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Abstract
The present research study is based on time series modelling, to forecast foreign
currency exchange rates of New Israeli Shekils/Jordanian Dinars (ILS/JD). In particular,
the theory of univariate non linear time series analysis is explored and applied to the
currency exchange rates data during the period 31/10/1977 to 13/08/2013. The most
famous forecasting models are the Box-Jenkins (Autoregressive Integrated Moving
Average). These models give good forecasts for future observations but involve many
limitations, such as having a weak point applied on the volatility data (volatile variance).
The autoregressive conditional heteroscedastic models (ARCH) models, with their
extensions to the generalized ARCH (GARCH), were considered in such situations
because they give good forecasts to the volatility data.
In this study, the forecasting capabilities of both ARIMA and GARCH models are
compared. The comparison has been conducted using economic and financial data
through by studying the efficiency of ARIMA and GARCH models for modeling and
forecasting the daily data foreign currency exchange rates of New Israeli Shekils on
Jordanian Dinars (ILS /JD). The best fitting model was selected based using the Akaike
information criteria (AIC), Bayesian information criteria (BIC), Based on minimum AIC
and BIC values. The best fit using ARIMA model is ARIMA(4,1,2) which have the least
AIC criterion (AIC= -33822.78), and the best fit using the GARCH model is
GARCH(1,2) which have the least AIC criterion ( AIC=-36935.9).
Finally, comparison was done between ARIMA(4,1,2) and GARCH(1,2) using
measurement of Forecast Errors, based on Mean Absolute Error (MAE) and Mean
absolute scaled error (MASE) . GARCH(1,2) model was judged to be the best model for
forecasting, that have MAE=0.5793138 and MASE= 0.6719251 .
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ملخص
تقوم هذه الدراسة على المقارنة بين بناء نماذج السالسل الزمنية المختلفة من حيث قدرتها على التنبؤ
بأسعار صرف العمالت للدينار األردني والشيكل االسرائيلي ،وبشكل خاص ستعتمد الدراسة بالتحليل على النماذج
الغير خطية أحادية المتغير ،وسنقوم بهذه الدراسة بتطبيق نماذج السالسل الزمنية للتنبؤ على بيانات أسعار الصرف
خالل الفترة الزمنية  1977/10/31إلى  .13/08/2013حيث تعتبر نماذج ) (ARIMAللسالسل الزمنية المبنية
على مدخل بوكس-جنكيز أكثر نماذج السلسل الزمنية انتشا ار ،وتعطي نتائج جيدة للتنبؤ ،إال أن هذه النماذج تكون
ضعيفة عند التعامل مع البيانات التي لها تباينات متغيرة .ويوجد نماذج أخرى للسالسل الزمنية تتمتع بمزايا خاصة
مثل التعامل بدقة مع حالة البيانات التي لها تباينات متغيرة ،ومن هذه النماذج  ، GARCH/ARCHوهذه النماذج
يتوفع لها أن تعطي نتائج أفضل للتنبؤ.
وقد قمنا في هذه الدراسة باحراء مقارنة بين هذه النمارج  ARIMA , GARCHلبناء نماذج مناسبة
للسالسل الزمنية ،وقد اعتمدنا على بيانات تحويل العمالت التي بطبيعتها بيانات مالية واقتصادية ،ومن ثم اجراء
عمليات المقارنة الختيار النموذج األكفأ واألفضل للتنبؤ بأسعار صرف العمالت للدينار األردني مقابل الشيكل
االسرائيلي .وهناك معايير للمفاضلة بين النماذج نفسها التي تعتمد على القيمة األصغر لهذه المعاير  AICو ، BIC
وبخصوص نماذج  ARIMAتم ترشيح عدة نماذج ،وتبين أن أفضل هذه النماذج هو نموذج )ARIMA(4,1,2
الذي يمتلك أقل قيمة  . AIC= -33822.78وكذلك تم ترشيح عدة نماذج لنماذج  GARCHوكان أفضلها نموذج
) ،GARCH(1,2الذي له أقل قيمة . AIC=-36935.9
في نهاية الدراسة ،تم مقارنة هذين النموذجين ) ARIMA(4,1,2) and GARCH(1,2ببعضهما البعض
باستخدام مقايين قياس أخطاء التنبؤ  ،وتم اختيار مقياسين  MAEو  MASEفتم اختيار نموذج )GARCH(1,2
كأفضل نموذج على االطالق ،والذي يمتلك القيم األصغر  MAE=0.5793138و. MASE= 0.6719251

