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Abstract

This study is concerned with the three dimensiomation of a
nonlinear dynamical systemI'he motion is described by nonlinear partial
differential equation, which is converted Wyalerkins method to three
dimensional ordinary differential equationsThe three dimensional
differential equationsynder the influence oéxternal forcesr without, are
solved analytically and numericallyy the multiple time scales perturbation
technigue and th&ungeKutta fourth ader methodPhase plane technique
and frequency response equations are ts@avestigate the stability of the

system and the effects of the parameters of the system, respectively.
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Chapterl

Introduction and Literature Review

1.1 Introduction

Problems involving nonlinear differenti@quations are extremely diverse, and
methodsof solutions or analysis are problem dependent. Nonligsigstems are interesting
for engineers, physicists and mathematicians because most physical systems are nonlinear

in nature

Time, effort and money are spent to get rid of or minimize vibrations, noise and
chaos Also, resonance of oscillating systems ntead to their damage or destruction. It is
importantto study the behavior of vibrating system under different resonance conditions.
Commonmethods for the qualitative analysis of nonlinear ordinary differential equations
include linearization via Taylor xpansion, change of variables into systems easier to

study, andperturbation methods

Perturbation theorgomprises mathematical methods for finding an approximate solution
to a problem, by starting from the exact solution of a related problem. Acféatalre of

the technique is a middle step that breaks the problem into solvable and perturbation.

1.1.1Definition: Fourth order Runge-Kutta method:
The fourth order RungKutta method can be used to solve differentialagigpns
numerically. It is defined for any initial value problem of the following type:
yi=f(t,y),
Yy () = Yo

The definition of the RK4nethod for the initial value problem in equationljlis shown

(1.1)

in equation (12)
h
Yan=Ya %k 2 2k k), (1.2)

with h the time step, and the déieientsk,, k,, k;and k, aredefined as follows:
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These coefficients indicate the slope of the functionrattpoints in the time intervahe
beginning, the migoint and the end. The slope at the midpis estimated twicdijrst

using the value ok, to determinek, next using the value df,to computek,.

Knowing the kcoefficientsthe solution at the next time step can be comployed

equation (2).

1.2 Literature Review

Wang, Hu and Zhongl] studiednortlinear dynamicalsystemsof a simply
supported translating beam considering the interactimieseen beam translation and
flexible deformation. The extended Hamilton's principle eimployed to derive the
equations of the longitudinal and transverse vibration of the beam fimtkedeformation
theory which are nofinearly coupled. Rung&utta metlod is utilized to solve the
norlinear governing equations¥aman [3 studiedthe sulbcombination internal resonance
of a uniform cantilever beam of varying orientatisith a tip mass under vertical base
excitation .The EulefBernoulli theory slender beam was used to derivegibverning
norinear partial differential equatioicftekhari, Rad and MahzodB] investigatedarge
flexible structures that can be modeled adekible beams with an appendadsgidio,
Luongo and Vestmi [4] developednonlinear onedimensional model oinextensional,
shear undeformable, thimalled beam with an open cressction Huang Fungand Lin
[5] studied the dynamic stability of a moving strinop threedimensional vibration.
Perngjinand Nayfeh[6] studied three nonlinear integrdifferential equatios of motion.
The analysis focuses on the caseniary resonance of the first-plane flexural
mode when its frequency is approximately twibe frequencyf thefirst out-of-plane
flexuraktorsionalmode Chen and Dind7] investigatedthe nonlinear threedimensional

vibration of axiallymoving strings.



Hegazy B,9] applied the method of multiple time scales to investigate the
response of nonlinear mechanical systems with internal and external resonances. The
stability of vibrating systems is investigateldy applying both the frequency response
equation and the phase plane methods. The numerical solutions are focused on both the
effects of the different parameters and the behavior of the system at the considered
resonanceases. EEBassiouny et. al. []Ostudied thesystem of two degrees of freedom
with quadratic and cubic nonlinearities and subjected to parametric and external
excitations. The method of multiple scale perturbation technique is used to analyze the
response fothis system. The numerical solution of the investigated system is obtained by
using RungéKutta method and the stability of this solution is studied using phase plane
method.The esults showed thahe frequency response curves for the case of principal
parametric resonance of the first mode have multi valued solutions for the variation of each
parameterJi and Hansen [Jlconsidered two types of resonances: fundamental and
subharmonic. The regions of instability and chas@#sponse are shown falifferent
damping levels. The measured data are illustrated through time histories and phase plots.
L.Cveticanin[12] has developed arious approximate analytical methods for obtaining
solutions for strongly nofinear differential equations in a complexnttion. The method
of harmonic balance, the method of KryBwgoliubov and the elliptic parrbation
method were studiedY.urdda ,Ozkaya and Boyafd 3] studiednonlinear vibrations of an
axially moving multisupported string. The main difference of this study froendthers is
thatthere are notdeal supports &wing minimal deflections between ideal supports at
both ends of the stringS. Stoykov and P. Réwo [14 presentecamodel for isotropic
beans with arbitrary cross sections amitbrating in space. The displacemdigld was
based on Timoshenkobés Vkeanyodos$ofobehdrsgoan
function, which camot be derived analytidly for complex cross sections, was obtained
numerically by solving the Laplace equatiavith Neumann boundary contibns, using
the boundary element method. The integrals over the cross section were obtained
numerically by Gauss integratiarSrinil, Regaand Ghucheepsaku]15] investigated he
nonlinear characteristics in the large amplitude tdiegensional free vibrations of
inclined saggecklastic cablesSadri and Younesian [L&nalytically studied nonlinear
forced vibration of a plateavity system. Galerkin methods used to derive the coupled
nonlinear equations of wathe system. In order to solve the nonlineaticguof plate
cavity system, mltiple Scales method was employadosed form expressions were

obtained for the frequene@mplituderelationship in diffeent reenance conditions
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Machado ,Saravia and Dott[17] usedageometrically nodinear theory for
thin-walled composite beams to present the nonlinear dynassponse of large
displacements and rotations adopting a sdeéwrmable displacement field and valid for
bisymmetric crosssections either open or closed. The internal resonance is gegent
the beam dynamic behavior. ZhanBing, Chen and Yangl18] studiedthe steadystate
periodic response of the forcetbration for an axially moving viscoelastic beam in the
supercritical speed range. For this motion, the model is cast in the standard form of
continuous gyroscopic systemiseand Rerkins[19] investigated nternal resonances in
suspended, elasticldas driven by planar excitatio®.J. Voesenek20] implemenéd a
Fourth Order Rung&utta Method forOrbit Simulation.Helmi Alsultan R1] investigated
the analytic and numericaolutions of a first and secomgree of freedom model of

nonlineardynamic beam system.
1.3 The Objectives of The Work

The objectivs of this studyareto implement analytical and numerical methods to
determine the solution dhreeDimensionalnonlinear ordinary differential equatigrend
to studythe effects of some parameters on the behavidhe (NODEs)Moreover we use
the planephase method and frequency response function to invest{jEd®Es) andits

stability Then theanalytical predictions are verified by numerical simulations

The threedimensionainonlinear differential equations, which represethraedegreeof

freedom motion of the beam , are subjedtethe following:

(1)External Force
gitin'g +€ @ Mg ok Bk ,dh g
+&( [k +.4°k* tmk®  g#hg® Ak W
h,g’k® +9° HP'kg o'k Mok Res (1.4)

hi+w.,?h ©( m 4ihgk sH# HE , hg)
+e7( 4hg” +gh°k* P ghdk® ohKI oW F 4 okP

+/,,hg%k? +{5hkg®) =Ecos ty (1.5)



kitivg’k ©( & itk g s eF 4 & 5 Ky
+e2( ¢k° +,8%k  0tk® gkPg® hP @ W C

+1,00Pk? +KPP P 44d®  wif k D Rese t (1.6)
(2)Free motion

gitig°g +é( A%y HEk® #hk LN 5 FR

+e( @i +eik? +dPkd gk WRE WA Hre

+hag®k? +,9° h’k*g wo'k g B O, (1.7

hi+is’h +8( ;hgk wH #hE ,hd)

+e( hi +ghhig® {hPk? AP/ ghglé o hK

+/10h%g? +{,0kh®  44hg® K2 ghkd) O, (1.8)

Kitig’k +8( 0’k g goif 4 151

+e( Wi +k° +gtk 6°K> WP o H gt i He

+10h*k? +fkH g® 449 ik k) O. (1.9)

whereg , handk are functios of time "t" .



Chapter 2

Three-DimensionalNonlinear Differential EquationUnder

External Force

In this chapter,we present the perturbation and numerical solutions of-ttireensional
nonlinear differential equations that describe the oscillations of modes of the beam under
external forces. The multiple scalperturbation techniquand Rung-Kutta fourth order
numerical methodareusedto investigate the system behavior and its stability. All possible
resonance cases will be extracted and effect of different parameters on system behavior at

resonant conditioarestudied.
2.1 Mathematical Analysis

In this section,The nonlinear partial differential equation governing the flexural
deflection u(x,t) of the beamsubject to harmonic axial excitatipr= p, -p,cos V, is

given by[20]

pu, p o ‘u “up 3 T
m—-+c— +El— os t - cos t 3
FEMT w (h RBe }V;(/E Z(ﬂb R %#;V(T—
s o 2 3 3 A o 2 4 4 9
27800 B fu O B W@ uadu
/ot Sl &g U - Ry (2.1)
e : -
éZQ&%XﬁT n 9 ¢ X 4 i Txg
under the following boundary conditians
u(x)=oand ®** = o atx =0,x = L. (2.2)
X

