5 .
2

i T i T i TF
A e C e e cc

w wt t W
- - + + 

                                                                                                                                        (2.36) 

The particular solution of equation (2.36) is given by 

( )2
2 3 4

1 0
1 0 1 2 2

3 1

2 2 3
( , )

( )

i T
ACC BBA A A

k T T e
w

t t t

w w

- - -
=

-
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2 2
(2 ) (2 )1 10 2 3 0 2 3

2 2
2 2 3 2 2 3( 4 4 ) ( 4 4 )

iT iTB C B C
e e

w w w wt t

w w w w w w

+ -
- -
- - - +

 

2 2
(2 ) ( 2 )2 20 3 1 0 3 1

2 2 2 2
3 1 3 1 3 1 3 1( 3 4 ) ( 3 4 )

iT iTAC AC
e e

w w w wt t

w ww w w ww w

+ - +
- -
- - - - + -

 

2 2
(2 ) ( 2 )3 30 2 1 0 3 1

2 2 2 2 2 2
2 1 2 1 3 2 1 2 1 3( 4 4 ) ( 4 4 )

iT iTB A B A
e e

w w w wt t

w ww w w w ww w w

+ - +
- -
- - - + - + - +

 

33
3 354 1 0 3 0 0

2 2 2 2 2
1 3 3 3

.
( 9 ) 8 2( )

i T i T i TCA F
e e e cc
w wtt

w w w w

W
- - + +
- + - -W

 

More simplification will give the following solution 

( )2 2
2 3 4 (2 )11 0 0 2 3

1 0 1
3 1 3 1 2 2 3

2 2 3
( , )

( )( ) 4 ( )

i T iT
ACC BBA A A B C

k T T e e
w w w

t t t t

w w w w w w w

+
- - -

= +
- - +

 

2 2
(2 ) (2 )1 20 2 3 0 3 1

2 2 3 1 3 1 34 ( ) ( 3 )( )

iT iTB C AC
e e

w w w wt t

w w w w w w w

- +
+ +

- + +
 

22
( 2 ) (2 )32 0 3 1 0 2 1

1 3 1 3 2 1 3 2 1 3( )( 3 ) (2 )(2 )

iT iTB AAC
e e

w w w wtt

w w w w w w w w w w

- + +
+

- - + + + -
 

2 3
( 2 ) 33 40 3 1 1 0

( 2 )( 2 ) (3 )(3 )2 1 3 2 1 3 1 3 1 3

B A AiT i T
e e

t tw w w

w w w w w w w w w w

- +
+

- + - - + + - +

 

3
35 3 0 0

2
3 33

.
2( )( )8

i T i TC F
e e cc
wt

w ww

W
+ + +

-W +W

                                                               (2.37) 
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2.2.1 Stability analysis 

Here we study the resonance case when  Ý  tends to 2w  where 1 3 2,w w w= =  

(2.38)                    2 1,w esW= +             1 2 2,w w es= +               3 2 3.w w es= + 

Now if we eliminate the secular terms of equation (2.28) which are the coefficients of 

  
1 0i T

e
w

 then  

        ( )2 1 02 2 2 31 1 1 2 4
i T

i A i A BBA CCA A A e
ww a w h h h¡- - - - -           

( ) ( 2 ) ( 2 )2 23 0 0 3 2 0 3 1
3 5 3 5

1
2 2 0.

2

i T iT iT iCBB CAA e CB e CA e Fe
w w w w wh h h h- + - + W+ - - - - + =   

                                                                                                                                        (2.39)                                                                                                                                    

 Substituting 1 2, ,w wW and 3w from equation (2.38) into equations (2.39) we get 

( )2 1 02 2 2 31 1 1 2 4
i T

i A i A BBA CCA A A e
ww a w h h h¡- - - - -                  

( ) 2

3

( ) ( )
1 0 1 3 2 1 0 1 3 2

2 2
3 5

i T iT i T iT
CBB CAA e e CB e e

w s s w s s
h h h

- - +
+ - - -  

 

                                           (2.40) 

Dividing both sides of equation(2.40) by 1 0i T
e
w

 we get 

( )22 2 2 31 1 1 2 4i A i A BBA CCA A Aw a w h h h¡- - - - -    

( ) ( ) ( )21 3 2 1 3 2
3 5 32 2

iT iT
CBB CAA e CB e

s s s sh h h- - +
- - - ( ) ( )2 1 2 3 1 1 2

5

1
0,

2

iT iT
CA e Fe

s s s sh - -
- + = 

                                                                                                                                        (2.41) 

Now we use the polar forms for  A, B and C  

   

 
1

1

1
,

2

i
A a e

q
=   2

2

1
,

2

i
B a e

q
=    3

3

1

2

i
C a e

q
=                                               (2.42) 

  

2

5

( ) ( )11 0 1 2 3 1 0 1 1 2
0.

2

i T iT i T iT
CA e e Fe e

w s s w s s
h

- -
- + =
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where 1 2 3 1 2 3
, , , , ,a a a q q q are functions of 1.T  Substituting  A, B and C  from equation 

(2.42) into equations (2.41) we obtain 

2 2 3 1
1 1 1 1 1 1 1 1 1 2 2 1 3 4 1

1 1 1 3

2 4 4 8

i
ia a i a a a a a a e

qw wq aw h h h¡ ¡
å õ
- + - - - -æ ö
ç ÷

 

( ) (2 ) ( )2 2 23 1 3 2 2 3 1 2 3
3 2 3 5 1 3 3 2 3

1 1 1

4 2 8

i iT i iT
a a a a e e a a e e

q s s q q s sh h h- - - +å õ
+ - - -æ ö
ç ÷

 

 (2 ) ( ) ( )2 1 3 1 2 3 1 1 2
5 1 3

1 1
0.

8 2

i iT iT
a a e e Fe

q q s s s sh - - -
- + =                                                         (2.43) 

Multiplying equation (2.43) by 

1

1

i
e
q

w

-

 we obtain 

2 2 3
1 1 1 1 1 1 2 2 1 3 4 1

1 1 1

1 1 1 3

2 4 4 8
ia a i a a a a a aq a h h h

w w w
¡ ¡- + - - - -  

( ) ( )2 21 3 1 2 1 3 1 3 1 2 1
3 2 3 5 1 3

1 1

1 1

4 2

i T T i T T
a a e a a e

q s s q q s sh h
w w

- + - - + -
- -  

(2 ) ( )2 22 3 1 2 1 3 1 1 3 2 1 3 1
3 2 3 5 1 3

1 1

1 1

8 8

i T T i T T
a a e a a e

q q q s s q q s sh h
w w

- - - - - + -
- -

( )1 1 1 2 1

1

1
0.

2

i T T
Fe

q s s

w

- + -
+ =                                                                                           (2.44) 

Simplifying equation (2.44) gives  

2 2 3
1 1 1 1 1 1 2 2 1 3 4 1

1 1 1

1 1 1 3

2 4 4 8
ia a i a a a a a aq a h h h

w w w
¡ ¡- + - - - -  

2 2 2 31 2
3 2 3 5 1 3 3 2 3

1 1 1

1 1 1

4 2 8

ii i
a a e a a e a a e

nn nh h h
w w w

- - -  2 54
5 1 3

1 1

1 1
0.

8 2

ii
a a e Fe

nnh
w w

- + = 

                                                                                                                                       (2.45) 
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where 

1 1 3 1 2 1 2 3 1 3 1 2 1, ,T T T Tn q s s n q q s s=- + - = - + - 

3 2 3 1 3 1 2 1 4 2 5 1 1 1 2 12 , , .T T T Tn q q q s s n n n q s s= - - - - =- =- + - 

Sitting cos sin
i

e i
n

n n= +  into equation (2.45) we get 

2 2 3
1 1 1 1 1 1 2 2 1 3 4 1

1 1 1

1 1 1 3

2 4 4 8
ia a i a a a a a aq a h h h

w w w
¡ ¡- + - - - -  

2 2 2
3 2 3 1 3 2 3 1 5 1 3 2

1 1 1

1 1
cos sin cos

4 4 2

i
a a a a a ah n h n h n

w w w
- - -  

2 2 2
5 1 3 2 3 2 3 3 3 2 3 3

1 1 1

1
sin cos sin

2 8 8

i i
a a a a a ah n h n h n

w w w
- - -  

2 2
5 1 3 4 5 1 3 4 5 5

1 1 1 1

1 1
cos sin cos sin 0.

8 8 2 2

i i
a a a a F Fh n h n n n

w w w w
- - + + =                              (2.46)                                                                                                                                             

Separating imaginary and real parts of equations (2.46) we obtain 

2 2 3 2
1 1 1 1 2 2 1 3 4 1 3 2 3 1

1 1 1 1

1 1 3 1
cos

4 4 8 4
a a a a a a a aq h h h h n

w w w w
¡- - - -  

2 2 2
5 1 3 2 3 2 3 3 5 1 3 4 5

1 1 1 1

1 1 1 1
cos cos cos cos 0.

2 8 8 2
a a a a a a Fh n h n h n n

w w w w
- - - + =                              (2.47) 

2 2
1 1 3 2 3 1 5 1 3 2

1 1

1 1 1
sin sin

2 4 2
a a a a a aa h n h n

w w
¡- - - -  

2 2
3 2 3 3 5 1 3 4 5

1 1 1

1 1 1
sin sin sin 0.

8 8 2
a a a a Fh n h n n

w w w
- - + =                                                                        

(2.48)                                                                                        

Rearranging equations (2.47) and (2.48) gives  

1 1 3 12 2 3 2( ) cos1 5 1 1 2 1 1 2 2 1 3 4 1 3 2 3 1
4 4 8 41 1 1 1

a a a a a a a a an s s h h h h n
w w w w

= - - - - -¡  
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2 2 2
5 1 3 2 3 2 3 3 5 1 3 4 5

1 1 1 1

1 1 1 1
cos cos cos cos

2 8 8 2
a a a a a a Fh n h n h n n

w w w w
- - - +                                     (2.49) 

2 2 2 2
1 1 3 2 3 1 5 1 3 2 3 2 3 3 5 1 3 4 5

1 1 1 1 1

1 1 1 1 1 1
sin sin sin sin sin

2 4 2 8 8 2
a a a a a a a a a a Fa h n h n h n h n n

w w w w w
¡=- - - - - +                                                                                                                                               

                                                                                                                                        (2.50) 

The steady-state solutions correspond to constant 1 5,a n that is 
1 5 0.a n¡ ¡= =Thus equations 

(2.49) and (2.50) can be reduced to the following nonlinear algebraic equations  

2 2 3 2
1 1 2 1 1 2 2 1 3 4 1 3 2 3 1

1 1 1 1

1 1 3 1
( ) cos

4 4 8 4
a a a a a a a as s h h h h n

w w w w
- - + + + =-     

2 2 2
5 1 3 2 3 2 3 3 5 1 3 4 5

1 1 1 1

1 1 1 1
cos cos cos cos ,

2 8 8 2
a a a a a a Fh n h n h n n

w w w w
- - - +              (2.51)                                                                                                                                       

2 2 2 2

1 3 2 3 1 5 1 3 2 3 2 3 3 5 1 3 4 5
1 1 1 1 1

1 1 1 1 1 1
sin sin sin sin sin .

2 4 2 8 8 2
a a a a a a a a a Fa h n h n h n h n n

w w w w w
= - - - - +

                                                                                                                                             

                                                                                                                                       (2.52) 

Squaring equations (2.51) and (2.52)  then adding (2.51) to (2.52) we obtain 

2

2 2 3 2 2
1 1 2 1 1 2 2 1 3 4 1 1

1 1 1

1 1 3 1
( )

4 4 8 4
a a a a a a as s h h h a

w w w

å õ
- - + + + +æ ö
ç ÷

 

2

2 2 2 2
3 2 3 1 5 1 3 2 3 2 3 3 5 1 3 4 5

1 1 1 1 1

1 1 1 1 1
sin sin sin sin sin

4 2 8 8 2
a a a a a a a a Fh n h n h n h n n

w w w w w

å õ
= - - - - +æ ö
ç ÷

 

2

2 2 2 2
3 2 3 1 5 1 3 2 3 2 3 3 5 1 3 4 5

1 1 1 1 1

1 1 1 1 1
cos cos cos cos cos .

