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ABSTRACT

Various estimation methods for the parameters of the multinomial logistic
regression model are available and various numeric optimization algorithms could be
used in the estimation process of the model's parameters. This study aims to find out
the best estimation method and best numeric algorithm to build a reliable multinomial
logistic regression model. It is aimed to look at the theoretical background of various
estimation methods and numeric algorithms and discuss their capabilities in providing
a reliable estimates of the parameters of the multinomial logistic regression model.
All theoretical methods are applied on a real data set from a survey, conducted
by the Palestinian Bureau of Statistics (PCBS), to classify the anemia status among
Palestinian children aged five years old or less (2010-2011). In this study, we
compared five estimation methods and algorithms using different assessment
techniques (classification table, cross-validation and ROC curves) and obtained a
reliable MLR model with the best accuracy and the least error rate for a given dataset.
Ten independent variables from the survey were selected and used to classify the
Anemia response categories (normal, mild anemia, moderate anemia and severe
anemia).
The result of comparison between all the classification models using various
estimation methods, was that the ridge estimation method gives a highly reliable
estimated model which can predict anemia categories better than the other methods.
The correct classification of 92.4% has been achieved using the ridge method and
approximately 79.3% using all other methods (Iteratively reweighted least squares,
maximum-likelihood, iterative maximum-likelihood and Neural Networks). Thus,
ridge estimation method proved to be more accurate than all the other methods.
Applying the ROC curve analysis, ridge method shows a big improvement in the area
under the curve (AUC), where the AUC was 92.4% versus all other methods which
were only approximately 55.5 %.
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الملخص
ىناك العديد من طرق تقدير معامالت نموذج االنحدار الموجستي المتعدد ،والعديد من الخوارزميات
العددية التي يمكن استخدميا مع كل طريقة لتقدير معامالت النموذج ،وتيدف ىذه الدراسة إليجاد أفضل طريقة
وأفضل خوارزمية لتقدير المعالم من أجل اشتقاق أفضل نموذج انحدار لوجستي متعدد يمكن االعتماد عميو في
تصنيف فئات متغير تصنيفي ،وذلك من خالل مناقشة الخمفية النظرية لطرق التقدير المختمفة ل نموذج االنحدار
الموجستي المتعدد والخوارزميات العددية المستخدمة ليذا الغرض ،ومناقشة قدراتيا في تزويدنا بنموذج انحدار
لوجستي متعدد ذو ثقة عالية.
كل الطرق النظرية التي نقوم بمناقشتيا خالل ىذه الدراسة سيتم تطبيقيا عمى بيانات حقيقية تم أخذىا
من مسح معد بواسطة الجياز المركزي لإلحصاء الفمسطيني ( )2011-2010؛ بيدف تصنيف حالة فقر الدم
عند األطفال في الفئة العمرية خمس سنوات فأقل ،وقد قارّنا في ىذه الدراسة بين خمسة طرق تقدير وخوارزميات
باستخدام ثالثة تقنيات تقييم مختمفة (مثل جداول التصنيف وأساليب محاكاة وتحميل منحنيات الروك) ،وحصمنا
عمى نموذج انحدار لوجستي متعدد أكثر دقة ومعدل أقل خطأ لمبيانات ،فقد تم اختيار عشرة متغيرات مستقمة من
بين متغيرات المسح ،وتم استخداميا لتصنيف حالة فقر الدم عند األطفال والتي اشتممت عمى التصنيفات التالية:
طبيعي – فقر دم خفيف – فقر دم متوسط – فقر دم شديد.
ونتيجة المقارنة لطرق التقدير والخوارزميات المختمفة كانت لصالح طريقة ريدج التي بينت أنيا تستطيع
أن تتنبأ بكفاءة أعمى من باقي الطرق ،حيث بمغت نسبة التصنيف الصحيحة  % 94.4لطريقة ريدج مقارنة ب
 % 79.3تقريبا لباقي الطرق (طريقة المربعات الصغرى المرجحة والمتدرجة ،طريقة األرجحية العظمي ،وطريقة
األرجحية العظمي المتدرجة ،وطريقة الشبكات العصبية)  .وقد أثبتت طريقة ريدج لمتقدير أنيا اكثر دقة من باقي
الطرق ،وبتطبيق تحميل منحنيات الروك نالحظ أن طريقة ريدج تظير تحسناً ممحوظاً في المساحة تحت المنحني
 %92.4عن باقي الطرق األخرى التي تراوحت المساحة تحت المنحني باستخداميا جميعاً حول
فقط.
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Chapter 1
Introduction
1.1 Background
The analysis of categorical data is the basis of many recently released studies.
Categorical data covers many issues in social, health, education and other fields.
Suitable methods and techniques are thus required to analyze such data. This study
focuses on one of the classification methods which deals with a categorical response
variable with more than two levels or categories, and depend on a set of explanatory
variables. Those variables could be numeric or categorical or both. Multinomial
Logistic Regression (MLR) model proved to be useful in wide areas in the society (in
social , economic , educational , medical fields). The multinomial logistic regression
model is arguably the most widely used statistical model for polytomous (multi
category) response variables. The advantage of the multinomial logistic regression
model over other classification methods is that it requires less quality of data with less
assumptions than other classification methods such as discriminant analysis that
requires the independent variables to be numeric and normally distributed variables
(Fox & Andersen, 2004).
Multinomial logistic regression is a classification method which is useful for
situations in which we want to be able to classify subjects based on values of a set of
predictor variables. This type of regression is similar to logistic regression, but it is
more general because the dependent variable is not restricted to two categories. The
multinomial logistic regression model can be used to predict the likelihood of
categorical response variable and belongs to the family of Generalized Linear Models
(GLM) and uses Maximum Likelihood (ML) method to estimate the model
parameters. Thus the usage of this model is less restrictive in its assumptions
compared with the ordinary linear regression, which uses the least squares method for
the estimation of parameters and accordingly the response variable must be numeric.
Sanchez & Villardon (2013) used penalized ridge estimation of the logistic
model parameters in order to avoid the problems produced by the separation that
makes the estimators undefined. (Zahid & Tutz, 2009) included ridge regression for
the multinomial logit model with symmetric side constraints, which yields parameter
1

estimates that are independent of the reference category. The neural network is used
as adiagnostic and specification tool for the Logit model, which provides interpretable
coefficients and significance statistic (Bentz, & Merunka, 2000). The application of
the maximum likelihood function to nonlinear least squares was completed by
(McCullough & Renfro 2000), which explained the numerical sources of inaccuracy
of the nonlinear solver. Different software packages deal with nonlinear regression
and maximum likelihood estimation differently. The maximum likelihood equations
are derived from the probability distribution of the dependent variables and solved
using the Newton-Raphson method for multinomial logistic regression methods
(Czepiel,

2012).. An iteratively reweighted least squares method for maximum

likelihood estimation of the model parameters are proposed by ( Nelder
&Wedderburn ,1972 ). Seven different algorithms were reviewed for finding the
maximum-likelihood estimate. Iterative Scaling is shown to apply under weaker
conditions than usually assumed. which is equivalent to the algorithm of (Collins et al
,2002). The best performers in terms of running time are the line search algorithms
and Newton-type algorithms, which far outstrip Iterative Scaling (Minka,2003).
In this thesis, we will study the multinomial logistic regression model in
details. Estimation methods and numeric algorithms that are used in the estimation of
the parameters will be discussed. The use of the MLR model in classification and
predictive modeling will be assessed theoretically and by application to a real dataset.
We use survey data from the Palestinian Central Bureau of Statistics to classify
Anemia status of Palestinian children as one of the important phenomena that affects
children's health.

1.2 Motivation:
Several algorithms and Statistical packages are available to estimate the
parameters of the Multinomial Logistic Regression models. The results of those are
not always the same. They mostly produce completely different results using the same
data sets. The reason for this difference could be the estimation procedure or the
numeric optimization algorithm. For example, estimation methods include: maximum
likelihood estimation, maximum a posteriori probability (MAP), Iterative re-weighted
least squares, Ridge Estimation, Neural Networks and Generalized method of
moments. All these estimation methods can be used to estimate the coefficients of the
2

multinomial logistic regression coefficients. Moreover, different numerical algorithms
for the optimization are available in Statistical packages and software such as SPSS
and R and used in the estimation process of the model's parameters. The motivation of
this study comes from the necessity to learn the estimation methods in multinomial
logistic regression model's parameters, the algorithms which are used to estimate the
parameters and the hypotheses tests for this model theoretically and with application
to real datasets.

1.3 Research problem:
Different estimation methods are used to estimate the parameters of the
Multinomial Logistic Regression model. Moreover, there are more than one
optimization algorithm for estimating the model's coefficients and classification
accuracy. Consequently, different models estimated using different methods of
estimation produce different results. Most estimated multinomial logistic regression
models using different algorithms involve biased estimated coefficients and thus
perform as imperfect measurements. The research problem of this study lies on what
is the best combination of an estimation method and a numerical optimization
algorithm for estimating the parameters of multinomial logistic regression that
produces the most reliable results if applied to a real dataset.

1.4 Research Methodology:
This study is an applied study that dealt with the research problem by studying
the model assumptions and model estimation methods to identify:


How to deal with data that involves multiple independent variables and a
categorical response?



How to estimate the parameters of a complicated model with no closed forms
for the estimators of its parameters such as the MLR?



How to apply MLR algorithms on real dataset?



Which algorithm perform best for classification of different categories of the
response variable?

Thus, the methodology of this thesis will be divided into two parts.
Part 1: This part covers the theoretical discussion of MLR classifiers and predictive
models including estimation of model parameters and hypothesis testing around its
3

coefficients. Various model estimation, validation and evaluation techniques will be
discussed.
Part 2: This part will be an empirical comparative case study for implementing MLR
classifiers and predictive models into a dataset of the (PCBS) titled ―Anemia among
Palestinian children (under five years)‖ to estimate, test, select the best model and
evaluate the model to define the relationship between "child anemia" as a dependent
variable and various risk factors as independent variables by R & SPSS software.

1.5 Research Objectives:
The purpose of this study is to compare the estimators of the coefficients of
the Multinomial Logistic Regression models and the algorithms that are used to
achieve those estimates. The methods will be applied on the "child anemia" in order to
identify the most important risk factors of various types of anemic children in the
Palestinian society. This is done in order to achieve the following objectives:
1.

Discussing the estimation methods of the model parameters.

2.

Looking at methods of testing the significance of the model parameters.

3.

Finding out the best estimation methods that can identify the best subset
of independent variables for the MLR model.

4.

Conducting a comparison among the methods and algorithms that are
used for analyzing categorical data using MLR models.

5.

Identifying the most important factors and most impetus to anemia.

1. 6 Data Description
The data of this study has been obtained from the "Palestinian Family Survey,
2010" that has been gathered by the Palestinian Central Bureau of Statistics (PCBS) in
2010-2011. The survey data has been provided to us for scientific research through a
direct communication with the officials of the PCBS according to a special agreement
with Al-Azhar University - Gaza. The survey includes many indicators about the
Palestinian families. One of the important indicators in the data is the " Percentage of
HB in the blood (G\DL)". In this thesis, we are interested in the analysis of the
different classes of HB levels in the blood (G\DL). The categories of the response
variable "Anemia" are: normal , mild anemia, moderate anemia and severe anemia.
Furthermore, we will look at the factors that affect the phenomenon of the study
through significant independent variables in the model that best classify the
4

Palestinian children as suffering from anemia or not among children under the age of
five years.

1.6.1 The study-population:
All children under five years in all Palestinian localities in the West Bank and
Gaza Strip including East Jerusalem were considered as the study population. Blood
samples of all children appeared in the sample were analyzed in percentage of HB in
the blood (G\DL). An indicator of anemia were obtained and transferred to anemia
categories.

1.6.2 Sampling Frame
The sampling frame has been established by the PCBS consists of West Bank
and Gaza census and involving all enumeration areas drawn up in 2007. Two
variables were chosen to divide the population into strata, depending on the
homogeneity of parts of the population.
1. Governorates: there are 16 governorates in the Palestinian Territory: 11
governorates in the West Bank and 5 in the Gaza Strip.
2. Locality Types: there are three types : urban, rural and refugee camps.

1.6.3 Sample Size, Sample Design and Type
After determining the sample size, which equals 15355 households, a
probability sample - a multi-stage stratified cluster sample was selected. First stage :
selecting a sample of clusters (enumeration areas) using PPS without replacement to
obtain 644 enumeration areas from the total enumeration areas. Second stage:
selecting 24 households from each selected enumeration area of the first stage and
using the systematic sampling method. When reaching households, all the targeted
individuals from the groups were enumerated. Among those, children aged 0-5 years
which numbered 2406 child.

1.6.4 Concepts and Definitions (PCBS, 2010)


Anemia among children: Anemia in childhood is defined as a hemoglobin

(Hb) concentration below established cut-off levels. These levels vary depending
on the age of the child and on the laboratory in which the blood sample is tested.
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Reference ranges for specific laboratories and age groups should always be
referred to. The World Health Organization (WHO) has suggested levels of Hb
below which anemia is said to be present. These levels are <11 g/dL in children
aged 6-59 months.


Mild Anemia: Hemoglobin level between 10.0-10.9 g\dl among children 6-

50 months, according to WHO.


Moderate Anemia: Hemoglobin level between 7.0- 9.9 g\dl among children

6-50 months, according to WHO.


Severe Anemia: Hemoglobin level of less than 7.0g\dl among children 6-50

months, according to WHO.

1.7 Literature Review Previous Studies
Chen & Kuo (2001) showed that the multinomial logit model can be fit as a set
of Poisson (log-linear) regression models, where the responses are the number of
cases in each category. These models are parameterized with regression coefficients
and an intercept parameter k for each covariate class (defined by common values of
the covariates). Hence, the profile of the Poisson likelihood (maximized over k ) is
the multinomial likelihood; maximizing this multinomial profile likelihood is
equivalent to maximizing the Poisson likelihood. The authors concluded that if the
random effects variances are sufficiently small, integrating and then maximizing may
not be a bad approximation to maximizing and then integrating. In effect,
maximization over k restricts the linear predictor for the Poisson mean for the
corresponding class of observations to a (curved) manifold in which the sum of the
predicted counts equals the observed count for each k.
Hedeker (2003) studied the mixed-effects multinomial logistic regression
model and described the model for analysis of clustered or longitudinal nominal or
ordinal response data. The author showed that The model is parameterized to allow
flexibility in the choice of contrasts used to represent comparisons across the response
categories. Estimation is achieved using a maximum marginal likelihood (MML)
solution that uses quadrature to numerically integrate over the distribution of random
effects. He applied it by a psychiatric data set. The result presented illustrates the
usefulness of the mixed-effects approach for longitudinal categorical data. Mixed6

effects models are also useful in the analysis of clustered data. A further extension of
the model is underway to allow for three-level data in order to accommodate clustered
data where the clustered subjects are also repeatedly measured across time.
Kneib et al. (2007) validated semiparametric multinomial logit models against
parametric models. They utilized proper scoring rules and compared parametric and
semiparametric approaches for a number of brand choice data sets. This study
introduced semiparametric extensions, where smooth effects of continuous covariates
are modelled by penalized splines. A mixed model representation of these penalized
splines is employed to obtain estimates of the corresponding smoothing parameters,
leading to a fully automated estimation procedure. The result of this study indicated
that to the hit rate as well as the logarithmic score prefer the parametric model while
the Brier score and the spherical score assign improved performance to the
semiparametric MNL.
Bull et. al. (2007) presented methods to construct confidence intervals for
multinomial logistic regression parameters that perform better than standard methods
in sparse data sets. The penalized likelihood estimator examined in this study is a
generalization of estimator to a general multinomial logistic regression setting with
multiple covariates. The result of this study recommend that profile confidence
intervals be used routinely, and emphasize that profile confidence intervals based on
the standard likelihood MLEs are not appropriate in sparse data sets when finite
sample bias or data separation is likely to occur.
Rashid, (2008) dealt with logistic regression models and their variations. the
details of the logistic regression model were demonstrated, followed by the MLE
procedure to estimate the unknown parameters of the model . The main emphasis of
this study was to prove the asymptotic properties of the MLE for the logistic
regression model. In particular, the logistic regression models have serious numerical
problems if zero cells occur in the contingency table, and for this scenario, the
different approach was motivated. In addition, the simulation study was carried out to
assess the finite sample behavior of the consistency and normality of the MLE. The
hybrid logistic model was originally proposed by Chen et al. (2003) which deals with
situations in which risk factors associated with the outcome are exceedingly rare in
the control group. The rare risk factors were considered both independent and not
independent, and they discussed the relevant estimation procedures for the
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parameters. An outline of the multinomial logistic regression model was given by the
simulation study for the consistency and normality of the MLE for this model. This
simulation study ensured that when sample size increases, the estimated parameters
converge to their true values and follow approximately normal distributions. For the
three categories‘ outcome variable of certain data, a set of important risk factors was
identified by applying the multinomial logistic regression model.
Tektas and Gunay (2008) proposed a Bayesian method to model categorical
response data. The authors used Bayesian Analysis to estimate the parameters in the
logit and probit models. Furthermore, the maximum likelihood and ordinary leastsquares methods are discussed briefly, and a simple example is presented to compare
these three methods. The result of this study refers to the ML and Bayesian methods,
the logit and probit models give very similar results. Generally, when the dependent
variable is binary, logit and probit model results are similar. The most important point
of this Bayesian approach is that the binary probit model is obtained from the normal
linear regression model by introducing latent variables into the model. This approach
has many advantages. Firstly, in small samples this method provides accurate
inferences about the model, whereas the classical inferences in small samples are not
accurate. Secondly, in this Bayesian method Gibbs sampling is used to calculate the
posterior distributions of the model parameters by simulating from standard
distributions. Thus, this method can be implemented easily in many computer
programs
Fiebig et al. (2010) focused on the mixed or heterogeneous multinomial logit
(MIXL) model. They developed a generalized multinomial logit model (G-MNL) that
nests S-MNL and MIXL. By estimating the S-MNL, MIXL, and G-MNL models on
10 data sets. they provide empirical evidence on the importance of scale heterogeneity
and on the relative ability of the MIXL, S-MNL, and G-MNL models to fit the data.
The results showed that, based on BIC and CAIC, the G-MNL model is preferred in
seven data sets, whereas the S-MNL model is preferred in the other three. This was a
striking evidence of the importance of scale heterogeneity and of the ability of models
that include scale heterogeneity to outperform MIXL. They also showed why G-MNL
fits better than MIXL. They went on to show that the G-MNL model allows more
flexibility in the posterior distribution of individual-level parameters than does MIXL.
From an ―approximate Bayesian‖ perspective, the MIXL model with a normal
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heterogeneity distribution imposes a normal prior on the distribution of individual
level parameters. However, G-MNL imposes a much more flexible continuous
mixture of scaled normal's prior.
Rashwan and El dereny (2012) used Bayesian and maximum likelihood
methods to model binary data for prostate cancer. In Bayesian method Gibbs sampling
algorithm was used to select 5 millions samples from posterior distribution of logistic
coefficients under flat non-informative prior. Then mean, standard deviation, and
some percentiles of posterior distribution were computed. The empirical results
showed that the estimates of coefficients and mean square errors for Bayesian
approach are not different from maximum likelihood approach, but the percentage of
correct classification when using Bayesian approach was a little greater than
maximum likelihood
Wang et al. (2013) compared the accuracy of parametric bootstrap and jackknife
methods with MLE, EAP and WLE based on GPCM and GRM. In this simulation study,
they manipulated four independent variables including models (GPCM, GRM), sample
size (500, 1500), sample distribution (normal, non-normal), test length (10, 20, 30) and
estimation methods (MLE, EAP, WLE, Jackknife, NPB). The major focuses of this study
is to evaluate the performances of different ability of estimation methods and the number
of test items which have a major effect on the accuracy of ability estimation. The result of
this study can be summarized as that among all five estimation methods, in general, the
bootstrap provides the smallest bias of estimate of true theta across sample sizes, test
lengths and models. The jackknife method also showed better estimation of student ability
in terms of bias than MLE, EAP and WLE except for few conditions such as the GRM
model, test length=10 and sample size of 500. In general, the test length has large impact
on the accuracy of ability estimation than that of sample size.