v

Abbreviations
Abbreviation

Full Word

JD:

JORDAN DENAR

ILS:

ISREAL SHEQL

AR(p):

Autoregressive Model of order p

MA(q):

Moving Average Model of order q

ARMA(p,q):

Autoregressive Moving Average Model

ARIMA(p,d,q):

Autoregressive Integrated Moving Average

ACF:

Autocorrelation Function

KPSS

Kwiatkowski Phillips Schmidt Shin Test

PACF:

Partial Autocorrelation Function

EACF:

Extended Autocorrelation Function

ADF

Augmented Dickey-Fuller test

AIC:

Akaike Information Criterion

BIC :

Bayesian Information Criterion

ADF:

Augmented Dickey-Fuller

MAE:

Mean Absolute Error

MSE:

Mean Squared Error

MPE:

Mean Percentage Error

RMSE:

The Root Mean Squared Error

MAPE:

Mean Absolute Percentage Error

LM-test:

Lagrange Multiplier test

ARCH:

Autoregressive Conditional Heteroscedasticity

GARCH:

Generalize Autoregressive Conditional Heteroscedasticity
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Chapter 1
Introduction and literature review
Chapter 1: Introduction and literature review
1.1 Introduction:
In this thesis we conduct a comparison between two forecasting models, namely
the Auto-Regressive Integrated Moving Average (ARIMA) model and the Generalize
AutoRegressive Conditional Heteroscedasticity (GARCH) . The two models are applied
on foreign currency exchange rates of New Israeli Shekils / Jordanian Dinars (ILS/JD).
The ARIMA models are based on autoregressive (p) and moving average (q) process,
these models have been developed rapidly since 1970 by the seminal work of George E.
P. Box and Gwilym M. Jenkins. On the other hand, Engle (1982) first introduced the
AutoRegressive Conditional Heteroskedasticity (ARCH) model for modeling the
changing variance of a time series, in a paper entitled autoregressive conditional
heteroscedasticity with estimations of the variance of united kingdom inflation,
Bollerslev (1986) extended these models to Generalized ARCH (GARCH) model, which
describe variance at a certain time with both past values and past variances.
In this chapter, we discuss the importance of ARIMA and GARCH models for
forecasting. We also present the study objectives and define the research problem.
Finally, we outline the plan of this thesis and describe its organization.

1.2 Motivations of the Study:
This subject is important , that may be applied in many aspects of life. The
motivations for this study is to conduct a comparison between the applicability of both
ARIMA and GARCH models, and to identify weaknesses and strengths of each of these
models by comparing them on a real dataset on money exchange rates. This type of time
series is very important for economists , to get accurate information about the currency
exchange rates of the future.
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1.3 Study Problem:
"High volatile" is one of the properties of currency exchange rates. They are
highly unstable throughout the time series. This study will try to answer the following
question : Which models among ARIMA or GARCH performs better in forecasting
foreign currency exchange rates (partculary ILS/JD)?

1.4 The Study Importance:
The Study importance is to apply ARIMA and GARCH models for forecasting
and building an appropriate time series model, especially in the case of the volatile
economic data. The study aims to present recommendations based on scientific
methodologies, on forecasting especially the currency exchange rates.

1.5 The Data:
The data in this study is the daily foreign currency exchange rates of New Isreali
Shekels and Jordanian Dinars (ILS /JD). The data has been published on the website of
the Bank of Israel - Foreign currency exchange rates (www.bankisrael.gov.il). The
number of observations is 8787, representing a time series covering the period from
October 1977 to July 2013.