4 2 8 8 2
a a a a a a a a Fh n h n h n h n n

w w w w w

å õ
+ - - - - +æ ö
ç ÷

                                                                                                                                           

                                                                                                                                        (2.53) 

Expanding equation (2.53) gives 

2 6 2 2 2 2 2 2 2 4
4 1 2 4 1 4 2 2 4 3 1 4 3 3 5 3 3 5 3 12 2 2 2 2 2

1 11 1 1 1 1 1

10 3 3 3 3 1 1 1

4 464 16 16 4 64 8
a a a a a a ah s h hh hh sh h h hh

w ww w w w w w

å õ
+ + + - - - -æ ö
æ ö
ç ÷

2 4 2 4 2 2 2 2 2 2 2 2 2 2
1 2 2 3 1 2 2 3 1 2 2 1 1 2 2 1 3 2 2 3 1 2 1 2 12 2 2

1 1 1 11 1 1

1 1 1 1 1 1 1 1
2

2 2 2 2 416 16 8
a a a a a a a a ah h hh hs hs h s h s ss s s a

w w w ww w w

å õ
+ + + + - - + - + + +æ ö
æ ö
ç ÷
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[ ] [ ]2 2 2 2 2 2 2
1 5 1 2 3 1 4 1 4 3 1 2 3 1 2 1 22 2

1 1

1 1
sin sin cos cos sin sin cos cos

16 4
a a a a a ahh n n n n h n n n n

w w
=- + - +

[ ] [ ]2 2 4 2
3 3 2 1 3 1 3 3 2 3 1 5 1 52 2

1 1

1 1
sin sin cos cos sin sin cos cos

16 2
a a a a Fh n n n n h n n n n

w w
- + + +

[ ] [ ]2 2 2 2
1 5 1 2 3 3 4 3 4 3 2 3 3 5 3 52 2

1 1

1 1
sin sin cos cos sin sin cos cos

32 8
a a a a a Fhh n n n n h n n n n

w w
+ + - +

[ ] [ ]2 2 2 2 4 2
3 1 2 3 2 3 2 3 1 5 1 3 2 4 2 42 2

1 1

1 1
sin sin cos cos sin sin cos cos

8 8
a a a a ah n n n n hh n n n n

w w
+ + + +

[ ]2
3 1 3 2 5 2 52

1

1
sin sin cos cos

2
a a Fh n n n n

w
- +  

[ ]2 2 2 4 2
5 1 3 4 5 4 5 3 3 22 2 2

1 1 1

1 5 1
sin sin cos cos .

8 64 4
a a F a a Fh n n n n h

w w w
- + + +     

                                                                                                                                      (2.54)                                                                                                                                                  

    Using the following formulas into equation (2.54) 

    sin sin cos cos cos( )
i j i j i j
n n n n n n+ = -   

we obtain 

10 3 3 3 3 1 1 12 6 2 2 2 2 2 2 2 4
4 1 2 4 1 4 2 2 4 3 1 4 3 3 5 3 3 5 3 12 2 2 2 2 24 464 16 16 4 64 81 11 1 1 1 1 1

a a a a a a ah s h hh h h s h h h h h
w ww w w w w w

å õ
æ ö+ + + - - - -
æ ö
æ ö
ç ÷

1 1 1 1 1 1 1 12 4 2 4 2 2 2 2 2 2 2 2 2 22
1 2 2 3 1 2 2 3 1 2 2 1 1 2 2 1 3 2 2 3 1 2 1 2 12 2 2 2 2 2 2 416 16 8 1 1 1 11 1 1

a a a a a a a a ah h hh hs hs h s h s s s s s a
w w w ww w w

å õ
æ ö+ + + + - - + - + + +
æ ö
æ ö
ç ÷

2 2 2 2 2 2 2
1 5 1 2 3 1 4 3 1 2 3 1 22 2

1 1

1 1
cos( ) cos( )

16 4
a a a a a ahh n n h n n

w w
=- - - - 

2 2 4 2
3 3 2 1 3 3 2 3 1 52 2

1 1

1 1
cos( ) cos( )

16 2
a a a a Fh n n h n n

w w
- - + - 

2 2 2 2
1 5 1 2 3 3 4 3 2 3 3 52 2

1 1

1 1
cos( ) cos( )

32 8
a a a a a Fhh n n h n n

w w
+ - - - 

2 2 2 2 4 2
3 1 2 3 2 3 1 5 1 3 2 42 2

1 1

1 1
cos( ) cos( )

8 8
a a a a ah n n hh n n

w w
+ - + - 
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2 2 2 2 4 2
3 1 3 2 5 5 1 3 4 5 3 3 22 2 2 2

1 1 1 1

1 1 5 1
cos( ) cos( )

2 8 64 4
a a F a a F a a Fh n n h n n h

w w w w
- - - - + +  

 

or simply 

2 6 2 2 2 2 2 2 2 4
4 1 2 4 1 4 2 2 4 3 1 4 3 3 5 3 3 5 3 12 2 2 2 2 2

1 11 1 1 1 1 1

10 3 3 3 3 1 1 1

4 464 16 16 4 64 8
a a a a a a ah s h hh hh sh h h hh

w ww w w w w w

å õ
+ + + - - - -æ ö
æ ö
ç ÷

2 4 2 4 2 2 2 2 2
1 2 2 3 1 2 2 3 1 2 2 1 1 2 2 1 32 2 2

1 1 11 1 1

1 1 1 1 1 1
(

2 2 216 16 8
a a a a a a ah h hh hs hs h s

w w ww w w
+ + + + - -  

2 2 2 2 2 2 2 2 2 2
2 2 3 1 2 1 2 3 5 2 3 3 2 3 3 3 5 3 12 2 2 2

1 1 1 1 1

1 1 1 1 1 1
2 )

2 4 16 4 2 8
a a a a a a F a F ah s ss s s a hh h h h

w w w w w
+ - + + + + + + +      

2 2 2 4 2
3 2 3 3 3 22 2 2

1 1 1

3 5 1
0,

8 64 4
a a F a a Fh h

w w w
- - =                                                  (2.55)                                                                                                                                         

where cos( ) 1
i j
n n- º for small angles i

n  and j
n  equations (2.55) can be expressed in the 

following forms 

                (2.56)       6 4 2
1 1 2 1 3 1 4 0.a a aL +L +L +L =  

The coefficients , 1,2,3,4i
i
L =  are given in Appendix B 

 

Similarly, the secular terms equation (2.32)  

( )2 2 0
2 2 2 3 42 3 2 2

i T
i B i B B B CCB BAA e

ww bw l l l¡- - - - -   

( ) ( ) ( 2 )20 2 1 3 0 2 1 3 0 2 1
1 1 4

1
0.

2

iT iT iT iBACe BACe BA e Fe
w w w w w w w wl l l+ - - + + - + W- - - + =    (2.57)                                                                                                                                            

Substituting 
1 2, ,w wW and 

3w from equation (2.38) into equation (2.57) we get 

( )2 2 0
2 2 2 3 42 3 2 2

i T
i B i B B B CCB BAA e

ww bw l l l¡- - - - -  

( ) ( )2 0 1 2 3 2 0 1 2 3
1 1

i T iT i T iT
BACe e BACe e

w s s w s sl l- +
- -  
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22 2 0 2 01 2 1 1
4

1
0.

2

i T i TiT iT
BA e e Fe e

w ws sl- + = 

2.58)(                                                                                                                                        

   

 Dividing both sides of equation (2.58) by  
2 0

,
i T

e
w

we get                                              

( ) ( )2 1 2 3
2 2 2 3 4 12 3 2 2

iT
i B i B B B CCB BAA BACe

s sw bw l l l l -¡- - - - - -  

( ) 221 2 3 1 2 1 1
1 4

1
0.

2

iT iT iT
BACe BA e Fe

s s s sl l+
- - + =                                         (2.59) 

Substituting  A, B and C  from equation (2.42) into equations (2.59) we obtain 

3 2 2 2
2 2 2 2 2 2 2 2 2 3 2 3 4 2 1

1 3 1 1

2 8 4 4

i
i a a i a a a a a a e

qw w q bw l l l¡ ¡
å õ
- + - - - -æ ö
ç ÷

 

1 1( ) ( ) ( ) ( )1 2 3 1 2 3 1 2 3 1 2 3
1 1 2 3 1 1 2 3

8 8

i iT i iT
a a a e e a a a e e

q q q s s q q q s sl l+ - - - + +
- -

 

1 1(2 ) 22 1 2 1 2 1 1 0,4 1 2
8 2

i iT iT
a a e e Fe

q q s sl -
- + =

                                                               (2.60) 

Multiplying equation (2.60) by 2

2

i
e
q

w

-
 we obtain 

1 3 1 13 2 2
2 2 2 2 2 2 3 2 3 4 2 12 8 4 4

2 2 2

ia a i a a a a a aq b l l l
w w w

å õ
¡ ¡æ ö- + - - - -

æ ö
ç ÷

 

( ) ( 2 )1 11 3 2 1 3 1 1 2 3 2 1 3 1
1 1 2 3 1 1 2 38 8

2 2

i T T i T T
a a a e a a a e

q q s s q q q s s
l l

w w

+- + - - + +
- -  

(2 2 2 ) ( )1 12 1 2 1 2 2 1 1 0,
4 1 28 2

2 2

i T i T
a a e Fe

q q s q s
l

w w

- + - +
- + =

 

                                                                                                                                        (2.61) 

Simplifying equation (2.61) gives 

1 3 1 13 2 2
2 2 2 2 2 2 3 2 3 4 2 12 8 4 4

2 2 2

ia a i a a a a a aq b l l l
w w w

¡ ¡- + - - - -  

26 7 8 9
1 1 2 3 1 1 2 3 4 1 2

2 2 2 2

1 1 1 1
0.

8 8 8 2

i i i i
a a a e a a a e a a e Fe

n n n nl l l
w w w w

- - - + =                        (2.62) 
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where sitting cos sin
i

e i
n

n n= +  into equation (2.62) we get 

3 2 2
2 2 2 2 2 2 3 2 3 4 2 1

2 2 2

1 3 1 1

2 8 4 4
ia a i a a a a a aq b l l l

w w w
¡ ¡- + - - - -  

1 1 2 3 6 1 1 2 3 6 1 1 2 3 7 1 1 2 3 7
2 2 2 2

1 1
cos sin cos sin

8 8 8 8

i i
a a a a a a a a a a a al n l n l n l n

w w w w
- - - -  

2 2
4 1 2 8 4 1 2 8 9 9

2 2 2 2

1 1
cos sin cos sin 0.

8 8 2 2

i i
a a a a F Fl n l n n n

w w w w
- - + + =           

2.63)(                                                                                                                                       

Separating imaginary and real parts of equations (2.63) we obtain                                        

3 2 2
2 2 2 2 3 2 3 4 2 1 1 1 2 3 6

2 2 2 2

3 1 1 1
cos

8 4 4 8
a a a a a a a a aq l l l l n

w w w w
¡- - - -  

2
1 1 2 3 7 4 1 2 8 9

2 2 2

1 1 1
cos cos cos 0,

8 8 2
a a a a a Fl n l n n

w w w
- - + =                          (2.64)       

2
2 2 1 1 2 3 6 1 1 2 3 7 4 1 2 8 9

2 2 2 2

1 1 1 1 1
sin sin sin sin 0.

2 8 8 8 2
a a a a a a a a a a Fb l n l n l n n

w w w w
¡- - - - + = 

                                                                                                                                        (2.65) 

Rearranging equations (2.64) and (2.65) gives 

3 2 22 2
8 5 1 2 2 2 3 2 3 4 2 1

2 2 2

3 1 1
( 2 ) (2 )

2 2 8 4 4

a a
a a a a an n s s l l l

w w w
¡ ¡+ = - - - -   

2
1 1 2 3 6 1 1 2 3 7 4 1 2 8 9

2 2 2 2

1 1 1 1
cos cos cos cos ,

8 8 8 2
a a a a a a a a Fl n l n l n n

w w w w
- - - +               (2.66) 

2
2 2 1 1 2 3 6 1 1 2 3 7 4 1 2 8 9

2 2 2 2

1 1 1 1 1
sin sin sin sin .