Musa (2014) obtained a single unbiased estimator that represents the multiple
values sufficiently and efficiently. The Maximum Likelihood Estimators (MLE) and
the Probabilities Density Function are used to capture the uncertainty. Result of this
study referred to analyzing uncertainty data can produce classifiers with higher
accuracy as compared to using traditional LR algorithm which uses average as a
representation of uncertainty.
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1.8 Organization of The Thesis
This thesis is outlined as follows. In Chapter 2, we explained the basis of the
logistic regression model, the Binary logistic model, model fitting, significance of the
coefficients and we presented a background on multinomial logistic regression model
and model's formulation measures of goodness fit model (Statistics). In Chapter three
we explained the basis of estimation methods, and discussed various methods namely
the maximum likelihood estimators, the maximum posteriori probability estimates,
Ridge estimation, neural networks and generalized method of moments for MLR
Model. In Chapter 4 we reviewed different Numerical algorithms for finding the
maximum-likelihood estimate and estimation coefficient. In Chapter 5 we presented a
real data set and explained it using descriptive analysis of the data, and discussed the
results of fitting Multinomial logistic regression model using five methods. All the
methods discussed theoretically in this thesis were applied on anemic children's data
set and the results were compared in terms of model accuracy in correct classification
rates and error rate and area under the ROC curves. Finally , Chapter 6, Offers
summary, reults and concluding remarks for future research.
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Chapter (2)
Logistic Regression
2.1 Introduction:
Logistic regression is a statistical classification model that can be used to
predict a binary response, outcome of a categorical dependent variable by one or
more predictor variables (independent variable). The model can be used to predict the
probability of the occurrence of an event and that the adequacy of the data on the
logistic curve, using a logistic function. Thus, logistic regression measures the
relationship between a categorical dependent variable and one or more independent
variables using probability scores as the predicted values of the dependent variable.
Moreover, logistic regression may be used to predict the odds of being a case based
on the values of the independent variables (Park,2013) ( Kleinbaum & Klein, 2010).

2.2 Logistic function, odds , odds ratio, and logit
2.2.1 Logistic function
Logistic regression is a method for fitting a regression curve, y = f(z),
when y consists of binary coded (0, 1: failure, success) data. When the
response is a binary (dichotomous) variable , logistic regression fits a logistic curve to
the relationship between x and y. Logistic function (Logistic curve) is an S- shaped or
sigmoid curve, often used to model population growth (Eberhardt & Breiwick, 2012).
A logistic curve starts with slow, linear growth, followed by exponential growth,
which then slows again to a stable rate.
A simple logistic function is defied by the formula which is graphed in Figure 2.1

1
1  ez
To provide flexibility, the logistic function can be extended to the form:
f ( z) 

f ( x) 

e (  X )
1

(  X )
(  X )
1 e
1 e

where α and β determine the logistic intercept and slope.
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(2.1)

Figure 2.1: Graph of logistic function
From Fig. (2.1) the range of f (z ) fall between 0 and 1, for all value of z. The
logistic function is designed to describe a probability, which is always between 0 and
1. Using the logistic function, we can never get a risk in estimating probabilities either
above 1 or below 0. This is not always true for other similar models. So, the logistic
model is often the first choice when the probability is to be estimated.

2.2.2 The logistic model
To obtain the logistic model from the logistic function, consider the following
linear relationship:
z    1 X 1   2 X 2  ...   k X k

(2.2)

where X1 , X2 , ... ,Xk are independent variables and  , 1 , 2 ,..., k are unknown
parameters. We now substitute the linear sum expression for z in logistic function in
the formulae (2.1) to obtain

f ( x) 



1
1 e

 (  1 X 1   2 X 2 ...  k X k )

1
1 e

 ( 

 i X i )

Since i = 1,2,…, k

(2.3)

We denote the probability that a binary dependent variable Y=1 (P ) in the
logistic function (2.3) as follows:

P  P (Y=1) 

1
1 e

 ( 

(2.4)

 i X i )
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2.2.3 Odds
Odds is the ratio of the probability that some event will occur (π) over the probability
that the same event will not occur (1- π). Thus, the formula for the odds is given by:
Odds 



(2.5)

1

2.2.4 The odds ratio
Any odds ratio, by definition, is a ratio of two odds, written here as odds1
divided by odds2, in which the subscripts indicate two individuals or two groups of
individuals being compared.
^

OR 

Odds1

(2.6)

^

Odds2

2.2.5 The logit
The logit form of the logistic model is usually denoted by log odds and can be
expressed as:
log


1


1

    i X i

 e(    i X i )

  e (   X )  e (   X )
i

i

i

i

 (1  e (   X ) )  e (   X )
i



i

i

i

e (   i X i )
1

(    i X i )
 (    i X i )
(1  e
) (1  e
)

(2.7)

2.3 The logistic regression – binary response
Recall that for a binary response, y, the expected value of y, E(y) = π, where π
denotes P(Y=1). Therefore, the logistic regression model can be expressed as:

k 

exp( Bo  B1 x1  ....  Bk xk )
,
1  exp( Bo  B1 x1  ....  Bk xk )

and through algebraic manipulation we can arrive at:
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(2.8)

 
log
1 


  Bo  B1 x1  ....  Bk xk


(2.9)

Notice that although the regression model is linear on the right hand side, the
left hand side is a nonlinear function of the response variable π. This function is
known as the logit link function, and because it is not linear, the usual least squares
methods cannot be used to estimate the parameters. Instead, the maximum likelihood
estimation method is used to obtain these estimates.
Also, since π = P(Y=1), then 1 – π = P(Y=0). The ratio


1



P(Y  1)
P(Y  0)

(2.10)

is known as the odds of the event Y=1 occurring

2.4 Fitting the logistic regression model
Suppose we have a sample of n independent observations of the pair (xi.yi)
i=1,2, ...,n, where yi denotes the value of a dichotomous outcome variable and xi is
the value of a single independent variable for the ith subject. Furthermore, assume
that the outcome variable has been coded as 0 or 1, representing the absence or the
presence of the characteristic, respectively. This coding for a dichotomous outcome
is used throughout the text. To fit a simple logistic regression model as in equation:



exp( Bo  B1 X
1  exp( Bo  B1 X )

(2.11)

A set of data requires that we estimate the values of 0 and 1, the unknown
parameters. In linear regression, the least squares method is usually used for
estimating unknown parameters where we choose the values of 0 and 1 that
minimize the sum of squared deviations of the observed values Y from the model
fitted values. Under the usual assumptions for linear regression the method of least
squares yields estimators with a number of desirable statistical properties.
Unfortunately, when the method of least squares is applied to a model with a
dichotomous outcome the estimators no longer have these same properties. The
general method of estimation that leads to the least squares function under the linear
regression model (when the error terms are normally distributed) is the maximum
likelihood estimation method. This method provides the foundation for an approach to
estimation of the logistic regression model. In a very general sense the method of
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maximum likelihood yields values for the unknown parameters that maximize the
probability of obtaining the observed set of data. In order to apply this method we
must first construct the likelihood function. The maximum likelihood estimators of
the unknown parameters are chosen to be those values that maximize the likelihood
function. We now describe how to find these values from the logistic regression
model in more details.
If Y is coded as 0 or 1 then the expression for π (x) given in Eq. (2.11) provides
an arbitrary value of =(0, 1) (the vector of parameters). This equals the conditional
probability that Y equals 1 given x and denoted by P(Y =1|X=x). It follows that the
quantity 1- π(x) gives the conditional probability that Y is equal to zero given x, that
is P(Y =0 |X=x). Thus, for those pairs (xi, yi), where Yi =1, the contribution to the
likelihood function is π (xi), and for those pairs where Yi =0, the contribution to the
likelihood function is 1- π (xi), where the quantity π (xi) denotes the value of π (x)
computed at xi. A convenient way to express the contribution to the likelihood
function for the pair (xi.yi) is through the expression:

 (x i ) y 1   (x i )

1 y i

i

(2.12)

Since the observations are assumed to be independent, the likelihood function is
obtained as the product of the terms given in expression (2.12) as follows:
n

l      ( xi ) yi 1   ( xi )

1 yi

(2.13)

i 1

According to the maximum likelihood principles, we use the estimate of  as the
value which maximizes the expression in Eq. (2.13). However, it is mathematically
easier to work with the log of Eq. (2.13). The log likelihood is defined as
n

(  )  log l      yi log  ( xi )  1  yi  log1   ( xi )



(2.14)

i 1

To find the value of  that maximizes (  ) we differentiate (  ) with respect to
0 and 1 and set the resulting expressions to zero. The resulting two likelihood
equations are:

  y   (x )   0
 x  y   ( x )  0
i

i

(2.15)

i

i

(2.16)

i

In equations (2.15) and (2.16) it is understood that the summation is over i
varying from 1 to n. In linear regression, the likelihood equations, obtained by
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differentiating the sum of squared deviations function with respect to  are linear in
the unknown parameters and thus they can be easily solved. However, for logistic
regression the expressions in equations (2.15) and (2.16) are nonlinear in 0 and 1 ,
and thus require special methods for their solution. These methods are iterative in
nature and have been programmed into available statistical software. For the moment
we need not be concerned about these iterative methods and will view them as a
computational detail taken care of for us. Details and general discussion of the
methods used by most programs may be found at (McCullagh & Neider ,1989). The
maximum likelihood estimate of  is given by the solution to equations (2.15) and
(2.16) and denoted as ˆ . An interesting consequence of equation (2.15) is that
n

n

i 1

i 1

 yi   ˆ (xi ) That is, the sum of the observed values of y is equal to the sum of
the predicted (expected) values. This property will be especially useful when we
discuss assessing the fit of the model. Unlike linear regression with normally
distributed residuals, it is not possible to find a closed-form expression for the
coefficient values that maximizes the likelihood function, so an iterative process must
be used instead, for example Newton's method. This process begins with a tentative
solution, revises it slightly to see if it can be improved, and repeats this revision until
improvement is minute, at which point the process is said to have converged. ˆ ( xi )
provides an estimate of the conditional probability that Y is equal to 1, given that X is
equal to xi.

2.5 Significance of the coefficients in logistic regression
2.5.1 Likelihood ratio test
Testing the significance of the coefficients of a logistic regression is similar to
the approach used in linear regression; however, it uses the likelihood function for a
dichotomous outcome variable. The logistic procedure fits linear logistic regression
models for dichotomous variables by the method of maximum likelihood estimation.
Let –2 log Lik A = log-likelihood statistic of model A with ―p‖ predictors
and –2 log Lik B = log-likelihood statistic of model B with ―k‖ predictors
and k > p. then the likelihood ratio Chi-square, G 2 , is
G 2  (2 ln L A )  (2 ln L B ) ~  2 k p
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(2.17)

If the model A is the one with intercept only, then G 2 plays the role of the
overall F, testing H 0 : 1   2  ...   k  0 with ―k‖ degrees of freedom. If model A
has ―p‖ predictors and model B has ―k‖ predictors, then G 2 plays the role of the
(multiple) partial F with ―k – p ― degrees of freedom.

2.5.2 Wald statistic
A Wald test is used to test the significance of individual coefficients in a given
model (Bewick et al., 2005). The Wald statistic is the ratio of the square of the
regression coefficient to the square of the standard error of the coefficient. The Wald
Chi-Square test is :
W=

2
ˆ i
^

2

,

i = 1,...,k

(2.18)

SE (ˆ i )
The above W value has been squared to yield a Wald statistic with a chi-square
distribution. Each Wald statistic is compared with a Chi-square with 1 degree of
freedom. Wald statistics are easy to calculate but their reliability is questionable. It
tests the hypotheses that:
H 0 : i  0 for i  1,..., k vs H A : Not H 0 .

2.6 Multinomial Logistic Regression
2.6.1 Background:
Multinomial logistic regression (MLR) is a classification method in statistics
that generalizes binary logistic regression to multiclass problems, i.e. with more than
two possible discrete outcomes. That is, MLR is a model used to predict the
probabilities of different possible outcomes of a categorically distributed dependent
variable, given a set of independent variables (real-valued, binary-valued, categoricalvalued, etc.). It is known by various names, including multiclass LR, multinomial
regression, softmax

regression, multinomial logit, maximum entropy (MaxEnt)

classifier, conditional maximum entropy model.
The multinomial (polytomous) logistic regression model is a simple extension of
the binomial logistic regression model. It is used when the dependent variable has
more than two nominal or unordered categories. MLR does necessitate careful
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consideration of the sample size and examination for outlying cases. Like other data
analysis procedures, initial data analysis should be thorough and include careful
univariate, bivariate, and multivariate assessment. Specifically, multicollinearity
should be evaluated with simple correlations among the independent variables. Also,
multivariate diagnostics (i.e. standard multiple regression) can be used to assess for
multivariate outliers and for the exclusion of outliers or influential cases. Sample size
guidelines for MLR indicate a minimum of 10 cases per independent variable
(Schwab, 2002). MLR is often considered an attractive analysis because; it does not
assume normality, linearity, or homoscedasticity. A more powerful alternative to
MLR is discriminant function analysis which requires these assumptions are met.
Indeed, MLR does have assumptions, such as the assumption of independence among
the dependent variable

choices. This assumption states that the choice of or

membership in one category is not related to the choice or membership of another
category (i.e., the dependent variable). Furthermore, MLR also assumes non-perfect
separation. If the groups of the outcome variable are perfectly separated by the
predictor(s), then unrealistic coefficients will be estimated and effect of sizes will be
greatly exaggerated.
There are different parameter estimation techniques based on the inferential
goals of MLR analysis. One might think of these as ways of applying MLR when
strata or clusters are apparent in the data. The generalized linear modeling technique
of MLR can be used to model unordered categorical response variables. This model
can be understood as a simple extension of logistic regression that allows each
category of an unordered response variable to be compared to an arbitrary reference
category providing a number of logit regression models. A binary logistic regression
model compares one dichotomy (for example, passed-failed, died-survived, etc.)
where as the MLR model compares a number of dichotomies. This procedure outputs
a number of logistic regression models that make specific comparisons of the
response categories. When there are j categories of the response variable, the model
consists of j-1 logit equations which are fit simultaneously. Multinomial logistic
regression is a technique that basically fits multiple logistic regressions on a multicategory unordered response variable that has been dummy coded.
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2.6.2 Model's Formulation
There are multiple ways to describe the mathematical model underlying MLR
model, all of which are equivalent. This can make it difficult to compare different
treatments

of the subject

in

different

texts.

Various

articles

on logistic

regression present a number of equivalent formulations of simple logistic regression,
and many of these have equivalents in the multinomial logit model. The idea behind
all of them, as in many other statistical classification techniques, is to construct
a linear predictor function that constructs a score from a set of weights that are
linearly combined with the explanatory variables.
The difference between the MLR and numerous other methods, models,
algorithms, etc. with the same basic setup is the procedure for determining (training)
the optimal weights/coefficients and the way that the score is interpreted. In
particular, in the MLR, the score can directly be converted to a probability value,
indicating the probability of observation i choosing outcome k given the measured
characteristics of the observation. This provides a principled way of incorporating the
prediction of a particular multinomial logit model into a larger procedure that may
involve multiple such predictions, each with a possibility of error.
2.6.2.1. Model's formulation as a set of independent binary regressions
One fairly simple way to arrive at the multinomial logit model is to imagine,
for K possible outcomes, running K-1 independent binary logistic regression models,
in which one outcome is chosen as a "pivot" and then the other K-1 outcomes are
separately regressed against the pivot outcome. This would proceed as follows, if
outcome K (the last outcome) is chosen as the pivot:

ln

p (Yi  1)
 1 X i
p (Yi  K )

ln

p(Yi  2)
 2 X i
p (Yi  K )

(2.19)


ln

p (Yi  K  1)
  K 1 X i
p (Yi  K )

Note that we have introduced separate sets of regression coefficients, one for
each possible outcome . If we exponentiation both sides, and solve for the
probabilities, we get:
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p(Yi  1)  pr (Yi  K )e 1 X i
p(Yi  2)  pr (Yi  K )e  2 X i

(2.20)


p(Yi  K  1)  pr (Yi  K )e  K 1 X i

Using the fact that all K of the probabilities must sum to one, we find:
p(Yi  K ) 

1
K 1

1 e

(2.21)
 k xi

k 1

We can use this to find the other probabilities:
p (Yi  1) 

e 1xi
K 1

1   e k xi
k 1

p (Yi  2) 

e 2 xi

(2.22)

K 1

1   e k xi
k 1


p (Yi  K  1) 

e  K 1xi
K 1

1   e k xi
k 1

2.6.2.2 Model's formulation as a log-linear model
The formulation of binary logistic regression as a log-linear model can be
directly extended to multi-way regression. That is, we model the logarithm of the
probability of seeing a given output using the linear predictor as well as an
additional normalization factor:

ln p(Yi  1)  1 X i  ln Z
ln p(Yi  2)   2 X i  ln Z

(2.23)


ln p(Yi  K )   k X i  ln Z

As in the binary case, we need an extra term – ln Z to ensure that the whole set
of probabilities forms a probability distribution, i.e. they all sum to one:
K

 p(Y  k )  1
k 1

(2.24)

i
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The reason why we need to add a term to ensure normalization, rather than
multiplication as usual, is because we have taken the logarithm of the probabilities.
Exponentiation of both sides turns the additive term into a multiplicative factor, and in
the process shows why we wrote the term in the form  ln Z rather than simply +Z:
1 1 X i
e
Z
1
p (Yi  2)  e  2 X i
Z

1
p (Yi  K )  e  K X i
Z
p (Yi  1) 

(2.25)

We can compute the value of Z by applying the above constraint that requires all
probabilities to sum to 1:
K

1   p(Yi  k ) 
k 1

1 K K Xi
e
Z k 1

(2.26)

Therefore:
K

Z   e K Xi

(2.27)

k 1

Note that this factor is "constant" in the sense that it is not a function of Yi,
which is the variable over which the probability distribution is defined. However, it is
definitely not constant with respect to the explanatory variables, or crucially, with
respect to the unknown regression coefficients βk, which we will need to determine
through some sort of optimization procedure.
The resulting equations for the probabilities are
p (Yi  1) 

e 1 xi
K

 e

k xi

k 1

p (Yi  2) 

(2.28)

e  2 xi
K

 e

k xi

k 1


p (Yi  K ) 

e  K xi
K

 e

k xi

k 1

Or generally:
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p(Yi  c) 

e  c xi
K

e

(2.29)

 k xi

k 1

The following function:

soft max( k , x1 , , xn ) 

e xk
n

e

(2.30)
xi

i 1

is referred to as the softmax function. The reason is that the effect of exponentiating
the values x1 ,  xn is to exaggerate the differences between them. As a
result, soft max( k , x1 ,, xn ) will return a value close to 0 whenever xk significantly
less than the maximum of all the values, and will return a value close to 1 when
applied to the maximum value, unless it is extremely close to the next-largest value.
Thus, the softmax function can be used to construct a weighted average that behaves
as a smooth function (which can be conveniently differentiated, etc.) and which
approximates the indicator function

1 if .k  arg max( x1 , , xn )
f (k )  
 0 otherwise

(2.31)

Thus, we can write the probability equations as
p(Yi  c)  soft max( c, 1xi ,, k xi )

(2.32)

The softmax function thus serves as the equivalent of the logistic function in binary
logistic regression.
Note that not all of the  k vectors of coefficients are uniquely identifiable. This
is due to the fact that all probabilities must sum to 1, making one of them completely
determined once all the rest are known. As a result there are only k-1 separately
specifiable probabilities, and hence k-1 separately identifiable vectors of coefficients.
One way to see this is to note that if we add a constant vector to all of the coefficient
vectors, the equations are identical:

e  c  c  xi
K

e
k 1

  k  c  xi



e  c xi ecxi
K

e
k 1

 k xi cx i

e



e  c xi
K

 e  k xi
k 1
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(2.33)

As a result, it is conventional to set C= -βk (or alternatively, one of the other
coefficient vectors). Essentially, we set the constant so that one of the vectors
becomes 0, and all of the other vectors get transformed into the difference between
those vectors and the vector we chose. This is equivalent to "pivoting" around one of
the K choices, and examining how much better or worse all of the other K-1 choices
are, relative to the choice are pivoting around. Mathematically, we transform the
coefficients as follows:

1  1   K


(2.34)

 K 1   K 1   K
 k  0
This leads to the following equations:
p (Yi  1) 

e 1 xi
K 1

1   e  k xi
k 1


p (Yi  K  1) 

e  K 1 xi
K 1

1 e

(2.35)

 k x i

k 1

p (Yi  K ) 

e

 K x i

K 1

1   e  k xi
k 1

Other than the prime symbols on the regression coefficients, this is exactly the
same as the form of the model described above, in terms of K-1 independent two-way
regressions.
2.6.2.3. Model's Formulation as a latent-variable model
It is also possible to formulate multinomial logistic regression as a latent
variable model, following the two-way latent variable model described for binary
logistic regression. This formulation is common in the theory of discrete
choice models, and makes it easier to compare multinomial logistic regression to the
related multinomial probit model, as well as to extend it to more complex models.
Imagine that, for each data point i and possible outcome k, there is a continuous latent
variable Yi,k* (i.e. an unobserved random variable) that is distributed as follows:
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Yi *,1  1  X i  1
Yi *, 2   2  X i   2

(2.36)


Yi *,K   K  X i   K
where k  EV1(0,1) i.e. a standard type-1 extreme value distribution.