1.6 Objective of the Study :
The main objectives of this study could be stated as follows:


Study tools and methods of ARIMA and GARCH methodologes.



To fit ARIMA and GARCH models for forecasting foreign currency
exchange rates (ILS/JD).



To compare the performance of the GARCH and ARIMA models in
forecasting currency exchange rates using akaike information criterion
(AIC) Criterion and (RMSE) , (MASE) and (MAE).
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Using R- Package and EViews software in fitting the best ARIMA and
GARCH models.

1.7 Methodology:
In this study we are going to apply ARIMA and GARCH methodology to build
the time series models, in order to forecast the daily currency exchange rates (ILS/JD).
using different procedures as identification, estimation, diagnostic and forecasting and
fainally comparing the performance of the GARCH and ARIMA models using (AIC) ,
(RMSE) , (MASE) and (MAE) criteria.

For this we will use R-package software for building the best model for
forecasting and getting the best forecasts. We will also use partially SPSS and E-VIEW
statistical packages in the analysis.

1.8 Literature Review :
There are many recent books and research articles on both ARIMA and GARCH
models in the litrature. However, very few studies discussed a comparison between both
models. In this study, we review the related studies and recall the most important findings
of these studies, that lead to make forecasting and comparison in several fields.

Awogbemi and Ajao (2011) publish a paper on the monthly inflation rates in
Nigeria. The researchers investigated varying variances of monthly inflation rates in
Nigeria by modeling volatility of some selected prices of items using ARCH and
GARCH models. They present more than a model, namely ARIMA & GARCH. The
results of the forecast show that the Box – Jenkins approach has lower values of mean
squares error than ARCH/GARCH models for various commodity items considered.
Then the conclusion of this study has shown that ARCH and GARCH models are better
models because they give lower values of AIC and BIC for data of this type than the
conventional Box and Jenkins ARMA models.
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Datta and Mukhopadhyay (2011), conducted a study with the main objective to
study the GARCH-based minimum mean squared error of ARIMA forecast for
rupee/dollar exchange rate and drew a comparison between ARIMA, GARCH-based
ARIMA and RBI forecasting. The study shows that volatility clustering is well captured
by ARCH/GARCH model for Indian Rupee/US exchange rates. Since the estimated
parameters are statistically significant, but do not provide efficient forecasting
performance compared to ARIMA (31,1,27) model. The sum of squares of deviations of
the forecast error is lower for ARIMA model. Moreover, this study also provides a basis
for comparison between one month forward RBI forecasting and one month forward
ARIMA forecasting. The sum of squares of deviations of forecasting error for RBI is
much higher than ARIMA (one month forward) forecasting, hence it provides a better
forecasting performance than RBI does.

Yaziz et.al. (2011) followed all pruceduers to bulid GARCH and ARIMA models
to fotecasting crude oil prices. ARIMA is a popular forecasting method. It is a general
class of BOX-Jenkins model. The models that had been selected for forecasting are
ARIMA(1,2,1) and GARCH(1,1). ARIMA and GARCH have AIC values 2.8711 and
1.7973 resrespectively, GARCH(1,1) model proved to be the best.

Khan (2007) used conditional the variance of the stock returns to calculate the
value-at-risk (VaR) of stock returns. Conditional volatility models have been used to
estimate the conditional variance to forecast and compare estimated conditional variance
and VaR from different hetroscedastic models in order to suggest which model is the
best. The author concluded that there are different criteria that can be used to compare the
forecasting performance of various conditional volatility models.

In a study of Karlsson(2002), the GARCH modelling has been discussed with
special focus on fitting GARCH models to financial return series and the author
explained different types of GARCH family (IGARCH, EGARCH, GJR-GARCH,
APARCH). The maximum-likelihood approach is used for the parameter estimation.
Using backtesting, the related residuals under the three different distributional
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assumptions are examined. Furthermore, some fundamental concepts of financial time
series analysis explained using the negative loglikelihood value at the maximum point for
the different models.