2 8 8 8 2
a a a a a a a a a a Fb l n l n l n n

w w w w
¡=- - - - +       

                                                                                                                                       (2.67)                                                                                                                                                   

 The steady-state solutions correspond to constants 
2 5 8, ,a n n that is 

2 5 8 0.a n n¡ ¡¡= = = Thus 

 equations (2.66) and (2.67) can be reduced to the following nonlinear algebraic equation 
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3 2 22
1 2 2 2 3 2 3 4 2 1

2 2 2

3 1 1
(2 )

2 8 4 4

a
a a a a as s l l l

w w w
- - + + + =

 

2
1 1 2 3 6 1 1 2 3 7 4 1 2 8 9

2 2 2 2

1 1 1 1
cos cos cos cos ,

8 8 8 2
a a a a a a a a Fl n l n l n n

w w w w
- - - +                      (2.68)                                                                                                                                       

2
2 1 1 2 3 6 1 1 2 3 7 4 1 2 8 9

2 2 2 2

1 1 1 1 1
sin sin sin sin .

2 8 8 8 2
a a a a a a a a a Fb l n l n l n n

w w w w
=- - - +                (2.69) 

                                                                                                                                          

Squaring equations (2.68) and (2.69)  then adding (2.68) to (2.69) we obtain 

2

3 2 2 2 22
1 2 2 2 3 2 3 4 2 1 2

2 2 2

3 1 1 1
(2 )

2 8 4 4 4

a
a a a a a as s l l l b

w w w

å õ
- - + + + + =æ ö
ç ÷

 

2

2
1 1 2 3 6 1 1 2 3 7 4 1 2 8 9

2 2 2 2

1 1 1 1
cos cos cos cos

8 8 8 2
a a a a a a a a Fl n l n l n n

w w w w

å õ
- - - +æ ö
ç ÷

 

2

2
1 1 2 3 6 1 1 2 3 7 4 1 2 8 9

2 2 2 2

1 1 1 1
sin sin sin sin .

8 8 8 2
a a a a a a a a Fl n l n l n n

w w w w

å õ
+ - - - +æ ö
ç ÷

       (2.70) 

Expanding equation (2.70) gives 

2 6 2 2 4
2 2 1 2 2 3 3 2 4 1 2 2 22 2 2

2 22 2 2

9 3 3 3 3

4 864 16 16
a a a al s l l l l l s l

w ww w w

å õ-
+ + + +æ ö
æ ö
ç ÷

 

2 2 2 2 4 2 2 2 2 2 2 2
3 4 1 3 1 3 3 1 2 3 3 1 4 1 1 2 2 3 3 2 4 1 22 2

2 2 2 22 2

1 1 1 1 1 1 1 1

2 2 4 4 4 48 16
a a a a a a a al l s l ss l s l s s s l s l b

w w w ww w

å õ
+ - - + - + + + + + =æ ö
æ ö
ç ÷

[ ] [ ]2 2 2 2 3 2
1 1 2 3 6 7 6 7 1 4 1 2 3 6 8 6 82 2

2 2

1 1
sin sin cos cos sin sin cos cos

32 32
a a a a a al n n n n ll n n n n

w w
+ + +  

[ ] [ ]3 2
1 1 2 3 6 9 6 9 1 4 1 2 3 7 8 7 82 2

2 2

1 1
sin sin cos cos sin sin cos cos

8 32
F a a a a a al n n n n ll n n n n

w w
- + + +  

[ ] [ ]2
1 1 2 3 7 9 7 9 4 1 2 8 9 8 92 2

2 2

1 1
sin sin cos cos sin sin cos cos

8 8
F a a a F a al n n n n l n n n n

w w
- + - +  
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2 2 2 2 2 2 4 2
1 1 2 3 4 2 12 2 2

2 2 2

1 1 1
.

32 64 4
a a a a a Fl l

w w w
+ + +                                                          (2.71) 

Using the following formula into equation (2.71) sin sin cos cos cos( )i j i j i jn n n n n n+ = -
 

we  obtain:     

2 6 2 2 4
2 2 1 2 2 3 3 2 4 1 2 2 22 2 2

2 22 2 2

9 3 3 3 3

4 864 16 16
a a a al s l l l l l s l

w ww w w

å õ-
+ + + +æ ö
æ ö
ç ÷

 

2 2 2 2 4 2 2 2 2 2 2 2
3 4 1 3 1 3 3 1 2 3 3 1 4 1 1 2 2 3 3 2 4 1 22 2

2 2 2 22 2

1 1 1 1 1 1 1 1

2 2 4 4 4 48 16
a a a a a a a al l s l ss l s l s s s l s l b

w w w ww w

å õ
+ - - + - + + + + + =æ ö
æ ö
ç ÷

 2 2 2 2 3 2
1 1 2 3 6 7 1 4 1 2 3 6 82 2

2 2

1 1
cos( ) cos( )

32 32
a a a a a al n n ll n n

w w
- + -  

3 2
1 1 2 3 6 9 1 4 1 2 3 7 82 2

2 2

1 1
cos( ) cos( )

8 32
F a a a a a al n n ll n n

w w
- - + - 

2
1 1 2 3 7 9 4 1 2 8 92 2

2 2

1 1
cos( ) cos( )

8 8
F a a a F a al n n l n n

w w
- - - - 

2 2 2 2 2 2 4 2
1 1 2 3 4 2 12 2 2

2 2 2

1 1 1

32 64 4
a a a a a Fl l

w w w
+ + +  

or simply 

2 6 2 2 4
2 2 1 2 2 3 3 2 4 1 2 2 22 2 2

2 22 2 2

9 3 3 3 3

4 864 16 16
a a a al s l l l l l s l

w ww w w

å õ-
+ + + +æ ö
æ ö
ç ÷

 

2 2 2 2 4 2 2
3 4 1 3 1 3 3 1 2 3 3 1 4 1 12 2

2 22 2

1 1 1 1
(

2 28 16
a a a a al l s l ss l s l s

w ww w
+ - - + - + 

2 2 2 2 2 2 2
2 2 3 3 2 4 1 1 1 32

2 2 2

1 1 1 1 2

4 4 4 4 32
a a a as s l s l b l

w w w
+ - - + -  

3 2 2 4 2 2 2
1 4 1 3 4 1 1 1 1 3 4 1 22 2 2 2 2

2 2 2 2 2

2 1 2 1 1
) 0.

32 64 8 8 4
a a a a F a a F a a Fll l l l

w w w w w

å õ
- + + + - =æ ö

æ ö
ç ÷     

(2.72) 
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where cos( ) 1i jn n- º for small angles i
n  and .

j
n  Equations (2.72) can be expressed in 

 the following forms 

6 4 2
5 2 6 2 7 2 8 2 9 0.a a a aL +L +L +L +L =

 
                                                               (2.73)                                                                                                                                 

The coefficients , 5,6,7,8,9i
i
L =  are given in Appendix B 

 

Similarly, the secular terms equation (2.36)  

( )2 3 0
3 3 1 52 2 3

i T
i C i C CBB C C e

ww d w t t¡- - - -  

( ) (2 )2 21 0 0 2 3 0
2 3 4 1

1
2 2 3 0.

2

i T iT i T
ACC BBA A A e B Ce Fe

w w wt t t t - W
+ - - - - + =

  

                                                                                                                                       (2.74)                                                  

Substituting 1 2
, ,w wW and 3

w from equation (2.38) into equations (2.74) we get 

( )2 3 0
3 3 1 52 2 3

i T
i C i C CBB C C e

ww d w t t¡- - - -  

( ) ( )2 3 0 1 2 3
2 3 42 2 3

i T iT
ACC BBA A A e e

w s st t t -
+ - - -  

2 ( )2 0 3 1 3 3 0 1 1 3
1

1
0.

2

iT iT i T iT
B Ce e Fe e

w s w s st - -
- + =                                        (2.75)                                                                                                                                          

Dividing both sides of equation (2.75) by 3 0
i T

e
w

we get                                                     

( )2
3 3 1 52 2 3i C i C CBB C Cw d w t t¡- - - -  

( ) ( )2 1 2 3
2 3 42 2 3

iT
ACC BBA A A e

s st t t -
+ - - -

2 ( )2 1 3 1 1 3
1

1
0.

2

iT iT
B Ce Fe

s s st - -
- + =                                                                     (2.76) 

Substituting  A, B and C  from equation (2.42) into equations (2.76) we obtain 

2 3 3
3 3 3 3 3 3 3 1 3 2 5 3

1 1 3

2 4 8

i
i a a i a a a a e

qw w q d w t t¡ ¡
å õ
- + - - -æ ö
ç ÷
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( )2 2 3 1 2 31 1 1
2 1 3 3 1 2 4 1

1 1 3

4 4 8

iTi i i
a a e a a e a e e

s sq q qt t t -å õ
+ - - -æ ö
ç ÷

 

(2 ) 2 ( )2 2 3 1 3 1 1 3
1 2 3

1 1
0.

8 2

i iT iT
a a e e Fe

q q s s st - - -
- + =                                                  (2.77) 

                                                                                                                                         

Multiplying equation (2.77) by 3

3

i
e
q

w

-
 we obtain 

2 3
3 3 3 3 1 3 2 5 3

3 3

1 1 3

2 4 8
ia a ia a a aq d t t

w w
¡ ¡- + - - -  

( ) ( )2 21 3 2 1 3 1 1 3 2 1 3 1
2 1 3 3 1 2

3 3

1 1

4 4

i T T i T T
a a e a a e

q q s s q q s st t
w w

- + - - + -
- -  

( ) (2 2 2 ) ( )3 21 3 2 1 3 1 2 3 3 1 3 1 1 3 1
4 1 1 2 3

3 3 3

3 1 1
0.

8 8 2

i T T i T i T T
a e a a e Fe

q q s s q q s q s st t
w w w

- + - - - - + -
- - + =

                                                                                                                                               

                                                                                                                                        (2.78) 

Simplifying equation (2.78) gives 

2 3
3 3 3 3 1 3 2 5 3

3 3

1 1 3

2 4 8
ia a ia a a aq d t t

w w
¡ ¡- + - - -  

2 2 3 210 10 10 11 12
2 1 3 3 1 2 4 1 1 2 3

3 3 3 3 3

1 1 3 1 1
0,

4 4 8 8 2

i i i i i
a a e a a e a e a a e Fe

n n n n nt t t t
w w w w w

- - - - + =                                                                                                                                                

                                                                                                                                       (2.79) 

where 

10 1 3 2 1 3 11 2 3 3 12 3 1 1 3 1, 2 2 2 , .T T T T Tn q q s s n q q s n q s s= - + - = - - =- + - 

Sitting cos sin
i

e i
n

n n= +  into equation (2.79) we get 

2 3
3 3 3 3 1 3 2 5 3

3 3

1 1 3

2 4 8
ia a ia a a aq d t t

w w
¡ ¡- + - - -  
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2 2 2 2
2 1 3 10 2 1 3 10 3 1 2 10 3 1 2 10

3 3 3 3

1 1
cos sin cos sin

4 4 4 4

i i
a a a a a a a at n t n t n t n

w w w w
- - - -  

3 3 2 2
4 1 10 4 1 10 1 2 3 11 1 2 3 11

3 3 3 3

3 3 1
cos sin cos sin

8 8 8 8

i i
a a a a a at n t n t n t n

w w w w
- - - -  

12 12
3 3

1
cos sin 0.

2 2

i
F Fn n

w w
+ + =                                                                                        (2.80)                                                                                                                 

                                                                                                                                         

Separating imaginary and real parts of equations (2.80) we obtain 

2 3 2 2 3
3 3 1 3 2 5 3 2 1 3 3 1 2 4 1 10

3 3 3 3 3

1 3 1 1 3
cos

4 8 4 4 8
a a a a a a a a aq t t t t t n

w w w w w
¡

å õ
- - + - - -æ ö

ç ÷

 

2
1 2 3 11 12

3 3

1 1
cos cos 0,

8 2
a a Ft n n

w w
- + =                                                                         (2.81) 

2 2 3
3 3 2 1 3 3 1 2 4 1 10

3 3 3

1 1 1 3
sin

2 4 4 8
a a a a a a ad t t t n

w w w
¡

å õ
- - + - - -æ ö

ç ÷

 

2
1 2 3 11 12

3 3

1 1
sin sin 0.