This latent variable can be thought of as the utility associated with data
point i choosing outcome k, where there is some randomness in the actual amount of
utility obtained, which accounts for other unmodeled factors that go into the choice.
The value of the actual variable

is then determined in a non-random fashion from

these latent variables (i.e. the randomness has been moved from the observed
outcomes into the latent variables), where outcome k is chosen if and only if the
associated utility (the value of Yi *,K ) is greater than the utilities of all the other choices,
i.e. if the utility associated with outcome k is the maximum of all the utilities (Everitt ,
1984) . Since the latent variables are continuous, the probability of two having exactly
the same value is 0, so we basically don't have to worry about that situation.) That is:

P(Yi  1)  P(Yi*,1  Yi*, 2 & Yi*,1  Yi*,3 &  & Yi*,1  Yi*,K )
P(Yi  2)  P(Yi*, 2  Yi*,1 & Yi*, 2  Yi*,3 &  & Yi*, 2  Yi*,K )


(2.37)

P(Yi  K )  P(Yi*,K  Yi*,1 & Yi*,K  Yi*,3 &  & Yi*,K  Yi*, K 1 )
Or equivalently:

P(Yi  1)  Pr(max( Yi*,1 , Yi*, 2 ,, Yi*,K )  Yi*,1 )
P(Yi  2)  Pr(max( Yi*,1 , Yi*, 2 ,, Yi*,K )  Yi*, 2 )


(2.38)

P(Yi  K )  Pr(max( Yi*,1 , Yi*, 2 ,, Yi*,K )  Yi*,K )
Let's look more closely at the first equation, which can be written as follows:

P(Yi  1)  Pr(Yi*,1  Yi*,k k  2,, K )
 P(Yi*,1  Yi*,k  0k  2,, K )

 P( 1  X i  1   k  X i   k   0k  2,, K )
 P 1   k   X i   k  1k  2,, K )
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(2.39)

2.6.2.4. The general multinomial logistic model
A multinomial logistic model classifies d-dimensional real-valued input
vectors x ∈ Rd into one of k outcomes c ∈ {0, . . . , k − 1} using k − 1 parameter
vectors β0, . . . , βk−2 ∈ Rd , (Carpenter , 2008)

 exp( c .x )
 Z
x

P (c | x ,  )  

1

 Z X

if c  k  1
(2.40)
if c  K  1

where the linear predictor is inner product:  c .x    c ,i .xi
i d

The normalizing factor in the denominator is the partition function:

Zx  1

 exp(  .x)

ck 1

(2.41)

c

2.7 Measures of Model Fit (Statistics)
There are six scalar measures of model fit: (1) Deviance, (2) Akaike Information
Criterion, (3) The Bayesian Information Criterion, (4) McFadden‘s , (5) Cox and Snell
Pseudo and (6) Nagelkerke Pseudo. There is no convincing evidence that selection of
a model that maximizes the value of a given measure necessarily results in a model
that is optimal in any sense other than the model having a larger (or smaller value) of
that measure (Long & Freese, 2001). However, it is still helpful to see any differences
in their level of goodness of fit, and hence provide us some guidelines in choosing an
appropriate model.

2.7.1. Deviance
As a first measure of model of fit, the researcher use the Residual Deviance (D)
for the model, which is defined as follows:
n
i
I(y 
i
D( M k )  2 I ( yi  j ) log 
ˆ
i 1 j 1
 Pij

j



where P̂ij is a predicted value and is an observed value for i= 1, …, n
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(2.42)

2.7.2. Akaike Information Criterion
As a second measure of fit, Akaike (1973) Information Criterion that is defined
as follows:
AIC 

where Lˆ ( M k )

 2 ln Lˆ ( M k )  2 P
N

(2.43)

is the maximum likelihood of the model and P is the number of

parameters in the model. A model Having smaller AIC is considered the better fitting
model.

2.7.3. Bayesian Information Criterion
As a third measure of fit, is the Bayesian Information Criterion (BIC) which has
been introduced as a simple and accurate large-sample approximation, especially if
there are about 40 observations (Raftery, , 1995). BIC is defined as follows:
BIC k  D (M K )  df k LnN

(2.44)

where D(M K ) is the deviance of the model M K and df k is the degrees of freedom
associated with that deviance. The more negative BICk is the better fit. ( Raftery,
1995) also provided guidelines for the strength of evidence favoring M 2 against M 1
based on the difference in as follows:
Table (2.1): Strength of evidence BIC
BIC1 - BIC2

Evidence

0-2

Weak

2-6

Positive

6 - 10

Strong

> 10

Very Strong

2.7.4. McFadden’s adjusted R2
The McFadden‘s adjusted measure, which is also known as the ―likelihoodratio index‖, compares a full model that involves all parameters ( M full ) with the
model just contains intercept ( M intercept ) and defined as:
2
McF

R

ln Lˆ ( M full )  K *
1
nLˆ ( M
)

(2.45)

int ercept
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where K * is the number of parameters. If the predictors in the model are effective,
then the penalty will be small relative to the added information of the predictors.
However, if a model contains predictors that do not add sufficiently to the model, then
the penalty becomes noticeable and the adjusted R-squared can decrease with the
addition of a predictor, even if the R-squared increases slightly.

2.7.5. Cox and Snell Pseudo R2
Cox and Snell's R2 is based on calculating the proportion of unexplained
variance that is reduced by adding variables to the model. the Cox and Snell R2 is an
alternative index of goodness of fit related to the R2 value from linear regression. The
Cox and Snell index is problematic as its maximum value is 0.75, when
the variance is at its maximum (0.25)
The formula for Cox and Snell's Pseudo R2 is:
2

2
RMcF

 l (0)  w
 1 
ˆ 
 l ( ) 

(2.46)

where l ( ˆ ) is the likelihood of the current model; l (0) is the likelihood of the initial
model; that is, l (0)  W log( 0.5) if the constant is not included in the model;
l (0) W ˆ log ˆ0 /(1  ˆ0 )  log(1  ˆ0 ) 

(2.47)

n

where ˆ 0   wi yi / W and W is vector with its elements the weight for the ith case .
i

2.7.6. Nagelkerke Pseudo R2
The Nagelkerke measure adjusts the C and S measure for the maximum value so
that 1 can be achieved:

RN2 

Rcs2
max( Rcs2 )

(2.48)
2

where max( Rcs2 )  1  l (0)w
The Nagelkerke R2 provides a correction to the Cox and Snell R2 so that the
maximum value is equal to one. Nevertheless, the Cox and Snell and likelihood
ratio R2s show greater agreement with each other than either does with the
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Nagelkerke R2. Of course, this might not be the case for values exceeding 0.75 as the
Cox and Snell index is capped at this value. The likelihood ratio R2 is often preferred
to the alternatives as it is most analogous to R2 in linear regression, is independent of
the base rate Nagelkerke Pseudo R2 varies between 0 and 1. Logistic regression will
always be heteroscedastic (there are sub-populations that have different variabilities
from others. Here "variability" could be quantified by the variance or any other
measure of statistical dispersion)- the error variances differ for each value of the
predicted score. For each value of the predicted score there would be a different value
of the proportionate reduction in error. Therefore, it is inappropriate to think of R2 as a
proportionate reduction in error in a universal sense in logistic regression.

2.8 Summary:
In this chapter we explained the basis of logistic regression which includes
Logistic function, odds , odds ratio, and logit. Moreover, we had Binary logistic
model, fitting and significance of the coefficients for it. Then we displayed a
background of multinomial logistic regression and model's formulation. At the last
part, we explained the measures of fit model (Statistics). In Chapter three We are
going to explain Parameter Estimation of multinomial logistic model.
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Chapter (3)
Parameters' Estimation of the Multinomial Logistic Model
3.1 Introduction
In the previous chapter we gave an overview of the binomial logistic
regression and the multinomial logistic (or logit) regression (MLR). The Binomial
Logit model has been described first as it is a particular case of the more general
Multinomial Logit Model. The binomial Logit model computes the probability of
acceptance of the ith item Pi(Y=1) as a function of several inependent variables with an
additive noise  which is partly the results of unobserved variables and f is the
logistic function, or sigmoid defined by:

f ( x) 

ex
1

x
1 e
1  e x

(3.1)

The logit models differ from multiple regression by the non-linear function
(i.e. the sigmoid or logistic function) which maps utility into a choice probability. The
sigmoid constrains the probability to the limited range from 0 to 1, without also
constraining the utility. Another property of this function is non-linearity. This
transforms a utility that is a linear function of explanatory variables into a probability
that is non-linear with respect to these variables. Hence the Logit model is non-linear
in the sense that the sensitivity of an output to a particular input is a function of the
level of that input as well as of the level of all the other inputs of the model. The
Multinomial Logit (ML) model extends the Binomial Logit to more than two states
and therefore can be used to model discrete choices.
This chapter focuses on method's for Parameter Estimation of the Multinomial
Logistic Model and discusses each method separately. Thus, it starts with the most
popular methods of estimation which is the maximum Likelihood Estimation method,
and it ends up with weighted moments method.
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3.2 The Maximum Likelihood Estimators for MLR Model:
3.2.1 The Likelihood function for MLR Model
Given a sequence of n data points D  (x i , c j ) j n ,

with xj ∈ Rd

and cj∈{0, . . . , k−1}. Assuming that the stochastic part e of the utility function is
distributed with a double exponential distribution, the likelihood of observing actual
choices, given input vector X and model parameter vector B, can be expressed by


exp( cj .x j )


L (Y | X , B )   p (c j | x j ,  )   

1   exp( c  .x j ) 
j n
j 1 
 c k 1

n

(3.2)

The log likelihood of the data in a model with parameter matrix β is

log l (  )  log P (D |  )  log  p (c j | x j ,  )
j n



 log p (c j | x j ,  )

j n

  log
j n

exp(  cj .x j )

 exp( 

1

ck 1



c

.x j )






.
x

log(1

exp(

.
x
))

 cj j

c j 


j n 
c k 1


(3.3)

3.2.2 The Maximum Likelihood Estimators
The maximum likelihood (ML) estimate ˆ is the value of β maximizing the
likelihood of the data D:

ˆMLE  arg max log l (  )  arg max log P ( D |  )




We can do gradient descent on  (Carpenter, 2008)


 c ,i

log l (  )  
j n


 c ,i

log p(c j | x j ,  )

30

(3.4)






 c ,i



 
j n

cj

.x j  log(1 

 exp( 

ck 1

c


. x j )) 





 


.
x

log(1

exp(

.
x
))

  cj j 

c j 
 c ,i

c ,i
j n 
c k 1






1

  x j ,i I (c  c j ) 
(1   exp( c  .x j )) 
1   exp( c  .x j ) c ,i

j n 
c k 1
c k 1



Since the Indicator function I (c  c j ) is:

1 if c j  c
I (c  c j )  
0 if c j  c

c ,i





1

log l (  )   x j ,i I (c  c j ) 
exp( c  .x j )) 

1   exp( c  .x j ) c k 1 c ,i

j n 
c k 1







1


   x j ,i I (c  c j ) 
  exp(  c .x j )   c .x j 
1   exp(  c .x j ) ck 1 
j n 
c ,i

c k 1




exp(  c ,i .x j )


   x j ,i I ( c  c j ) 
x j ,i 
1   exp(  c .x j )
j n 

c k 1




 x j ,i I (c  c j )  p (c | x j ,  )x j ,i 

j n



 x j ,i I (c  c j )  p (c | x j ,  ) 

(3.5)

j n

Now, let


 c ,i

log l (  )  0 , then we have,

 x 1  p(c | x ,  )  0
 x p(c | x ,  )  0
j n

j n

j ,i

j ,i

j

j
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1 if c j  c
where I (c  c j )  
0 if c j  c

The Residual for training (Carpenter, 2008) example j for outcome category c
is

the

difference

between

the

outcome

and

the

model

prediction:

Rc, j  I (c  c j )  p(c | x j ,  ) .

The maximum likelihood equations can also be derived from the probability
distribution of the dependent variables and solved using the numerical methods for
nonlinear systems of equations. We are going to discuss numerical methods that can
be used in solving such problems in the next chapter .

3.3 The Maximum Posteriori Probability Estimates (MAP):
In Bayesian statistics, a maximum posteriori probability (MAP) estimate is
a mode of the posterior distribution. The MAP can be used to obtain a point
estimate of an unobserved quantity on the basis of empirical data. It is closely related
to Fisher's method of maximum likelihood estimation (MLE) method, but employs an
augmented optimization objective which incorporates a prior distribution over the
quantity one wants to estimate. MAP estimation can therefore be seen as
a regularization of ML estimation.

ˆMAP  arg max log P(  | D)

(3.6)



 P( D |  ) P(  ) 

 arg max log
P ( D)




 arg max{log P( D |  )  log P( )}


(3.7)

MAP estimates can be computed via numerical optimization such as
the conjugate gradient method or Newton's method. This usually requires first or
second derivatives, which have to be evaluated analytically or numerically.

3.3.1 Gaussian Prior
A Gaussian prior for parameter vectors with zero means and diagonal
covariance is specified by a variance parameter σ2 for each dimension i < d. This can
be expressed as:
P(  ) 

 Norm(0, 

2

i

)( c,i )

ck 1 i d
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  c ,i 2 
1

where Norm(0,  i )( c ,i ) 
exp  
 2 2 
 i 2
i 

2

The derivatives through parameters for the prior (Carpenter, 2008)

 c ,i

log P (  ) 
Gaussian






 c ,i

 1
  c ,i 2

log
exp  
 2 2
  i 2
i



 c ,i 2
 
1
log

2
 c ,i 
 i 2 2 i

 c ,i

log






2
   c ,i


2
2  c ,i  2 i

1

i

2
   c ,i

 c ,i  2 i 2

 











(3.8)






 c ,i
i2

3.3.2 Laplace Prior
A Laplace, or double-exponential prior with zero means and diagonal
covariance is specified by a variance parameter σ2 for each dimension i < d.

P(  ) 

 Laplace(0, 

2

i

)( c,i )

ck 1 i d

where Laplace (0,  2 i )( c ,i ) 


 c,i 

exp   2


2 i

i 

2

The derivatives through parameters for the prior are:
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log
exp   2
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 c ,i
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log
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 c ,i
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if  c ,i  0
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log P(  ) 
Laplace
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(3.9)

3.3.3 Cauchy Prior
A Cauchy, or Lorentz, distribution is a Student-t distribution with one degree
of freedom

P(  ) 

 Cauchy (0,  )(

c ,i

)

ck 1 i d

where Cauchy prior centered at zero with scale λ > 0 has density:
1

Cauchy (0,  )(  c ,i ) 



  c ,i  

   
2

 1  






1

 2

2 
   c ,i   

The Cauchy prior does not have a mean or variance; the integrals diverge. The
distribution is symmetric, and centered around its median, zero. Larger scale values,
like larger variances, stretch the distribution out to have fatter tails. The Cauchy prior
has fatter tails than the Gaussian prior and thus has less of a tendency to concentrate
posterior probability near the prior median. The derivatives through parameters for the
prior are:


c ,i

log P (  ) 
Cauchy






c ,i

c ,i


c ,i
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    c ,i  i 2  

 

  log   log   log  
i

  log  
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c ,i
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 2c ,i

 i

2

 i 2



2
c ,i

 i 2





 2c ,i  i 2 

c ,i

2c ,i



(3.10)

  2c ,i  i 2 

3.3.4 Uniform Prior
The uniform(Carpenter, 2008), or uninformative, prior has a constant density:
p(β) ∝ 1 . The uniform prior is improper in the sense that the
integral of the density diverges:
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Rd

1dx  

The maximum likelihood estimate is the MAP estimate under an (improper)
uninformative uniform prior:

ˆ  arg max log l ( )  arg max log P( D |  )




(3.11)

3.3.5 Hessian matrix
In the multinomial setting with k − 1 parameter vectors of dimensionality d, the
Hessian matrix itself is of dimensionality ((k − 1)d) × ((k − 1)d) with rows and
columns indexed by pairs of categories and dimensions (c, i), with c ∈ {0, . . . , k −
2} and i < d. The value of the Hessian is the sum of the Hessian of the likelihood and
the Hessian of the prior.
2
2
H
log l (  ) 
log P(  )
 c ,i  b,h
 c ,i  b,h
prior

(3.12)

The Hessian for the likelihood function at row (c, i) and column (b, h) is derived by
differentiating with respect to parameters βc,i and βb,h:
2
log l (  ) 
c ,i b ,h




 

b ,h

j n



 

j n



b ,h

x j ,i I (c  c j )  p (c | x j ,  )


  x j ,i p (c | x j ,  )
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log p (c j | x j ,  ) 

 c ,i


b ,h

 x j ,i

j n



 x j ,i

j n


b ,h

b ,h

p (c | x j ,  )


exp( c ,i .x j )




1   exp( c  .x j ) 
 c k 1
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 x j ,i x j ,h P (c | x j ,  ) I (c  b )  P (b | x j ,  )
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where A  P (c | x j ,  ) I (c  b )  P (b | x j ,  )

(3.13)

The priors contribute their own terms to the Hessian, but the only non-zero
contributions are on the diagonals for Cauchy and Gaussian priors. The maximum
likelihood prior is constant, and thus has a zero gradient and zero Hessian.
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For the Gaussian prior :

 c ,i
2

1
log P(  ) 
 2   I ((c, i )  (b, h)) 2
 c ,i  b , h Gaussian
 b, h  i


(3.14)

For the Laplace prior is:
2

log P(  ) 
 c ,i  b ,h Laplace
 b ,h


2


  0
i



(3.15)

For the Cauchy prior:
2c ,i
2

log P (  ) 
 2
c ,i b ,h cauchy
b ,h  c ,i  i 2
 I ((c , i )  (b , h ))(2 c ,i
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The Hessian (the matrix of second derivatives) is positive semi-definite. Thomas
(1991) gives us that an objective with a positive semi-definite Hessian is convex.

3.3.6 MAP Estimate Expectation Constraints
In maximum likelihood estimation, the estimated parameters ˆ are the zero of
the gradient at every category c < k − 1 and dimension i < d:

g


c ,i

log l (  ) 

 x j ,i I (c  c j )  p (c | x j , ˆ ) 

0

(3.17)

j n

and therefore ˆ satisfies:

x
j n

j ,i

p(c | x j , ˆ )   x j ,i I (c  c j )

(3.18)

j n

In words, the expectation of the count of a feature i with a model parameterized
by ˆ over all of the training cases is equal to the empirical count of the feature in the
training data.
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With informative priors, the gradient of the full error function must be zero at
every dimension of every category parameter vector:

g


 c ,i

log P(D | ˆ )  log P(ˆ ) 0

(3.19)

which by substituting in the gradient of the likelihood-based error reduces to:


 c ,i

 




log l (  )   x j ,i I (c  c j )  p(c | x j , ˆ ) 
log P( ˆ )  0


j n
c ,i

(3.20)

In this case, the feature expectations are equal to the empirical feature counts
discounted by the prior regularization(Carpenter, 2008) . For instance, for the
Gaussian prior, this amounts to the expectations matching the empirical counts
discounted by the prior:

 ˆc ,i
ˆ)  
x
p
(
c
|
x
,

x
I
(
c

c
)
 j ,i
j
j ,i
j  2
 j
 i
j n

n



(3.21)

The next chapter will include gradient descent algorithms to initialize the parameter
vectors and then descend along the gradient of the error function until reaching
minimum error .