Equation(2.1)will be conveted to a three dimensional nlbmear ordinary differential

equations Using the method of Galerkinge substitute the expression

o

. dpx . 28 5.\ . 3 YA
u(x,t) = g(t)singg— gth(t)sin h%t)sm —x
cL = E = L ¢

into equation (2.1)Thenwe have



MU . 8pX 0, . 28X 0. 3 pa
— =gisingg— gh sin kosn ®
Mt ¢L = € ¢
pu _ . &pX 8 28x )Oa
— =gisin 5t Si k— sin ——
|Jt2 gisl éeL— 9 n? 0 L Q
Ezﬁg cosae—o X -02—ﬁ cos 28xp =|=;k cos—3 x4,
L L 2L E L &
pvu - p? a X 64 th _ 23xp B Pein 3 X&,
= +—-gsin sin ——
X2 2oL F L &
vu o pt a X 68 3;6;1 S 2&xp 2 ° P oos 3 X4,
= ~—-gco cos——
we - LI ¢ TEOE CUCE
pvu _p* A X 616 23X 8{14'(0. 3 X4,
=—_gsin 4— sin = sin —— 2.3
ot 9SNED 9 A R 23)
Substltutlng K'Y into equation (2.1), we get
ut px "
g.smg‘é[K 8h sin 28 +I<osm iﬁw;eg
TR ¢ L ¢l
~.3°g<§54 X pl& 4 B2 x BIl3 3x @
gusmar %h Sin%x} %nTpa leEI,-~4'€JS|nT p% h'ng 'BT% k S@T H
34 _2axp 98 o 3 xa
(po mcoswaﬁ 2g rg&ﬁ _(-_Tzzph sinZo P ﬁL-_-IkUsm—L ge;

p pcosw) gcogeﬂ 02 co 28xp ggkpcoss—)(é’@ 8g%n¢ %Zh%i&( 9&jk sr%(
- M o F e L TEE L F e O F
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2F 9L LN RS E@ et Eh et s 8
2 2 o ~ ~2 o N
. o4 28xp 9 .3 X
- 3El o8 -’f—zg sm%l_ﬂ gLTZ’CiW sin £3XpP T_E.Tkpslnl_ggeg
a, ~ - o 22 4 4 ~ 50
S0 52 2axp 36, p..3 x& B %5 x 18% 5.2 x 8 5Px  0f
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¢ T
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Multiplying (2.4) by singe’OLl and integrating forn0to L
¢

and using the following nodimensional quantities

EI * 1 *

= ta g = g! h :7h| k*:fk, mL
\[/mL“ r2 r2 r2 W 5 Bl
(2.5)
dropping the asterisks , we obtain:
r’el .cr? [El rpEl  r?p ,&ﬁ p 54 © 4p
i+t + 0S E
PR R Ro " o2 Rgc a6 99
6,,4 6 6 6
36r,tg oh?k- Sl gp)g +Lfb|qg3(:os WEL i kcos tV
16L 16 16.° 16.°
6,,4 6
or '06 P92k coswt - ’flp)g AJQ gk cos W p K gcos t\
16L 16.6 16.°
118098 °p | A 1312210 | 2,3 183708° B H2 13 3348° b 2
6412 Y 6412 64 12 9
41472 8E| hK. 103681° JE| He 14580'° @I 342 541° Bp &
64L1? 6412 64.12 64 12
10 10 10
154548 12 8E| h?k2g- 248 1;2k| 4y 32076 o Bl P o k 1296° é’p 2 1
64L 64 64
ar®pCEI 1458 © S 8L® 288 °
,08 g3+ 8,55 gk2 f 92k séb gr?
8L 8L aL a
396r6p6EI 3% Al o 225 ° i ok 46° Ep o2
8L® aL® &L qs
24r %pCEI h2s 26568 ° I 212k 36450° Bl 2,3 4374%° Ep Ky
8L® 128.12 128 12 12812
972r p % 31242079 10 4| 2, 18 108 o 64152%° b H2 13
12812 128 12 12812 12812
864r 1% 8E| 19008 *° fEI He ,1368"° B 312 797@410 Epb 1C g (2.6)
128L12 128 12 12812 12812



or simply

gitvi'g B( @ g K HIk ,Gh 5 Sk
E( fok*+ M°K> +ghk® hhg® itk i

+ho0°k? 50 Hfh’k*g gotk P B Res( 9 (2.7
wherep,=p, H

The coefficients of equation (3.@re defined in Appendix A.

Similarly, we obtain the equation that governs the motion of the beam in the second

direction, but will be multiplying the result byingeZ% , then integrating the whole
¢

equation fromO to L . Using the nordimensional quantities given in equation (2.5), we

obtain:

2 2 2 6 6
El hi+ cr E|4h §r. pAEI ’&p)h 2t+ ’%Qcos t\X/—6 ppg, hgk
ot 2 \mL L3 2L 2L 2L

6 6 6 4
9;'? p,hgk coswit +3r|_6’é1 n i cos Wg%bg hK cos N%p[a h

6,,4

36 27 27 1° &p 9477 Y Bip
R 72 hd o1 K K©

10 10 10 10 10
216r K I h5. 656 rfkl % 5904912 Bl Hied 405 12r§p P 7 1296125‘%,0 <R
L 2L 8L 2L L

1
BOlelngl hg2k?- 243 2&| hkg? $8|1 E| ahk +729 Eb hi2 r9 é|p hg

6,,6 6 6
72rL/;EI ha. 12 L&l hg? 9®L8ﬁ| hak 108L8Eb he 24 élpho,

10 10 10
2187 9% HicA 36 10 hs 4518 Bl hkg? 486 1° Bp 312 991 Eeiphg

4112 L1? 412 L 12 161

3645 1% 3 4617 1° I
4|_12 hak 8L12

g 2B g BAUE g o. 28



Or ,simply

hi+w,?h €( & 4hgk +F HE , k)

& ( dhg*+ k% +,0° ghak® ghkt #F & ek

/15hg?k2+ fshkg®) = Ecos( W (2.9

The coefficients of equation (2.8re defined in Appendix A.

Similarly, we obtain the equation that governs the motion of the beam in the third

direction, but willbe multiplying the result tgmi‘e?’% , thenintegrating the whole
¢

equation from0O to L Using the nordimensional quantities given in equation (2.5), we

obtain:
2 2 2 2
Bl e’ [BL 8T p”El 92p
Ki+— k + k —+—-"pkcos t\
2L* 2 \mL* oLt 2|_3 RE 5= B
6,,4 6 6
SLZL"? plhzkcos\Nt+ o ’é‘plg kcos W > brbt?kﬂg p K gcos t\ﬁ—
243 %" 3 3° 4 T fb 248°% “4p
p,k® coswt + g° cos w 2T/ Kk
16L8 "t 166 SR TS

177147 %0 % 5. 145810 | » 32805'° Bl 2,3 15066° é,b s 4644°Eip

32|_12 6412 16.12 64 12 64 12
1382410 8E| _ 619660 fEI H2 12 21141° B K & 27*° Bp ¢ 23328 Eip H
64112 16.12 16.12 64 12 16 2

170586 ¢ 8El N 65616 JEI 3 +3246 )= Kh2 r3® Ep e B1° Bip 21

16112 8.8 L8 a8 458
18r °p el h2. 2187 5 %l 3 248° I I 486° Ep 2, r3° r§|pg3
g 9 8L8 L8 gt 9 8.8

180r 8p°El h24 2% VAE o +1180981° Bl 5 +437‘410 Ep Ko +787132105‘1 P23
8L® 12912 128 12 12812 12812

10



10 10 0 0 0
314928 9% h2) 34 69987 E Khe 86401° B H +1341:36— Ep 1 g 923&12E‘1p F K

1281 %2 128 2 12812 12812
10 10
3672 PE 5o, 6415270 I o o) o (219
128 12 128 12
Or ,simply

kitw’k o & Aifk g ot 4 G t5 Ky
e ( ¢k + ,8% +597k° $k*G° ph*d® g

+11,00°k? +f:kP g? 440° gk g7k Rese ) (2.13

The coefficients of equation (2.1L&re definedn Appendix A.

2.2 The governing equations undeexternal force:
In this section the solution of the differentemjuations (2.7), (2)%nd(2.11) is analyzed.

Applying the method of multiple scalédle assume thaf, handk are in the forms

d(T0,T1)=090(To, T)) € g(To T) .,
h(Ty. T1)=hh(To, T) h(To T) .,
K (T, T1)=Ko(Tp, T) €K(To T -,

(2.12
where  Ty=t T,=€l, =k
Thetime derivatives are written as
d
—=D, €D, .4,
dt, o7 (2.13
d 2
—=D PeDD, .+,
dt2 0 o~1
Where D, :L, D, =R
UT, M,

Applying (2.13 to g=g, +g, We obtain:
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9i=Dpgo €Dog; ©,0, 0.0,
gi=iD0290 PDozgl 2+ ®yD19y 2+2@0D191

(2.14
Similarly, applying(2.13 to h=h, +h andk =k, -k, we obtain:
hi=Dohy €Dhy ®;hy  *B3h,
hi=iD,?hy ©Dy’h, 2+ ®,D;hy 2+ B D h,
ki=Dgko €Dgk; ®k, 4Bk,
ki=iDo’k, €D’k 2 ®oDiky 2+# B Dk,
(2.15

Substitutinggi, g , g,ih, k into equation (2.Y, we obtain

Do’do+eDy’gs 2 BDgo 2°BPg, fM@, oye ( tPPas D@, eDgy 2D gy
+h(hy +@)(do *8) Kk KEH 9o gpref hnNi(+lg K Hegy + &
Ns(go+ @)% (ko +1@) #(es( kg k)'E€do & & ko M* ge 9’

+hg(ko +&)°(hy 9% B GE Ny Mfe i bt Ni+le K +Heho+ B g5 ed
Ma(got @)° (ko +1@% 4o €32 140 hF(&, K% @ o + gy B koel

me(ho+ )% (Ko +ka)( g +0¥) Feas( t) (2.19

Considering the coefficients &and &' only, we get

Do’do+eDo’01 2 BD Yo +18o +Eow D@g hodhe ,kigd

hahg’ko+ i @ +5/Mgeky =Fcos( )

Now equating the coefficient of same powers

0(€°): (D2 +wdDg, B (2.17

12



o(e'): D0291+2D0D190 "legl aD g, @159(

+hKo*go ahd ke H#Bg  #5ko Foes( ).

or

(D02+V'/12)91 =2DDgy &P P /1”‘*390

-hky9o -G ke -5 =85k, Foes( t)

(2.18
The general solution of (2.1% given by

9o (To, T)=A(Ty) é"Fo +A T) & ¥0 (2.19)
Now substitutinghij, h , h,ig, k from equations (2.15) into equation (Rv@e get:
Dy’hy+eDy’hy 2 BDhy 2°BDh, £, Me ( {BHE Dy eDhy %D hy
I1(ho* B1)(do +9D(Ko +kp £ hp M e {hy / N(+koe K+ (ehot B gg &)
€ d(ho+ hO(go +9¥ (N Mg K efhy M gehy W o & kg Be
lo(ho+ E)(ko + k" 4d/hy #)¢ g0 dh’e 1(+ho/ Nt g8 Of ko e By

I(ho*+ B))(o + @7 (ko k¥  #H My hi( ke, Kf o8 9 eFos t

Now equating the coefficient of same powerstbf yi el ds

o(e”)(Do*+ ¥)ho ©. (2.20)

0(e):Dy’m+2DoDihg +1@why +Dohg  #Qoke Hb WKy gy Eos=-

or

(Do?+w?)hy =2D Dy BHy hako M kD hgdH Ros + (2.21)

So the general solution of (228

13



ho (To.T1)=B(Ty) é"Z0 +§ T) &' "Z0, (2.22)
Now substitutingk j, k , k,ig, h from equations (2.15) into equation (2) Ile get:
D02k0+9D02k1 2 BDKy 2F20Di<1 "32@1(0 khe ( ¢t2kg D, eDkyp %D kx

ti(hot B)? (Ko +k (8o )y K e 8y tg)+hye >+ e+ of

ts(kot k)° +2E (K k)% %00t (kg ki fa@p ditrke &K -

ty(go+ Ql)a(ko +kg? (Mo g])3ého hy €1(19o ! gf+hye h* +

t12(0o+ 8)(hg +hg? (ko +k)8 #HM gy GA’(ehy NF( ke K+ (edp O -

tis(hgt B)* (ko +kg +dh, m)2ek, ki3 e Foos(et).