8 2
a a Ft n n

w w
- + =                                                                           (2.82) 

                                                                                                                                         

Rearranging equations (2.81) and (2.82) gives 

2 3
3 12 3 1 3 1 3 2 5 3

3 3

1 3
( )

4 8
a a a a an s s t t

w w
¡= - - - +

2 2 3 2
2 1 3 3 1 2 4 1 10 1 2 3 11 12

3 3 3 3 3

1 1 3 1 1
cos cos cos ,

4 4 8 8 2
a a a a a a a Ft t t n t n n

w w w w w

å õ
- - - - +æ ö
ç ÷

   

                                                                                                                                       (2.83) 

2 2 3
3 3 2 1 3 3 1 2 4 1 10

3 3 3

1 1 1 3
sin

2 4 4 8
a a a a a a ad t t t n

w w w
¡

å õ
=- + - - -æ ö

ç ÷
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2
1 2 3 11 12

3 3

1 1
sin sin .

8 2
a a Ft n n

w w
- +                                                                            (2.84) 

      The steady-state solutions correspond to constants 3 12
,a n  that is 0.3 12a n¡ ¡= =Thus 

     equations (2.83) and (2.84) can be reduced to the following nonlinear algebraic 

     equations. 

2 3
3 1 3 1 3 2 5 3

3 3

1 3
( )

4 8
a a a as s t t

w w
- - + + = 

2 2 3 2
2 1 3 3 1 2 4 1 10 1 2 3 11 12

3 3 3 3 3

1 1 3 1 1
cos cos cos ,

4 4 8 8 2
a a a a a a a Ft t t n t n n

w w w w w

å õ
- - - - +æ ö
ç ÷

 

                                                                                                                                        (2.85) 

2 2 3
3 2 1 3 3 1 2 4 1 10

3 3 3

1 1 1 3
sin

2 4 4 8
a a a a a ad t t t n

w w w

å õ
= - - -æ ö
ç ÷

 

2
1 2 3 11 12

3 3

1 1
sin sin .

8 2
a a Ft n n

w w
- +                                                                           (2.86)                                                                                                                                            

                                                                                                                                         

Squaring equations (2.85) and (2.86)  then adding (2.85) to (2.86) we obtain 

9 3 3 32 6 2 2 2 445 3 3 5 1 5 1 5 2 2 1 32 24 43 364 163 3

a a a at s t st tt t
w ww w

å õ
æ ö+ - + -
æ ö
ç ÷

 

2 2 2 4 2 2 2
1 1 3 1 1 2 1 2 3 3 1 2 32

3 33

1 1 1
2

2 216
a a a as ss st t s s t

w ww

å õ
+ - - + + + =æ ö
æ ö
ç ÷

 

[ ] [ ]2 2
2 1 3 10 12 10 12 3 1 2 10 12 10 122 2

3 3

1 1
sin sin cos cos sin sin cos cos

4 4
a a F a a Ft n n n n t n n n n

w w
- + - +

[ ] [ ]2 3
1 3 2 11 12 11 12 4 1 10 12 10 122 2

3 3

1 6
sin sin cos cos sin sin cos cos

8 16
a a F a Ft n n n n t n n n n

w w
- + - +  

[ ] [ ]3 2 4
1 4 1 2 3 10 11 10 11 1 3 1 2 3 10 11 10 112 2

3 3

3 1
sin sin cos cos sin sin cos cos

32 16
a a a a a att n n n n tt n n n n

w w
+ + + +  
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[ ]3 2 2 2 4 2 2 6
1 2 1 3 2 10 11 10 11 1 2 3 4 12 2 2 2

3 3 3 3

1 1 1 9
sin sin cos cos

16 4 64 64
a a a F a a att n n n n t t

w w w w
+ + + + +  

4 2 4 2 2 2 2 2 2 4 2 2 4
2 4 1 3 3 4 1 2 2 3 1 2 3 2 1 3 3 1 22 2 2 2 2

3 3 3 3 3

3 3 1 1 1
.

16 16 8 16 16
a a a a a a a a a a at t t t t t t t

w w w w w
+ + + + +                                                                                                                                                

                                                                                                                                       (2.87) 

Using the following formula into equation (2.87) sin sin cos cos cos( )i j i j i jn n n n n n+ = -   

we obtain:   

2 6 2 2 2 4
5 3 3 5 1 5 1 5 2 2 1 32 2

3 33 3

9 3 3 3
4

4 464 16
a a a at s t st tt t

w ww w

å õ
+ - + -æ ö
æ ö
ç ÷

 

2 2 2 4 2 2 2
1 1 3 1 1 2 1 2 3 3 1 2 32

3 33

1 1 1
2

2 216
a a a as ss st t s s t

w ww

å õ
+ - - + + + =æ ö
æ ö
ç ÷

 

2 2
2 1 3 10 12 3 1 2 10 122 2

3 3

1 1
cos( ) cos( )

4 4
a a F a a Ft n n t n n

w w
- - - -  

2 3
1 3 2 11 12 4 1 10 122 2

3 3

1 6
cos( ) cos( )

8 16
a a F a Ft n n t n n

w w
- - - -  

3 2 4
1 4 1 2 3 10 11 1 3 1 2 3 10 112 2

3 3

3 1
cos( ) cos( )

32 16
a a a a a att n n tt n n

w w
+ - + - 

3 2 2 2 4 2 2 6
1 2 1 3 2 10 11 1 2 3 4 12 2 2 2

3 3 3 3

1 1 1 9
cos( )

16 4 64 64
a a a F a a att n n t t

w w w w
+ - + + +  

4 2 4 2 2 2 2 2 2 4 2 2 4
2 4 1 3 3 4 1 2 2 3 1 2 3 2 1 3 3 1 22 2 2 2 2

3 3 3 3 3

3 3 1 1 1

16 16 8 16 16
a a a a a a a a a a at t t t t t t t

w w w w w
+ + + + +  

or simply 

2 6 2 2 2 2 2 4
5 3 3 5 1 5 1 5 2 2 1 2 1 32 2 2

3 33 3 3

9 3 3 3 1
4

4 464 16 16
a a a a at s t st tt t t

w ww w w

å õ
+ - + - -æ ö
æ ö
ç ÷
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2 3 2 2 2 4 2
1 2 1 2 3 1 1 3 1 1 2 1 2 32 2

33 3

1 1 3
( 2

216 16
a a a a att s ss st t s

ww w
- + - - + + 

2 4 2 2 2
3 1 2 2 1 2 4 1 2 3 1 2 32 2 2

3 3 3 3

1 1 3 1
)

2 4 16 8
a a F a a a as t t t t t t

w w w w
+ + - -  

2 3 2 4
1 2 1 4 1 2 1 3 1 2 32 2 2

3 3 3

1 3 1

8 32 16
a F a a a a at tt tt

w w w

å õ
+ - - +æ ö
æ ö
ç ÷

 

2 3 2 2 6 4 2 2 2 4
3 1 2 4 1 4 1 3 4 1 2 3 1 22 2 2 2 2 2

3 3 3 3 3 3

1 6 1 9 3 1
0,

4 16 4 64 16 16
a a F a F F a a a a at t t t t t

w w w w w w

å õ
+ - - - - =æ ö

æ ö
ç ÷

                                                                                                                                        (2.88) 

where cos( ) 1
i j
n n- º for small angles i

n  and j
n . Equation (2.88) can be expressed in the  

following forms 

6 4 3 2
10 3 11 3 12 3 13 3 14 3 150.a a a a aL +L +L +L +L +L =                                                                                                                                                                                                                                                                     

                                                                                                                                       (2.89) 

The coefficients ,i
i
L = 10, 11, 12, 13, 14, 15 are given in Appendix B. 
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2.3 Numerical Results and Discussions 

 

        In this section, the solution of the nonlinear differential equations (2.9-2.11) and the 

        frequency response equations (2.56), (2.73) and (2.89)  are obtained numerically. 

       The stability of the steady-state solution is investigated using the phase plane method 

       and frequency response function and the numerical results are focused on the effect 

       of different parameters . 

2.3.1Time-response solution 

       A non-resonant time response of the system is shown in Fig.2.1 when the governing 

       equations (2.9-2.11) are under external force. In Fig.2.2 different resonance cases are 

        listed and an approximate percentage of increase in maximum steady-state amplitude 

       compared to that in the non-resonant case is indicated. 

 

 (a) Internal resonance cases 

( )( )2.6 , 150%,None,None , Fig.2.2(a)
1 3
w w= =            

( )( )13 , None,None,130% , Fig.2.2(b)
3
w w=            

( )2.6 , (150%, None, None), Fig.2.2(c)
1 2 3
w w w= = =              

 (b) External resonance cases 

      (1) primary resonance: 

( )( )1 1.9 , 250%,250%,160% , Fig.2.2(d)wW= =                       

( )( )2 2.2 , 200%,250%,250% , Fig.2.2(e)wW= =                           

( )( )3 2.6 , 150%,150%,160% , Fig.2.2(f)wW= =              

( )( )3 , None, None,130% , Fig.2.2(g)
3
wW= =                
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(2) Simultaneous resonances:     

( )( )1.9 , 200%,250%,160% , Fig.2.2(h)
1 2 3
w w wW= = = =                 

( )( )2.2 , 250%,250%,160% , Fig.2.2(i)
1 2 3
w w wW= = = =                 

( )( )2.6 , 250%,250%,160% , Fig.2.2(j)
1 2 3
w w wW= = = =                  

( )( )3 , 150%,150%,150% , Fig.2.2(k)
1 2 3
w w wW= = = =    

 

2.3.2Theoretical Frequency Response solution 

         Consequently, results are presented graphically as  the steady-state amplitude of three  

         modes against the detuning parameters to give the frequency response curves. 

         Equations (2.56), (2.73) and (2.89) are shown in Fig.2.3, Fig.2.4 and  Fig.2.5 as the  

         amplitudes 1 2 3
, ,a a a   against the detuning parameters 1 2 3

, ,s s s  for 

         different values of other parameters. Each curve in these figures consists of two 

         branches. Considering Fig.2.3(a) as basic case to compare with, it can be seen from 

         Fig.2.3 (b),(c) that the steady-state   amplitude 
1a  decreases as each of 

3 1, ,a h w 

         are increased but in Fig.2.3, (e) the steady- state amplitude  1a  increases as each of  

        F  increases .Whereas the frequency response curves in Fig.2.3 (h) are shifted to the 

         right as 2s  increases. Considering Fig.2.4 (a) as basic case to compare with, it can be 

         seen from Figs.2.4 (c) that the steady-state amplitude 2a  increases as each of  F are 

         increasing. But in Figs.2.4 (b),(c), (d) and(i) the steady- state amplitude 2a  decreases 

         as each of   1 3 2
, , ,a a b w are increased. In Fig.2.4 (h) the curves are 

        shifted to the right as 1s  increases. Whereas, the frequency response curve are bent to 

        right as 3l from negative to positive values, showing hardening nonlinearity effect, 

        Fig.2.4 (f, g).Considering Fig.2.5 (a) as basic case to compare with, it can be seen 

        From Figs.2.5 (b),(c) that the steady-state amplitude 3
a  increases as each of  

     
  1 2, ,a Ft are increased.
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The nonlinearity effect of 5t is shown in Fig.2.5 (f, g), whereas the curves are being  

shifted in Fig.2.5 (d). 