3.4 Ridge Estimation for MLR Models with Symmetric Side
Constraints:
3.4.1 Overview
In multinomial logit models, the identifiability of parameter estimates is
typically obtained by side constraints that specify one of the response categories as a
reference category. When parameters are penalized, shrinkage of estimates should not
depend on the reference category. In this section we investigate ridge regression for
the multinomial logit model with symmetric side constraints, which yields parameter
estimates that are independent of the reference category. The multinomial logit model
is the most widely used model in multi-categorical regression. It specifies the
conditional probabilities of response categories through linear functions of covariate
vector x . When the number of predictors is large as compared to the number of
observations, the logit model suffers from problems such as complete separation, the
estimates of parameters are not uniquely defined (some are infinite) and/or the
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maximum of log-likelihood is achieved at 0. The use of regularization methods can
help to overcome such problems. Regularization methods based on penalization
typically maximize a penalized log-likelihood. Ridge regression, one of the oldest
penalization methods for linear models, was extended to GLM type models by
Nyquist (1991). Although a definition of a ridge estimator for the logistic regression
model, which is a particular case of generalized linear models was suggested by
Segerstedt (1992) discussed a generalization of ridge regression for ML estimation in
GLM. Many alternative penalization/shrinkage methods were proposed for univariate
GLMs, Krishnapuram et al. (2005) considered multinomial logistic regression with
lasso type estimates, Zhu and Hastie (2004) used ridge type penalization and
Friedman et al. (2010) used the penalties L1 (the lasso), L2 (ridge regression) and
mixture of the two (the elastic net).

3.4.2 Side Constraints
The multinomial logit model is one of most often used regression models when
a categorical response variable has more than two (unordered) categories (Zahid &
Tutz , 2009). Let the response variable Y ∈ {1, . . . , k} have k possible values
(categories). A generic form of the multinomial logit model is given by

p(Y  r | x) 

exp( x T  r )
k

 exp( x
s 1

T



s )

exp( r )

(3.22)

k

 exp( )
s

s 1

where  rT  ( r 0 ,,  rp ) . It is obvious that one has to specify some additional
constraints since the parameters 1T ,,  kT are not identifiable. An often used side
constraint is based on choosing a reference category (RSC). When category k is
chosen, one sets  kT  (0,,0) yielding  k  0 . Of course any of the response categories
can be chosen as reference. By using a reference category k when a model with a reference
category is fitted. The corresponding model is

p (Y  r | x ) 

exp(x T  r )

for

q

1   exp(x T s )
s 1
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r  1,, q

(3.23)

An alternative side constraint that is more appropriate when defining regularization
terms
is the symmetric side constraint (SSC) given by
k


s 1

*
s

0

(3.24)

With  r* denoting the corresponding parameters, the multinomial logit model is

exp(x T  r* )

p (Y  r | x ) 

k

exp(r* )



for r  1,, q

k

(3.25)

 exp(x T s* )  exp(s* )

s 1

s 1

Although the models are equivalent parameters for symmetric side constraint are
different
from parameters with a reference category and consequently have different interpretation. In
the case of SSC, i.e.,



k
s 1

 s*  0 the ‖median‖ response can be viewed as the reference

category, and is defined by the geometric mean. Then one obtains from (3.25)

p(Y  r | x)

GM ( x)
and

exp( r* )
k



k
s 1

p(Y  s | x)

 p(Y  r | x) 
  x T  r*
log 
GM
(
x
)



Therefore  r* reflects the effects of x on the logits when P(Y = r |x) is compared to
the median response GM(x). It should be noted that whatever side constraint is used, the logodds between two response probabilities and the corresponding weights are easily computed
by

 p(Y  r | x) 
  xT  r*   s*
log 
 p(Y  s | x) 





which follows from (3.33) and (3.35) for any choice of response categories r, s ∈ {1, . . . ,
k}.
T
T
T
Let the following   ( 1 ,,  q ) and  *  ( 1* , ,  q* ) denote the parameter
T

T

T

vectors for the multinomial logit model under the two situations i.e., reference category side
constraint (βk=0) and symmetric side constraint (
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k
s 1

 s*  0 ). For illustration we consider

the case of a response variable with three categories. With a model which contains only the
intercept, logits are given as:

 
log  1   10
 3 

 
log  2    20
 3 

,

with side constraint β30 = 0, and

* 
* 
*
*
*
*
*
*
*
*
log  1*   10
 30
 210
 30
, log  2*    20
 30
 10
 2 20
 
 
 3
 3
3

s 1 s*  0 . Equating the corresponding logits in both

with symmetric side constraint
situations, one obtains

,   T 1  *

 * T 
T

*
where  *  (10

T

*
20
),

 2 / 3 1/ 3
T 

 1/ 3 2 / 3 

(3.26)

  (10 20 ) ,

,

T

1

and

2 1 


1 2 

For a model with an intercept and p covariates, logits are given by

 
log  r   x T  r
 3 

r  1, 2

  r* 
log  *   x T  r*
 
 3

r  1, 2

Equating the logits for these two cases, we get 2(p + 1) equations which can easily be
solved to get the result

where

 *  T T



T

T

and

T

T

,   (T
−1

are

1

T

 * )T

the

2

×

2

matrices

from

above

and

T

*
*
 *  (10
20
),   (10 20 ) are (p + 1) × 2 matrices composed of parameter

vectors with RSC and SSC respectively.
In

general

*
*
.TJ  (1 j ,,  k 1 j ), .*T
j = 0, . . . , p
J  ( 1 j ,,  k 1 j ) ,

collect

parameter vectors for single variables with reference category k or symmetric side constraints
respectively. Then one obtains the transformation

.*j  T . j

,   T 1  * for
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j = 0, . . . , p

(3.27)

given as

 1*j   k  1/ k

 
 *  
 1 j   1/ k
  
 *
  
  k 2, j   1/ k

 
  k* 1, j   1/ k

1/ k



k  1/ k




1/ k
1/ k





1/ k
1
k

k  1/ k
1/ k

1/ k   1 j 




1/ k   1 j 

  
 





k

2,
j
1/ k 


k  1/ k    k 1, j 



with the inverse transform

 1 j 

 2
 
 
 1 j  1
    

 
  k 2, j  1

 1
  k 1, j 

1
1

1
1







1
1

2
1

 1*j 
1 

 * 

1  1 j 
  


1  *
k  2, j 



2 *
  k 1, j 

(3.28)

T−1 is a (q × q)-matrix with diagonal entries. The same transformation holds
for ML estimates. Estimates of the parameters with symmetric side constraint can be
computed by transforming estimates with reference category side constraint and vice
versa. With  iT  ( i 1,,  iq ),

q  k  1 denoting the (q × 1)-vector of

probabilities with πir = P(Y = r|xi) , the multinomial logit model has the form

 i  h (X i  )  h (i )

(3.29)

where h is a vector-valued response function, Xi is a (q × (p + 1))-design matrix composed
of and given as

 x Ti

Xi 







T 
xi 

T
T
T
and   ( 1 ,, q ) is the vector of unknown parameters of length (q × (p + 1)).

The multinomial logit model is given by

 ir 

exp(x T  r )
q

for

1   exp(x s )
T

s 1
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r  1, , q

which for side constraint with reference category k yields

 p (Y  r | x ) 
T
log 
  x r
 p (Y  k | x 

r  1,, q

for

(3.30)

The log-odds compares πr = P(Y = r|x) to the probability πk = P(Y = k|x) of the
reference category k. The q logits

 p (Y  1| x ) 
 p (Y  q | x ) 
log 
 ................log 

 p (Y  k | x 
 p (Y  k | x 
given by (3.30) determine the response probabilities p (Y  1| x ),........... p (Y  k | x )
uniquely since the constraint

k

r1 p (Y

 r|x)  1 holds. Therefore only q = k − 1

response categories and parameter vectors have to be specified. The representation of
the multinomial logit model in (3.29) and the corresponding response function h
depend distinctly on the choice of the reference category. Since the parameters β∗ with
SSC may be obtained by reparameterization of the parameters β with RSC. The
numerical computation of maximum likelihood estimates of β∗

makes use of a

transformation of the design matrix X. The transformed design matrix for SSC has the
form

X *  XT *
where X is the total design matrix of order q(n × (p + 1)) given as

X1
X 
X   2
  


X n 
with Xi, is a q × q(p + 1) matrix (composed of xi) as defined earlier.
T * is a q((p + 1) ×(p + 1)) matrix composed of the elements of T 1 in order to

satisfy 0, .*j  T. j

,   T 1  *

for

p = 2, T*, one obtains
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j = 0, . . . , p For example, with k = 3 and

T *  T q1q

2
0

0
 I p 1 p 1  
1
0

0

0
0 
1

0
1 0 0 2 0

0 1 0 0 2
0
2
0
0

0
0
2
0

1
0
0
2

0
1
0
0

where  is the Kronecker matrix product. The corresponding score function
s ( * ) 

l (  * )
 *

n

  s i ( *)
i 1

1

T

s i (  * )  X i* Di (  * )i (  * )  y i  h (i* ) 


*

where D i (  ) 

h (i* )


is the derivative of h ( * ), i*  X i* * ,

*

 ( * )  cov( y i ) is

the covariance matrix of ith observation of y given parameter vector  * .
In matrix notation one has:

s ( * )  X

*T

1
D (  * ) (  * )  y  h ( * )  ,



y T  ( y 1T ,, y Tn ),
1

 ( * )  diag (i

h (* )T  (h (1* )T ,h (n* )T ) ,
1

(  * )), W (  * )  diag (i (  * )), D (  * )  diag (Di (  * ))

Then Fisher scoring iteration, which can also be viewed as an iteratively reweighted least
square procedure, has the form
T
ˆ *(k 1)  ˆ *(k )  (X * W (ˆ *( k ) )X * )1s (ˆ *( k ) ) (Zahid & Tutz , 2009)

3.4.3 Regularization
Regularization methods using penalization are based on penalized log-likelihood
n

l p ( )   l i ( ) 
i 1


2

J ( )

where l i (  ) is the usual log-likelihood contribution of the ith observation, λ is a
tuning parameter and J(β) is a functional which penalizes the size of parameter. In
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high dimensional problems, which may also cause the non-existence of maximumlikelihood estimators, the use of regularization methods is advantageous because
penalized estimators will exist and have better prediction error than the usual ML
estimator. Ridge penalty, introduced by Kennard & Hoerl (1970) for linear models
and then extended to generalized linear models by Nyquist (1991), is one of the oldest
penalization methods. It uses the penalty,

p

J (  )  i 1 i2 yielding for binary

responses the penalized log-likelihood
n

l p ( )   l i ( ) 
i 1


2

p

i 1 i2 .

For multi-categorical response model, instead of one parameter vector one has
the collection of parameter vectors 1 ,,  k , which are identifiable only under some
side constraint. A straightforward extension of the binary case is the penalty
q

p

p

J (  )   j 1  rj2   j 1 .Tj . j

(3.31)

r 1

where .TJ  (1 j ,, k 1 j ) and .kj  0 , which specifies k as a reference category.
However, if a different reference category is chosen the corresponding ridge estimator would
yield different estimates, even after transformation.
A more natural choice for defining the multi-category ridge estimator is the use of
symmetrically constrained parameters. Therefore we will use the definition
k

(3.32)

p

J (  * )   j 1  rj*2
r 1

with



k
r 1

 rj*  0 . It can also be written as
p

T

J (  * )   j 1 .*j P .*j

(3.33)

1
*
*
where .*T
transformation to parameters with side constraint
j  ( 1 j ,,  k 1 j ) and P  T

k  0 yields
p

J (  )   j 1 .Tj T T PT . j

(3.34)
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The use of matrix T T PT instead of the identity matrix I, will cause J(β) to
penalize the size of parameters for all k categories while working with the q logits
under the constraint given in ((3.23)). For the complete design one obtains:
T

J (  * )   * P * *

where  * has length q(p + 1) and matrix P * differs from matrix T * only by having the
zero rows corresponding to the intercepts β0 (i.e., each of [r(p + 1) + 1]th row is zero for
r = 0, 1, . . . , k − 2, since intercept terms are not penalized(Zahid & Tutz , 2009).
A general form of the penalty term for multi-categorical responses has the additive form
q



p

 J (  )      rj ,   0
r 1 j 1

Multi-categorical ridge and lasso are special cases with γ = 2 and γ = 1 respectively.
Since shrinkage should not depend on the reference category, the penalties should use the
symmetric constraints which transform to different functions when reference categories
are used. If we consider multinomial logit model with SSC described in (3.25) and the penalty
term given in (3.31), then the penalized log-likelihood is given by
n



i 1

2

l p (  * )   li (  * ) 
n

  li (  * ) 
i 1

J ( * )




2

p
j 1

T

 .*j P .*j

*
The corresponding penalized score function s p (  ) is given by
n





s p (  * )   X i* Di (  * )i (  * ) yi  h( i* )  P * 
1

T

i 1





 X * D (  * ) (  * ) y  h( * )  P * 
1

T

yielding the estimation equations
X

*T

1

D (  * ) (  * )  y  h ( * )    P *  0



(3.35)

where  * is a vector of parameters of length q × (p + 1), and P * is a q × (p + 1) × (p + 1)
diagonal matrix whose elements are the q times repetition of diagonal of P. Fisher scoring
iteration provides
T
ˆ *(k 1)  ˆ *(k )  (X * W (ˆ *( k ) )X *   P * )1s P (ˆ *( k ) )
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(3.36)

3.5 Neural Networks and the Multinomial Logit
Recently, neural network modeling has received increasing attention and has
been applied to an array of marketing problems such as market response or
segmentation. We will show that a feed forward Neural Network with softmax output
units and shared weights can be viewed as a generalization of the Multinomial Logit
model. The main difference between the two approaches lies in the ability of neural
networks to model non-linear preferences with few (if any) a priori assumptions about
the nature of the underlying utility function, while the Multinomial Logit can suffer
from a specification bias. Being complementary, these approaches are combined into
a single framework. The neural network is used as a diagnostic and specification tool
for the Logit model, which will provide interpretable coefficients and significance
statistics (Bentz, & Merunka, 2000)

3.5.1 Analogy between neural networks and the binomial Logit model
The relationships between the inputs and the outputs are identical to the
Binomial Logit model. Parameters of feedforward neural networks are usually
estimated by minimizing the mean square error produced by the model. This is
equivalent to maximum likelihood estimation when the dependent variable is a
continuous function of the inputs with additive Gaussian noise, as is the case for
regression problems. For classification problems, however, the dependent variable is
binary and a Gaussian distribution for the errors is inappropriate and therefore the
error function is a priori not mean square error (Bentz, & Merunka, 2000).

Figure (3.1): Architecture of a neural network without any hidden layer (perceptron).

x jk are the inputs (attributes of alternative k) of the model, and w j are the coefficients
to be estimated)

The entropy function (Hopfield, 1987) is a more appropriate cost function:
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M

E   (Yi ln( Si )  (1  Yi ) ln(1  Si ))

(3.37)

i 1

where Si is the network output and Yi the desired value. This function is identical to
the log-likelihood function used to estimate the coefficients of the Binomial Logit
model (3.1).
The feed forward network with a sigmoidal output is therefore exactly identical
in form and estimation procedure to the binomial Logit model. It models the choice
probability based on a linear utility function and therefore does not take into account
potential interaction effects between product attributes in consumer preferences.
However, it is possible to change the network complexity in order to take into account
non-linearity, in particular interaction effects. This is done by adding one or more
hidden layer(s) to the network. Each of these hidden layers contains neurons which
act as the simple perception presented in Figure (3.1).

Figure (3.2): Neural network architecture with one hidden layer and sigmoid al
output. This network is able to model interactions between individual variables
In figure (3.2) we can think of each hidden node as the output of a linear
regression that can be switched on or off according to the values of the variables. This
process enables the network to map interactions and more generally non-linear
relationships. Hence, a feed forward neural network with sigmoid al output can be
expressed

Pi (Y  1) 

in

the

1



1  e  g (x i )

form

of

generalization

of

the

Binomial

model:

with g being any function of the decision variables xi .

3.5.2 Analogy between feedforward neural networks with Softmax outputs
and the Multinomial Logit model
The network comprises n output neurons, n being the number of considered
alternatives. For each purchase occasion i , each alternative j is described by the same
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k attributes (xij1,...,xijk). The neuron activation functions are all linear except the ones
for the output neurons, which are normalized exponentials output

w k x ijk
ek
J



w k x ijk
ek

is called

j 1

`Softmax' because it is a continuous version of the `all to the winner' activation
function, for which the output of the neuron with the biggest input is 1, all the other
outputs being zeros.

Figure (3.3): Neural network with Softmax outputs, partially connected and with
shared weights. This model is identical to the Multinomial Logit model
In order to keep the coefficients of the utility function equal across alternatives
during training it is necessary to keep equal the weights corresponding to the same
attribute. This procedure is well known in shape recognition (Le Cun et al., 1989)
under the name `Shared weights technique'. The technique consists of initializing all
the weights corresponding to a same attribute with the same value.
The formal relationships between inputs and outputs are identical for such a network
and for the MLR model (Bentz, & Merunka, 2000)
v

Pi (Y  j ) 

e ij
J

e

vij

vij   bk xijk
kt

j 1

bk: kth coefficient in the utility function
xijk: value of attribute k for product j on purchase occasion i
J: number of alternatives considered
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t: set of attributes.
M

J

and the used error function (relative entropy), given by E   Yij log( S ij ) is
i 1 j 1

identical (sign apart) to the log-likelihood function used to derive the Multinomial
N

J

Logit log L   Yij log( Pi (Y  j | x, b))

withPi (Y  j | x, b) 

i 1 j 1

e
J



vij ( xij ,b )

.
e

vih ( xih ,b )

h 1

Some remarks can now be stated on the analogy between feedforward neural
networks with Softmax outputs and the multinomial logit model that may be
summarized as follows:


The MLR corresponds to a partially connected feedforward neural network with
shared weights and Softmax outputs. By adding hidden neurons to the network, it
is possible to model choices resulting from non-linear utility functions.
Therefore, neural network models can be viewed as generalized MLR models.



Artificial Neural Networks (ANNs) can be viewed as an extension of MLR
modeling in cases where the utility function is non-linear, the comparison
between the two models will enable us to investigate the existence of
relationships taken into account by one model (ANN), but not by the other one
(MLR).



Neural networks have often been criticized for their lack of interpretability.
Unlike Logit modeling the analysis of network parameters does not reveal
anything useful about the fitted function, except for very simple networks (e.g.
perceptron with no hidden units). Indeed, information in a neural network is
processed in a complete delocalized way. Furthermore, degrees of freedom are
often large enough to allow the network to fit the same function with different
combinations of parameters. This is probably the reason why neural networks
have been called `black boxes', capable of mimicking relationships between a set
of variables but incapable of explaining the nature of these relationships.
Although this critic is to a large extent justified, it is only the counter-part of the
capacity of these models to approximate any function with few, if any, a priori
assumptions.
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Neural networks as diagnostics and specification tools can be used in
combination with traditional Logit models in order to get both a better predictive
performance and a greater understanding of the influences of the various product
attributes.

3.6 Generalized method of moments for estimation of MLR model
3.6.1 The baseline-category logit model
Assume a random sample of size n from a large population. Each element in
the population may be classified into one of J categories, denoted by

Y i  ( y i 1, y i 2 , y ij ) the multinomial trial for subject i, where yij  1 when the
response is in category j and yij  0 otherwise, i = 1,..., n, j = 1,..., J. Suppose p
explanatory covariates, with at least one of them being continuous, are observed.
Define X i  (1, x i 1, x ip ) , and

X  (X 1,, X n ) . assume that

Y i , X i  are

independently and identically distributed (i.i.d.). Let  ij   i (X i )  P (Y i  j | X i ) ,
denote the probability that the observation of Y belongs to category j, given covariates

X i , we assume the relationship between the probability  j and X can be modeled as:

  j (X i ) 
T
log 
  X i j
  J (X i ) 

j  2,, J

(3.38)

where  Tj  ( j 0 ,  j1,,  jp ) . Here we set the fist category as reference class. This
model is called generalized logit model (Stokes, et. al., 2009). Here we present an
alternative estimation method formed with the generalized method of moments
(GMM).

3.6.2 Estimation using the generalized method of moments (GMM)
The baseline-category logit model can be viewed as a multivariate model.
Define

Y i*T  ( y i 2 ,..........., y iJ ) ,

since

y i1

is

X T  (X 1T ,..........., X Tn ) is a n(J − 1) × (p + 1)(J − 1) matrix,
1)(J− 1) matrix, defied as:
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redundant.