Now equating the coefficiesbf same powers ofe yields:

o(”):(Do”+ W)ko ®. (2.23
0(e):Dy’k,+2DgD ko + 1k, +HB Kk,

+1:h’ky +2KFgo w0 g 406 kot Feos( b

or

(Doz"'Wsz)kl =2DDky DKy f’gko

-t Ky'Go -85 Do -2 k§ Foes( t). (2.29
So the general solution of (223

Ko (T Ty)=C(Ty) €90 4 1) &' "o, (2.25
To lve equations (2.18) we use equations (2.19) , J22&(2.25

Equation(2.18 becomes

14



(Do?+1?)g; =2D (AT 0 2Ty ¢! o) ap{ AN e¥0 pg &9

m(B (T To+B(Ty €' ”50)2( ADe¥oipy & ¥

/72(C (Tl)eiMGTo+(_:(-E) el VQ—O)Z( AD e %o +AJ é YVO)

m(BTYEForBT) e T (q D eFoscy & ¥) 4 ayieo Ay @™

/75(C (T)e"¥0+C(T) & V@'o)( AD e¥osrpaypg & "'Z'/o)2 +60s W (2.26)

Simplifying equation (2.26we obtain

(D2 +mw2)g, =2i uAie'" o &4 ad Fo  gP Al 2w ¥
mB2agiot-2me v _ o pBAL #o - HpE Ad 2 v
hzceriTo(-zme ) _ o /QC(_ZAé wo _ ﬁCé Lol w2 v
2nBBd"0. pCB o- w2 W _ hREA o 3 A Ae™o

hCA2dTos*2 W) _ 5 peAAL o - fpCR G ol - o2 JW% Fe™ g«

(2.27
where cds a complex conjugate for every preceding term.

Rearranging equatiaf2.27) gives

(Do2+u?)gy £ 21 vAI & v 2 BBA 2 £BA 3 ,AH) #T0

(-2nCBB 2 fCAA) &"30 pRET0 B AL ¥ g Aed 2 2w
3 Hw

hC2AdTORE W pE2 AT o(2 8 _ poR B 32+ Fegikd

A CA2dTos2 W) _pEp2 Fol - w2 3 %L FbTW o (2.28

15



The partcular solution of equation (2.2& given by

- B - i 3 2

0Ty =2 2 oy 0 gy A e
- uf 8 w an, (vg+ vy
mB2A eiTo(-2n2 w,  ACA o2 &+ __ A dr o 2-3v o
ams (- ¥) 4 W sw Yw 4 (g - w
hCB2 iTo(wa2 ) _ ACB? dTo(- w2z g

(>~ w4 wyvd 3y ( Pws ks gdnd) w

2 ~A2

hCA oiTo(u3+2 w) BCA droC-w29 , F 1w

More simplification will give the following solution

91(T0-T1)=(- 2nCBB 2 @CA_A)éV'GTO fﬁé)’i "W o #B°A Foz w v
(- u)( w+ v 814 4 v, ) W

MBZA_tovam wy, ACPA oz w vy AETA o2y
A 4 W W )w 4 (w - w

2 2
hLB oiTo(wsr2 wp) ACB dTo(- w2 o _
2o+ g +@(2 W Hw Pw (2 » w3 +W(- , - v W

hCA® oz w, BCA*  o-w2y, F 4T
(ms+3 W)( W+ v (318 Jws m) w 2( 1, W W )+ W

(2.29
To solve equatias (2.21) wause equations (2.19) , (2)22nd(2.25

Equation (2.21becomes
(Do +us?)hy =2D DB (TYe"F0 BTy e '20) pp{ BT eZ0 BY & ¥9

(B TorB(R e o A eTorpg & ¥ cie¥o e o™

16



/(B TorB(r e T -4 g To Y & ) cyiedo g o™
J(BYETorB( & o) KD E¥Oip Y & ¥ thos (230
Simplifying equation (2.30we obtain

(D +w2)hy =2i wBE"Fo b pd 'F0  BACEO"Z ™Y
/,BACETOZ 8 BACEd ¥ W jgadhd 21’
/,B%¥"F0.3 4B2B& F0 . (2 R0 # ¥ _ @ ghd 2 s

2/ cCBd" 0. ypR E 2w 5 /BANe o . T/BATRd - 22 1w +%eiwr0 €,

(2.31)

Rearranging equation (2.Bdives

(D32+m?)h, £ 2i WBi b B 3 B?°B 2 £CB 2 ,BAA) &0
/ZB3e3i I/IQTO_ iBACéTO(MQ+VI+'3/) _ 1/BA_CI-é—d Z/+1W'3YV

/,BACeOU 2™ B BacE X ¥ I @ glo2ust )

1 C2BdToC2m ) g do w2y jRREA 22 *J)W% T W g

(2.32

The partcular solution of equation (2.3% given by

3 .
hy (To.Ty)=" /252 B0 {BAC dTo(na+ -+ )

81, (W 2 ww2 v 12-, W V) w

17



/1BAC_: eiTO(W2+ W - @) {EA(_: eiTO( o )

W 2w w2 wauR+, W wE)w ( f-2w % W wi2wwy W ow- w
/,BAC o TOC w2 iy ) /£*B oTo(2ust wp) _
- 2w w2 wault, W WE)w (4 5 34 1B) w
IC*B_ mot-amg ) [4BA® oy
(4ns - 4 @) (4 wnd [y
_ 1BA? moewzw.  F g .
(4 - 4 ) 2( - W

More simplification will give the following solution

3 _ = _
by (Ty. Ty)=" /252 S0 . {BAC JTo(mor n+ay 1BAC To sy
-8us, (ng+ W)( g+ W2+ ( 1wws w2w)- w
. /,.BAC SOl w2 vy ) {BAC JTo # w sy

(- (g -2+ ( swXws w2wy)- w

2 ~2
_ILB imoawgrw),  AC°B ro(2 ey,

Ang (5t ) 4 W- wr)w

2 o A2 F i
o JBA otz BA ot w2y oo A
am (w+ oy 4 W ow )w

(2.33

To solve equatios (2.24) we use equations (2.19) , (2&2d(2.29

Equation (2.2%becomes
(Do?+ms?)ky =2DD{C(TPd"d0 Ty ' Fo) ap{ @ e¥0 ¢ g & ¥
-n(ByeTo B e T (qp ko gy & ¥

(e o £y e T (AP k¥ g & ¥

18



(B 0 BT & o) (AP eFO P & ¥

(AT AT &' o) fapeto @ & ¥) ees g

(2.39
Simplifying equation (2.3we obtain

(Do) ky =2i e "0 & gpd B0 g2cll o2 w &

-2tcBBd d0 ¢g2cilo(2 i @

-t,AC2To@ns* W _ 45 ACCé #0o ,AQG S 2
- [332AeiTo(2W2+ "w ¢B? Adlo( 2 w +p

-2t,BBAd"0 - & 0 3 , R ARYO ;330 3 ,C2Cd FoO —';+ EVo ce

(2.39

Rearranging equation (2.8gives

(D2 +us®)ky £ 2i uCi & Gv 2 EBB 3 G3C) &0
+( 1,2ACC 2 4BBA 3,8 A &0 | @& Cbo? 2" ¥
- 1,B2CT0Cwr ) _gp2 02 Br Y N2 B2 3w

_{352AeiTo(2W2+ ) -g_BZAéTO( 2y Yy _£,A3MT0 _ g3 B0 % AW o e

(2.36

The particular solution of equati@®.36) is given by

-1,2ACC 2 §BBA 3 , KA
(ns®- W)

kq (TO'Tl):( d"ro

19



2 2~
5,B°C eiTo(2no+ 1) B°C aTo(2 w- &

(-4ms® 4w W) ( 4 v 4+,m)w
i £,AC? eiTo(2ns+ ) §AC? dTo( 2 @+
(-3us” 4w w - ) ( 3-7w4 +w Wi w
_ 13B2A eiTo(2wa+ ) $B2A dTol 2 & +p
(-4w® Aw w v Ay (4 Fwad +yw W -uf) w
- l‘4A3 e3ivlo t5_(:3e3i g o _...F—é'Wl'o ce
(- 9® +uf) 8 2( v )W

More simplification will give the following solution

(- 2,2AacC 2 ¢BBA 3 M?‘A)éwo LBC oz a
(ng- Y( w- v 4 W,y w

ki (To,Ty)=

+ t,BC eiTo(2wo- vg) $AC’ gro(z w+y
Ay (- ) (B W | wy) w

tACE  mo(-2my wp t3B°A dTo(2 w +y
(- w)( w3 (2wt wi(@ , wt §- w

t3B°A eTo(-2u3 +4), tap® S #o
(-2up + -B)( 2- 1t IW B 1m¥i1 B w

+f5Cze3iweTo + F dWo e (2.37)
8wy 2(ng- Wy +)W

20



2.2.1 Stability analysis

Here we study the res opwherene= g agge when

W=w, +e,s W= W+ 6 W, = W + &. (2.39
Now if we eliminatethe secular terms of equation (2)28hich are theoefficientsof
e then

(—2i WA -4 ¥ 2 BBA 2-42CA 3 4A%"A) sl o

+( 2/,CBB 2 RCAA) &0 4CB o w2 W oA pd ‘?ﬂ*ﬂ”% ¢ 0.