Bollerslev's (1986) developped the ARCH models that has been introduced
earlier by Engle(1982). He added a new concept to ARCH Model which arrived to
GARCH (p, q) process and considered the maximum likelihood estimation of the
GARCH regression model. He has also written the derivative equations, mathematically
proved, and finally presented an empirical example.

1.9 Study structure:
This study consists of four chapters
Chapter 1: This chapter presents the objectives of the study and study problems
and methodoulgies and literature review.
Chapter 2: In this chapter we disscuss the ARIMA models and present steps of
the Box and Jenkins methodoulgy including identification, estimation, diagnostic
checking, forecasting.
Chapter 3: We here discuss the ARCH/GARCH Models : presenting steps of
applying this methodolgy: Identification, Estimating, Diagnostic, and Forecasting.
Chapter 4: This chapter presents a case study : In this chapter we disscuss steps
and procedures of application on empirical data analysis, building ARIMA and GARCH
models using some criterion, then we conduct a comparison between the forcasting
accuracy of both ARIMA and GARCH models.
Chapter 5: In this chapter we present the Conclusion and Recommendations
which the researcher elicits and concludes depending on the results in chapter 4.
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1.10 Summary:
The aim of this study is to explore the properties of currency exchange rates
(ILS/JD) applying ARIMA and GARCH models. We will disscuss ARIMA and GARCH
procedures, then build models and choose the best model, according to some criterion.
Finally we present the conclusion and recommendations of this study.

<<ℓ, Ӷ, Ɛt , ãt >>
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Chapter 2
Chapter 2 : ARIMA Models

ARIMA Models
2.1 Introduction
Forecasting is an important issue in financial and econometric analysis. It guides
us to future planning. Consequently, we will able to develop strategies and plans, to
confront, what is to come before occurrence using scientific basis and methodology.
Forecasting provides services at several levels as government, business entrepreneurship,
banks and commercial establishments, educational and industrial firms.
In this chapter we will discuss forecasting the exchange rates using Box–Jenkins
methodology: the autoregressive integrated moving average (ARIMA). Exchange rates
are characterized by the phenomenon known as volatility clustering. The objective of this
chapter is to highlight Procedures and steps of Box–Jenkins methodology ARIMA
modeling and Explain the concept or terminology Related with this methodology such as
stationary, moving average, Autoregressive Processes , differencing… etc.

A time series is a sequential set of data points, measured typically over successive
times. It is mathematically defined as a set of vectors x(t),t = 0,1,2,... where t represents
the time elapsed. The variable x(t) is treated as a random variable. The measurements
taken during an event in a time series are arranged in a proper chronological order.
(ADHIKARI AND AGRAWAL 2008)
The goals of Time Series analysis, identifying patterns represented by a
sequence of observations and forecasting future values.
Time series data consists of tow basic components: an identifiable pattern,
and random noise (error). There are different models in time series including,
autoregressive (AR), moving average (MA), autoregressive moving average
(ARMA) and autoregressive integrated moving average (ARIMA) . However the
7

most commonly used model is Box-Jenkins ARIMA model that has been
successfully applied in economic time series forecasting.

Some notes on ARIMA models.
i.

The Box-Jenkins model assumes that the time series is stationary.
Box and Jenkins recommend differencing non-stationary series one
or more times to achieve stationarity. Doing so produces an ARIMA
model, with the "I" standing for "Integrated".

ii.

Some formulations transform the series by subtracting the mean of
the series from each data point. This yields a series with a mean of
zero. Whether you need to do this or not is dependent on the
software you use to estimate the model.

iii.

Box-Jenkins models can be extended to include seasonal
autoregressive and seasonal moving average terms. Although this
complicates the notation and mathematics of the model, the
underlying concepts for seasonal autoregressive and seasonal
moving average terms are similar to the non-seasonal autoregressive
and moving average terms.

iv.