Let

X iT , a (J− 1) × (p +

X iT

 X iT







X iT

X iT









(3.39)

in the GMM framework, we define

u ( )  X i (Y i*   i )

i  1,, n

(3.40)

where Ti  ( i 2 ,  i 3 ,.....,  iJ ) and T  (T2 , 3T ,......., TJ ) is the (p + 1)(J − 1)
vector of unknown parameters. The population moment condition is

E u (  )  0
with the corresponding sample moment condition
n

U n ( )  u ( )

(3.41)

i 1

The GMM estimation of ˆM can be obtained by minimizing the following
quadratic objective function:
1

Q n ( )  U Tn (  ) n (  )U n (  )

where

 n ( )

can be the empirical variance–covariance matrix given by
1

n

1

 n ( )  n 2 uT ( )u ( )  nU n ( )U Tn ( )
i 1

Or, for the best efficiency of the GMM estimation, we can take the information matrix
of the multinomial logit model (Wang ,2014)
, that is,
n

 n ( )   X i (Di   i Ti )X iT

(3.42)

i 1

where Di  diagonal ( i ) .
In general, ˆM can be computed via an iterative procedure (Hansen et. al. ,
1996). Under standard regularity conditions, the GMM estimator ˆM exists and
converges in probability to the true parameter  0 .
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3.6.3 The generalized method of weighted moments
The main principle used in the robust GMM estimator is that we replace
moment conditions by a set of observation weighted moment conditions. Instead of
Eq. (3.40), we define

uw ( )  w i X i (Y i*   i )  ci

i  1,, n

(3.43)

where ci  E w i X i (Y i*   i )  then the estimation can be based on the moment


conditions

E u w (  )   0


Consequently, the generalized method of weighted moments (GMWM)
estimates can be defined by

ˆw  arg min Q w
n ( )

(3.44)

B

T

 w

where Q w
n (  )  U n (  ) 

n  

1

w

Uw
n ( )

(3.45)

n

w
with U w
n (  )  i 1u (  )

(3.46)

Here we take the summation as the sample moment condition. The advantage
of using the summation is that it can lead us to a direct estimation of covariance
matrix. It is clear to see that this definition is analogous to the standard GMM. If we
choose wi  1 and ci  1 for all observations, the moment conditions in (3.46) are
reduced to the standard moment conditions. Therefore, the standard GMM is a special
case of the GMWM. In order to specify the weights for the robust GMM estimator,
we need the following definition of a distance, which is based on individual moment
conditions:
T

d i (  )  u w
( )
 i


  
w
n

1

uw
i (  ),

i  1,, n

(3.47)

The weight is assigned based on di (  ) , that is , w d  w d i ( )  . There are several
alternative specifications of weight functions (Huber, 1981). In this study, the Huber‘s
weights are applied:

 c

w d i (  )   min 1, d 
 d i ( ) 

(3.48)
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The above specification of weight function requires a value of the tuning
constant cd . To determine cd , understanding the distribution of d i (  ) is critical.
Clearly, u w
i (  ) is a column vector, and d i (  ) is a scalar quadratic distance, so we set

cd  12 (0.975) / n where  p2 (.) is the quintile of the  2 distribution with p
degrees of freedom. If we take the information matrix (3.42) of the multinomial
logistic model as

w

 n  , we can compute leverage for each observation as follows:

w
H i  X i  n  



1

X iT  w
i

i  1,, n

(3.49)

w

th
where  w
i is the i component of  n  . Then, a Mallows-type weight can be

defined based on trace(Hi); that is, wx  w(trace( H i )) , to downplay the observations
with high leverages. Lesaffe & Albert (1989) suggested that the practical rule for
isolating leverage points might set cx = 2(p + 1)(J − 1)/n. We may give observations
with large leverages 0 weights,

1

wx  w(trace ( H i ))  
0



trace ( H i ) 

2( p  1)( J  1)
n

(3.50)

otherwise

An approach often used to combine the two weights is wi  wd  wx (Heritier et
al., 2009). The consistency correction vector ci is defied as



 



ci  w di(1) ( )  w di(0) ( ) / diag (n  )





w



i  1,, n



where w di(1) ( )  w X i {h   i ( )} / diag (n  )1 with h = {0, 1}, is the weight for
w

yi* . (Wang ,2014)

3.6.4 Implementation of the estimator
The continuous updating estimation method is applied in this study for
estimating the regression coefficients and corresponding variance. The procedure is
detailed as follows:
1.

Apply an initial value  ( 0) for computing
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n

.

2.

Compute di (  ) using Eq. (3.47) and H i using Eq. (3.49); assign weights
correspondingly based on (3.48) and (3.50).



w

 and U nw (  ) in Eq. (3.46).

3.

With the combined weights, calculate

4.

Obtain the estimator ˆw(1) by minimizing Qnw (  ) of Eq. (3.45).

5.

Go back to Step 1, replace  ( 0) with the estimator ˆw(1) in computing

n

 ̂
w

n

(1)
w

,

and move to the next iteration.
6.

Continue this procedure until convergence criteria are met.

3.7 Summary:
This chapter highlights the ways of estimating multiple logistic regression
parameters so that we explained

the basis of estimation methods, initially we

discussed the likelihood function, the maximum likelihood estimators, the maximum
posteriori probability estimates, Ridge estimation, neural networks and generalized
method of moments for MLR Model. Each of the above methods has been discussed
in details. All the methods used in the estimation give valid estimates because they
depend on one basis , but there are methods which have more accurate, precision of
estimation and efficiency of the proposed methods. The resulting equations from
these methods can not be solved only through a single numerical method, there are a
huge number of methods for numerical optimization. We are going to discuss some of
these numerical and algorithms, such as lazy regularized stochastic gradient descent,
and iteratively re-weighted least squares, used in the estimation of the MLR model in
the next chapter.
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Chapter (4)
Numerical Algorithms for Estimation of Multinomial
Logistic Regression Model's Parameters
4.1 Introduction
Logistic regression is a workhorse of statistics and is closely related to methods
used in Machine Learning, including the Perceptron and the Support Vector Machine.
This chapter views different algorithms for computing the maximum likelihood and
maximum a-posteriori parameter estimate. The full derivation of each algorithm is
given. In particular, the derivation of Iterative Scaling is given which applies more
generally than the conventional one. A derivation is also given for the Modified
Iterative Scaling algorithm of Collins et al. (2002). Most of the algorithms operate in
the primal space, but can also work in dual space.

4.2 Newton’s method
4.2.1 Preface:
Newton's method is a numerical analysis technique, known also as the Newton–
Raphson method, as a method for finding successively better approximations to
the roots (or zeroes) of a real-valued function.
x : f ( x)  0

(4.1)

The Newton–Raphson method in one variable is implemented as follows:
Given a function ƒ defined over the real space x, and its derivative ƒ', we begin with a
first guess x0 for a root of the function ƒ. Provided that the function satisfies all the
assumptions made in the derivation of the formula, a better approximation x1 is

x1  x0 

f ( x0 )
f ( x0 )

(4.2)

Geometrically, (x1, 0) is the intersection with the x-axis of the tangent to
the graph of f at (x0, f (x0)). The process is repeated as

xn 1  x n 

f ( xn )
f ( x n )

(4.3)
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until a sufficiently accurate value is reached (Deuflhard, 2004), We start the process
off with some arbitrary initial value x0. The closer to the zero, the better. But, in the
absence of any intuition about where the zero might lie, a "guess and check" method
might narrow the possibilities to a reasonably small interval by appealing to
the intermediate value theorem. The method will usually converge, provided this
initial guess is close enough to the unknown zero, and that ƒ'(x0) ≠ 0. Furthermore, for
a zero of multiplicity 1, the convergence is at least quadratic in a neighborhood of the
zero, which intuitively means that the number of correct digits roughly at least
doubles in every step (Kelley, 2003).

4.2.2 Newton–Raphson algorithm for MLR function
To obtain the maximum likelihood estimate of a parameter  in a specific
model, a Newton-Raphson iterative estimation method may be used. This method is
similar to Fisher-Scoring iterative estimation method in this model, since the
expectation of the second derivative of l with respect to  is the same as the observed
one, which requires the first derivative for log likelihood (g function) and secondderivative or Hessian matrix.
For K : number of categories of the nominal response, m: the number of
subpopulations ,Let

(  )
be the (K−1)p×1 vector of the first derivative of the log

 2 (  )
likelihood l() with respect to . Moreover, let
be the (K−1)p×(K−1)p matrix
 T
of the second derivative of l() with respect to . Notice that

  2 (  ) 
T
 (
)   X *j A j X *j ,
T 
   j  m

(4.4)

where Aj is a (K−1)×(K−1) matrix as

A j  n j (diag ( (j K ) )   (j  K ) (j K )T ) .

(4.5)

in which

 (j K )  P(c  1 | x j ,  ), P(c  2 | x j ,  )  P(c  K 1 | x j ,  )
and diag ( (jk ) ) is a (k−1)×(k−1) diagonal matrix of  (j k ) . (Minka , 2003)
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(4.6)

Then
1



new



old

  2(  )  (  )

.
 T 




(4.7)

Let (v) be the parameter estimate at iteration v, the parameter estimate (ν+1) at
iteration v + 1 is updated as



v 1




T
    X *j A (j v ) X *j
 j m

v 






1

(  )
 v 

(4.8)

where ξ>0 is a stepping scalar such that l((ν+1) )−l((ν) )≥0, X* is a (K−1)p×(K−1)
matrix of independent vectors (Dalgaard, 2008 and IBM Corporation, 2011),

X

*
j

x j

 0

 
 0


0 

xj
 
 0 
 0 x j 
0

A(vj ) is A j and both



(4.9)

(  )
(  )
and
are evaluated at  = (v). Use step-halving
v




method if l((ν+1) )−l((ν) )<0,. Let V be the maximum number of steps in stephalving, the set of values of ξ is {1/2v: v = 0, …, V−1}.
This algorithm chooses starting values of the parameters of the model
(multinomial logistic regression algorithms). (Dalgaard ,2008) , ( McCullagh and
Nelder , (1989)

showed that if intercepts are included in the model, set

 k(0)  ( k(10) ,0,,0) where
 ~
 k(10)  log ~ ik
  iK


 for k= 1, …, K −1.


If intercepts are not included in the model, set  k(0)  (0,,0)

(4.10)
for k = 1,…, K−1.

The algorithm of IBM Corporation (2011) indicated that given two
convergence criteria εk>0 and εp>0, the iteration is considered to be converged if one
of the following criteria were attained:
1. l (  (v 1) )  l (  (v )   k
58

2. max l (  j
j

( v 1)

)  l ( j

(v)

p

3. The maximum above element in ∂l/∂(ν+1) is less than min (εl, εp).
This algorithm was used for analysis of the multinomial logistic regression in
SPSS package. It can also be applied in R using mlogit function for the maximum
likelihood estimation of the multinomial logit model with a specification (NR) method
in it. If method= 'nr' was specified, H must be the hessian (i.e. is the second derivates
matrix of the likelihood function), (Hasan, et. al., 2014; Dalgaard, 2008, and IBM
Corporation. 2011).

4.3 Iteratively Re-weighted Least Squares
For logistic regression, there is no longer a closed-form solution, due to the
nonlinearity of the logistic sigmoid function. However, the departure from a quadratic
form is not substantial. Iteratively Re-weighted Least Squares is used to find
the maximum likelihood estimates of a generalized linear model, and in robust
regression to find an M-estimator, as a way of mitigating the influence of outliers in
an otherwise normally-distributed data set, can be minimized by efficient iterative
technique based on the Newton- Raphson iterative optimization scheme, which uses a
local quadratic approximation to the log likelihood function:

 new  (XAX T   I )1 XA (X T  old 

 I (c  c j )  p (c | x j ,  )    )

(4.11)

j n

where

z  (X T  old 

 I (c  c j )  p (c | x j ,  ) ) ;

j n

:

 new  (XAX T   I )1 XAz
since at each iteration p(c | x j ,  ) changes , and hence so does W and z. This
algorithm is referred to an iteratively reweighted least squares (IRLS) since each
iteration solves the weighted least squares problem ( Hastie, et. al. ,2001):

 new  arg min(z  X  )T W (z  X  )

(4.12)
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In the rare cases that the log-likelihood decreases, step size halving will guarantee
convergence.

4.4 Coordinate ascent
Because the likelihood is a convex function, we can also optimize each  k
alternately. A coordinate-wise Newton update (Minka, 2003) is

 knew

  kold



 kold   i (1   ( y i T x i ) y i x ik

(4.13)

  i aii x ik2

aii   ( T xi )(1   ( T xi )) . .

where

To implement this algorithm efficiently, note that T x i for all i can be
incrementally updated via using this trick:

( new )T x i  ( old )T x i  ( knew  kold )x ik

(4.14)

4.5 Conjugate gradient ascent
The idea of the last section can be generalized to updating in an arbitrary
direction u. The Newton step along u, (Minka, 2003) is



new



old



gT u
uT Hu

(4.15)

u

To implement this efficiently, we use the expansion

uT Hu  uT u   aii (uT x i )2

(4.16)

i

However, this method can be faster if we choose good update directions. One
approach is to use the gradient as the update direction. Even better is to use the socalled conjugate gradient rule, which subtracts the previous update direction from the
gradient:

u  g  u old 

(4. 17)

There are various heuristic ways to set the scale factor β (Bishop, 1995). The
method which seems to work best in practice is the Hestenes-Stiefel formula:
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g T ( g  g old )

u 
old

T

(g  g

old

(4.18)
)

This formula is derived in the following way (Minka, 2003). When the surface is
quadratic with Hessian H, we want the new search direction to be orthogonal with
respect to H : uT Hu old  0 which implies



g T Hu old

u 

old T

Hu

(4.19)

old

On a quadratic surface, the pairs ( old , g old ) and (  , g ) must satisfy

g  g old  H (   old )

(4.20)

But since    old  u old we obtain

g  g old   Hu old

(4.21)

Substituting (4.21) into (4.19) gives (4.18) (Minka, 2003).

4.6 Bohning's method
Bohning's method is Quasi-Newton method (Newton method using different
~
matrix H in place of Hessian matrix H ). It is another way to speed up Newton‘s
~
method is to approximate the varying Hessian with a fixed matrix H that only needs
to be inverted once. Bohning (1999) has shown that the convergence of this approach
is guaranteed as long as H  H in the sense that H  H is positive definite. For
maximum-likelihood estimation, he suggests the matrix:
1
H   XX T ,
4

(4.22)

which for Maximum a Posteriori (MAP) estimation generalizes to
1
H   XX T   I
4

(4.23)
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This matrix must be less than H because
therefore

1
 p (x )(1  P (x )) for any x and
4

1
I  A . Because H does not depend on  , we can pre-compute its
4

inverse—or even simpler its lower-upper (LU) decomposition. The resulting
algorithm is:
Setup: Compute the Cholesky decomposition of H (Bräuninger, 1980).
Iterate:  new   old  H 1g
where H 1g is computed by back-substitution.
A slightly better algorithm proposed by Minka (2003) is possible by using

H  b (  )X X T
(4.24)

b (  )  max P (c | x i ,  )(1  P (c | x i ,  ))
i

which also satisfies H  H but the difference is minimal in practice.

4.7 Broyden–Fletcher–Goldfarb–Shanno(BFGS ) algorithm:
Instead of holding the approximate Hessian fixed, as in Bohning‘s method, it
could be allowed to vary in the inverse domain. This is the idea behind the more
~
general quasi-Newton algorithms, DFP and BFGS. The algorithm starts with H 1  I
. At each step  new     is updated, giving a change in the gradient,

g  g new  g . If the function is quadratic, we must have
   H 1g

(4.25)

~
The approximate inverse Hessian, H 1 is repeatedly updated to satisfy this

constraint. In the BFGS algorithm, the update is (Bishop, 1995) :

b  1

~
g T H 1 g
 T g

~ 1
~
H new
 H 1 

1


T

b
g

~
~
 T   g T H 1  H 1g T
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(4.26)

~ 1
~
We can verify that H new
satisfies (4.25). To update w, we treat u  H 1 g as a
search direction and apply (4.26). This works better than simply setting   u .
A variant of this algorithm is the so-called ―limited-memory‖ BFGS (Bishop,
~
1995), where H 1 is not stored but assumed to be I before each update. This gives the
search direction:

b  1

g T H 1g
T g

ag 

 T g
 T g

a 

g T g
 ba g
 T g

u   g  a    a g g

(4.27)

This algorithm is similar to the conjugate gradient algorithm—and has similar
performance. This algorithm can be applied in R using mlogit function to get the
maximum likelihood estimation of the multinomial logit model with a specification
(BFGS) method is used. If method = 'BFGS' has been used, Ĥ 1 is updated at each
iteration using a formula that uses the variations of the vector of parameters and the
gradient. This algorithm can also be applied in R using using multinom function from
package nnet (Estimator based on neural networks) (Venables &Ripley, 2002).

4.8 Berndt–Hall–Hall–Hausman
The (BHHH) algorithm is a numerical optimization algorithm similar to the
Gauss–Newton algorithm. It is named after the four originators: Ernst R. Berndt, B.
Hall, Robert Hall, and Jerry Hausman. If a nonlinear model is fitted to the data, one
often needs to estimate coefficients through optimization. A number of optimization
algorithms have the following general structure. Suppose that the function to be
optimized is Q(β). Then the algorithms are iterative, defining a sequence of
approximations,  k given by
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 k 1   k  k Ak

Q(  k )


(4.28)

where  k is the parameter estimate at step k, and k is a parameter (called step size)
which partly determines the particular algorithm. For the BHHH algorithm λk is
determined by calculations within a given iterative step, involving a line-search until a
point βk+1 is found satisfying certain criteria. In addition, for the BHHH
algorithm, Q has the form
N

Q   Qi

(4.29)

i 1

and A is calculated using


N



ln
Q
(

)

ln
Q
(

)
i
k
i
k
Ak  

 
 i1







1

(4.30)

The BHHH algorithm has the advantage that, if certain conditions apply,
convergence of the iterative procedure is guaranteed.
In cases multinomial logistic regression

 k 1   k  k Ak g ( k )

(4.31)

Since g is Gradient Descent function
n

G   gi
i 1

1

 

1
N

Ak   gˆ i (  k )gˆ i (  k )   Gˆ G
 i 1


(4.32)

This algorithm can be applied in R using mlogit function for maximum likelihood
estimation of the multinomial logit model and using the specification 'BHHH' method
in it. If method = ' bhhh ' has been specified, A is the outer-product of the individual
contributions of each individual to the gradient.

3.9 Gradient Descent with Prior
Gradient

descent is

a first-order optimization algorithm.

To

find

a local

minimum of a function using gradient descent, one takes steps proportional to
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the negative of the gradient(or of the approximate gradient) of the function at the
current point. If instead one takes steps proportional to the positive of the gradient,
one approaches a local maximum of that function; the procedure is then known
as gradient ascent.
Now, we can do gradient descent on  since the gradient is partial derivatives of
the sum of the likelihood function and the prior function for prior type is:

g


 c ,i

log P( D |  )  log P( )



(4.33)



g Gaussian   x j ,i I (c  c j )  p(c | x j ,  )   
j n

i d

g Laplacen  {x j ,i

 c ,i
i2

 2

 if  c ,i  0
 i
I (c  c j )  p (c | x j ,  ) }   
id 
2 if  c ,i  0

  i









j n

g Cauchy   x j ,i I (c  c j )  p(c | x j ,  )   
j n

id





2 c ,i
2

c ,i

 i

2

(4.34)





g Uniform   x j ,i I (c  c j )  p(c | x j ,  ) 

(4.35)

j n

Gradient descent algorithms initialize the parameter vectors and then descend
along the gradient of the error function until reaching minimum error.

4.9.1 Stochastic Gradient Descent
Stochastic gradient descent (SGD) is a gradient descent optimization method
for minimizing an objective function that is written as a sum of differentiable
functions. For SGD calculates the log likelihood of the corpus at the end of an epoch
after the parameters have been updated. The log likelihood of the corpus plus log prior
may be computed on the fly rather than in a standalone loop. In particular, the value
of p(cj |xj , β) computed in the inner loop may be used. The contribution of the prior
can be added at the end of the loop. The regularization may be clipped so that
subtracting the regularization gradient will never change the sign of a parameter. The
original inner loop (Carpenter, 2008) is:
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log P (D |  )  log P (  )
 c


c 
 c  e 

(4.36)

may be modified to increment the likelihood gradient and then clip the regularization
increment:

c 
 c  e


c

log P (D |  )

if (   0) then



c 
 min  0, c  e



log P (  ) 
c



else

(4.37)



c 
 max  0, c  e



log P (  ) 
c



The inner loop is the stochastic update of the parameters along the contribution
to the gradient of a single training case x j , c j

c 
 c  e g piror

(4.38)

where the gradient is expanded as (Carpenter, 2008):

g piror 

 x j I (c  c j )  p (c | x j ,  )  

j n

c log P (  )
n

(4.39)

The update from the gradient of the log likelihood only touches dimensions for which
the input vector xj is non-zero. Thus if the inputs are sparse, the gradient update for
log likelihood is sparse. In the maximum likelihood setting, there is no gradient for
the prior and thus the updates remain sparse. But in the case of regularization, the
gradient of the log prior density is non-zero at every non-zero parameter dimension,
(Carpenter, 2008).