(2.39
SubstitutingW, 14, wand w;from equation (2.38) into equations (20 3& get
(-2i WA -a ¥ 2 BBA 2-2CA 3 4A?71) &l o
+( 2hCBB 2%CA70) oo alss 9 47CB e To T4 w2
i gl A 1T ,( S5 i, 1T, (54-
_/75CA2eM{LOe 1052 9 % e PO 2 (2.40
o . . i wT
Dividing both sides of equation(20y e’ " ° we get

(-2i WA -4 ¥ 2 BBA 2-BCA 3 4A?7‘A)

(-2nCBB 2 hCAR) 813 2 jeB T 8 *F )\ cp2dnicr @ L pdner @ o
2

(2.41)

Now we use the polar forms for B8,andC

1l g p=lad?® c=1l,.d% (2.42
A=Zad, Sad %, S ae

21
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where &> &,: 835,41, 4, £ are functions off,. Substituting AB and C from equation
(2.42) into equations (2.41ve obtain

. 1. 1 1 3 6
lajivg & W g @WZ'M"% 2 -2 % 8 £ @C’l

vO?d Qo

+?e711hsazza3 %/?)afasé% Fus 9 ;-4@2 a2 29978 1 2 3
(5‘, -

-;hsafage‘ Cq- @ dT1( 5- 3 % FGT 9 o (2.43)

e 'un
Multiplying equation (2.48by ~j; we obtain

. 1. 1 1 3
-lagi 84Gy "2" ay Z-VIZ ﬁlazz 4—,/1/ 25‘@5 8_“; @ff

-%hsazzagé (a+g1 -FD 2_1,4/,%312 ad( 391 781 B

1 2. i(2p- g-19- 1 2.
-~ halad (@R g-19-79 39 a1 ¢ T By
gug 2 % 8,4//53133

+ L eiCad F) g (2.44)
2

Simplifying equation (2.44gives

. 1. 1 1 3
-lagi 844, 'E' ay ZV!Z ﬂlazz 441/1/ 27‘7135 P !l; @%

1 1

hsayage " +2—W F™ G

1 2. 1 2 i 1 2
h m & Ws
A 38, A€ 2,4//%31 3 P Wé@ & 8

(2.45
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where
m=-qg wb1 JS, o, n3= g -dt+t I,
n3=2 g -39+ G315 F154 =5 171 1/ gF 4

in o
Sitting € = cosn H sSIn /iinto equation (2.4bwe get

Cia 11 2 1 2 3 _
2 8,4, 2' ay g AR5 4w A3 SW@%

1 hy8,"85c0S -4'— Atagsin 1/42L afrazcos ,
w

[ 2. 1 2 i .
- —ha“a.sin n —— a,C0S /— a.sin
2“4513 /%8'4/3323 3l 33513 3

1, i 5 1 i .
h-a,“a,cos r — assin ,n+—F cos - #+ F sin f
53 a3 ’218,4/54113 42&”/ 521W 5

Separating imaginaryna real parts of equations (2)48e obtain

1 1 3 1
alQli'M 5‘5‘15‘22 -Ey galag ?W 4‘“«!“’13 zjwsaéaQOS ]

1 2 1 2 1 1
- —ha,°a,c0S 3 —— a,COS ~/— cos ,—# F cos: |
2'/11513 @81/1/@23 3fig 5af733 421W 5

- &y %aaﬂ. Zl% 1385 agsin ﬁflvy 58 azsin

1 2 . 1 > 1 .
- —ha, a,sin i —— assin 4n+— Fsin - &
8y 38, 83SIN /3 8 w 44 33 a3 5
(2.48)

Rearranging equations (2.47) and (2.g®es

- g L 1 _3 _1
aws=an 4 9 7 o2 r 2/p3 5w @‘?94 — 8 ¥ncps

(2.46)

(2.47



- —Aa°a,coS 13 —— a,C0S /— cos , +# F cos .
2,/,4513 ’%8,4/'@23 38wsa?7as 421W 5

1 1 . 1 . 1 . 1
= —ay M@azzassm 5 s asin 2% AYBSIN U

. 1 .
& afpin 4271’7'/55'n
(2.50

=n, i0.Thus equations
(2.49) and (2.50can be reduced to the following nonlinear algebraic equations

The steadsstate solutions correspond to constapty; that is ai

1 2 1 2 3 1
- (s, -S) +— Ap; —F+ Ha; —+ —= - 0s
a(s; -%) Ang B33 4Vi/2é713 8&"/48@ 41W@%7a§ 1
- —ha”azcos i3 1 AFazcos 3/7—1— sada;cos , A+ F cosg (2.51)
2w 8w 8 2 3w
1 _ 1 2 . 1 2 ) 1 1
a8 = I ha, a,sin 1 FT% A, a,sin an a{;a sin @»W 5a1 asin -, Fsm .

(2.52
Squaring equations (2.51) and (2.52) then adding (2.51) to) (2e5abtain

o 2—~
a 1 2 1 2 3 0 1 2
S, -%) + fpa; —+ Aa; —+ = 4a
gaal(l %) 41/141&12 4!/1/2:&7138{1/4&@24 a
:é i/7:;12::1 sin L Hlagsin rF£ hasin 4%— 2 dsin imFsin ZQ
85'4%323 ’1214/ 1 83 28!"@ 3s 381W531 “2 7w 50

2
1 1 1 1 [e)
40— h.a,°a,C0S 7 —— °a,CoS /——— a,Ccos , -7~ .A°ancos ,—mF cos:d
864'/"1323 ’12,4/5913 285_4/33%'3 381W53‘15fé a5 50

(2.53
Expanding equation (2.58ives

10 ,, 6.2 3 3 3 ,, 3 1, 2., ,1 5, A4 , 0
h, e+ — —+ h— a; #— fa; —H--
6an? 7 Q%T‘i% 171614/2 L hpl 16 & 2 A3 4y 14*?41 3a3 64 4 58 3 812W3 @3@’%
1 1 1 1 1,0
h Kagt +— a = 5= 5+ 2 s-, 2s4%- %
%71 a3 8¥%f72d723 mll@Q%Zvyl szﬁghzlwzﬁs 172 1 *%
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. . 1
= h a 2sin in 4neo0s , c@s | -#— azab sin 4 sin cog; Cco
16”42 L afay” 3[ 3N 4 1 z] A 3 2a 32[ ] i1 i

1
16um4?

hifag?a,[sin fsin 41+cos ; oos ] Héél/i; aZaF sin, simy eos coyy

1 5 1
+—— _h a sin in 4/#cos , e0s | -H— sin , sin €0 co
32,/’{2 ) Ry 2 [ 4BIN 4 3 z] & Vi; a5 B/ZF[ 3 7 ) 5}5

Shy’a”ay’ag’sin ipsin 414cos ,mos ] A=

1 #4af sin, sing €om, cod,

'4'2
"5 ~hza®agF[sin r3sin g1+cos , @os
W
I /75a12a3|:[sin 73sin g7+cos4/¢osg /:Hi §a§a24 H1?|:2
81g” 64 P 4@

(2.54)
Using the following formulas intequation (2.5%

sina, sin A+ COS, n1cos; n= cos( ™
we obtain

10 3 3 2,
a2 Shy 2+ %W +16_|/{21hff§ 6 7 2@?’@ 14 f;V 3 3/’? é%’b’_g/y 3%%%’

1

Zél 2416'/{2’52""4 Sﬁgffzazz,j/lfiz 22T,2"’l’22w23§ﬁ2512?§

1 \
= 16”42/71 Raay"ag’cos( {1 -, 1 —— sz safafagcos( , 13

1

hitaz’a*cos asF cos 7
16%2332 (’Zﬁzl/fzﬂizs (1 775)

h a, az cos a.F cos
32%21/33123 ( &- 4> Vi;@ﬁ?, (3 1)

1 1
2/732312322332005(’& - ) +— /afaicos( , )
81y 8 W

—+
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?agF cos(13 - 4) L s agF cos( 4 ns)gi jaza; LR

8 4 W 4 v

or simply

st % iy @ Uiy PF 1 2 Aing, g, Rl B g et
(16121a2+16ivf ag %%%ﬁzdb 1/?2%#19/552*19295’

e 2 s g an ahbrhkb S waF h wpal
8—;12/73a22a3l:— 4,4/2 a’zast 4—1&%F2 (€= (2.55)

where cos@; - #7) °1for small angles?, and”; equations (2.56can be expressed in the

following forms

L.a® + Lat  +a? 4+O0L (2.56

The c:oefficientsLi i =12 3,4are given in Appendix B

Similarly, the secular termsquation (2.3

(-2inBii 6B 3 B2B 2-LCB 2 ,BAA &70

_/,BACdTo2rw-8 _ BACH® -# w3 _RRIEE 2 iﬂ%ﬂfg o. (2.57)
Substituting\\/ 114, reand iz from equation (2.3Binto equatior(2.57) we get

(-2imBii b8 3 BB 2-LCCB 2 ;BAA &0

- /1BAC_;é'/"2TO el s> 9 _ i_BACb o iL L = 3:

26



-/ ,BAZe "o giTis2 L F&"Wod1a =
2

(2.58
. . . o
Dividing both sides of equatiqi2.58 by e , we get
(-2imBii b 3 B?B 2-L£CB 2 ;BAA ,BACEZ 2
- /,BACdNs2r ) _  BR &2 1 FE12 Q- (2.59)
2
Substituting AB andC from equation (2.42) into equations (2.%& obtain
a . _ 1. 1 > ng
el WRs R, gisi tza'é/*-z'vl o 82k ;1 2 A7 €
(; -
-5/1a1a2a§ (a+ g - FdT 1( 25- 3)5 /163LaQa3e( 1 2 L § 2 Bt
—%/4a12a2ei (201' g)eZiTl ?% [:éTl 1%:’ (260)
Multiplying equation (2.6Dby e "2 72 \ve obtain
"2
Siai ag, iti a, 3 1
gez 72 'S 2 Bu, f‘z 4,/5 é‘/f‘s 45(2?‘?1
@+ -qg +F, 459 _1 10185 93759 S}
- 7’ 14225 8y 343,352
- %/48128.2 i (qu_ 2 g +2— f) |21 |:ei ( -ZC]T‘I l) s@:,
2 %
(2.6)
Simplifying equation (2.6)lgives
L 1. 3 3 1 2 1 2
eyl By, 1S Ay o fS o FRg o R
2 % 4
(2.62)

1 in 1 ' 1 i 1 i an
'8,/’/2/16‘15‘25‘3é 6 By haaae” 8w 1§ g'e¥ ?}Vp:eg 0.
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n

i ..
wheresitting € = €0s77 H SIn /ijnto equation (2.6Pwe get

3 1 1
A5 ——— alaj

2
81 4y 4 w AR5

. 1.
- 1asi Bxg; iS5t a;

-i/aaacos i A,a,a5Sin n—l— a,4,a5C0S ﬁIFF aBhssin -
By, 1% ,881@/1123 68%/112613 784/1/91 3S

1 i . 1 i .
—%/4a12a2c05/g _SITg Ala,sin S%F cos g'#é/'l/: sing €
(2.63)
Separating imaginaryna real parts of equations (2)68e obtain
3 1 1 1
A5 - % bay HQ’ A83 4—5,/ AR5 8—2/1/ 288608 ¢
1 1 5 1
- /i @8,85,C08 13 ——— AZa,cos gr+— F cos g /€ (2.64)
> 8 1y 2
1 1 . 1 . 1 . 1 .
azi-aba2 B faya,8gsin 67@ Bfaasin 74{3;@ & Asin 8?‘;,/':5'” 9 0
(2.69
Rearranging equations (2.64) and (2.g&ves
i gy 20 oo S 1 2 1
5 (82 8) T2 15 o g 27 2w 2% 5, AAT
(2.66)