 

 

 

 

 

 

 

 

 
 

 

                     (a) The first mode 

 

  

 

                     

 

 

 

 

                   (b) The second mode 

 

 

 

 

 

 

 

                (c) The third mode 

 

                       

 

        Fig.2.1: Non-resonant time solution of the 3-D model to external excitation 
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            (a) The first  mode   

 

(a) The second mode              

        (a) The third mode             

continued  Fig.2.2 

 

Fig.2.2 (a): The internal resonance condition 
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(b) The first mode                   

             

               

              

 

 

 

 

 

(b) The second mode                                                                                                              

 

 

 

 

 

 

 

 

(b) The third mode                                                                 

  

continued  Fig.2.2 

 

 Fig.2.2 (b): The internal resonance condition                                                                    
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  (c) The first mode                         

 

 

 

 

 

 

 

c) The second mode(                        

 

 

 

 

 

 

 

 

c) The third mode(                           

  

  

continued  Fig.2.2 

 

 Fig.2.2 (c): The internal resonance condition           
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d) The first mode(                           

 

 

 

 

 

 

d) The second mode(                       

   

  

   

 

 

 

 

d) The third mode(                         

  

 

 

 

 

 

Fig.2.2 (d): The primary resonance condition  

 

continued  Fig.2.2 
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(e) The first mode         

    

e) The second mode(              

         

e) The third mode(         

       

continued  Fig.2.2 

Fig.2.2 (e): The primary resonance condition  
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f) The first mode(           

       

f) The second mode(                   

f) The third mode(              

Fig.2.2 (f): The primary resonance condition  

 

continued  Fig.2.2 
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g) The first mode (             

       

g) The third mode(         

           

     (g) The second mode 

 

Fig.2.2 (g): The primary resonance condition    

 

continued  Fig.2.2 
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h) The first mode(            

h) The second mode(             

h) The third mode(      

continued  Fig.2.2 

Fig.2.2 (h): The Simultaneous resonance condition  
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i) The first mode(                   

 

i) The second mode(                     

i) The third mode(                       

 

continued  Fig.2.2 

 

Fig.2.2 (i): The Simultaneous resonance condition  
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j) The first mode (                    

j) The second mode (                                

 

j) The third mode (                               

Fig.2.2 (j): The Simultaneous resonance condition   

continued  Fig.2.2 
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a)Basic case( (b) Linear damping coefficient 

(c) Non-linear parameter (d) Non-linear parameter 

(e) Excitation force amplitude (f) Non-linear parameter 

Fig.2.3 continued 
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(g) Steady-state amplitude of third mode (h) Detuning parameter 

(i) Natural frequency 

Fig.2.3: Frequency response curves of the first mode of the system at resonance 
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a)Basic case( 
(b) Steady-state amplitude of first mode  

 

(c) Steady-state amplitude of third mode 

 

(d) Linear damping coefficient 

(e) Excitation force amplitude (f) Non-linear parameter 

Fig.2.4 continued 
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(g) Non-linear parameter (h) Detuning parameter 

(i) Natural frequency 

Fig.2.4: Frequency response curves of the second mode of the system at resonance   
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(a) Basic case (b) Steady-state amplitude of first mode 

mode 

(c) Excitation force amplitude (d) Detuning parameter 

(e) Non-linear parameter (f) Non-linear parameter 

Fig.2.5 continued 
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(g) Non-linear parameter (h) Natural frequency 

Fig2.5: Frequency response curves of the third mode of the system at resonance 
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Chapter 3 

Free Vibration Of The Three-Dimensional Nonlinear System 

 

3.1 The governing equations  

In this chapter we will study the solution of  governing equations (1.7-1.9) of the free 

 motion of abeam, where quintic terms are being scaled by e in order to investigate their 

 effect on the behavior of the system. 

2 2 2 2 2 3 2
1 1 2 3 4 5( )g g h g gk h k g g kw e h h h h h¡¡+ + + + + +  

4 2 3 2 3 2 3 4 4
6 7 8 9 10 11( g gk g k h k h g h k h ge a h h h h h h¡+ + + + + + + 

 3 2 5 2 2 4 2 2
12 13 14 15 16 ) 0,g k g h k g g k h g kh h h h h+ + + + + = (3.1) 

2 2 3 2 2
2 1 2 3 4( )h h hgk h hk hgw e l l l l¡¡+ + + + +  

4 3 2 5 3 4
5 6 7 8 9( h hg h k h hgk hke b l l l l l¡+ + + + + +  

3 2 3 2 2 3
10 11 12 13 ) 0,h g gkh hg k hkgl l l l+ + + + =                                                         (3.2) 

2 2 2 2 2 3 3
3 1 2 3 4 5( )k k h k gk gh g kw e t t t t t¡¡+ + + + + + 

5 4 2 3 2 3 2 3 4
6 7 8 9 10 11( k k g k g k k g h g h ge d t t t t t t¡+ + + + + + + 

2 2 2 2 5 4 2 3
12 13 14 15 16 ) 0.gh k kh g g h k h kt t t t t+ + + + + =

 
                                            (3.3)   
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Using equations (2.17) and (2.18) into equation (3.1) we obtain 

2 2 2 2
0 0 0 1 0 1 0 0 1 1 1 0 12 2 ( )D g D g D D g D D g g ge e e w e+ + + + + 

2 2 2
1 0 1 0 1 2 0 1 0 1( ( ) ( ) ( ) ( )h h g g k k g ge h e e h e e+ + + + + + + 

2 3 2
3 0 1 0 1 4 0 1 5 0 1 0 1( ) ( ) ( ) ( ) ( )h h k k g g g g k kh e e h e h e e+ + + + + + + + 

2 4 3 2
0 0 0 1 1 0 1 1 6 0 1 0 1 7 0 1 0 1( ( ) ( ) ( ) ( ) ( )D g D g D g D g k k g g k k g ge a e e e h e e h e e+ + + + + + + + + + 

3 2 3 2 4 4
8 0 1 0 1 9 0 1 0 1 10 0 1 0 1 11 0 1 0 1( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )k k h h g g h h h h k k h h g gh e e h e e h e e h e e+ + + + + + + + + + + +

3 2 5 2 2
12 0 1 0 1 13 0 1 14 0 1 0 1 0 1( ) ( ) ( ) ( ) ( ) ( )g g k k g g h h k k g gh e e h e h e e e+ + + + + + + + + 

4 2 2
15 0 1 0 1 16 0 1 0 1 0 1( ) ( ) ( ) ( )( ) ) 0g g k k h h k k g gh e e h e e e+ + + + + + + =                                             (3.4) 

Now equating the coefficient of the same powers of e yields 

0( ):o e ( )2 2
0 1 0 0.D gw+ =                                                                                                      (3.5) 

1( ):o e ( )2 2 4 3 2 3 2 3 2
0 1 1 0 1 0 0 0 6 0 0 7 0 0 8 0 0 9 0 02D g D D g D g k g k g k h g hw a h h h h+ =- - - - - -   

4 4 3 2 5 2 2 4 2 2
10 0 0 11 0 0 12 0 0 13 0 14 0 0 0 15 0 0 16 0 0 0.h k h g g k g h k g g k h g kh h h h h h h- - - - - - -                      (3.6)                  

The general solution of equations (3.5) is given by 

1 0 1 0
0 0 1 1 1( , ) ( ) ( ) .

i T i T
g T T A T e A T e

w w-
= +                                                                       (3.7)                                                                                                                                                                                                                                 

Similarly, using equations (2.17) and (2.18) into equation (3.2) we obtain 

2 2 2 2
0 0 0 1 0 1 0 0 1 1 2 0 12 2 ( )D h D h D D h D D h h he e e w e+ + + + +

2 3
1 0 1 0 1 0 1 2 0 1( ( )( )( ) ( )h h g g k k h he l e e e l e+ + + + + +
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2 2
3 0 1 0 1 4 0 1 0 1( )( ) ( )( ) )h h k k h h g gl e e l e e+ + + + + +

2 4 3 2
0 0 0 1 1 0 1 1 5 0 1 0 1 6 0 1 0 1( ( ) ( )( ) ( ) ( )D h D h D h D h h h g g h h k ke b e e e l e e l e e+ + + + + + + + + +

5 3 4
7 0 1 8 0 1 0 1 0 1 9 0 1 0 1( ) ( )( )( ) ( )( )h h h h g g k k h h k kl e l e e e l e e+ + + + + + + + +

3 2 3
10 0 1 0 1 11 0 1 0 1 0 1( ) ( ) ( ) ( )( )h h g g h h g g k kl e e l e e e+ + + + + + +

2 2 3
12 0 1 0 1 0 1 13 0 1 0 1 0 1( )( ) ( ) ( )( )( ) ) 0.h h g g k k h h k k g gl e e e l e e e+ + + + + + + + =   

                                                                                                                                          (3.8) 

Now equating the coefficient of the same powers of e yields 

0( ):o e ( )2 2
0 2 0 0D hw+ =                                                                                                        (3.9) 

1( ):o e ( )2 2 4 3 2
0 2 1 0 1 0 0 0 5 0 0 6 0 02D h D D h D h g h h kw b l l+ =- - - - -

5 3 4 3 2 3 2 2 3
7 0 8 0 0 0 9 0 0 10 0 0 11 0 0 0 12 0 0 0 13 0 0 0h k g h k h h g h g k g k h g h kl l l l l l l- - - - - - -

                                                                                                                                        (3.10) 

The general solution of equations (3.9) is given by 

2 0 2 0
0 0 1 1 1( , ) ( ) ( ) .

i T i T
h T T B T e B T e

w w-
= +                                                            (3.11) 

Using equations (2.17) and (2.18) into equation (3.3) we obtain 

2 2 2 2
0 0 0 1 0 1 0 0 1 1 3 0 12 2 ( )D k D k D D k D D k k ke e e w e+ + + + +

2 2 2
1 0 1 0 1 2 0 1 0 1( ( ) ( ) ( )( )h h k k g g k ke t e e t e e+ + + + + +

 

2 3 3
3 0 1 0 1 4 0 1 5 0 1( )( ) ( ) ( ) )g g h h g g k kt e e t e t e+ + + + + + +

2 5 4
0 0 0 1 1 0 1 1 6 0 1 7 0 1 0 1( ( ) ( ) ( ) ( )D k D k D k D k k k g g k ke d e e e t e t e e+ + + + + + + + +

2 3 3 2
8 0 1 0 1 9 0 1 0 1( ) ( ) ( ) ( )g g k k g g k kt e e t e e+ + + + + +
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3 2 4 2 2
10 0 1 0 1 11 0 1 0 1 12 0 1 0 1 0 1( ) ( ) ( )( ) ( )( ) ( )g g h h g g h h g g h h k kt e e t e e t e e e+ + + + + + + + + +

2 2 5
13 0 1 0 1 0 1 14 0 1( ) ( ) ( ) ( )g g h h k k g gt e e e t e+ + + + + +

4 2 3
15 0 1 0 1 16 0 1 0 1( ) ( ) ( ) ( ) ) 0.h h k k h h k kt e e t e e+ + + + + + =                                   (3.12) 

Now equating the coefficient of the same powers of e yields 

0( ) :o e ( )2 2
0 3 0 0.D kw+ =                                                                                              (3.13)                                                                                    

1( ) :o e  ( )2 2 5 4 3 2 3 2
0 3 1 0 1 0 0 0 6 0 7 0 0 8 0 0 9 0 02D k D D k D k k g k k g g kw d t t t t+ =- - - - - -  

3 2 4 2 2 2 2 5 4 2 3
10 0 0 11 0 0 12 0 0 0 13 0 0 0 14 0 15 0 0 16 0 0g h h g h k g g h k g h k h kt t t t t t t- - - - - - -                     (3.14)                                         

The general solution of equations (3.13) is given by 

3 0 3 0
0 0 1 1 1( , ) ( ) ( ) .

i T i T
k T T C T e C T e

w w-
= +                                                                       (3.15)                                                                 

 

To solve equations (3.6) we use equations (3.7), (3.11) and (3.15) and simplifying 

 Equation (3.6) becomes 

( ) (4 ) ( 4 )2 2 4 41 0 1 0 3 1 0 3 1 0
0 1 1 1 1 6 62

i T i T i T i T
D g i A e i Ae C Ae C Ae

w w w w w ww w a w h h+ - +¡+ =- - - -

( ) ( )(2 ) (2 )3 2 3 23 1 0 3 1 0
6 14 6 144 2 4 2

i T i T
C CA C ABB e C CA C ABB e

w w w wh h h h+ +
+ - - + - -

( )2 2 2 2 2 2 1 02 6 6 6 6 4
1 1 6 9 14 12 14

i T
i A i A AC C BBA A B B A BBA A CCBBA e

w
w a w h h h h h¡+ - - - - - -

( )(3 2 ) ( 3 2 ) 33 2 3 2 3 33 1 0 3 1 0 3 0
7 7 7 82 2

i T i T i T
C A e C A e C AA C BB e

w w w w wh h h h+ - +
- - + - -

( ) ( )( 2 ) ( 2 )2 2 3 2 2 2 3 23 1 0 3 1 0
7 15 16 7 15 163 4 2 3 4 2

i T i T
C CA CA A CBBA e C CA CA A CBBA e

w w w wh h h h h h+ - +
+ - - - + - - -

 



60 

 

( )
(3 2 )

2 2 2 2 2 2 3 23 0 3 2 06 6 6 6 4
7 8 10 15 16 8

i T i T
C CAA C CBB B B C CA A CBBAA e C B e

w w w
h h h h h h

+
+ - - - - - -

 

( )
( 3 2 ) ( 2 )

3 2 2 2 3 23 2 0 3 2 03 4 2
8 8 10 16

i T i T
C B e C CB B BC CB AA e

w w w w
h h h h

- + +
- + - - -

 