4.9.2 Lazy Regularized Stochastic Gradient Descent
A simple solution to deal with the density of regularization updates is to batch
them up and only do them so often. With a batch size larger than the feature density,
this will actually be the most efficient approach. The downside is the loss in
stochasticity of the search (Carpenter, 2008). Even though the parameter vectors are
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regularized at each step, only the non-zero dimensions of an input xj need be accessed.
The regularizations may thus be computed in a lazy fashion, just before they are
needed.
The vector u of dimensionality d

stores in ui the last epoch in which

dimension i‘s parameter's value was shrunk by regularization. Then, when an input xj
for which x j ,i  0 arises, the parameters βc,i for all categories c are caught up with
regularization scheme R using:

c 
  c   e

u c ,i  q
n

 c ,i log p(  c ,i )

ui  0 
 q
q  0
 q  1  u

(4.40)

The standard regularized stochastic gradient descent algorithm is not equivalent
to regularizing all at once. Suppose a coefficient starts at value βc,i. After one step of
stochastic regularization using a Gaussian prior with variance σ2, assuming for
simplicity a learning rate of ηi = 1, the value will be:



(1)



(0)

1  (0)

n 2

 (2)   (1) 

1  (1)
n 2

in general, at the k-th step:



(k )





 1 
1 
  n 2 


(0) 

k






(4.41)

Thus, a single update regularizing at a rate of k/n does not produce the same
result as k updates at the rate of 1/n. In the algorithm, there is no nonlinear adjustment
for batch size. The lower amount of stochasticity simply approaches the nonstochastic regularization, which should actually be more accurate than the stochastic
approximation.
For the Laplace prior, the gradient does not depend on the current value of β, so
a stochastic update of size k/n is the same as k stochastic updates of batch size 1/n:

 ( k )   (0) 

k 2
n

(4.42)

Even clipping to zero has the same effect with the Laplace prior. (Carpenter, 2008).
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4.10 Coordinate descent
Coordinate descent is a non-derivative optimization algorithm. To find a local
minimum of a function, we can do a line search along one coordinate direction at the
current point in each iteration. We use different coordinate directions cyclically
throughout the procedure, based on the idea that the minimization of a multivariable
function F (x) can be achieved by minimizing it along one direction at a time. Instead
of varying descent direction according to gradient, one fixes descent direction at the
outset. For instance, we choose some basis as the search directions: e1 , e2 ,en . Then
we cyclically iterate through each direction, one at a time, minimizing the objective
function with respect to that coordinate direction. It follows that, if x k is given, the ith
coordinate of x k 1 is given by

x ik 1  arg min f (x 1k 1,, x ik11, y , x ik1,, x nk )
y R

(4.43)

Thus, we begin with an initial guess x 0 for a local minimum of F , and get a
sequence x 0 , x1 , x 2 , iteratively. By doing line search in each iteration, we
automatically have
F ( x 0 )  F ( x1 )  F ( x 2 )  

Typically, a coordinate descent method sequentially goes through all variables
and then repeats the same process. By solving the regression problem along an entire
path of values, this method efficiently calculates the regularization parameters. A
coordinate descent method used in Ridge Estimation for Multinomial Logit Models
can be applied it in R by glmnet function in R, (Friedman et. al., 2010).

4.11 Iterative Scaling
Iterative scaling is a lower bound method for finding the likelihood maximum.
At each step, we construct a simple lower bound to the likelihood and then move to
the maximum of this bound. Iterative scaling produces a lower bound which is
additive in the parameters  k , which means we have the option to update one or all of
them at each step. The algorithm requires that all feature values are positive: x ik  0 .
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Define s  maxi
require



k

k x ik

. Unlike most derivations of iterative scaling, we will not

xik  1 . Iterative scaling is based on the following two bounds:

 log(x )  1 

x
 log(x 0 )
x0

for any x0

(4.44)

 exp( q k k )   q k exp( k )  (1   q k )
k

k

qk

for any qk  0 satisfying

(4.45)

k

1.

k

The second bound comes from Jensen‘s inequality applied to the function e  x :

 exp( q k k )   q k exp( k ) ,
k

if

k

qk

1.

k

Now let some of the k  0 to get

 exp(  qk  k )   qk exp(  k )  (1   qk ) ,
k

k

if

k

qk

1

k

Start by writing the likelihood in an asymmetric way:

P (y | X ,  ) 

exp( T x i )



i | y i 1 1  exp( 

T

1



(4.46)

x i ) i |y i 11  exp( T x i )

Applying the first bound at the current parameter values  0 , we obtain that the loglikelihood function bounded by

log p ( y | X ,  ) 



i | y i 1

 log p ( y | x , 0 ) 

= log p ( y | x , 0 ) 

T x i   log(1  exp( T x i ))
i

    0 

T

i | y i 1

x i   (1 
i

1  exp( T x i )
1  exp( 0T x i )

)

T
    0  x i   (T x i )(1  exp(  0 )T x i )

i | y i 1

i

0

Maximizing this bound over  is still too hard. So we apply the second bound, with

q k  x ik / s , remembering that x ik  0

 exp(   0 )T x i   exp( ( k  0k )x ik )
k

 
k

x ik
x
exp(  k  0k )s )  (1   ik )
s
k s
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Note that s was chosen to ensure

k qk

 1 . This bound reduces the algorithm

to a one dimensional maximization for each  k of

g (k ) 

x
    0  x ik   (T x i ) sik

i | y i 1

0

i

exp((  k  0k )s )

(4.47)

k

Zero the gradient with respect to  k :

dg (  k )
  x ik    ( T0 x i )x ik exp((  k  0k )s )  0
d k
i | y 1
i
i

we get



exp((  k  0k )s ) 

i | y i 1
T

 (
i

 k  0k

0

x ik
x i )x ik

 x ik
1
i | y i 1
 log
s
  (T x i )x ik

(4.48)

0

i

This is one possible iterative scaling update. Note that we could have written a
different asymmetric likelihood:

P (y | X ,  ) 

1



exp( T x i )



T
T
i | y i 1 1  exp(  x i ) i | y i 1 1  exp(  x i )

(4.49)

which would have led to the update

exp((  k  0k )s ) 

 1   (T x i )  x ik
0

i



i | y i 1

(4.50)

x ik

So the fair thing to do is combine the two updates:



exp((  k  0k )s ) 

i | y i 1



x ik

i | y i 1

 1   (T x i )  x ik
i

x ik

0


i



 ( T0 x i ) x ik

(4.51)

This is the iterative scaling update used in practice (Nigam et al., 1999; Collins
et al., 2002), and it converges faster than either of the two asymmetric updates. Note
that the first term is constant throughout the iteration and can be precomputed, (Huang
et al., 2010).
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4.12 Modified Iterative Scaling
We can get a different iterative scaling algorithm by applying the same bounds to
the symmetric likelihood:

P (y | X ,  )  
i

1
1  exp( y i T x i )

Applying the first bound (4.44) at the current parameter values w0, we obtain that the
log likelihood function bounded by



log P( y | X ,  )   log 1  exp(  yi  T xi )



i

 1  exp(  yi  T xi ) 

 log P( y | X ,  0 )   1 
1  exp(  yi  0T xi ) 
i 





 log P( y | X ,  0 )   1   ( yi  0T xi ) 1  exp(  yi (    0 )T xi )



i

(4.52)
Maximizing this bound over  is still too hard. So we apply the second bound,
with qk  xik / s , remembering that xik  0 , then





 exp  yi (    0 )T xi  
k

xik
x
exp(  yi s(  k   0 k ))  (1   ik )
s
s
k

(4.53)

The algorithm reduces to a one-dimensional maximization for each  k of

g (  k )   (1   ( yi  0T xi ))
i

k

xik
exp(  yi s(  k   0 k ))
s

The gradient with respect to  k is
dg (  k )
  (1   ( yi  0T xi )) yi xik exp(  yi s(  k   0 k ))
d k
i

Multiply both sides by exp(s (k  0k ) and solve for  k to get

1   ( y i T x i )  x ik

i | y 1
exp(2s (  k  0k ) 
 1   ( y i T x i )  x ik
i | y 1



0

i

(4.54)

0

i

To allow negative feature values xik define s  maxi
to get
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k

x ik and use q k  x ik / s

g (  k )   (1   ( y i T0 x i ))
i

k

x ik
s

exp( y i sign (x ik )s (  k  0k ))

dg (  k )
  (1   ( y i T0 x i )) y i x ik exp( y i sign (x ik )s ( k  0k ))  0
d k
i
Then we get:

i |y x
exp(2s (  k  0k ) 
i |y x

1   ( y i T x i )  x ik
1   ( y i T x i )  x ik
0 

i

ik 0

0

i

ik

0

(4.55)

This update rule was also given by (Collins et. al. , 2002), using a boosting
argument. This algorithm has been called Modified Iterative Scaling. (Berger, 1997).

4.13 The modeling approach
Two models that we described above will be applied to a real dataset on the
child labor in the Palestinian society. The first model is a standard Multinomial Logit
model and the second model is a three-layer perceptron with Softmax outputs and six
neurons on the hidden layer (two neurons for each alternative). The network is
partially connected and certain weights are shared. This network is represented.

4.13.1 Model performances and specification diagnostics
Several measures of quality of fit and parameter significance can be computed
with real and artificial datasets. We shall use in this study R2, U2 ,and T-statistics for
the estimated coefficients.


The

R2 measures the amount of variance (in choice probability) that is

explained by the model


The U2 measures the amount of uncertainty (i.e. the entropy) about the product
choice that is explained by the model. It is expressed as the ratio of explained
entropy to unconditional choice probability



The T-statistics for coefficient significance. The T-statistic is the ratio between
the value of the coefficient and the value of its standard error. In other terms,
the t value measures how many standard errors the coefficient is away from 0.
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4.14 Summary:
This chapter reviewed different Numerical algorithms for finding the
maximum-likelihood estimate and estimation coefficient. Newton–Raphson algorithm
showed that it is the most popular in estimation. In general, statistics programs (Spss,
R, Minitab, Sas, Systat) use different algorithms in estimation.

Systat:
LOGIT

uses Gauss Newton methods for maximizing the likelihood. By

default, two tolerance criteria must be satisfied: the maximum value for relative
coefficient changes must fall below 0.001, and the Euclidean norm of the relative
parameter change vector must also fall below 0.001. By default, LOGIT uses the
second derivative matrix to update the parameter vector. In discrete choice models, it
may be preferable to use a first derivative approximation to the Hessian instead. This
option, popularized by Berndt et al. (1974), will be noted if it is used by the program.
BHHH uses the summed outer products of the gradient vector in place of the Hessian
matrix and generally will converge much more slowly than the default method.

Minitab:
Both logistic and least squares regression methods estimate parameters in the
model so that the fit of the model is optimized. Least squares minimizes the sum of
squared errors to obtain parameter estimates, whereas logistic regression obtains
maximum likelihood estimates of the parameters using an iterative-reweighted least
squares algorithm.

Spss:
A multinomial logit model fits the full factorial model or a user-specified
model. Parameter estimation is performed through an iterative maximum-likelihood
algorithm. To obtain the maximum likelihood estimate of B, a Newton-Raphson
iterative estimation method is used. Notice that this method is the same as FisherScoring iterative estimation method in this model, since the expectation of the second
derivative of the log-likelihood with respect to B is the same as the observed one.
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R software
A number of recent R packages have focused on slightly different aspects of
estimating regularized multinomial logistic regressions. For example: package glmnet
(Friedman et al., 2010) is used for optimization for obtaining the entire L1-regularized
paths and uses the coordinate descent algorithm with ‗warm starts‘, package maxent
(Jurka, 2012) is intended for large text classification problems which typically have
very sparse data and the package pmlr (Colby et al., 2010) which penalizes the
likelihood function with the Jeffrey's prior to reduce first order bias and works well
for small to medium sized datasets. There are also R packages which estimate plain
(unregularized) multinomial regression models. Some examples are: the VGAM
package (Yee, 2010), the multinom function in package nnet (Venables and Ripley,
2002), package the mlogit (Croissant, 2012), package mnlogit (Friedman et al., 2010),
package mlogitBMA (Sevcikova & Raftery, 2013).

In SAS
We can easily fit the multinomial logit model using PROC LOGISTIC with
the link=GLOGIT. We can also use PROC CATMOD and GENMOD.
In the next chapter we are going to analyze a real dataset using
classification method (Multinomial logistic regression) by statistics programs to
compare some estimation methods and Numerical algorithms.
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Chapter (5)
Application of the Multinomial Logistic Regression on
Classifying Anemic Palestinian Children
5.1 Introduction :
In the previous three chapters, the multinomial logistic regression (MLR)
model fitting and various methods of estimation of its parameters were discussed.
Each estimation method requires the use of one or more numerical Algorithm.
Various algorithms that had been implemented for this purpose were discussed in
chapter 4. In this chapter we are going to analyze a real dataset as an application of
various MLR modeling and estimation methods that have been discussed earlier and
conduct a comparison between those methods. We start with describing the variables
in the data, using descriptive statistics and illustrate some of important features in the
data, then we will build the statistical model and estimate its parameters using all the
methods described in the previous chapters. Further, we test the significance of the
parameters and identify the best subset of independent variables for the MLR model.
The main target is to conduct a comparison between the five methods and algorithms
that are used for analyzing categorical data using MLR models, and to identify the
most important risk factors for the categories of the response variable.

5.2 Description of the variables
5.2.1 Dependent variable:
The dependent variable that has been used as the response variable for the purpose of
illustrating the multinomial logistic regression model's estimation and testing
procedures is the anemia variable which is a categorical variable having four
categories.
Table ( 5.1): Frequencies of the dependent variable Categories (Anemia)
Categories of (DV)
normal
mild anemia
moderate anemia
severe anemia
Total

Frequency Percent Valid Percent
1908
79.3
79.3
305
12.7
12.7
188
7.8
7.8
5
.2
.2
2406
100.0
100.0
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Cumulative Percent
79.3
92.0
99.8
100.0

Table (5.1) demonstrates that a percentage of 79.3 % of children are normal children,
12.7 % suffer from mild anemia, 7.8% suffer from moderate anemia , and only 0.2%
suffer from severe anemia .

5.2.2 The independent variables
Ten independent variables have been selected to be included in the multivariate
logistic regression model for illustrating the estimation and testing procedures of the
model among many variables included in the survey. They are selected as they
thought to be related with the selected response variable. The other variables are
thought to be irrelevant to the present study.
Table (5.2) describes the important variables in the study which were selected to
be included in the multinomial logistic regression model. All the independent
variables are categorical except two numeric variables which are cage and BMI
variables(PCBS, 2010).
Table (5.2): Description of the independent variables
Variable
name

Description

BF1

Child ever been breastfed

IM18

Child given Vitamin A dose within last 6
months

PIM2

Has (NAME) received an iron syrup constantly
after 6 months and for 1 years?

cage

Age (Months)

HH6

Area

HL4

Sex

melevel

Mother's education

region

Region

windex5
BMI

Wealth index quintiles
Body Mass Index

76

Value label
1. Yes
2 NO
3. DK
1. Yes
2 NO
3. DK
1. Yes
2 NO
3. DK
1-59 months
1. Urban
2. Rural
3. Camps
1. Male
2. Female
1. None
2. Primary
3. Secondary+
1. West Bank
2. Gaza
1. Poorest
2. Second
3. Middle
4. Fourth
5. Richest
6- 42

Now, the first independent variables is "sex" which indicates the sex of the child. The
frequencies of the anemic status of children according to their sex categories are
indicated in table (5.3) below. The figures in the table demonstrates that normal males
have 39.7% of all children compared to 39.6% for normal female, mild anemia males
have 5.2% compared to 7.5% for mild anemia female; moderate anemia males are 4%
compared to 3.8% for moderate anemia females, and severe anemia males has 0.2%
compared to 0.04% for severe anemia Females.
Table (5.3) : Comparison between Anemia and Sex
anemia

Sex

Total

Male

Female

normal

956

952

1908

mild anemia

125

180

305

moderate anemia

96

92

188

4
1181

1
1225

5
2406

severe anemia
Total

Table (5.4) demonstrates that normal children (who do not suffer from
anemia) in the West Bank represent 46% of the total children compared to 33.3% for
normal cases in Gaza; children who suffer from mild anemia in the West Bank
represent 5.4% of the total children compared to 7.3% in Gaza; moderate anemia
cases in West Bank represent 2.5% of total children compared to 5.3% for moderate
anemia cases in Gaza; and children who suffer from severe anemia in the West bank
has 0.2% of total children compared to 0% for severe anemia cases in Gaza.
Table (5.4) : Comparison between Anemia and Region
Region
West Bank Gaza Strip

anemia

normal

1106

802

1908

mild anemia

130

175

305

moderate anemia

61

127

188

5
1302

0
1104

5
2406

severe anemia
Total

Total

Table (5.5) demonstrates that normal children who have been breastfed
represent 75.9% of total children compared to 3.4% of those who have not been
breastfed; mild anemia cases who have not been breastfed represent 12.3% of the total
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children compared to 0.4% for mild anemia of those who have not been breastfed;
moderate anemia cases who has been breastfed has 7.1% of total compared to 0.7%
for moderate anemia who hasn't and severe anemia who has been breastfed has 0,04%
of total compared to 0.2% for severe anemia who have not been breastfed.
Table (5.5) : Comparison between Anemia and Child ever been breastfed
Child ever been breastfed

anemia

Total

Yes

NO

normal

1827

81

1908

mild anemia

296

9

305

moderate anemia

170

18

188

severe anemia

1
2294

4
112

5
2406

Total

Table (5.6) demonstrates that normal poorest children are 18.2% of total
children compared to 19% for normal second poorest, 15.9% for normal middle class,
17% for normal fourth and 9.3 for normal richest. Mild anemia poorest are 4.3% of
total compared to 3% for mild anemia second, 2.5% for mild anemia middle, 2% for
mild anemia fourth and 0.9% for mild anemia richest. Moderate anemia poorest are
3.3% of total compared to 2% for moderate anemia second,1.1% for moderate anemia
middle, 0.9% for moderate anemia fourth and 0.5% for moderate anemia richest.
Severe anemia poorest are 0.04% of total compared to 0.1% for severe anemia
second, 0.1% for severe anemia middle, 0% for severe anemia fourth and 0% for
severe anemia richest .
Table 5.6 : Comparison between Anemia and Wealth index quintiles
Wealth index quintiles

anemia

Total

Total

Poorest

Second

Middle

Fourth

Richest

normal

437

457

382

409

223

1908

mild anemia

103

73

61

47

21

305

moderate anemia

79

49

27

21

12

188

severe anemia

1
620

2
581

2
472

0
477

0
256

5
2406

Table (5.7) demonstrates that normal children from none-educated mothers are 9.5%
of the total children compared to 35.5% for normal children from primary educated mothers
and 34.3% for normal children from secondary and above educated mothers. Mild anemia
cases from none-educated mothers are 1.8% of the total children compared to 8.1% for mild
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anemia cases from primary educated mothers and 2.8% mild anemia cases from secondary
and above educated mothers; moderate anemia children from none-educated mothers are
2.2% of total children compared to 3.3% for moderate anemia children from primary educated
mothers, and 2.3% moderate anemia children from secondary educated mothers. Severe
anemia cases from none-educated mothers are 0.1% of total children compared to 0.12% for
severe anemia primary educated mothers and 0% severe anemia secondary and above
educated mothers.

Table (5.7) : Comparison between Anemia and Mother's education
Mother's education

anemia

Total

None

Primary

Secondary +

normal

228

855

825

1908

mild anemia

44

194

67

305

moderate anemia

52

80

56

188

severe anemia

2
326

3
1132

0
948

5
2406

Total

5.3 Statistical Analysis of Anemia Cases Using an Iterative
Maximum Likelihood Method:
The purpose of the Multinomial Logistic Regression procedure is to model the
dependence of a nominal categorical response on a set of discrete and/or continuous
predictor variables. NOMREG algorithm used by SPSS To obtain the maximum
likelihood estimate of , a Newton-Raphson iterative estimation method is used in this
algorithm. Notice that this method is the same as Fisher-Scoring iterative estimation
method in this model, since the expectation of the second derivative of l with respect
to  is the same as the observed one.


Building MLR model
In this section we will perform MLR analysis on anemic child data set.