—i/aaacosg &,2,a3C0S n—l— &/ a,cos #J#Fcos
8W1123 g 191923 78%/4 2 822'/'/ 9

2

——— faa,asin 67517% 1Baasin 748:&;1/ 4& Asin Sgn;VFsin c

2 8ns,

(2.67)
Thesteadystate solutions correspond to cons$ai)t,s_, gthatisa,i=n, =4 @ Thus

equations (2.66) and (2.6%an be reduced to the follawg nonlinear algebraic equation
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a 3 1 1
- 2251 -%) s Az v AAas e’ Y%

1 1 1 1
- 72/1a1a2a3cosrg 5., 1#i823C08 7né—g/ A a,cos Sﬁzﬁr—éﬂ/ F cosg (2.68)
1 1 . 1 . 1 . 1 .
Eba2= 87/1/2 {aa,855in 67@ BAfazassin 7@—@ & Asin 8?»@;/,/Fsm 9 (2.69)
Squaring equations (2.68) and (2.69) then adding (2.68) to) (Re66btain
& 1 1 B 1

% (25, - 3 2 2 21 29
2520 9) £ A 5 AAS T B0 Y
a 1 1 1 s

/ a & F 5

a 1 1 1 1 ®  (2.70)
+ge 8w, /1&@,a5Sin 72 575 14,8,855iN 7/95@ & asin B?EWFsin 99 '
Expanding equation (2.J@ives

9 ,, 6,2-3 3 3 2 , 3 0,

/ca,+ +—— ,/ —+ —F

64!/1/2222 %7(;-”/2%2/161@'2 > lad 16 @ > A1 8 1y 22§%

%7/3 lafad —— 19@/3 1545"? 334/ 1 BT /f*'*l g l5*'2 §3%/J2

16w’ 2w 4 "4y 4
1 2 2 2 27 : 1 : :
/“a“a,"as7sin gsin #* cos ¢ @OS | #—— afal sin 4 sing +cosg co

32W2211 , a5 sin gsin 6 ] 52 1@25[3 6 Sing +cosy cog

—iF/1a1a2a3[sin /gSin ¢1cos ¢ KOS | PR 1 Alajaf sin; sing €os; cog

81,7 32w

—iFllala2a3[sin Bsin ¢rcos , @os | Al F Aid} sing sim, +o0sg cody

82 8 u’
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1 1

/%a%a,%a +—— I a8 +— F?2 (2.71)
321/1/21123641@242&1453

Using the following formulanto equation (2.7)Lsinv; sin f1+ cos; ncos A cos( f7

we obtain:

9 /2a6+ § J+——
64> 2 ° %Wz 161@'2 6 & 8 1y
a1 2.2 1 2 4, 1 2. 52,1 1 2 1 2 1,0
+ /, lala? —— a/ s [+ H—— s+ -5/ = %
%79%234132%1939/3 1855 nga 1 B 145‘-4%2@34%5@14 8‘/%
1
P8 ’a,%a.’cos( - 1) +—— , ladatacos( ¢ -
32W221123 (7 ﬂSZngl@lZ?, (6 -13)
-712F/1a1a2ascos(/g - d) J';L 1/4'3‘%/6‘2233005( 7 )
Ws 32w
1
- F /,a,a,a5c0s - F a,cos Iy |
81,2 12883 (3 9!78,/%2 2Ea, (g My,
1 22 2.2, 1 2.2.4 1 _>
+——— /8 a, e +—— /A +——_F
3202 18 & a3 64 1P 8 & 'y
or simply
9 3 2 , 3 0,
/ a / I S 1=
641152 27ay° %_Wz €2/16|/g2 ad 16 2 2 Aj S 1y 22392
+( 12/3 tafas S Pl 1§—54_l ga:ff/—l 1 a3 /3
W5 7 16 2 iy
1 5 1 1 - 2 2242
+=s — 55 —+ ad
2°>2 A, A >sAf 7 320152 1133
2 3.2 1 4 Zé' 2 1 6 1 2 2
-——/, jaay” +—— Ja,)a F @a, —+—F a F? 0. (272)
32W221413 64 A 1£879 7 134382%/ 4??242
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where cos(; - #) °L for small angles?; and”; - Equations (2.7Rcan be expressed in

the following forms
(2.73)

Lsa’ + fas® +as gl o O
The coeffi(:ients,Li i =5,6,7,8,¢are given in Appendix B

Similarly, the secular termsquation (2.3p
(-2ingci -0 @ 2 OBB 3-C%C)d"do

+( 2¢t,ACC 2 ¢BBA 3-4&76) pio | g dgow w 1 pewo o
(2.74
SubstitutingW. v, . W and W5 from equation (2.38) into equations (2) e get

(-2imci-& @ 2 BB 3-C%C)é"do

+( 21,ACC 2 4BBA 3, R A &0 gil=z 9

_leZCeiTo”Ge-ZiTlsS ,& Fé #od « & F (2.75)
2
- . . i v
Dividing both sides of equation (B)/by e 3 Owe get
(-ZiMéCi -d @& 2 OBB 3-5C?rc_:)
+( 2/,ACC 2 ¢BBA 3, R A §1°2 2
(2.76)

- t,B%Ce 2153 % FeTi(9a-9 o
Substituting AB andC from equation (2.44hto equations (2.76ve obtain
. ) 1 . 1 3 €

ingg uas ¢is i dawl-ads - @l 8
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a 1l - 1 - 3 - « -
+8€Z[2a1332elcn 3 taalé ¥ _8_4@ e 19 ggl(sz =3)

_%;1a22a3ei (2302 @ o2T1 5 % F1( 15- 95 o (2.77)

Multiplying equation (2.7yby e 93 we obtain

w3

1 > 3
s EY; Bw A3

-lag 893 “12: A,

1 20 (- g+F1 -3 _ 1 2 4 sB-
l'aa e 1 é 103 @_1 E)L
2 28483 4|/g§al82

_Sit4a13ei (- g +F1 -39 _1 {aZZaSé(Z 2 2-32g-8 ])s_+1_ Fé( 3- igr B )- 05
wa 8 ¥ 2 w

(2.78
Simplifying equation (2.78gives
- iAsi 11 i i 2 i
1351 893 15 A3 an, AR5 8w 28
1 2 img _ 1 2 j 3 i 1 i 1
— - &m0 3 w_= au 2 0,
v 283 € 4'@§aia2 8@/4@6 83}/’/15?% 7';W
(2.79

where

Mmo=g-39+Hg 45112132 g2 F, 1,5 3/Fh-; gk .
in i i

Sitting € = C€0s/7 H SIn 7iinto equation (2.79 we get

] 1 . 1
- iagl 893 15 3 ang aAaz By A
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2 i 2 . 1 2 I 2, .
-—t2a1a3 COS /b -4— 2a1a3 Sin 10/72—@/ 33?2 COos lozn_é/l/ @szSIH 1

- ———1,8,°C0S fp, = A7 sin 10’78_15'/ aztzcos 11§IH‘M933 gsin ;.

(2.80)

1 i .
+—F co97,, +—F sin .
12 7, W H

Separating imaginaryna real parts of equations (2)8@e obtain

) 1
G4 - A fazas 3
4

1 2 1
t,a,"a,CoS +— F cos £<]
8|/|/312 3 ’.I?lzl/g 19
1 3 a
‘432 N 10

2 2
bayag A w 3 a; 8 w 9

A 1da3‘313 1
-ag = =
2 c 4ns

! 3,7 assin +1 Fsin V- (2.82)
3 2 i

Rearranging equations (2.81) and (2.§®es

1
agmi=ag( 5§ - 9 A ALas s AT
3

1 , 1 , 3 3 0 1, 1
—tas — taa, —— L& S ,o/i— aLos ,,—#* F cos
2433 4|/g§12 8 w 1‘33) 1083,/’/1"123*C 1123W 12

(2.83

1 a 1 > 1 > 3 a
ai= —d —_— a; —— H{ya, —- n
i 2a3§34W3§a13 4,@,3128@4325? 1C
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(2.84)

. 1 .
t.a assin £, +— Fsin 4.
8%12 3 L > W 17

The steadystate solutions correspond to consta®y . /7,, that is agi=1, 8. Thus
equations (2.83) and (2.84an be reduced tbe following nonlinear algebraic

equations

1 3
-ag(s; - ) ?44-1/73 AR5 g"',/; 6

a 1 > 1 5 5 O 1 5 1
—t1t a5 — Laa a 5 — a-cos —* F cos
354%213 4 tagay 41@+D 1083Wf"2§ 1123W 12

8 w
(2.8H
1 a 1 > 1 > 3 o]
> ag 294% bayag 2 3®ay 3 §V4af 33” 10
(2.86)

~ 1 salasin m +1 Fsin
s 18 93 A > W 14

Squaring equations (2.85) and (2.86) then adding (2.85) to) (Re86btain

9 2 6é3 3 3 2a2‘-34
t5”ag +2— 3 o 18—+ 188 4-3af 84
64uns° g 4 g 16 12 o

a , 1 1 1 > 0O
+ 2 —+_ ?a 3 5+ s
éfl 5§ 24 i 16152 fat 3 2w B a2 gi

- %tzalaf F[sin gsin 154cos ;yTos 1} Hz_ll? aa%F sinsimy, €os,, cosh

-%[1a3a22 F[sin gsin 1+cos 1;/@os ;] /41-66—%(2 a5H sin  simy, €08y, cosh

3 3.2 . . 1 . .
+—> ¢t a,2afsin ,¢sin ,,ACOS ;4 Q0S ;} #—— £ak, sin ;4sin 4 €0s {3 cos
3ou? 1 fafasadsin ygsin g 10 1 Y% 1 aabals 10SIN 14 {3 cos|y
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23402 2 28
64 v

—t ala?[sin in ,,AC0S ;4 QDS ﬂFI—Fz —
160’ 1 5483 2[ 16BN 11 10 1 2w 64 &
+ 2ot piad + 2 stadal 47, , gfafal 4, Pafaf ¥, Zafaf
1614 161/5? 8 ¢ 16 @ 16
(2.87)

Using the follaving formula into equation (2.§7sinv; sin 1+ cos; icog A cos( f1

we obtain:

3 0
1§m 1 @4 4-Zaf 83

tlaf e g -3
2T, S5

6414

2 2 1 2 O
32 fajt 4 f@““ 3@25§§

%2 23 §g 12f
C 214 16
- z‘zalangcos( i - 14) @?% F cos( 109 /772,
4ng Vf
- 2t1a3a22Fcos(@1 15) 16|/g2 ALF cos( 1 M)
3
+— f a, a;COS a L£0S -
32% 113123 ( 147- 11)716@ 1@1‘@?& (10 A
+—L 1) afafcos( -+ F2 4 2afa? I Zaf
16147 4 uf 64 64 v
vt pfal +> stafaf +- , fagal —+, Zalaf —* Zalaj
161s° 16 uf 8 16 16
or simply
9 , g a3 3 3 > .1 , ,0
(-"ay + —— 4-Ja; +—— sa
64”@253€§lﬁ§54vg1§16vf1§§ 2116@{,9218?
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1 2.3 1 3 2.4 ,2
-——t, faara 52 s t—+_ fa; t
1621@123(‘1 133 1 AS T

1 , 1 3 4. 1 oy o
+— S, fa," +—— F —— t Za 2y a

" 3 §as A’ A 162 2 /2% 8 @ 2 ffajz) as

1 2 3 3.2 1 0
+ t.a,"F ——— d,"a —_
nggzlz 32'/5{412 16&1@@5‘@3

1 2 6 3 2 9 6 3 4, 2 1 22,49
t a2 F+ a’F F Za’ 2 a? ——_ Za’a ,
%9 ng2 7 16vg2£1 4 64 v * 163%/,/3@12 1632W312§)

(2.89

where cos@; - 7)) °1for small angles?, and”; . Equaton (2.88 can be expressed in the

following forms

|—1oa36 + !1—1334 A3 o £ 18t L 150
(2.89
The coefficientsLi i =10,11, 12, 13, 14, 1&re given in Appendix B
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2.3 Numerical Results and Discussions

In this section, the solution of tm@nlinear differential equations (22911) and the

frequency response equations (2.%8.73) and(2.89 are obtained numerically.
The stability of the steadstate solution is investigated using the phase plane method
and frequency response function and the numerical results are focutedeadfect

of different parameters .