( ) ( )
( 2 ) (2 3 )

2 2 3 2 2 3 2 33 2 0 2 1 03 4 2
8 10 16 9 12

i T i T
C CB B BC CB AA e B A B A e

w w w w
h h h h h

- + +
+ - - - + - -

 

( ) ( )
( 2 3 ) (2 )

2 3 2 3 2 2 3 2 2 22 1 0 2 1 03 4 3 2
9 12 9 11 12 14

i T i T
B A B A e B A A B BA B A A CCB A e

w w w w
h h h h h h

- + +
+ - - + - - - -

 

( ) ( )
( 2 ) 3

2 2 3 2 2 2 3 32 1 0 1 03 4 3 2 2 2
9 11 12 14 9 12

i T i T
B A A B BA B A A CCB A e A BB A BB e

w w w
h h h h h h

- +
+ - - - - + - -

 

(4 ) (4 ) (4 ) (4 )
4 4 4 42 3 0 2 3 0 2 1 0 2 1 0

10 10 11 11

i T i T i T i T
CB e CB e B Ae B Ae

w w w w w w w w
h h h h

+ - + +
- - - -

 

5 (2 2 ) ( 2 2 )
5 2 2 2 21 0 3 2 1 0 3 2 1 0

13 14 14

i T i T i T
A e C B Ae C B Ae

w w w w w w w
h h h

+ + - - +
- - -

 

(2 2 ) ( 2 2 ) ( 4 )
2 2 2 2 43 2 1 0 3 2 1 0 3 1 0

14 14 15

i T i T i T
C B Ae C B Ae CA e

w w w w w w w w
h h h

- + - + + +
- - -

 

( 4 ) ( 2 2 )
4 2 23 1 0 3 2 1 0

15 16

i T i T
CA e CB A e

w w w w w
h h

- + + +
- -

 

( 2 2 ) ( 2 2 ) ( 2 2 )
2 2 2 2 2 23 2 1 0 3 2 1 0 3 2 1 0

16 16 16

i T i T i T
CB A e CB A e CB A e cc

w w w w w w w w w
h h h

- - + - + - + +
- - - + 

 

                                                                                                                                    (3.16) 

where cc is a complex conjugate for every preceding term 

The particular solution of equation (3.16) is given by 

4 4
(4 ) ( 4 )6 63 1 0 3 1 0

1 0 1
3 3 1 3 3 1

( , )
8 (2 ) 8 ( 2 )

i T i TC A C
g T T e Ae

w w w wh h

w w w w w w

+ - +
= -

+ - +
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( ) ( )3 2 3 2
6 14 6 14(2 ) ( 2 )3 1 0 3 1 0

3 3 1 3 3 1

4 2 4 2

4 ( ) 4 ( )

i T i T
C CA C ABB C CA C ABB

e e
w w w w

h h h h

w w w w w w

+ - +
+ - -

+ +
+ - +

( )3 33 2 3 2
7 8(3 2 ) ( 3 2 ) 37 73 1 0 3 1 0 3 0

1 3 1 3 1 3 1 3 1 3 1 3

2 2

3( 3 )( ) 3( 3 )( ) ( 3 )( 3 )

i T i T i T
C AA C BBC A C A

e e e
w w w w w

h hh h

w w w w w w w w w w w w

+ - +
- -

- - +
+ + - - - +

( ) ( )2 2 3 2 2 2 3 2
7 15 16 7 15 16( 2 ) ( 2 )3 1 0 3 1 0

1 2 1 2 1 2 1 2

3 4 2 3 4 2

(3 )( ) (3 )( )

i T i T
C CA CA A CBBA C CA CA A CBBA

e e
w w w w

h h h h h h

w w w w w w w w

+ - +
- - - - - -

+ +
+ + - -

( )2 2 2 2 2 2 3 2
7 8 10 15 16 (3 2 )83 0 3 2 0

1 3 1 3 2 3 1 2 3 1

6 6 6 6 4

( )( ) (2 3 )( 2 3 )

i T i T
C CAA C CBB B B C CA A CBBAA C B

e e
w w w

h h h h h h

w w w w w w w w w w

+
- - - - -

+ -
- + + + - - +

( )2 2 3 23 2
8 10 16( 3 2 ) ( 2 )8 3 2 0 3 2 0

2 3 1 2 3 1 2 3 1 2 3 1

3 4 2

(2 3 )( 2 3 ) (2 )( 2 )

i T i T
C CB B BC CB AAC B

e e
w w w w

h h hh

w w w w w w w w w w w w

- + +
- - -

- +
- + - + + + + - - +

( ) ( )2 2 3 2 2 3 2 3
8 10 16 9 12( 2 ) (2 3 )3 2 0 2 1 0

2 3 1 2 3 1 1 2 1 2

3 4 2

(2 )( 2 ) 4( )(2 )

i T i T
C CB B BC CB AA B A B A

e e
w w w w

h h h h h

w w w w w w w w w w

- + +
- - - - -

+ +
- + - + + + +

( ) ( )2 3 2 3 2 2 3 2 2 2
9 12 9 11 12 14( 2 3 ) (2 )2 1 0 2 1 0

1 2 1 2 2 1 2

3 4 3 2

4( )(2 ) 4 ( )

i T i T
B A B A B A A B BA B A A CCB A

e e
w w w w

h h h h h h

w w w w w w w

- + +
+ - - - -

+ +
- - +

( ) ( )2 2 3 2 2 2 3 3
9 11 12 14 9 12( 2 ) 32 1 0 1 0

2
2 1 2 1

3 4 3 2 2 2

4 ( ) 8

i T i T
B A A B BA B A A CCB A A BB A BB

e e
w w w

h h h h h h

w w w w

- +
- - - - +

+ +
-

4 4
(4 ) (4 )10 102 3 0 2 3 0

2 3 1 2 3 1 2 3 1 2 3 1(4 )( 4 ) (4 )( 4 )

i T i TCB CB
e e

w w w wh h

w w w w w w w w w w w w

+ -
- -

+ + - - + - + - + +

54 4
(4 ) (4 ) 51311 112 1 0 2 1 0 1 0

2
2 1 2 2 1 2 1

8 ( ) 8 ( ) 24

i T i T i TAB A B A
e e e

w w w w whh h

w w w w w w w

+ +
- - +

+ -

2 2 2 2
(2 2 ) ( 2 2 )14 143 2 1 0 3 2 1 0

2 3 1 2 3 2 3 1 2 34( )( ) 4( )( )

i T i TC B A C B A
e e

w w w w w wh h

w w w w w w w w w w

+ + - - +
+ +

+ + + + - -

2 2 2 2
(2 2 ) ( 2 2 )14 143 2 1 0 3 2 1 0

2 3 1 2 3 2 3 1 2 34( )( ) 4( )( )

i T i TC B A C B A
e e

w w w w w wh h

w w w w w w w w w w

- + - + +
+ +

- - + - + -

4 4
( 4 ) ( 4 )15 153 1 0 3 1 0

1 3 1 3 1 3 1 3(3 )(5 ) (3 )(5 )

i T i TCA CA
e e
w w w wh h

w w w w w w w w

+ - +
+

+ + - -
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2 2 2 2
( 2 2 ) ( 2 2 )16 163 2 1 0 3 2 1 0

2 3 1 2 3 1 2 3 1 2 3 1(2 3 )(2 ) ( 2 3 )( 2 )

i T i TCB A CB A
e e
w w w w w wh h

w w w w w w w w w w w w

+ + - - +
+ +

+ + + + - - + - - +

2 2 2 2
( 2 2 ) ( 2 2 )16 163 2 1 0 3 2 1 0

2 3 1 2 3 1 2 3 1 2 3 1( 2 3 )( 2 ) (2 3 )(2 )

i T i TCB A CB A
e e cc
w w w w w wh h

w w w w w w w w w w w w

- + - + +
+ + +
- + + - + + - + - +

                                                                                                                                        (3.17) 

Similarly to solve equations (3.10) we use equations (3.7) , (3.11) and (3.15) and 

  simplifying Equation (3.10) becomes 

( ) ( )2 2 2 2 2 3 2 2 2 2 2 02 6 6 10 6 6 40 2 1 2 2 6 6 7 9 10 12
i T

D h i B i B BA A CCB B B B C C B B BAA CCAAB e
ww w b w l l l l l l¡+ = - - - - - - - -

(4 ) (4 )4 41 2 0 1 2 0
5 5

i T i T
BA e BA e

w w w wl l+ -
- -        

( ) ( )(2 ) (2 )3 2 2 2 2 3 2 2 2 21 2 0 1 2 0
5 10 12 5 10 124 3 2 4 3 2

i T i T
BA A B BA C BA e BA A B BA C BA e

w w w wl l l l l l+ -
+ - - - + - - -

  ( ) ( )(3 2 ) (3 2 )2 3 3 2 2 3 3 22 3 0 2 3 0
6 10 6 10

i T i T
C B B A e C B B A e

w w w wl l l l+ -
- + - +           

 

( ) ( )( 2 ) ( 2 )2 2 3 2 2 2 3 22 3 0 2 3 0
6 9 12 6 9 123 4 2 3 4 2

i T i T
C B B C CB C BAA e C B B C CB C BAA e

w w w wl l l l l l+ +
- + + - + +

( )3 5 ( 3 )3 4 3 5 32 0 2 0 1 2 3 0
6 7 10 7 82 5 2

i T i T i T
CCB B B B B AA e B e C BAe

w w w w wl l l l l + +
- + + - -

( 3 ) ( 3 ) ( 3 )3 3 31 2 3 0 1 2 3 0 1 2 3 0
8 8 8

i T i T i T
C BAe C BAe C BAe

w w w w w w w w wl l l- - - + + -
- - -

( ) ( )( ) ( )2 2 2 2 2 21 2 3 0 1 2 3 0
8 11 13 8 11 133 3 3 3 3 3

i T i T
C CBA CB BA CBA A e C CBA CB BA CBA A e

w w w w w wl l l l l l+ + - -
- + + - + +

( ) ( )( ) ( )2 2 2 2 2 21 2 3 0 1 2 3 0
8 11 13 8 11 133 3 3 3 3 3

i T i T
C CBA CB BA CBA A e C CBA CB BA CBA A e

w w w w w wl l l l l l- + + -
- + + - + +

( 4 ) ( 4 ) (2 3 )4 4 3 22 3 0 2 3 0 1 2 0
9 9 10

i T i T i T
C Be C Be B A e

w w w w w wl l l+ - -
- - -

 

( 3 ) ( 3 ) ( 3 )3 3 31 2 3 0 1 2 3 0 1 2 3 0
11 11 11

i T i T i T
CB Ae CB Ae CB Ae

w w w w w w w w wl l l+ + - - - +
- - -

( 3 ) (2 2 ) (2 2 )3 2 2 2 21 2 3 0 1 2 3 0 1 2 3 0
11 12 12

i T i T i T
CB Ae C A Be C A Be

w w w w w w w w wl l l+ - + + - -
- - -
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(2 2 ) (2 2 ) (3 )2 2 2 2 31 2 3 0 1 2 3 0 1 2 3 0
12 12 13

i T i T i T
C A Be C A Be CA Be

w w w w w w w w wl l l- + + - + +
- - -

(3 ) (3 ) (3 )3 3 31 2 3 0 1 2 3 0 1 2 3 0
13 13 13 ,

i T i T i T
CA Be CA Be CA Be cc

w w w w w w w w wl l l- - - + + -
- - - +

                                                                                                                    (3.18) 

where cc is a complex conjugate for every preceding term 

The particular solution of equation (3.18) is given by 

4 4
(4 ) (4 )5 51 2 0 1 2 0

1 0 1
1 1 2 1 1 2

( , )
8 (2 ) 8 ( 2 )

i T i TBA BA
h T T e e

w w w wl l

w w w w w w
+ -

= +
+ - +

 

( ) ( )3 2 2 2 2 3 2 2 2 2
5 10 12 5 10 12(2 ) (2 )1 2 0 1 2 0

1 1 2 1 1 2

4 3 2 4 3 2

4 ( ) 4 ( )

i T i T
BA A B BA C BA BA A B BA C BA

e e
w w w w

l l l l l l

w w w w w w

+ -
- - - - - -

+ +
+ - +

( ) ( )2 3 3 2 2 3 3 2
6 10 6 10(3 2 ) (3 2 )2 3 0 2 3 0

2 3 2 3 2 3 2 34( )(2 ) 4( )(2 )

i T i T
C B B A C B B A

e e
w w w w

l l l l

w w w w w w w w

+ -
+ +

+ +
+ + - -

 