There is a good relationship between a combination of independent variables and the
dependent variable based on the statistical significance of the final model's chi-square
test.
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Table (5.8): Model Fitting Information (an iterative MLE method )
Model Fitting Criteria
Model
Intercept Only
Final

Likelihood Ratio Tests

AIC

BIC

-2 Log
Likelihood

2778.010
2498.710

2795.367
2689.639

2772.010
2432.710

Chi-Square

df

Sig.

339.299

30

.000

The model fitting information in table (5.8) shows various indices for assessing
the intercept only model (sometimes referred to as the null model) and the final model
which includes that all the predictors and the intercept (the full model). Both the
Akaike Information Criterion (AIC) and the Bayesian Information Criterion (BIC) are
information theory based model fit statistics. Lower values indicate better model fit
and both can be below zero (i.e. larger negative values indicate better fit than values
closer to zero). The BIC tends to be more conservative. Similarly, the -2 Log
Likelihood (-2LL) should be lower for the full model (2432.710) than it is for the null
model (2772.010); lower values indicate better fit. The -2 LL is a likelihood ratio and
represents the unexplained variance in the outcome variable. Therefore, the smaller
the value, the better the fit. The Likelihood Ratio chi-square test is alternative test of
goodness-of-fit. As with most chi-square based tests however, it is prone to inflation
as sample size increases. Here, we see model fit is significant χ² (30) = 339.299, p <
0.001, which indicates that our full model predicts significantly better, or more
accurately, than the null model.
The Goodness-of-Fit test in table (5.9) provides further evidence of good fit
for our model. Again, both the Pearson and Deviance statistics are chi-square based
methods and subject to inflation with large samples. Here, we interpret lack of
significance as indicating good fit. To be clear, we want the p-value to be greater than
your established cutoff (generally 0.05) to indicate a good fit.
Table (5.9): Goodness-of-Fit(an iterative MLE method)
Pearson
Deviance

Chi-Square

df

Sig.

4096.269
2111.728

4911
4911

1.000
1.000

Table (5.10) explains the proportions of variations in the dependent variable
explained by the independent variables. According to the results shown in table
(5.10), it is seen that independent variables define 13.2% of the variance in dependent
variables (the proportion of variance of the response variable explained by the
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predictors) according to Cox &Snell R2 value, 18 % according to Nagelkerke R2
value, and 10.7% according to McFadden R2 value.
Table (5.10): Pseudo R-Square (an iterative MLE method)
Cox and Snell
Nagelkerke
McFadden

.132
.180
.107

Table (5.11) demonstrates the likelihood ratio test that evaluates the overall
relationship between an independent variable and the dependent variable. We checked
the same point with all explanatory variables used to build model separately. The
result referred that the existence of a relationship between each of the explanatory
variables and the response variable was supported. According to the results shown in
table (5.11), it can be seen that there is a statistically significant relationship between
all the independent variables and the dependent variable. Since the dependent variable
has four categories the MLR model is composed of 3 equations. Three anemic
categories are compared with the normal category of children as it has been
considered as the reference category. Table (5.12) represents the estimates of the
parameters of the three equations of the model as well as their odds ratios and
indicators of significance of each estimate.
Table (5.11) Likelihood Ratio Tests(an iterative MLE method)
Effect

Intercept
cage
BF1
melevel
region
windex5
HL4

Model Fitting Criteria

Likelihood Ratio Tests

AIC of
Reduced
Model

BIC of
Reduced
Model

-2 Log
Likelihood of
Reduced Model

ChiSquare

df

Sig.

2498.710
2605.360
2518.516
2560.868
2552.675
2499.302
2501.742

2689.639
2778.932
2692.088
2717.083
2726.246
2620.802
2675.313

2432.710a
2545.360
2458.516
2506.868
2492.675
2457.302
2441.742

.000
112.650
25.806
74.158
59.964
24.592
9.032

0
3
3
6
3
12
3

.
.000
.000
.000
.000
.017
.029
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Table (5.12) Parameter Estimates (an iterative MLE method)
anemia
Intercept
cage
[BF1=1]
[BF1=2]
[region=1]
[region=2]
[melevel=1]
[melevel=2]
mild
[melevel=3]
anemia
[windex5=1]
[windex5=2]
[windex5=3]
[windex5=4]
[windex5=5]
[HL4=1]
[HL4=2]
Intercept
cage
[BF1=1]
[BF1=2]
[region=1]
[region=2]
[melevel=1]
moderate [melevel=2]
[melevel=3]
anemia
[windex5=1]
[windex5=2]
[windex5=3]
[windex5=4]
[windex5=5]
[HL4=1]
[HL4=2]
Intercept
cage
[BF1=1]
[BF1=2]
[region=1]
[region=2]
[melevel=1]
[melevel=2]
severe
[melevel=3]
anemia
[windex5=1]
[windex5=2]
[windex5=3]
[windex5=4]
[windex5=5]
[HL4=1]
[HL4=2]

B

Std. Error

Wald

df Sig.

-1.972-.027.514
0b
-.6990b
.760
1.085
0b
.411
.177
.197
.016
0b
-.2680b
-.829-.041-.7180b
-.9710b
.992
.356
0b
.723
.329
-.020-.2650b
.176
0b
-55.695-.067-4.4020b
18.349
0b
18.829
18.099
0b
17.336
18.201
17.512
.673
0b
1.864
0b

.450
.004
.366
.
.132
.
.215
.157
.
.265
.270
.275
.282
.
.129
.
.443
.005
.293
.
.172
.
.220
.192
.
.336
.344
.367
.380
.
.161
.
10892.709
.038
1.249
.
.000
.
5176.243
5176.243
.
9584.237
9584.237
9584.237
12004.674
.
1.288
.

19.168
50.533
1.970
.
27.979
.
12.523
47.935
.
2.403
.431
.512
.003
.
4.297
.
3.501
64.489
6.001
.
32.016
.
20.281
3.442
.
4.622
.915
.003
.488
.
1.195
.
.000
3.146
12.421
.
.
.
.000
.000
.
.000
.000
.000
.000
.
2.095
.

1
1
1
0
1
0
1
1
0
1
1
1
1
0
1
0
1
1
1
0
1
0
1
1
0
1
1
1
1
0
1
0
1
1
1
0
1
0
1
1
0
1
1
1
1
0
1
0

.000
.000
.160
.
.000
.
.000
.000
.
.121
.512
.474
.955
.
.038
.
.061
.000
.014
.
.000
.
.000
.064
.
.032
.339
.956
.485
.
.274
.
.996
.076
.000
.
.
.
.997
.997
.
.999
.998
.999
1.000
.
.148
.

Exp(B)
.973
1.672
.
.497
.
2.139
2.960
.
1.508
1.194
1.218
1.016
.
.765
.
.960
.488
.
.379
.
2.697
1.427
.
2.060
1.390
.980
.767
.
1.192
.
.935
.012
.
93042758.436
.
150354928.012
72500929.077
.
33791704.264
80282726.553
40288659.680
1.960
.
6.447
.

From the above table, the estimates of the parameters of the three equations of the
model are as follows:
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First Model (mild anemia)
Intercept
cage
[BF1=1]
[region=1] [melevel=1] [melevel=2]
-1.972
-.027
.514
-.699
.760
1.085
[windex5=1] [windex5=2] [windex5=3] [windex5=4] [HL4=1]
.411
.177
.197
.016
-.268
Second Model (moderate anemia)
Intercept
cage
[BF1=1]
[region=1] [melevel=1] [melevel=2]
-.829
-.041
-.718
-.971
.992
.356
[windex5=1] [windex5=2] [windex5=3] [windex5=4] [HL4=1]
.723
.329
-.020
-.265
.176
Intercept

cage

-55.695

-.067

Third Model (severe anemia)
[BF1=1] [region=1] [melevel=1] [melevel=2]
-4.402

18.349

18.829

18.099

[windex5=1] [windex5=2] [windex5=3][windex5=4] [HL4=1]
17.336



18.201

17.512

.673

1.864

Correct classification rates for the MLR model

Now, correct classification rates from the above model for iterative maximumlikelihood method can be shown in Table (5.13).
Table (5.13) Classification rates using (an iterative MLE method)
Observed
normal
mild anemia
moderate anemia
severe anemia
Overall Percentage

normal
1901
297
182
5
99.1%

Predicted
moderate
anemia
2
0
2
0
0.2%

mild
anemia
6
7
4
0
0.7%

severe
anemia
0
0
0
0
0.0%

Percent
Correct
99.6%
2.3%
1.1%
0.0%
79.4%

Table (5.13) indicates that the model can predict anemic cases of children with
overall percentage accuracy of (79.4%).


The ROC curve analysis of an iterative maximum-likelihood method:
Table ( 5-14) explains the area under the curve for normal Palestinian children

is 0.6966663, for mild anemia cases is 0.706944, for moderate anemia cases is
0.6578066 , for server anemia cases is 0.5540915 and for multi-class area under the
curve is 0.5536.
Table (5-14) Area under the curve (an Iterative MLE method)
normal
0.6966663

mild anemia
moderate anemia
0.706944
0.6578066
Multi-class area under the curve: 0.5536
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severe anemia
0.5540915

The ROC curves have been drown and exhibited in figure (5.1) below and the
area under the curve have been computed for different classes of the dependent
variable.

Figure (5.1): The ROC curve for an iterative maximum-likelihood method

5.4 Statistical Analysis of Anemia Cases Using Ridge Multinomial
Regression
Ridge Multinomial Regression model fitting method has been described in the
previous section in details. To apply this method, the Ridge Multinomial Regression
function in R software that calculates an object with the fitted multinomial logistic
regression for a nominal variable was used. It compares with the null model, so that
we will be able to compare model fits better for the variables.


Building MLR model
In this section, we will perform MLR analysis on anemic children's data set

using the Ridge Multinomial Regression. There is a good relationship between a
combination of independent variables and the dependent variable based on the
statistical significance of the final model's chi-square. The final model contains the
independent variables (BF1, region, cage, melevel, HL4, and windex5) and the
dependent variable anemia.
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Table (5-15)Model Fitting Information (ridge method)
Model

Model Fitting Criteria
AIC

Intercept Only
Final

993.7937

BIC

Likelihood Ratio Tests

-2 Log
Likelihood

Chi-Square

df

Sig.

2213.6

18

.000

3165.393
951.7937

1115.294

The model fitting information in table (5.15) contains the -2 Log Likelihood
which equals 3165.393 for null model and 951.7937 for the full model. The Akaike
information criterion indicator is 993.7937 and the Bayesian information criterion
indicator is 1115.294 . We can see that the model is significant with χ² (18) = 2213.6
and p < .001. This indicates that our full model predicts significantly better, or more
accurately, than the null model.
Table (5.16) explains the proportions of variations in the dependent variable
explained by the independent variables. According to the results shown in table
(5.16), it can be seen that the independent variables define 60.1% of the variations in
the dependent variable (the proportion of variance of the response variable explained
by the predictors). Both the Cox & Snell R2 and the Nagelkerke R2 values equal
60.1%, and the McFadden R2 value equal 69.9% as appear in table (6-16).
Table (5-16 ) Pseudo R-Square (ridge method)
0.6014942
0.6014942
0.6993127

Cox and Snell
Nagelkerke
McFadden

The estimates of the parameters of the three equations of the model are as follows:
Intercept

BF1

-4.36106

-5.91264

First Model (mild anemia)
region
cage
melevel
2.036081

-4.12358

-0.70928

HL4

windex5

-1.00526

3.925590

Second Model (moderate anemia)
Intercept BF1
region
cage
melevel
HL4
windex5
-5.034404 -6.182310 -1.851448 2.299793 1.2857029 0.2938031 -2.968174
Third Model (severe anemia)
Intercept
BF1
region
cage
melevel
-7.629087 -1.859191 1.434944 2.398387
-0.92157

85

HL4
windex5
0.2053777 1.092213



Correct classification rates for the MLR model
Now, correct classification rates from the above model that employed Ridge

Multinomial Regression method can be shown in Table (5.17).
Table (5-17) Classification table ridge regression
Observed

normal

normal
mild anemia
moderate anemia
severe anemia
Overall Percentage

1855
69
38
0
81.5%

Predicted
moderate
anemia
22
10
138
0
7.1%

mild
anemia
31
226
12
0
11.2%

severe
anemia
0
0
0
5
0.2%

Percent
Correct
97.2%
74.1%
73.4%
100%
92.44%

The Classification Table (above) shows how well our full model correctly
classifies cases. A perfect model would show only values on the diagonal-correctly
classifying all cases. Adding across the rows represents the number of cases in each
category in the actual data and adding down the columns represents the number of
cases in each category as classified by the full model. The key piece of information is
the overall percentage in the lower right corner which shows that our model (with all
predictors & the constant) is 92.44% accurate; which is excellent.


The ROC curve analysis of ridge method
Table ( 5-18) explains the area under the curve for normal children is

0.9720366, for mild anemic cases is 0.9756006 , for moderate anemic cases is
0.6341221 , for server anemic children is 0.7418944 and for multi-class area under the
curve is 0.9238.
Table (5-18) Area under the curve (ridge method)
normal
0.9720366

mild anemia
moderate anemia
severe anemia
0.9756006
0.6341221
0.7418944
Multi-class area under the curve: 0.9238

The ROC curves have been drown and exhibited in figure (5.2) below and the
area under the curve have been computed for different classes of the dependent
variable.
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Figure (5.2): The ROC curve for Ridge method

5.5 Statistical analysis of anemia cases using neural networks method
Function multinom( ) in R is used

to estimate the parameters of the

multinomial logistic regression model via neural networks method and using
package (nnet) in R software that is designed for the multinomial log-linear models.


Building MLR model
In this section we will perform MLR analysis on anemic child data set. The

Model Fitting Information in table (5.19) shows various indices for assessing the
intercept only model (sometimes referred to as the null model) and the final model.
Table (5-19) Model Fitting Information (Neural Networks method )
Model
Intercept Only
Final

Model Fitting Criteria

Likelihood Ratio Tests

AIC

-2 Log Likelihood

Chi-Square

df

Sig.

3171.16
2891.861

3165.160
2825.861

339.2993

30

.000

The final model includes that the -2 Log Likelihood is 3165.393 for null
model and 2825.861 for the full model; the Akaike information criterion indicator is
2891.861 for full model , 3171.16 for null model. Lower values for the full model
indicate better model fit. We see the model fit is significant from the value of χ² (30)
= 339.2993 with p < .001 which indicates that our full model predicts significantly
better, or more accurately, than the null model.
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Table (5.20) explains the proportions of variations in the dependent variable
explained by the independent variables. According to the results shown in table
(5.20), it can be seen that independent variables define 13.2% of the variance in the
dependent variable (the proportion of variance of the response variable explained by
the predictors) is 13.2 % according to both Cox & Snell R2 value and to Nagelkerke
R2 value, and 10.7% according to McFadden R2 value.
Table (5-20 ) Pseudo R-Square (Neural Networks method)
Cox and Snell
Nagelkerke
McFadden

0.1315299
0.1315299
0.1071982

Table (5.21) exhibits the likelihood ratio test that evaluates the overall
relationship between an independent variable and the dependent variable. We checked
the same point with all explanatory variables used to build the model separately. The
result supports the existence of a relationship between each of the explanatory
variables and the response variable. According to the results shown in table (5.21), it
can be seen that there is a statistically significant relationship between all the
independent variables and the dependent variable. Since the dependent variable has
four categories the MLR model is composed of 3 equations, three anemic categories
are compared with the normal category of children as it has been considered as the
reference category. Table (5.22) represents the estimates of the parameters of the three
equations of the model as well as their odds ratios and indicators of significance of
each estimate.
Table (5.21) Likelihood Ratio Tests(Neural Networks method)
Effect
Intercept
cage
BF1
melevel
region
windex5
HL4

Likelihood Ratio Tests
Chi-Square

df

Pr(>Chisq)

.000
112.655
25.807
74.172
59.964
24.592
9.032

0
3
3
6
3
12
3

.
< 2.2e-16 ***
1.047e-05 ***
5.682e-14 ***
5.963e-13 ***
0.01688 *
5.963e-13 ***
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Table (5.22) Parameter Estimates (Neural Networks method)
Anemia
Intercept
cage
[BF1=1]
[BF1=2]
[windex5=1]
[windex5=2]
[windex5=3]
[windex5=4]
mild anemia
[windex5=5]
[HL4=1]
[HL4=2]
[region=1]
[region=2]
[melevel=1]
[melevel=2]
[melevel=3]
Intercept
cage
[BF1=1]
[BF1=2]
[windex5=1]
[windex5=2]
[windex5=3]
[windex5=4]
moderate anemia
[windex5=5]
[HL4=1]
[HL4=2]
[region=1]
[region=2]
[melevel=1]
[melevel=2]
[melevel=3]
Intercept
cage
[BF1=1]
[BF1=2]
[windex5=1]
[windex5=2]
[windex5=3]
[windex5=4]
severe anemia
[windex5=5]
[HL4=1]
[HL4=2]
[region=1]
[region=2]
[melevel=1]
[melevel=2]
[melevel=3]

B
-1.2539070
-0.02729505
0b
-0.5142648
0b
-0.2336945
-0.2137243
-0.3951475
-0.4109643
0b
0.2682045
0b
0.6993210
0b
0.3248977
-0.7603125
-0.6271665
-0.04068738
0b
0.7183612
0b
-0.3935059
-0.7426690
-0.9879627
-0.7226471
0b
-0.1759541
0b
0.9705813
0b
-0.6363589
-0.9921854
-3.7219590
-0.06735841
0b
4.4029366
0b
0.8643423
0.1748935
-9.5901067
-30.9322068
0b
-1.8634200
0b
-14.9053805
0b
0.7283733
-12.5929212
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Std. Error
0.2455807
0.003839871
0.3663444
0.1729731
0.1835833
0.1979987250
2.650787e-01
0.1293990
1.322092e-01.
0.1891066
0.2148803928
0.2697205
0.005067780
0.2932219
0.2036515
0.2433805
0.2677791327
3.361177e-01
0.1608013
1.715304e-01
0.2044008
0.2202950660
1.6759746
0.037987840
1.2493251
1.4178935
1.5026423
0.0001070037
6.335186e-14
1.2875101
2.540490e-06
1.1733902
0.0000515873

From the above table, the estimates of the parameters of the three equations of the
model are as follows:
First Model (mild anemia)
Intercept
-1.2539070
[windex5=2]
-0.2336945

cage
-0.02729505
[windex5=3]
-0.2137243

[BF1=2]
-0.5142648
[windex5=4]
-0.3951475

[region=2]
0.6993210
[windex5=]
-0.4109643

[melevel=2] [melevel=3]
0.3248977
-0.7603125
[HL4=2]
0.2682045

Second Model (moderate anemia)
Intercept
cage
-0.6271665
-0.04068738
[windex5=2] [windex5=3]
-0.3935059
-0.7426690

[BF1=2]
[region=2]
[melevel=2]
0.7183612
0.9705813
-0.6363589
[windex5=4] [windex5=5] [HL4=2]
-0.9879627
-0.7226471
-0.1759541

[melevel=3]
-0.9921854

Third Model (severe anemia)
Intercept
cage
-3.7219590
-0.06735841
[windex5=2] [windex5=3]
0.8643423
0.1748935



[BF1=2]
[region=2]
[melevel=2]
4.4029366
-14.905380
0.7283733
[windex5=4] [windex5=5] [HL4=2]
-9.5901067
-30.932206
-1.8634200

[melevel=3]
-12.592921

Correct classification rates for the MLR model
Now, correct classification rates from the above model for Neural Networks

method can be shown in Table (5.23). The classification table shows how well our full
model correctly classifies cases. A perfect model would show only values on the
diagonal--correctly classifying all cases. The key piece of information is the overall
percentage in the lower right corner which shows our model (with all predictors & the
constant) is 79.3% accurate.
Table (5.23) Classification table for (Neural Networks method )
Observed
normal
normal
mild anemia
moderate anemia
severe anemia
Overall Percentage


1903
302
183
5
99.5%

Predicted
moderate
anemia
3
2
3
0
0.3%

mild
anemia
2
1
2
0
0.2%

severe
anemia
1
0
0
0
0.04%

Percent
Correct
99.7%
0.3%
1.6%
0%
79.3%

The ROC curve analysis of Neural Networks method
Table ( 5.24) explains the area under the curve for normal children is

0.6851703, for mild anemic cases is 0.6904045, for moderate anemia cases is
90

0.672492, for server anemia cases is 0.520863 and for multi-class area under the
curve is 0.5511
Table (5.24) Area under the curve (Neural Networks method)
normal
0.6851703

mild anemia
moderate anemia
severe anemia
0.6904045
0.672492
0.520863
Multi-class area under the curve: 0.5511

The ROC curves have been drown and exhibited in figure (5.3) below and the
area under the curve have been computed for different classes of the dependent
variable.