2.3.1Timeresponse solution

A norntresonant time response of the system is shown in Fig.2.1 when the governing
equations (2.42.11) are under external force. In Fig.2.2 different resonance agses
listed and an approximate percentage of increase in maximum-stadelyamplitude

compared to that in the ngasonant case is indicated.

(a) Internal resonance case

(Mﬁ_= g 2.6) (1509, None, Noe , Fig.2.2i
(W3:3 14/) ( None, None,130% , Fig.2.2(

(”fL: W =W 2:6) , (150%, None, None), Fig.2.2|

(b) External resonance case

(1) primary resonance:

(way £9) ,(250%,2509%,160%6 , Fig.2.21
(Waus 22) ,(200%,25006,250% |, Fig.2.2:
(wW=ng 2.6) ,(150%,150%,160%6 , Fig.2.2
(W =wg ) ,(None, None,130% , Fig.2.2
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(2) Simultaneous resonanee

“w w3 1.8)(200%,250%,160%6 , Fig.2.2
I W Y2 2) ( 250%, 250%,160%6 , Fig.2.2
=W W Y 26) [ 250%, 250%,160%6 , Fig.2.2

3)(150%6,150%,150%6 , Fig.2.21

2.3.2TheoreticalFrequency Response solution

Consequently, results are presented graphically as the stsaelyamplitude of three
modes against the detuning parameters to give the frequency response curves.
Equations (2.56)(2.73 and (2.89 are shown in Fig.2,Fig.2.4and Fig.2.5as the

amplitudes&,; . &, , &5 against the detuning paramete?fs: <. 5 for

different values of other parametelEsachcurve in these figures consists of two
branchesConsidering Fig.2.3(a) as basic case to compath, it can be seen from

Fig.2.3(b),(c) that the steadstate amplitudes, decreases as eachgf ,
are increasd but inFig.2.3, €) the steadystate amplitude@, increases as each of

F increags.Whereas the frequency response cuindsg.2.3 (h)are shifedto the

rightas s, increasesConsidering Fig.2.4 (a) as basic case to compare with, it can be

seen from Figs.2.4 (¢that the steadgtate amplitudéd, increases as each of F are
increasingBut in Figs.2.4 (b)c), (d) and(ithe steadystate amplitude*2 decreases

aseach of &, - &3> O, V¥ greincreasd In Fig.2.4 (h)the curves are
shiftedto the rightas s, increasesWhereas, the frequencgsponse curve are bent to
right as/, from negative to positive values, showing hardening nonlinegifiégt,

Fig.2.4(f, g).Considering Fig.2.5 (a) as basic case to compare with, it can be seen

From Figs.2.5 (b)c) that the steadgtate amplitude?s increases as each of

a,t,, Fareincreasd
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The nonlinearity effect off, is shown in Fig.2.5 (f, g), whereas the curves are being

shifted in Fig.2.5 (d).
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Fig.2.1: Nonresonant time solution of the[3 model to external excitation
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Fig.2.2 (a): The internal resonance condiitio, = @, = 2.6

Fig.2.2continued
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Fig.2.2 (b): The internal resonance condition= 3o,

Fig.22 continued
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Fig.2.2 (c): The internal resonance condition= @, = », = 2.6

Fig.2.2continued
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Fig.2.2 (d): The primary resonance condit@n= @, =1.9

Fig.2.2continued
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Fig.2.2 (e): The primary resonance conditi@r= @, =2.2

Fig.2.2continued
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Fig.2.2 (f): The primary resonance condition= o, = 2.6
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Fig.2.2 (h): The Simultaneous resonance condifbao, =, =@, =1.9

Fig.22 continued

47



I R R R

Time

(i) The first mode

-d o om Ww 4 s

Time

(i) The second mode

i 1m

T

Time

(i) The third moe

0g- 04

0x 00 02 04

amplitude

04

BT A T
amplifuds

[

0 06 04 02 0 02 04 06 03
amplifude
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Fig.2.2 (j): The Simultaneous resonance condifibaA @, = m, = @, = 2.6

Fig.2.2continued
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Fig.2.3continued
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(g) Steadystate amplitude of third mode (h) Detuning parameter

1.5

a1

(i) Natural frequency

Fig.2.3 Frequency response curves of the first mode of the system at resonance

m,=0.5,7,=0.6,17;=0.4,n7,=0.2,n5=0.8 a,=0.03,a;=0.05,0,=0.02,a=0.08,F =0.8,a,=1.9
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(o) Steadystate amplitude of third mode (d) Linear damping coefficient

(e) Excitation force amplitude (f) Nonrlinear parameter

Fig.2.4continued
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(h) Detuning parameter

(i) Natural frequency

Fig.2.4 Frequency response curves of the second mode of the system at resonance

/11 :05,).2 206,;% 204,;&1 =08,a| 2004 613 :001,0'| :003,ﬁ:008,F:08,(02 :22
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(a)Basic case

7, =262

(e) Nonlinear parameter () Norrlinear paameter

Fig.2.5continued
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(9) Non-linearparameter (h) Natural frequency

Fig2.5 Frequency response curves of the third mode of the system at resonance

7,=0.55,7,=0.62,7,=0.44,7,=0.22,75=0.88 1,=0.04.a,=0.03,0,=0.03,5=0.08,F =0.8,,=2.6
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Chapter 3

Free Vibration Of The Three-Dimensional Nonlinear System

3.1 The governing equations

In this chapter we will study theolution of governing equationél.7-1.9) of thefree
motion of abeamyherequintic terms are being scaled byin order to investigate their

effed on the behavior ahe system

gi+ig’g +é( 1h*g wok® Pk L7 s FR

+e( @i +ebk® P k® gtk oW o WA gy e

+mo9°k? +4,9° Hah’k?g o'k @ B O, (3.1)
hi+us?h +&( ;hgk W i  ,hd)

+e( hi +;ihg* th*k® #HP/ ghgl® o hK

+/10h%g? +L,0kI®  H4hg? K2 hkd) O, (3.2)
kitig’k +E( 07k +gk® sgif L6 1519

+e( Wi +it° gtk g6°K° W oK gt g Hc

+1,,0h%k? +£kRP g2 449° kKD 0. (3.3)
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Using equations (27)and(2.18) into equation (3) we obtain

Do’go*+eDo’d; 2 BoDigo 2°BDg: f0@, 99

+&( +fthy H9%(go eGP (kG k)FEegy )

+hy(h +&)° (ko 4@ KMo e {86 DXk K

+e( 4Dogo +Dg; D@, D) gk k(80 91+ ekg K (goe 9’

+hy(ke +&1)°(hy 9% Hl, DE hy hfe f hr RiHe K Heho+ B g5 ed

(9o +@)% (ke #@° #y, o2 Mg h¥&, kKte 9

+his(0o +@)% (ko 4@ #hy ME k, ke, 93 @ (3.4)

Now equating the coefficient of the same powere gields

o(€%): (D02+|/|/12)gO 8. (3.5)
o(e"): (Do’ +us)g; =2DDGo D Po 390 #395 dEhs  n}

-mohc'ko ~ANG 9o -HASKS BT k5o 18oko  1bROTK (3-6)
Thegeneral solution of equations.$3 is given by

9o (To, T)=A(T) "0 +A(T) &' "To. (3.7)

Similarly, using equation$2.17) and2.18) into equation (3.2ye obtain

Do’ho+eDy’hy 2 BgDhg 2°BDh, e, hy

+e°( () +ha(go gk ke k) e frhy/ h)?
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+3(hy +&)(ko #@° Ahy hiego Gk

+e( fDyh, +Dgh, Db, 2DR) 4hy/ h)tge a)* & hg H3( ¥, ek?
+/7(hg +8)° H(hy h)tgo gdleko k¥ e & hy / N( koe K’
+/10(hg +&8)°(go )? #Mo Mgy 9t &y K

+/12(ho +81)(do *ID°(ko kY 1£H, hifle, Ki(+gg 9S)r+0e

(3.8)

Now equating the coefficient of the same powerg gfelds
0(€°): (Dg2+ms)n, # (3.9)

o(e): (D02+W22)h1 =2D,D;hy DOhy Liho ok

- /7h05 - ékosgoho 'gkt;l ho 1ohg gg 1'1”% gdoKo 129120 k2o ho 13‘336hd<

(3.10)

Thegeneral solution of equations.g3 is given by

ho (To. T1)=B(Ty) 20 +5 T) & 2o, (3.11)
Using equations (2.14nd(2.18) into equation (3) we obtain
Do’ko+eDo’k; 2 BoDkg 2B DKk, £Wko kH

+&”( f(hy +hp? (ke +kpe £9¢ o kg k¥

+13(g9p +91)(hg "'hgz &£ 9o 9’93‘9 { kot kis')
+e( @Doko +Dgk, D, ADje) kot k¥ & g b)'¢koe k)
+1g(gp +81)° (ko *@® g0 ogd’€ky, K)¥F
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+110(go +8)°(hy +@° Hlbo oy hF* e1f g7 g hoe NP koe B
+113(go +8)°(hy HQ°(ko K)o £do O
+115(hg +B)* (ko e Hhy M’ek, k)P)eo. (3.12)