The most general Box-Jenkins model includes difference operators,
autoregressive terms, moving average terms, seasonal difference
operators, seasonal autoregressive terms, and seasonal moving
average terms. As with modeling in general, however, only
necessary terms should be included in the model. Those interested in
the mathematical details can consult . (ILST/SEMATECH e-Handbook
of Statistical Methods,2012) .

Box-Jenkins ARIMA Assumptions
i.

In order to use the Box-Jenkins method, the time series should be
stationary.

ii.

Absence of outliers
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iii.

Shocks are randomly distributed with a mean of zero and constant
variance over time

iv.

Residuals exhibit homogeneity of variance over time, and have a
mean of zero

v.

Residuals are normally distributed

vi.

Residuals are independent

(Searles, 2007)

2.2 Basic concepts:
Before discussing the ARIMA model building approach, some basic concepts of
linear time series analysis, such as stationarity , nonstationarity, seasonality, and a short
reference to the most classical common types of time series forecasting process are
illustrated.

2.2.1 Concept of Stationarity:
The concept of stationarity of a stochastic process can be visualized as a form of
statistical equilibrium. The statistical properties such as mean and variance of a stationary
process do not depend upon time. It is a necessary condition for building a time series
model that is useful for future forecasting. Further, the mathematical complexity of the
fitted model reduces with this assumption. There are two types of stationary processes:
strongly (strictly) stationary and weakly stationary

2.2.2 A strictly stationary time series:
A stationary or (Strongly stationary) time series is a stochastic process whose
joint probability distribution does not change when shifted in time. Consequently,
parameters such as the mean and variance, if they are present, also do not change over
time and do not follow any trends.
Necessary evaluation of a joint distribution function for the sample data
F(y1,y2, …. ,yn) = Pr (Y1 ≤ y2 , ….. , Yn ≤ yn)
The time series is considered 1st order stationary process if
𝐹(𝑦𝑡1 ) = 𝐹(𝑦𝑡1 +𝑘 )

𝑓𝑜𝑟 𝑎𝑛𝑦 𝑡1 , 𝑘
9

and 2nd order stationary process if
𝐹(𝑦𝑡1 , 𝑦𝑡2 ) = 𝐹(𝑦𝑡1 +𝑘 , 𝑦𝑡2 +𝑘 )

𝑓𝑜𝑟 𝑎𝑛𝑦 𝑡1 , 𝑡2 , 𝑘.

Therefore, it is considered n-order stationary process if it satisfies:
𝐹(𝑦𝑡1 … . 𝑦𝑡𝑘 ) = 𝐹(𝑦𝑡1 +𝑘 … … … . 𝑦𝑡𝑛+𝑘 )

𝑓𝑜𝑟 𝑎𝑛𝑦 𝑡1 , 𝑡𝑛 , 𝑘

Definition: strongly (strictly) stationary
A process is strongly (strictly) stationary if it is a n-order stationary process for
any n. (Gloria and Gonzalo, 2002)

2.2.3 A weakly stationary time series
A time series is said to be a weakly stationary time series, or (second order or
covariance stationary) if the series satisfies the below equation Eq. (2.1) and Eq. (2.3)
for t = 1, 2, . . . , ∞ . Thus, a weakly stationary time series satisfies the following three
conditions:
(1) E(yt ) = μ

Eq (2.1)

(2) E(yt − μ)(yt − μ) = σ2 < ∞

Eq (2.2)

(3) E(yt1− μ)(yt2− μ) = γt2−t1 ∀ t1, t2
where μ is a constant (Brooks, 2008).