( ) ( )2 2 3 2 2 2 3 2
6 9 12 6 9 12( 2 ) ( 2 )2 3 0 2 3 0

3 2 3 3 2 3

3 4 2 3 4 2

4 ( ) 4 ( )

i T i T
C B B C CB C BAA C B B C CB C BAA

e e
w w w w

l l l l l l

w w w w w w

+ -
+ + + +

- +
+ -

( )3 4 3 5 3
6 7 10 3 5 ( 3 )7 82 0 2 0 1 2 3 0

2 2
1 3 1 2 32 2

2 5 2

( 3 )( 2 3 )8 24

i T i T i T
CCB B B B B AA B C BA

e e e
w w w w w

l l l l l

w w w w ww w

+ +
+ +

+ + +
+ + +

3 3
( 3 ) ( 3 )8 81 2 3 0 1 2 3 0

1 3 1 2 3 1 3 1 2 3( 3 )( 2 3 ) ( 3 )( 2 3 )

i T i TC BA C BA
e e
w w w w w wl l

w w w w w w w w w w

- - - +
+ +

- - - + - +

( )2 2 23
8 11 13( 3 ) ( )8 1 2 3 0 1 2 3 0

1 3 1 2 3 1 3 1 2 3

3 3 3

( 3 )( 2 3 ) ( )( 2 )

i T i T
C CBA CB BA CBA AC BA

e e
w w w w w w

l l ll

w w w w w w w w w w

+ - + +
+ +

+ +
- + - + + +

( ) ( )2 2 2 2 2 2
8 11 13 8 11 13( ) ( )1 2 3 0 1 2 3 0

1 3 1 2 3 1 3 1 2 3

3 3 3 3 3 3

( )( 2 ) ( )( 2 )

i T i T
C CBA CB BA CBA A C CBA CB BA CBA A

e e
w w w w w w

l l l l l l

w w w w w w w w w w

- - - +
+ + + +

+ +
- - - + - +
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 ( )2 2 2 4
8 11 13 ( ) ( 4 )91 2 3 0 2 3 0

1 3 1 2 3 3 2 3

3 3 3

( )( 2 ) 8 ( 2 )

i T i T
C CBA CB BA CBA A C B

e e
w w w w w

l l l l

w w w w w w w w

+ - +
+ +

+ +
- + - +

4 3 2
( 4 ) (2 3 )9 102 3 0 1 2 0

3 2 3 1 2 1 28 ( 2 ) ( )( 2 )

i T i TC B B A
e e
w w w wl l

w w w w w w w

- -
+ +

- - -

 

3 3
( 3 ) ( 3 )11 111 2 3 0 1 2 3 0

1 2 3 1 2 3 1 2 3 1 2 3( 2 )( 4 ) ( 2 )( 4 )

i T i TCB A CB A
e e
w w w w w wl l

w w w w w w w w w w w w

+ + - -
+ +

+ + + + - - - -

3 3
( 3 ) ( 3 )11 111 2 3 0 1 2 3 0

1 2 3 1 2 3 1 2 3 1 2 3( 2 )( 4 ) ( 2 )( 4 )

i T i TCB A CB A
e e
w w w w w wl l

w w w w w w w w w w w w

- + + -
+ +

- + - + + - + -

2 2 2 2
(2 2 ) (2 2 )12 121 2 3 0 1 2 3 0

1 3 1 2 3 1 3 1 2 34( )( ) 4( )( )

i T i TC A B C A B
e e

w w w w w wl l

w w w w w w w w w w

+ + - -
+ +

+ + + - - -

2 2 2 2
(2 2 ) (2 2 )12 121 2 3 0 1 2 3 0

1 3 1 2 3 1 3 1 2 34( )( ) 4( )( )

i T i TC A B C A B
e e

w w w w w wl l

w w w w w w w w w w

- + + -
+ +

+ - + - + -

3 3
(3 ) (3 )13 131 2 3 0 1 2 3 0

1 3 1 2 3 1 3 1 2 3(3 )(3 2 ) (3 )(3 2 )

i T i TCA B CA B
e e

w w w w w wl l

w w w w w w w w w w

+ + - -
+ +

+ + + - - -

3 3
(3 ) (3 )13 131 2 3 0 1 2 3 0

1 3 1 2 3 1 3 1 2 3

.
(3 )(3 2 ) (3 )(3 2 )

i T i TCA B CA B
e e cc

w w w w w wl l

w w w w w w w w w w

- + + -
+ + +

+ - + - + -
   

                                                                                                                                   (3.19)  

Similarly to solve equations (3.14) we use equations (3.7) , (3.11) and (3.15) and 

 simplifying Equation (3.14) becomes  

( ) ( )2 2 3 3 2 2 2 2 2 2 3 0
0 3 1 3 3 6 7 8 13 15 162 10 6 6 4 6 6

i T
D k i C i C C C CA A C CAA CBBAA CB B C CBB e

ww w d w t t t t t t¡+ = - - - - - - - -

( )5 3 (4 )5 4 3 3 43 0 3 0 1 3 0
6 6 8 16 75 2 2

i T i T i T
C e C C C AA C BB e CA e

w w w wt t t t t +
- - + + -  

( )(4 ) (2 )4 4 2 2 21 3 0 1 3 0
7 7 8 134 3 2

i T i T
CA e CA A C CA CBBA e

w w w wt t t t- +
- - + +  
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( ) (2 ) (2 3 )4 2 2 2 3 21 3 0 1 3 0
7 8 13 84 3 2

i T i T
CA A C CA CBBA e C A e

w w w wt t t t- +
- + + -  

(2 3 ) (3 2 ) (3 2 )3 2 2 3 2 31 3 0 1 3 0 1 3 0
8 9 9

i T i T i T
C A e C A e C A e

w w w w w wt t t- + -
- - -  

( ) ( )( 2 ) ( 2 )2 2 2 2 2 21 3 0 1 3 0
9 12 9 123 2 3 2

i T i T
C A A C BBA e C A A C BBA e

w w w wt t t t+ -
- + - +  

( )(3 2 ) ( 2 )2 3 2 2 2 31 2 0 1 2 0
10 10 12 113 2 4

i T i T
B A e B A A CCB A B BA e

w w w wt t t t+ +
- - + +  

( ) ( 2 ) (3 2 )2 2 2 3 2 31 2 0 1 2 0
10 12 11 103 2 4

i T i T
B A A CCB A B BA e B A e

w w w wt t t t- -
- + + -  

( 4 ) ( 4 ) ( 2 2 )4 4 2 21 2 0 1 2 0 1 2 3 0
11 11 12

i T i T i T
B Ae B Ae C B Ae

w w w w w w wt t t+ - + +
- - -  

( 2 2 ) ( 2 2 ) ( 2 2 )2 2 2 2 2 21 2 3 0 1 2 3 0 1 2 3 0
12 12 12

i T i T i T
C B Ae C B Ae C B Ae

w w w w w w w w wt t t- - - + + -
- - -

( )2 2 2 2 3 2 1 0
9 10 11 12 146 6 6 4 10

i T
CCA A BBA A B B A CCBBA A A e

wt t t t t- + + + +  

(2 2 ) (2 2 )2 2 2 21 2 3 0 1 2 3 0
13 13

i T i T
CB A e CB A e

w w w w w wt t+ + - -
- -  

(2 2 ) (2 2 )2 2 2 21 2 3 0 1 2 3 0
13 13

i T i T
CB A e CB A e

w w w w w wt t- + + -
- -  

( ) ( )(2 ) (2 )2 2 2 2 2 22 3 0 2 3 0
13 16 13 162 3 2 3

i T i T
CB AA C CB e CB AA C CB e

w w w wt t t t+ -
- + - +  

5 (4 ) (4 )5 4 41 0 2 3 0 2 3 0
14 15 15

i T i T i T
A e CB e CB e

w w w w wt t t+ -
- - -   

(2 3 ) (2 3 )3 2 3 22 3 0 2 3 0
16 16 ,

i T i T
C B e C B e cc

w w w wt t+ -
- - +  

                                                                                                                                       (3.20) 
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where cc is a complex conjugate for every preceding term. 

The particular solution of equation (3.20) is given by 

( )4 3 35 4
6 8 165 3 (4 )6 73 0 3 0 1 3 0

1 0 1 2 2
1 1 33 3

5 2 2
( , )

8 ( )24 8

i T i T i T
C C C AA C BBC CA

k T T e e e
w w w w

t t tt t

w w ww w

+
+ +

= + +
+

( )4 2 2 24
7 8 13(4 ) (2 )7 1 3 0 1 3 0

1 1 3 1 1 3

4 3 2

8 ( ) 4 ( )

i T i T
CA A C CA CBBACA

e e
w w w w

t t tt

w w w w w w

- +
+ +

+ +
- + +

( )4 2 2 2 3 2
7 8 13 (2 ) (2 3 )81 3 0 1 3 0

1 1 3 1 3 1 3

4 3 2

4 ( ) 4( 2 )( )

i T i T
CA A C CA CBBA C A

e e
w w w w

t t t t

w w w w w w w

- +
+ +

+ +
- + + +

3 2 2 3 2 3
(2 3 ) (3 2 ) (3 2 )8 9 91 3 0 1 3 0 1 3 0

1 3 1 3 1 3 1 3 1 3 1 34( 2 )( ) 3( )(3 ) 3( )(3 )

i T i T i TC A C A C A
e e e

w w w w w wt t t

w w w w w w w w w w w w

- + -
+ + +

- - + + - -

( ) ( )2 2 2 2 2 2
9 12 9 12( 2 ) ( 2 )1 3 0 1 3 0

1 3 1 3 1 3 1 3

3 2 3 2

( 3 )( ) ( 3 )( )

i T i T
C A A C BBA C A A C BBA

e e
w w w w

t t t t

w w w w w w w w

+ -
+ +

+ +
+ + - -

( )2 2 2 32 3
10 12 11(3 2 ) ( 2 )10 1 2 0 1 2 0

1 2 3 1 2 3 1 2 3 1 2 3

3 2 4

(3 2 )(3 2 ) (3 2 )(3 2 )

i T i T
B A A CCB A B BAB A

e e
w w w w

t t tt

w w w w w w w w w w w w

+ +
+ +

+ +
+ + + - - + - -

( )2 2 2 3 2 3
10 12 11 ( 2 ) (3 2 )101 2 0 1 2 0

1 2 3 1 2 3 1 2 3 1 2 3

3 2 4

( 2 )( 2 ) (3 2 )(3 2 )

i T i T
B A A CCB A B BA B A

e e
w w w w

t t t t

w w w w w w w w w w w w

- -
+ +

+ +
- + - - - + - -

4 4
( 4 ) ( 4 )11 111 2 0 1 2 0

1 2 3 1 2 3 1 2 3 1 2 3( 4 )( 4 ) ( 4 )( 4 )

i T i TB A B A
e e
w w w wt t

w w w w w w w w w w w w

+ -
+ +

+ + + - - + - -

2 2 2 2
( 2 2 ) ( 2 2 )12 121 2 3 0 1 2 3 0

1 2 3 1 2 3 1 2 3 1 2 3( 2 )( 2 3 ) ( 2 )( 2 3 )

i T i TC B A C B A
e e
w w w w w wt t

w w w w w w w w w w w w

+ + - -
+ +

+ + + + - - - -

2 2 2 2
( 2 2 ) ( 2 2 )12 121 2 3 0 1 2 3 0

1 2 3 1 2 3 1 2 3 1 2 3( 2 )( 2 3 ) ( 2 )( 2 3 )

i T i TC B A C B A
e e
w w w w w wt t

w w w w w w w w w w w w

- + + -
+ +

- + - + + - + -

( )2 2 2 2 3 2
9 10 11 12 14

1 0

1 3 1 3

6 6 6 4 10

( )( )

i T
CCA A BBA A B B A CCBBA A A

e
w

t t t t t

w w w w

+ + + +
+

- + +

2 2 2 2
(2 2 ) (2 2 )13 131 2 3 0 1 2 3 0

1 2 1 2 3 1 2 1 2 34( )( ) 4( )( )

i T i TCB A CB A
e e

w w w w w wt t

w w w w w w w w w w

+ + - -
+ +

+ + + - - -
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2 2 2 2
(2 2 ) (2 2 )13 131 2 3 0 1 2 3 0