Now equating the coefficient of the same powere gields

o(e): (D02+W32)k0 0. (3.13)
o(eh): (D02+W32)k1 =2DDky DK, &5 doko KE95 Pk

180Ny - o' o 15kEge 185hoKe ol  1higk o koK (3.14)

The general solution of equations (3.13) is given by

ko(To,T1)=C(Ty) é"90 +q(T) & "Bo. (3.15)
To solve equationg.6) we use equations (3.73,11)and(3.15) and simplifying

Equation(3.6) becomes
(Do?+n?)gs =2i a0 & ad To @ ALL W Fo TG A arIvo

+( 4nC°CA 2 4,C2ABE) £ T (4 4G CA2 1 fC ABR'E ¥ PO

A 252 2% 6. BPE2A 6 . O el Ao
+(2|W1A. -4 K 6 ACC? 6 BBAA 6;,B°B°A 6 12&BA?A4 14C7CBB)A e

- hCPAZd Brar2 o pT3I A2 (2 w2 0 (42 pC° AA2 o8 Blp & ¥0

+( 87, C%CA? 4 JCA®A 2-4CBBR) B2 W0 ( 3 A2 CR 4 fCA A2 o RBBR (€ ¥ 2 F10
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+( 61.C°CAA 6/C°CBB 6-f B°B°C 6 ;4CA K 4 Ié‘?CEB,_A)AI 3o g B 2 8% 2o
-/7863132(9i (-3vg 2 q ( 3%02652 a-f BSBC 2 1@052 AT;)\ 'Ly 2P,

+( anc’cs? 448%BC 2-{76E:BZA'§ s € ( B R 12/+52£§ ey EP

i(-2w, B (2
+( h98‘2A3 q2E2A3)eI( "y 81T (e é}BZAZ_A 4 11?83_8_A3 121782A2A2 14ECB2)A'((e 4 ¥

i(-2 3
+( 0 8202 44,8%8A 3-p,B2A2A 2 ﬂtés%}\'e( "5 o ( 2+ /R BB2 ‘gs e o

cade M2t o -/iOCB4ei(4 Y- %o -le"' pelt 271" -ﬂ‘é‘ aet 2"

) /’10

'/713“565 “I'o -/14C282A(=i:(2 wr2yr P -{7462‘32 A2 gvZ o Fi
'/’14C2§2Aei(2W3- 2% o -/14(_3282A(ia( 2y ay -fSCK‘ie( 3" 7

-/715C_A4el - W3 -K“A_()TO _qGCBZAZé( %{ & 5'/ 2+1)7VC

-h165I§2A2ei Gy 20 24 -/16C_E32A2ie( b -4 CF PR N

(3.16)
where cc is a complex conjugate &ery preceding term
The partcular solution of equation (3.1& given by
4 ~4
9. (T, T)=— 6 A d(augr wio 8C Ad(4 & o

8us (2 g+ vy 8 -2 zwh)w
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+(4/76(:3(3A+2 #,C° ABB) i 4 $CCA2 fC Ag% (2 @+ o

i (2vs+ WTo

ans (it 1y 4 - s w
— 3AN 3pE
A s KA (s qa s (;2/770 AA 2 C°BB) 4
3(m+3u)( w+ gy 3( (VB )y mg) W (13m)( p3 & w
2~ p2 37 T % y TAE
+(-3/77c CA? 4 f.CAA 2 1/3CE;BA%)ei(MG+2 o £ 3,78 CR 4 1ICR A2 @BB% S
B+ w)( w+ B 1wy W) w
2RA RN 2ARE T - BRA
+(-6h7C CAA 6 fC*CBB 6 B B C 6-,4CA & 4 16/1:BBA)Aei o hCB? w2 o
(- w)( w+ (2 B w2 g W +w
_ 2~Ap?2 3p \
_ 1 B2 L Ca o +(-3/780 CB2 4 4,B°BC 2 f3CB AA)eiwzﬁro
(2us-3 g + (2 W3+w W (2 5 wa t)(H , -4 v W

+(- 3/7862052 '4/j?oBSEC 2 1/5682 A_éni (- g 2 m)To _,(_ 9/'§ R 12-f§ )%el (2 w3 WMo
(2w~ W +0( 2 v gw A1 ), @ +w

(nsB?A%+ 4,B2A%) (3 ¢B2A%A 4 \/B7BA3-, B K A2 1, BCB P
+

gl (-2n2 8o | d (2w o
4m- w2 w- By 4 Ly w)w
S2A2N B3nA 02 A277 (T [} B
+(-3/795 AZA 4 ,B°BA 3 B2 AZA 2- fCCH a\ei(_ZWZ e +(2 o R BB2 1, A B)ae3i 2o
AT 8
_ mLB* ol (4wt )T o ALCB” d 4 w- oo
Ao+ g +y( 4 W 3w (4 o, Wy -mW(Hy , -4 v
_ ,,B4A el (4no+ T o 7.BTA e 4 w+Po /Z;LBA_S e o
8us ((w+ u) 8 M W )W 24u4°
+ mLC?B?A ol (2us+2wp +wlo A1.C2B2 A d (2 w2-w pwg
Ao+ w)( W+ W +Hw 4( L, wH)(w, w - w
+ mCZB2A ol (2ug-2w +Wlo A.CZB%A d (2 w2+ g
A4(ns- W)( W- W 3w 4( o, wa)(w, w+ - w
4 ~n4
MmCA i (Ma+4 MITo ACA d(-mwa Po
B+ w)(5 w+ Iy (3 1u-3)B 1 ns) W
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272 2 p2
mLCB A e (at2w 2 Wio o ACB” A d ( -av2- 2 4w

+
2o+ g 8 (2 v +Hw Hw (2 Wy )W, -y v
. hCB2A? o (2w e Wy AeCB® A? o ( -w2em2 4y e
(-2 + 3 W( 2- v 0 )W (2 , w3 Iv)(2w, 4w W W
(3.17)

Similarly to solve equations (3.10) we use equations (3/11)and(3.15) and
simplifying Equation (3.10pbecomes
(D02+l/l/22)h1{: 2i wBi b # 6 PA°AZ 6 £CBZB 10 7BIBZ 6 oC°C2B 6 19B2BAA4 12667&A)I_5; o

- /SBA4ei (4m+ m)To _ é§A4 &4 w- T o

+( 4/sBAA 3 (B2BA? 2-4C?BA) E*1" W0 (4 BRA3 ;B BA 2, ¢ BAGY o

-(/GCZB?’ +£OB3A2)é(3MQ+2 )T o (_ GZ:Z B3 1‘5783’6‘3 h(3 w2 #F o

-(3/4c?B?B 4 {C°CB 2 4C?BAA B*22%T0 (3 "2 B'B4 ¢ & CB2 5 & BAA(2? 90
-(2/6c6|33E 5 4/B*B 31683A7§ gdvlo _@BlWo .G BAEY #8 Fo

- 1CPBAd (M- 2 3 W0 _ SBALl w280 j3 BAd 172w T 6

- (3/80263A 8 {,CB?BA 31405/?;‘/) gt 9T o (3 o & CBA3 # B BAS 1§‘c§A) Algt-2v 9Wo
- (3/4C°CBA 8 {,CB? BA 3 {CBA ) 'd" 2 *9T0 (3 & CBA3 1, OB BAS 15 CBA) Al 2 W0

L1 CoBd (w0 | ipd( wd Fo B R B2 18 Ho

L/, CB3Ad (3w +9T0 _y O ALl 8 2v IWo _ 4 B A 132 W e

- 1,CB3Ad (3w 9o 1 2 2 b2 wra+do _ ;@ RTgd? 12w d
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-/12C2A2|§é(2”1' w 2 &g _42(—:2A2 B&(2 w+m2- 3 _140,& Hd3 1wz Wi

1 CABBE G - 9T0 _f CRBES o W0 A HAS 19 F 0 g

(3.18)
where cc is a complex conjugate for every preceding term
The partcular solution of equation (3.1& given by
hy (To,Ty)= /sBAY G amr wro | 4BAY d (4 w- W o

8w (2 w+ Y 8 W2 w)w

3 215 A2 ~2 2
+( 4/BASA 3 [,B2BAZ 2 C BA)ei — £ 4-sBAA3 1, B BA 2, 0 BA
anm (w+ ¥ 4 - wh)w

d (@ w- 9o

2R3 3,2 3, ®3
A+ W) (2 w+ gy A w-3)@ , V”%) w

(3/c?B2B+4 4C°CB € 4C?BAA |

+(3 ¢ EB4,dCB2, @ BAA

- gl (122wl o d (w2 3o
Ans (gt ) 4 W W Yw
. . _
+(2/GCCB BrSiB'B® 1683“)93@0 JB° siurg ic’BA d(w w8 JFo
8us,? 24 wf (M+3 u)( w2 w3 3y
/6C BA ol (M- w3 @lo 4C°BA d ( w-2B+3wg
(V’i 3w)( w2 w3 3)"/ (1 B+3)wy 204, 3ws) w
2~
/.CBA ot @ W (3/80 CBA+3 {,CB? BA8 14CBA A ¢ griar gm0
(V"_’L 3u)( we w3 W (1 wdw, 20 Y+ w
o o o
+(3/80 CBA+3 {,CB°BA8 ,{CBA /}ei S £3 BCBA3 , CB BA3+, @§A) e 50

(M- w)( w2 w-3pw 1 w(wy 2w, W+ w
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3/,C°CBA+3 [,CB°BA8 [CBA A . 4 .
+( g s 16 Ael(m+vz-@To+ ILC™B i wagrg

(- w)( w2 v -w 8 s(w, B3 w
N /LB ol (M4 mTo {oB°A? g (2 w3 9 o
8us (-2 y) (W N1 @& )w
+ /1 CB A ol (M+3 1 +yTo £,CB* A d( #3 w Iwg
(M+2 g +W( wa w Hw (1w, Wt wa - - w
N /11CI§3A ol (W-3w +@To {1CB3A d ( w3 w o
(-2 +@( wa w Hw (12w Wt wa g+ v-w
. LLPA’B  iwrmwe wio , (C*A°B 2 w-me- 9w
A+ w)( g+ v+ 4( 4 wa)wy w W- w
. LA’ iwm we wro (C2APB (2 weame- 3o
A4+ )( - v W 4( 1 wa)(wy, wt - w
. /. CA®B i (Bt +8To 1CA'B d B - o
B+ )3 W (B w3)@, 2, Wy w
3% =73
N /L LAB ol (3ut- W +@lo 1CA'B d B waw Iwo g
B+ )3 w2 W+ B wa)@, W u)y w
(3.19)

Similarly to solve equations (3.14) we use equations (3.7) , (&rii(B.15) and

simplifying Equation(3.14) becoras

(Do2+us?)ky £ 20 ugi @ v 10-CAC® 6 LAPA? 6 (CPGAA 4 1;GBBAAG 15 CB B 6 ;4 € -CHB"d0