Eq (2.3)

These three equations state that a stationary time series should have a constant
mean, a constant variance and a constant autocovariance structure, respectively.
Definitions of the mean and variance of a random variable are probably well known to
readers, but the autocovariances may not be and will be described later.
To verify stationarity of the data, we can check through Augmented Dickey-Fuller
test (ADF) or Kwiatkowski–Phillips–Schmidt–Shin (KPSS) or through plots of the ACF
and PACF. If the plots of ACF of the time series values either cuts off or tail off quickly,
then the time series values should be considered stationary. If the plots of ACF tails off
slowly, then the time series values should be considered non-stationary.
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2.2.4 A white noise process :
A white noise process is one with no discernible structure. A time series is
considered a white noise process if it satisfies the following conditions:
E(t) = 0

for all t

E(𝑡2 ) = σ2 > 0

for all t

E(t t-s) = 0

for all t for all s ≠ 0

This means that the series is a sequence of uncorrelated random variables, t, with
mean 0 and finite variance σ2t , In other words, the series are independently and
identically distributed (iid) random variables denoted as wt ~ wn (0, σ2t). (Brooks, 2008),
(Shumway & Stoffer, 2010), ( Cryer, 2008), (Adhikari and Agrawal, 2008)

2.2.5 General linear time series models
The linear time series models are designed specifically for modeling the dynamic
behavior of the time series. This includes, moving-average (MA), autoregressive (AR),
and autoregressive-moving average (ARMA) models as univariate models.
A general linear process Yt, is one that can be represented as a weighted linear
combination of present and past white noise terms as:
Yt = et + ѱ1 et – 1 + ѱ2 et – 2 + …
For our purposes, it suffices to assume that:
∞
2

∑ ѱ𝑖 < ∞
𝒊=𝟏

Note the case where the ѱ's form an exponentially decaying sequence
𝑗

 j ϕ 
where is a number strictly between −1 and +1, and we have:
Yt = et +  et – 1 + 2 et – 2 + …
So,
E(Yt) = E(et +  et – 1 + 2 et – 2 + …) = 0 , constant mean of zero
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and,
𝑣𝑎𝑟(𝑌𝑡 ) =

σ2𝑒
1 − ϕ2

and,
𝜙σ2𝑒
1 − 𝜙2
𝐶𝑜𝑟𝑟 (𝑌𝑡 , 𝑌𝑡−1 ) =
= 𝜙.
σ2𝑒
1 − 𝜙2
Where

 

In a similar manner
𝜙 𝑘 σ2𝑒
𝐶𝑜𝑣 (𝑌𝑡 , 𝑌𝑡−𝑘 ) =
1 − 𝜙2
and,
Corr(Yt,Yt-k) = k

where k > 0

For general linear process Yt = et + ѱ1 et – 1 + ѱ2 et – 2 + …

(with ѱ0 = 1)

E(Yt) = 0 , 𝛾𝑘 = 𝑐𝑜𝑣(𝑌𝑡 , 𝑌𝑡−𝑘 ) = 𝜎𝑒2 ∑∞
𝑖=0 ѱѱi ѱѱi+k

𝐾 ≥ 0

(Brooks, 2008), (Shumway & Stoffer, 2010), (Cryer, 2008), (Adhikari and
Agrawal, 2008)

2.3 Moving Average Processes
Time series is called a moving average process of order q (MA(q)) if each
observation can be written as the following equation:
𝑌𝑡 = 𝑒𝑡 − 𝜃1 𝑒𝑡−1 − 𝜃2 𝑒𝑡−2 − … . − 𝜃𝑞 𝑒𝑡−𝑞

…… Eq (2.4)

where et is white noise process with 0 mean, constant variance 2 and autocovariance
k = 0 for k  0.
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The terminology moving average arises from the fact that Yt is obtained by
applying the weights 1, −θ1, −θ2,..., −θq to the variables et , et − 1, et − 2,…, et − q and then
moving the weights and applying them to et + 1 , et, et − 1,..., et − q + 1 to obtain Yt+1 and
so on.
A qth order moving average model, denoted as MA(q) can be written as:
𝑌𝑡 = 𝜇 − ∑𝑞𝑖=1 𝜃𝑖 𝑒𝑡−𝑖 + 𝑒𝑡

…… Eq (2.5)

A moving average model is simply a linear combination of white noise processes,
so that yt depends on the current and previous values of a white noise disturbance term.