1 2 1 2 3 1 2 1 2 34( )( ) 4( )( )

i T i TCB A CB A
e e

w w w w w wt t

w w w w w w w w w w

- + + -
+ +

- - + + + -

( ) ( )2 2 2 2 2 2
13 16 13 16(2 ) (2 )2 3 0 2 3 0

2 2 3 2 2 3

2 3 2 3

4 ( ) 4 ( )

i T i T
CB AA C CB CB AA C CB

e e
w w w w

t t t t

w w w w w w

+ -
+ +

+ +
+ - +

4 45
5 (4 ) (4 )15 1514 1 0 2 3 0 2 3 0

1 3 1 3 2 2 3 2 2 3( 5 )(5 ) 8 ( ) 8 ( )

i T i T i TCB CBA
e e e
w w w w wt tt

w w w w w w w w w w

+ -
+ + +
- + + + - +

(2 3 )2 3 03 2 3 2
(2 3 )16 162 3 0

2 3 2 3 2 3 2 34( 2 )( ) 4( 2 )( )

i T

i TC B C B e
e cc

w w

w wt t

w w w w w w w w

-

+
+ + +

+ + - -

 

                                                                                                                                        (3.21) 
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3.1.1 Stability analysis 

        In this section we shall study the stability of the nonlinear system by considering the 

        following relations between the natural frequency of the three mode of the system  

1 3 13w w es= +
                    

2 1 23w w es= +
                       

3 2 32w w es= +
                          (3.22)               

Now if we eliminate the secular terms of equation (3.16) which are the coefficients of 

 
1 0i T

e
w

, then we get 

( )2 2 2 2 2 2 1 0
6 9 11 12 146 6 6 6 4

i T
AC C BBA A B B A BBA A CCBBA e

wh h h h h- - - - -  

( )33 3 3 0
7 82 2 0.

i T
C AA C BB e

wh h- + =                                                                             (3.23)   

Substituting 
3w from equation (3.22) into equations (3.23), we get  

( )2 2 2 2 2 2 1 0
6 9 11 12 146 6 6 6 4

i T
AC C BBA A B B A BBA A CCBBA e

wh h h h h- - - - -

( )3 3 1 0 1 1
7 82 2 0.

i T i T
C AA C BB e e

w sh h -
- + =                                                                   (3.24)   

Dividing both sides of equation (3.24) by 1 0i T
e
w ,we get  

( )2 2 2 2 2 2
6 9 11 12 146 6 6 6 4AC C BBA A B B A BBA A CCBBAh h h h h- - - - -   

( )3 3 1 1
7 82 2 0.

i T
C AA C BB e

sh h -
- + =                                                                   (3.25) 

Now we use the polar forms for A, B and C  

1
1

1
,

2

i
A a e

q
=

            2
2

1
,

2

i
B a e

q
=

             3
3

1

2

i
C a e

q
=

   

                                                                                                                                        (3.26)   
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where 
1 2 3 1 2 3, , , , ,a a a q q q are functions of 1

.T   

Substituting A, B and C from equation (3.26) into equations (3.25) we obtain 

4 2 3 4 2 3 2 2 1
1 1 1 1 1 1 1 6 1 3 9 2 1 11 1 2 12 2 1 14 1 2 3

1 3 3 3 3 1

2 16 16 16 16 8

i
ia a i a a a a a a a a a a a a e

qw wq aw h h h h h¡ ¡
å õ
- + - - - - - -æ ö
ç ÷

(3 )2 3 2 3 3 1 1
7 1 3 8 2 3

1 1
0

16 16

i T
a a a a e

q sh h -å õ
- + =æ ö
ç ÷

                                                                        (3.27)   

Multiplying equation (3.27) by 
1

1

i
e
q

w

-

 we obtain 

4 2 3 4 2 3 2 2
1 1 1 1 6 1 3 9 2 1 11 1 2 12 2 1 14 1 2 3

1 1 1 1 1

1 3 3 3 3 1

2 16 16 16 16 8
ia a i a a a a a a a a a a a aq a h h h h h

w w w w w
¡ ¡

å õ
- + - - - - - -æ ö
ç ÷

 ( 3 )2 3 2 3 1 3 1 1
7 1 3 8 2 3

1 1

1 1
0.

16 16

i T
a a a a e

q q sh h
w w

- + -å õ
- + =æ ö
ç ÷

                                                   (3.28)                                                                                                                                            

Simplifying equation (3.28) gives  

4 2 3 4 2 3 2 2
1 1 1 1 6 1 3 9 2 1 11 1 2 12 2 1 14 1 2 3

1 1 1 1 1

1 3 3 3 3 1

2 16 16 16 16 8
ia a i a a a a a a a a a a a aq a h h h h h

w w w w w
¡ ¡- + - - - - - -

2 3 2 3 1
7 1 3 8 2 3

1 1

1 1
0,

16 16

i
a a a a e

nh h
w w

å õ
- + =æ ö
ç ÷

                                                             (3.29) 

where 
1 1 3 13 .Tn q q s=- + -  

Sitting cos sinie in n n= +  into equation (3.29) we get 

4 2 3 4 2 3 2 2
1 1 1 1 6 1 3 9 2 1 11 1 2 12 2 1 14 1 2 3

1 1 1 1 1

1 3 3 3 3 1

2 16 16 16 16 8
ia a i a a a a a a a a a a a aq a h h h h h

w w w w w
¡ ¡- + - - - - - -

2 3 2 3 2 3 2 3
7 1 3 8 2 3 1 7 1 3 8 2 3 1

1 1 1 1

1 1 1 1
cos sin 0

16 16 16 16
a a a a i a a a ah h n h h n

w w w w

å õ å õ
- + - + =æ ö æ ö
ç ÷ ç ÷

   

                                                                                                                                     (3.30) 
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Separating real and imaginary parts of equations (3.30) we obtain 

4 2 3 4 2 3 2 2
1 1 6 1 3 9 2 1 11 1 2 12 2 1 14 1 2 3

1 1 1 1 1

3 3 3 3 1

16 16 16 16 8
a a a a a a a a a a a aq h h h h h

w w w w w
¡- - - - -

2 3 2 3
7 1 3 8 2 3 1

1 1

1 1
cos 0,

16 16
a a a ah h n

w w

å õ
- + =æ ö
ç ÷

                                                              (3.31)   

2 3 2 3
1 1 7 1 3 8 2 3 1

1 1

1 1 1
sin 0.

2 16 16
a a a a a aa h h n

w w
¡

å õ
- - - + =æ ö

ç ÷

                                                        (3.32) 

Rearranging equations (3.31) and (3.32) gives 

( ) 4 2 3 41
5 1 1 1 6 1 3 9 2 1 11 1 2

1 1 1

3 3 3

2 16 16 16

a
a a a a a a an n s h h h

w w w
¡ ¡- = - - -  

2 3 2 2 2 3 2 3
12 2 1 14 1 2 3 7 1 3 8 2 3 1

1 1 1 1

3 1 1 1
cos ,

16 8 16 16
a a a a a a a a ah h h h n

w w w w

å õ
- - - +æ ö

ç ÷

                   (3.33)       

2 3 2 3
1 1 7 1 3 8 2 3 1

1 1

1 1 1
sin .

2 16 16
a a a a a aa h h n

w w
¡

å õ
=- - +æ ö

ç ÷

                                                  (3.34) 

The steady-state solutions correspond to constant 1 1 5
, ,a n n that is 1 1 5

0.a n n
¡ ¡ ¡
= = = 

Thus equations (3.33) and (3.34) can be reduced to the following nonlinear algebraic 

 equations  

4 2 3 4 2 3
1 1 6 1 3 9 2 1 11 1 2 12 2 1

1 1 1 1

3 3 3 3

16 16 16 16
a a a a a a a a as h h h h

w w w w
+ + + +  

2 2 2 3 2 3
14 1 2 3 7 1 3 8 2 3 1

1 1 1

1 1 1
cos ,

8 16 16
a a a a a a ah h h n

w w w

å õ
+ =- +æ ö

ç ÷

                                (3.35) 

2 3 2 3
1 7 1 3 8 2 3 1

1 1

1 1 1
sin .

2 16 16
a a a a aa h h n

w w

å õ
=- +æ ö
ç ÷

                                               (3.36) 
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Squaring equations (3.35) and (3.36) then adding (3.35) to (3.36) we obtain 

2

4 2 3 4 2 3 2 2 2 2
1 1 6 1 3 9 2 1 11 1 2 12 2 1 14 1 2 3 1

1 1 1 1 1

3 3 3 3 1 1

16 16 16 16 8 4
a a a a a a a a a a a a as h h h h h a

w w w w w

å õ
+ + + + + +æ ö

ç ÷

2 2

2 3 2 3 2 3 2 3
7 1 3 8 2 3 1 7 1 3 8 2 3 1

1 1 1 1

1 1 1 1
cos sin ,

16 16 16 16
a a a a a a a ah h n h h n

w w w w

å õ å õå õ å õ
= - - + - -æ ö æ öæ ö æ öæ ö æ ö
ç ÷ ç ÷ç ÷ ç ÷

  

                                                                                                                                        (3.37) 

Expanding equation (3.37) gives 

2 2 8 2 2 7
6 3 1 6 9 3 2 6 12 3 2 12 2 2

1 1 1

9 9 9

256 128 128
a a a a a a ah hh hh

w w w

å õ
+ +æ ö
æ ö
ç ÷

4 2 4 2 4 6 2 3 4 5
9 12 2 12 2 9 2 1 6 14 2 3 6 11 2 3 1 6 3 12 2 2 2 2

11 1 1 1 1

9 9 9 3 9 3

8128 256 256 16 128
a a a a a a a a a ahh h h hh hh sh

ww w w w w

å õ å õ
+ + + + + +æ ö æ ö
æ ö æ ö
ç ÷ ç ÷

6 6 4 2 4 2 2 6 2 2 4
9 11 2 9 12 2 9 14 2 3 12 14 2 3 7 3 1 9 2 1 12 2 12 2 2 2 2

1 11 1 1 1 1

9 9 3 3 1 3 3

8 8128 128 64 64 256
a a a a a a a a a ahh hh hh h h h sh sh

w ww w w w w

å õ
+ + + - + +æ ö

æ ö
ç ÷

2 2 4 2 8 2 2 4 4 6 2 2 2 2 6 4
1 14 3 2 1 11 2 11 2 1 14 3 2 11 14 2 3 1 8 3 22 2 2 2

1 1 1 1 1 1

1 3 9 1 3 1 1
0.

4 8 4256 64 64 256
a a a a a a a a a a ash sh h s h h h a h

w w w w w w

å õ
+ + + + + + + - =æ ö
æ ö
ç ÷

                                                                                                                                        (3.38) 

Equation (3.38) can be written in the following form, which is called frequency response 

equation. 

8 7 6 5 4 2
1 1 2 1 3 1 4 1 5 1 6 1 7 0.a a a a a aL +L +L +L +L +L +L =                                              (3.39)                                                                                    

                                                             

The coefficients , 1,2,...,7i
i
L =  are given in Appendix C. 

Similarly, now if we eliminate the secular terms of equation (3.18), using the polar form 

 (3.26) and multiplying by 2

2

i
e
q

w

-
, then separating the real and imaginary parts, respectively 

 we obtain:  
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4 2 3 5 4
2 2 5 1 2 6 3 2 7 2 9 3 2

2 2 2 2

3 3 5 3

16 16 16 16
a a a a a a a aq l l l l

w w w w
¡- - - -

4 2 2 3
10 1 2 12 1 3 2 8 1 2 3 2

2 2 2

3 1 1
cos

16 4 32
a a a a a a a al l l n

w w w
- - -

3 3 2 3
11 1 3 2 3 6 2 3 4 8 1 2 3 5

2 2 2

1 1 1
cos cos cos 0,

32 32 32
a a a a a a a al n l n l n

w w w
- - - =               (3.40)         

 

                                                  (3.41)            

where    

Rearranging equations (3.40) and (3.41) gives 

         (3.42) 

                                                 (3.43)   

The steady-state solutions correspond to constant  that is 

  Thus equations (3.42) and (3.43) can be reduced to the 

 following nonlinear algebraic equations 