-1{C%"T0 (5 4C'CT 2 € AA 24, F BY BT CAIE® Fo

- 1,CA%d (41 W0 (4 4CAVA 3, € CR 24, CBBA) & ¥ I 0
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- (42,CA%A 8 4C2CA? 2, fCBBR) &2 W10 ¢ R w8 Fo

_tCOA%d (3T 0 02 35 we o F2 BB 12 o

-(3rsC2A%A 2 £,C?BBA) &2 970 (3 (& RA 24, € BBRE¥? I 0

- 11gB2A% (132 )0 {3 £ B2 AZA 2 JCCB A 4+, B BR'é #° 20
- (3110B2A%A 2 {,CCB? A 4 /8 BA &2 W70 7@ RI& w2 #lo

Ct BAAd M W0 | B ALC A 0 42 @ A 18 20+ I

(1 £PBPA (T2 W0 L G2 A #2 20 2 B A 122 @ T b

- (62cCA?A 6 £,BBR A 6,78 B A 4+, ECBBAL0+H, X A 'do
-1, CB2A2d (@mr2w +8llo -, G2 2 62 »2 v 3o
-1, CB2A2d G2 w +80To _ » CR2 R B2 1Z 2v 30

- (26,£B2AA 8 fC?CR?) (2" W0 (2 fCB AA3H € CH '€ 2~ 9o

_[14A5e5i'/'/1To _I5CB4é(4VQ+ T’ 0 -, 4CB' b(4 2 I o

_[16(;352€i (2m2+3 ®)T o ':{663 B2&(2 23 WMo ¢
(3.20)
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where cc is a complex conjugate for every preceding.term

The particular solution of equation (3.20) is given by

4.~
(% siugo +(51‘60 C+2 4C3AA 2 ,C° B@e‘oﬂ g0 o A" Law wro
Ans? 8 uf 8 (w+ @

ki(To,Ty)=
1(To 1)2

. 4N 2~ a2 > [
LAY e mta +(41‘7<:A A+3 4C2CA » 13erBBA%)ei @ we o

8i(- w+4) 4 W | W)W
SAA N ~2 2 DL
+(4f7CA A+3 4C2CA2 2 131CBBA?)ei(2M_ o o LCOA? e we g
A (- w+y 4( W& W, wi) w
~3 .2 2,3 72 A3
+ 1C7A el 2m-3w)o C°A d Bw2 sho oC°A d 3 m2 3o
4m- 2 ) - 3( )8 | wh) w 3( 1 wBw w w
2 27
(3rsc2A2A+2 £,C2BBA i (22 T J(3 B2RAR , & BB)\I( o g
(W +3 w)( w+ gy ( 1B v, W) w
2
£ gB2A3 RTE—— +(?,zrloB A?A+2 {,CCB? A4 /B BA JCwe o
(3'/"i+2 W +@(E wa ,w 3w (31 &-, M3, 2w- - W
S22 % =52 = _
+(31103 A2A+2 {,CCB? A4 B B,c)ei (2 w0 4 £, B2A3 JG W w
(W-2w +W( w2 ,w zm)w B 1 v, wm)Bwy 2 g- W - w
t1,B A ol (M+4 w0 | #BYA d (w4 7o
(V’é+4'/k’+§'3( N (14, Wttwa - - w
+ HL2B%A ol (M2 1 2 wlo £C*B°A o (12 w2 3Wo
(M+2 1y +@)( W2 HuB+y)w (1, Wt w2 w-3y- w
f12CBA el (M2w2 glo IZCZBZA d (w2 m2-3hvg
('/'4 2 +@( W2 HUB+g)W (1% Mt w2wsd @y- w

(6:,cCA2A+6 £,BBAR A6 ,¢B B A 4,, ECBBA1G ., X 3
(- (W Hy

+ el o

N f1£82A2 ei (2w+2wp +8ll g {36E2 A e' (2 w2 w 3Wo
A+ w)( W+ v+ A4( q wp)wy, w W- w
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— 5 ~R2 A2
LB A el m-2w +@llo {:CB" A d (2 w& w 3o

4(m- w)( w- W W 4( 1 wHw, wr W- w
2AN 2 A~ e \ W

+(21r13c:B AA+3 £,C CBZ)ei(ZW2+ . +(2 4CB AAS 1 B cé)ei 4o

4w, (gt ) 4 - W)W

5 _ 4 ~n4 ,

f1A 5o o ECBY  jawrgro , {CBT (4w o

(-5w +)(5 W +y 8 LW wH)w 8 (wy W+ w
_ i (2wo-3 )T

1, C°B? ol (2m*3uwo | {C°B% et cE

As+2 W)( W+ gy 4( U2 v, wy) W

(3.21)
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3.1.1Stability analysis

In this section we shall study the stability of the nonlinear sybtenonsidering the

following relatiors betweerthe natural frequenayf the three mode of the system

w=3w +e w,=3w + & w=2w + e, (3.22)

Now if we eliminate the secular terms of equation (3.16) which are the coefficients of

i Wl
e'"'°  thenwe get
(-6/AC2C? 6 4BBA2A 6 /BB A 6-,/BBR A4 1, /CCBBE0
- (2/,CAR 2 fc®BB) 90 @ (3.23)

Substituting 1, from equation (3.22) into equations (3.28 get

(-676AC2C2 6 SBBA*A 6 4B B A 6-,//BBR A4 1,/CCBBA GO

-(27,C°AA € gC®BE) &0 &1 @ (3.24)
Dividing both sides of equation (3.24) y“fo ,we get
(-6/,AC?C? 6 BBBAA 6 4B B A 6-1//BBA A4 1,/CCBB)

- (2#C°AA 2 4CBB) 6’11 6 (3.25)

Now we use the polar forms for B,and C

1_ 1 1
A==gen, B=—a,e %, C=—a€e®
2 2% 2%

(3.26)
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where a,a,,8,9;, g, yare functionofT,.

Substituting AB andC fromequation (3.26) into equations (3)2&e obtain

a. . 1. 3 3 1 5
gl & gisi @w-- af; —- @3a] ﬁl@ft s 18281 1@@53334‘
2 2 16 16 8 g
gfe”?al a’ #/@a 203 8“‘73 9 ¢ (3.27)
. . -iq .
Multiplying equation (3.27) by® " we obtain
m
geiali &g, i%i a, 163:41 aas 163 A5 al —— 113f7132 ?W 125 a% 811 W‘l@ﬁzzazs
a1 2,3 .1 3 QC-a8g B (3.28)
gai—&%/ual a3 16Vi//ga ag 8 O=
Simplifying equation (3.28) gives
3 3 3 3 1
-1 84qy ‘2' @ 160 a3 16w 5 aj E—W AR5 161l;l/ phay 3 Ak
(3.29)

Sitting ¢i” —coen + sin 7 INtO €quation (3.29) we get
- 1. 3 s 3 .3 3 . 3 s 1
-ia 8, i-i &, — HBAa; — a; — — . a; — a
T ‘2 1 160 BR3 16 b 16 w 19085 161W1?é 8, w 19?2 3
Araf ,, 2483 Slngl a

a 1 1 )
- mhﬁizasa m @3-223-33 Qfs {F ? 16 w
(3.30)
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Separatingealandimaginaryparts of equations (3.30) we obtain

.3 3 3 1
Gy - 160 feyas Tow 5 ar To w 1885 E A5 a5 1 g, Wlﬂﬁzz a%
a 2.3 . 1 2.3 0 (3.31)
mh7al ag m Ras"as Q+DS {716,
& 3.32
“ay —aa gq;—%/%alza33 Thy B Sn ur0. (3.32)
Rearranging equations (3.31) and (3.32) gives
. 3
%(’75" ’17)' =l 15 ea/?s 1614/ Afai F&’V 1R85
- i/‘] 2a Za /14a ;7 m 2a3 %)S (333)
lGVlﬂ_ 1242 “1 I 2 3 916 1W 293 1
: (3.34)

31‘=Eaa_1a1 /:;alaggpéaassjn /
2 ga? 16w °°2 t

The steadystate solutions correspond to constapt?,. 722 thatisa' =n, "=z e.

Thus equations (3.33) and (3.34) can be reduced to the following nonlinear algebraic

equations
&S+ feaqadt S aral +— f@az 3 1232
1614 16 16 w

1 a 1 1 o) (3.35)
+ 8,/‘{L/714‘511<'=1225‘32 =m maf ag m |z asd @5’5 ¥

1 _ a 1 2 1 (3.36)
Zaa_l_ m/?ai a3 m éaz a3 @n 1/
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Squaring equations (3.35) and (3.36) then adding (3.35) to (3.36) we obtain

é 3 4 3 2.3 3 1 26 1 2
@151‘*:'_6”i g3, *716%/ o ay #16 w 1@132 16 w 1232 al 1Wl 2a32 4 '2*31
_aa L pazad 1 /ga a3 @)S 5 g #ad ——- afal sing 2/
%16%171 3 1 2 83 ﬂg *é@fw 3 161 3 01 1
(3.37)

Expanding equatior8(37) gives

9 722 zasc> 9 P 9 a2 %7
—256'% 6 A3 & QWZSVYZ 2 4—1285_% 6/ 2 +1

+a ° 2/79/1?232 ffa; . Ja, shafas —+— o 454 "' 1@3934
9%28,/,4 256:4? 256 % ° % 1282W

a 9 44 1 6 .3 §
h, a 4-7 2a8 hr +
%7(; 2804 o iy + 128!4; §185 +—— 6417V o hpha3 64 v 12 8585 2562W7 38 1@2 11'%28i

+;;£1E5l hata) m 5187 #72561/142 gas £ 54;64!4/2 1safda ; 464 v 147623/723* +8l 1% s 5,/ @ .
(3.38)

Equation(3.38) can bewritten in the following form, which igalled frequency response

equation.

Lia® + ba’ +ald e’ af Laf + ;0. (3.39)
The coefficientsLi J =1,2,...,7are given in Appendix C
Similarly, now if we eliminate the secular terms of equation (3.18ljgthe polar form

(3.26) and multiplying b)& ? , thenseparatinghe real and imaginary parts, respectively

we obtain:
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5 5 3

. a 3 2_3
a - a; a a a a-
> 5! 1615 L a, 16 1y s as 16 w 2 7§ w gag z
- /i0auast 1 LAafaZa Aaaa3cos
161, 10712 a4 vy 17372 35 w * 3

1 3 352 1 3
-—/,a@25a5 COS ea ag COS /77— 1a2a COSs
32,/'/2 11999194392 % 32 2 93 4 32 & 3 5

where

Rearranging equations (3.40) and (3.41) gives

The steadystatesolutions correspond to constant that is

(3.40)

(3.41)

(3.42)

(3.43)

Thus equationé3.42) and (3.43) can be reduced to the

following nonlinear algebraiequations
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