Figure (5.3): The ROC curve for Neural method

5.6 Statistical Analysis of Anemia Cases Using An Iteratively
Reweighted Least Squares (IRLS) Method:
Function vglm() within package (VGAM)

is

designed to estimate the

multinomial logistic regression coefficients using (IRLS) method in R software. This
function can fit multinomial logistic regression as a special case of a vector
generalized linear models.
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Building MLR model
In this section we perform MLR analysis on anemic children's data set. There

is a good relationship between a combination of independent variables and the
dependent variable based on the statistical significance of the final model's chi-square
test.
Table (5.25) Model Fitting Information (IRLS method)
Model

Intercept Only
Final

Model Fitting Criteria
AIC

-2 Log
Likelihood

3171.16
2891.861

3165.16
2825.861

Likelihood Ratio Tests
Chi-Square

df

Sig.

339.3

30

2.2e-16 ***

The Model Fitting Information in table (5.25) shows various indices for
assessing the null model and the final model. It includes the -2 Log Likelihood which
equals 3165.16 for null model and 2825.861 for the full model , the Akaike
information criterion indicator equals 3171.16 for null model , 2891.861 for full model.
We can see that the model fit is significant with χ² (30) = 339.2993 and p < .001
which indicates that our full model predicts significantly more accurately than the null
model.
Table (5.26) explains the ratios of dependent variables upon dependent
variables. According to the results shown in above, it is seen that independent
variables define 13.2% of the variance in dependent variables ( the proportion of
variance of the response variable explained by the predictors) according to Cox
&Snell R2 value, 13.2% according to Nagelkerke R2 value, and 10.7% according to
McFadden R2value.
Table (5.26) Pseudo R-Square ( IRLS method)
Cox and Snell
Nagelkerke
McFadden

0.13153
0.13153
0.1071982

Table (5.22) represents the estimates of the parameters of the three equations
of the model as well as their odds ratios and indicators of significance of each
estimate.
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Table (5.27) Parameter Estimates ( IRLS method)
anemia

mild anemia

moderate
anemia

severe anemia

Intercept
cage
[BF1=1]
[BF1=2]
[windex5=1]
[windex5=2]
[windex5=3]
[windex5=4]
[windex5=5]
[HL4=1]
[HL4=2]
[region=1]
[region=2]
[melevel=1]
[melevel=2]
[melevel=3]
Intercept
cage
[BF1=1]
[BF1=2]
[windex5=1]
[windex5=2]
[windex5=3]
[windex5=4]
[windex5=5]
[HL4=1]
[HL4=2]
[region=1]
[region=2]
[melevel=1]
[melevel=2]
[melevel=3]
Intercept
cage
[BF1=1]
[BF1=2]
[windex5=1]
[windex5=2]
[windex5=3]
[windex5=4]
[windex5=5]
[HL4=1]
[HL4=2]
[region=1]
[region=2]
[melevel=1]
[melevel=2]
[melevel=3]

B

Std.Error

Z value

Pr(>|z|)

-1.254e+00
-2.730e-02
0b
-5.141e-01
0b
-2.337e-01
-2.137e-01
-3.951e-01
-4.109e-01
0b
2.682e-01
0b
6.993e-01
0b
3.248e-01
-7.604e-01
-6.270e-01
-4.070e-02
0b
7.183e-01
0b
-3.935e-01
7.425e-01
-9.877e-01
-7.225e-01
0b
-1.758e-01
0b
9.705e-01
0b
-6.363e-01
-9.920e-01
-3.721e+00
-6.738e-02
0b
4.402e+00
0b
8.653e-01
1.759e-01
-1.469e+01
-1.550e+01
0b
1.864e+00
0b
-1.590e+01
0b
-7.294e-01
-1.675e+01

2.456e-01
3.840e-03

-5.106
-7.109

3.30e-07 ***
1.17e-12 ***

3.663e-01

-1.403

0.160479

1.730e-01
1.836e-01
1.980e-01
2.651e-01

-1.351
-1.164
-1.996
-1.550

0.176692
0.244389
0.045981 *
0.121102

1.294e-01

2.073

0.038187 *

1.322e-01

5.290

1.23e-07 ***

1.891e-01
2.149e-01
2.697e-01
5.068e-03

1.718
-3.539
-2.325
-8.030

0.085854 .
0.000402 ***
0.020090 *
9.71e-16 ***

2.932e-01

2.450

0.014296 *

2.036e-01
2.434e-01
2.677e-01
3.361e-01

-1.932
-3.051
-3.689
-2.150

0.053328 .
0.002279 **
0.000225 ***
0.031571 *

1.608e-01

-1.093

0.274346

1.715e-01

5.658

1.53e-08

2.044e-01
2.203e-01
1.676e+00
3.799e-02

-3.113
-4.503
-2.220
-1.774

0.001852 **
6.69e-06 ***
0.026398
0.076125 .

1.249e+00

3.524

0.000425 ***

1.418e+00
1.503e+00
1.635e+03
2.321e+03

0.610
0.117
-0.009
-0.007

0.541693
0.906838
0.992832
0.994673

1.288e+00

-1.447

0.147779

9.421e+02

-0.017

0.986533

1.173e+00
1.114e+03

-0.622
-0.015

0.534181
0.987998

From the above table, the estimates of the parameters of the three equations of
the model are as follows:
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First Model (mild anemia)
Intercept

cage

[BF1=2]

[region=2]

[melevel=2
]
3.248e-01

[melevel=3
]
-7.604e-01

[melevel=2]
-6.363e-01
[HL4=2]
-1.758e-01

[melevel=3]
-9.920e-01

-1.254e+00
[windex5=2
]
-2.337e-01

-2.730e-02
-5.141e-01
6.993e-01
[windex5=3
[windex5=4
[windex5=5
[HL4=2]
]
]
]
-2.137e-01
-3.951e-01
-4.109e-01
2.682e-01
Second Model (moderate anemia)

Intercept
-6.270e-01
[windex5=2]
-3.935e-01

cage
-0.04068738
[windex5=3]
7.425e-01

Intercept
-3.721e+00
[windex5=2]
8.653e-01

cage
-6.738e-02
[windex5=3]
1.759e-01



[BF1=2]
0.7183612
[windex5=4]
-9.877e-01

[region=2]
9.705e-01
[windex5=5]
-7.225e-01

Third Model (severe anemia)
[BF1=2]
[region=2]
4.402e+00
-1.590e+01
[windex5=4]
[windex5=5]
-1.469e+01
-1.550e+01

[melevel=2]
-7.294e-01
[HL4=2]
1.864e+00

[melevel=3]
-1.675e+01

Correct classification rates for the MLR model
Now, correct classification rates from the above model for the Iteratively

Reweighted Least Squares method can be shown in Table (5.28).
Table (5.28) Classification table for IRLS method
Observed

Predicted
normal

normal
mild anemia
moderate anemia
severe anemia
Overall Percentage

1898
301
182
4
99.1%

mild
anemia
3
2
0
0
0.2%

moderate
anemia
7
2
6
0
0.6%

severe
anemia
0
0
0
1
0.04%

Percent
Correct
99.5%
0.7%
3.2%
20%
79.3%

Table (5.28) indicates that the model can correctly predict with overall
percentage accuracy of (79.3%).


The ROC curve analysis of IRLS method
Table ( 5.18) indicates that the area under the ROC curve for normal children

is 0.6966543, for mild anemic cases it is 0.7069475, for moderate anemia is
0.6577929 , for server anemia children is 0.5593773 and for multi-class area under the
curve is 0.5586
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Table (5-29) Area under the curve (IRLS method)
normal
0.6966543

mild anemia
moderate anemia
severe anemia
0.7069475
0.6577929
0.5593773
Multi-class area under the curve: 0.5586

The ROC curves have been drown and exhibited in figure (5.4) below and the
area under the curve have been computed for different classes of the dependent
variable.

Figure (5.4): The ROC curve for IRLS method

5.7 Statistical Analysis of Anemia Cases Using Maximum-Likelihood
Method
Function mlogit ( ) in package (mlogit) in R software can be used to estimate the
multinomial logistic regression model's parameters by maximum likelihood method.


Building MLR model
In this section we will perform MLR analysis on anemic children's data set.

There is a good relationship between a combination of independent variables and the
dependent variable based on the statistical significance of the final model chi-square
test.
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Table (5.30) Model Fitting Information ( MLE method )
Model

Intercept Only
Final

Model Fitting Criteria

Likelihood Ratio Tests

AIC

-2 Log
Likelihood

ChiSquare

df

Sig.

3171.16

3165.2
2825.8

339.3

30

2.2e-16 ***

2891.861

The model fitting information in table (5.30) shows various indices for
assessing the null model and the final model. The table shows that the -2 Log
Likelihood is 3165.2 for null model and 2825.8 for the full model. The Akaike
information criterion indicator is 3171.16 for null model and 2891.861 for full model.
Lower values for the full model indicates better model fit. We see model fits
significantly as χ² (30) = 339.3 with p < .001 which indicates that our full model
predicts significantly more accurately than the null model.
Table (5.31) explains the ratios of dependent variables upon independent
variables. According to the results shown above, it is seen that independent variables
define 13.2% of the variations in the dependent variable (the proportion of variance of
the response variable explained by the predictors). According to both Cox & Snell R2
and Nagelkerke R2 values which equal 13.2%, and 10.7% according to McFadden
R2value.
Table (5.31) Pseudo R-Square ( MLE method )
0.13153
0.13153
0.1071982

Cox and Snell
Nagelkerke
McFadden

Table (5.32) represents the estimates of the parameters of the three equations
of the model as well as their indicators of significance of each estimate.
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Table (5.32) Parameter Estimates( MLE method )
anemia

B

Std.Error

Z value

Pr(>|z|)

Intercept
cage
[BF1=1]
[BF1=2]
[windex5=1]
[windex5=2]
[windex5=3]
[windex5=4]
mild anemia
[windex5=5]
[HL4=1]
[HL4=2]
[region=1]
[region=2]
[melevel=1]
[melevel=2]
[melevel=3]
Intercept
cage
[BF1=1]
[BF1=2]
[windex5=1]
[windex5=2]
[windex5=3]
moderate
[windex5=4]
anemia
[windex5=5]
[HL4=1]
[HL4=2]
[region=1]
[region=2]
[melevel=1]
[melevel=2]
[melevel=3]
Intercept
cage
[BF1=1]
[BF1=2]
[windex5=1]
[windex5=2]
[windex5=3]
[windex5=4]
severe anemia
[windex5=5]
[HL4=1]
[HL4=2]
[region=1]
[region=2]
[melevel=1]
[melevel=2]
[melevel=3]

-1.2538e+00
-2.7296e-02
0b
-5.1413e-01
0b
-2.3369e-01
-2.1371e-01
-3.9512e-01
-4.1091e-01
0b
2.6822e-01
0b
6.9933e-01
0b
3.2482e-01
-7.6040e-01
-6.2699e-01
-4.0696e-02
0b
7.1829e-01
0b
-3.9350e-01
-7.4255e-01
-9.8775e-01
-7.2252e-01
0b
-1.7576e-01
0b
9.7050e-01
0b
-6.3629e-01
-9.9204e-01
-3.7210e+00
-6.7382e-02
0b
4.4023e+00
0b
8.6534e-01
1.7585e-01
-1.5693e+01
-1.6504e+01
0b
-1.8636e+00
0b
-1.6904e+01
0b
-7.2940e-01
-1.7759e+01

2.4558e-01
3.8399e-03

-5.1056
-7.1086

3.298e-07 ***
1.172e-12 ***

3.6633e-01

-1.4035

0.1604789

1.7297e-01
1.8358e-01
1.9800e-01
2.6508e-01

-1.3510
-1.1641
-1.9956
-1.5502

0.1766917
0.2443889
0.0459812 *
0.1211021

1.2940e-01

2.0728

0.0381875 *

1.3221e-01

5.2895

1.226e-07 ***

1.8910e-01
2.1488e-01
2.6971e-01
5.0677e-03

1.7177
-3.5387
-2.3247
-8.0305

0.0858537 .
0.0004021 ***
0.0200896 *
8.882e-16 ***

2.9321e-01

2.4497

0.0142963 *

2.0365e-01
2.4336e-01
2.6775e-01
3.3609e-01

-1.9323
-3.0512
-3.6891
-2.1498

0.0533285 .
0.0022794 **
0.0002251 ***
0.0315715 *

1.6079e-01

-1.0931

0.2743462

1.7152e-01

5.6583

1.529e-08 ***

2.0440e-01
2.2029e-01
1.6759e+00
3.7991e-02

-3.1130
-4.5034
-2.2203
-1.7736

0.0018520 **
6.687e-06 ***
0.0263975 *
0.0761255 .

1.2491e+00

3.5244

0.0004245 ***

1.4180e+00
1.5027e+00
4.4518e+03
6.3223e+03

0.6103
0.1170
-0.0035
-0.0026

0.5416927
0.9068384
0.9971874
0.9979172

1.2875e+00

-1.4474

0.1477794

2.5635e+03

-0.0066

0.9947386

1.1734e+00
3.0329e+03

-0.6216
-0.0059

0.5341808
0.9953279
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From the above table, the estimates of the parameters of the three equations of the
model are as follows:
First Model (mild anemia)
[BF1=2]
[region=2]
[melevel=2]
-5.141e-01
6.993e-01
3.248e-01
[windex5=4] [windex5=5]
[HL4=2]
-3.951e-01
-4.109e-01
2.682e-01

Intercept
-1.254e+00
[windex5=2]
-2.337e-01

cage
-2.730e-02
[windex5=3]
-2.137e-01

[melevel=3]
-7.604e-01

Intercept
-6.270e-01
[windex5=2]
-3.935e-01

Second Model (moderate anemia)
cage
[BF1=2]
[region=2] [melevel=2] [melevel=3]
-0.04068738
0.7183612
9.705e-01
-6.363e-01
-9.920e-01
[windex5=3] [windex5=4] [windex5=5]
[HL4=2]
7.425e-01
-9.877e-01
-7.225e-01
-1.758e-01
Third Model (severe anemia)

Intercept

cage

-3.721e+00
[windex5=2]
8.653e-01

-6.738e-02
[windex5=3]
1.759e-01



[BF1=2]

[region=2]

4.402e+00
-1.590e+01
[windex5=4] [windex5=5]
-1.469e+01
-1.550e+01

[melevel=2]

[melevel=3]

-7.294e-01
[HL4=2]
1.864e+00

-1.675e+01

Correct classification rates for the MLR model
Now, correct classification rates from the above model for maximum-

likelihood method can be shown in Table (5.33).
Table (5.33) Classification table ( MLE method )
Observed
normal
mild anemia
moderate anemia
severe anemia
Overall Percentage

normal
1898
301
182
4
99.1%

mild
anemia
3
2
0
0
0.2%

Predicted
moderate
anemia
7
2
6
0
0.6%

severe
anemia
0
0
0
1
0.04%

Percent
Correct
99.5%
0.7%
3.2%
20%
79.3

The above classification table shows how well our full model correctly
classifies cases. A perfect model would show only values on the diagonal. The key
piece of information is the overall percentage in the lower right corner which shows
that our model (with all predictors & the constant) is 79.3% accurate.
The ROC curve analysis of maximum-likelihood estimation method.
Table ( 5-34) explains the area under the curve for normal children equals
0.6966543, for mild anemic cases equals 0.7069475, for moderate anemic cases
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equals 0.6577929, for server anemia cases equals 0.5593773 and for multi-class area
under the curve is 0.5586.
Table (5-34) Area under the curve ( MLE method )
normal
0.6966543

mild anemia
moderate anemia
severe anemia
0.7069475
0.6577929
0.5593773
Multi-class area under the curve: 0.5586

The ROC curves have been drown and exhibited in figure (5.5) below and the
area under the curve have been computed for different classes of the dependent
variable.

Figure (5.5): The ROC curve for maximum-likelihood method

5.8 Comparison Between Different Estimation Methods
In the previous section of this chapter we fitted the MLR model for a dataset
of the anemia cases among children under 5 years old in Palestine using five different
methods. Now, we are going to compare the results of these method that are used
different statistical software packages in terms of their percentages of correct
classification and ROC curves.
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5.8.1 Comparison using correct classification table:
Table (5.35) indicates the percentage accuracy for the five estimation
methods. The maximum percentage accuracy is 92.4% which belongs to the Ridge
regression method and the other methods have similar percentage accuracy and equals
79.3% .
Table (5.35): Classification Result of statistical methods
Method
percentage accuracy
iterative maximum-likelihood
79.4%
Ridge Regression Method
92.4%
Neural Networks
79.3%
Iteratively reweighted least squares
79.3%
maximum-likelihood
79.3%

5.8.2 Comparison using ROC Curves:
Table (5.36) indicates that the area under the curve for different estimation
methods. We note that the area under the curve for ridge regression method is 97% for
normal children, 97.6% for mild anemia cases, 63% for moderate anemia cases,
74.2% for severe anemia cases which is the maximum.
Table (5-36): ROC Curve Analysis - Area Under the Curve (comparishon)
Method

normal

iterative maximum-likelihood
Ridge Regression Method
Neural Networks
Iteratively reweighted least squares
maximum-likelihood

0.6966663
0.9720366
0.6851703
0.6966543
0.6966543

mild
anemia
0.706944
0.9756006
0.6904045
0.7069475
0.7069475

moderate
anemia
0.6578066
0.6341221
0.672492
0.6577929
0.6577929

severe
anemia
0.5540915
0.7418944
0.520863
0.5593773
0.5593773

The ROC curves have been drown and exhibited in figure(5.6) below and the
area under the curve have been computed for different classes of the dependent
variable for the five methods. Figure (5.6) can clearly show that the ROC curve of
the Ridge method is always higher than the other methods. This indicates that the
Ridge method

provides classification for all categories with much higher

accuracy than other methods.
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Maximum
-likelihood
method

Neural Networks

iterative
maximumlikelihood
method

IRLS

method

method

Ridge
method

Figure (5.6): The ROC curve for methods
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5.9 Summary
Five methods applied at anemic children's data set (2010) where we used
only 11 independent variables and one dependent variable with four categories.
On the issue of classification capabilities of the methods, ridge estimation proved
that it can predict much better than the four other methods. This is justified by the
correct classification rate of 92.4% by the ridge method and 79.3% by the other
methods in the analysis. The ROC curves differ in the area under the curve (AUC),
which was for ridge method 92.4% versus Iteratively reweighted least squares and
maximum-likelihood method 55.9 %, iterative maximum-likelihood method 55.4%,
and neural networks method 53.1%. Thus the results we have that the Ridge method
model performs much better than the results of other methods for this data set .
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Chapter 6
Conclusion and Recommendations
6.1 Conclusion
we compared five methods and algorithms that were used for analyzing
categorical data using MLR models. Based on the research conducted in this thesis,
the following conclusions may be drown:
1. It is evident that ridge estimation method can predict better than other
methods. This is justified by correct classification of 92.4% by the ridge
method and nearly 79.3% by the other methods ( Iteratively reweighted least
squares, maximum-likelihood, iterative maximum-likelihood and

Neural

Networks).
2. Ridge estimation method can predict more accurately than the other method,
This result again has been concluded by applying the ROC curve analysis,
because it shows a big difference in the area under the curve (AUC), where
the area under the curve by using ridge method was 92.4% versus iteratively
reweighted least squares, maximum-likelihood method 55.9 %, iterative

maximum-likelihood method with area under the curve gave 55.4%, Neural
Networks method gave only 55.1%.

6.2 Recommendations
1. Using statistical models in the analysis of data on anemia is important
because it contributes to help solving many problems. In addition to their
ability to provide a good classification, prediction, and identifying, the most
important risk factors on anemia for children may be identified.
2. For overcoming the phenomenon of anemia, special care should be given
to the mother as she is the primary source for the health of her children.
3. It is important to give priority to mothers in Gaza Strip and West Bank in any
program that aims to educate mothers on how to deal with a child who suffers
from anemia.

103

4. More usage for ridge estimation method since it provides a very good
alternative

methodology

for predicting

and

classifying

the anemic

children's data and proved to be the best method for classification and
predicting anemic children.
5. There is still a high need to conduct more research on estimation methods for
multinomial logistic regression to produce the best estimation method for the
model's parameters.
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