2.4 Autoregressive Process
In the autoregressive process of order p the current observation Yt is generated by
a weighted average of past observations going back p periods, together with a random
disturbance in the current period.
A time series (Yt) is an autoregressive process with order p (AR(p)) if each
observation Yt of AR(p) process can be denoted as the following equation:
Yt = ϕ1Yt-1 + ϕ2Yt-2 +… + ϕpYt-p + et

….. Eq (2.6)

where et is a white noise, that verifies the conditions:
. E(et) = 0
. Var(et) = σ2
. Cov(et-s , et) = 0 , if s ≠ 0
Yt expression can be written more compactly using sigma notation
𝑝
𝑦𝑡 = 𝜇 + ∑𝑖=1 ϕ𝑖 𝑦𝑡−𝑖 + e t

(Brooks, 2008 ).
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……

Eq (2.7)

2.5 Autoregressive Moving Average process (ARMA)
Many stationary processes cannot be modeled as purely MA or as purely AR,
since they have the qualities of both types of processes.
In an AR(p) model the future value of a variable is assumed to be a linear
combination of p past observations and a random error together with a constant term.
Mathematically the AR(p) model can be expressed as
𝑦𝑡 = μ + ∑𝑝𝑖=1 ϕ𝑖 𝑦𝑡−𝑖 + e t

….. Eq (2.8)

𝑦𝑡 = μ + ϕ𝑖 𝑦𝑡−1 + ϕ2 𝑦𝑡−2 + … … … … + ϕ𝑝 𝑦𝑡−𝑝 + 𝑒𝑡

….. Eq (2.9)

yt and et are actual value and random error at time period t , ϕi (i = 1,2,..., p) are the model
parameters and μ is a constant. The integer constant p is known as the order of the model.

Sometimes the constant term is omitted for simplicity. Usually For estimating
parameters of an AR process using the given time series, the Yule- Walker equations are
used. )Adhikari & Agrawal, 2008)
As AR(p) model regress against past values of the series, an MA(q) model uses
past errors as the explanatory variables.

The MA(q) model is given by:
𝑞

𝑌𝑡 = 𝜇 + ∑ 𝜃𝑖 𝑒𝑡−𝑖 + 𝑒𝑡
𝑖=1

𝑦t = μ + θ1 et−1 + θ2 et−2 + … … … … + θq et−q + et
where μ is the mean of the series, (θi , i = 1,2,...,q) are the model parameters and q is
the order of the model.
The combination of AR and MA processes is the mixed autoregressive – moving
average process of order (p, q). We denote this process as ARMA(p,q) and represent it
by:
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𝑝

𝑞

𝑦𝑡 = 𝜇 + 𝑒𝑡 + ∑ 𝛟𝑖 𝑦𝑡−𝑖 + ∑ θ𝑗 𝑒𝑡−𝑗
𝑖=1

𝑗=1

𝑦t = ϕ1 yt−1 + ϕ2 yt−2 + … + ϕp yt−p + et − θ1 et−1 − θ2 et−2 − ⋯ − θq et−q

In mixed models, we assume that there are no common factors in the
autoregressive and moving average polynomials. If there were, we could cancel them and
the model would reduce to an ARMA model of lower order. For ARMA(1,1), this means
that θ ≠ φ.

2.5.1 Back Shift Operator
In time series analysis, the lag operator or backshift operator operates on an
element of a time series to produce the previous element. The denoted B, operates on the
time index of a series and shifts time back one time unit to form a new series. In
particular,
B Y t = Yt – 1
The backshift operator is linear since for any constants a, b, and c and series Yt
and Xt , it is easy to see that :
B (a Yt + b X t + c) = a B Yt + b B Xt + c
Consider now the MA(1) model. In terms of B, we can write:
Yt = et – θet – 1 = et – θB et = (1 – θB) et
= θ(B)et
where θ(B) is the MA characteristic polynomial “evaluated” at B. Since BYt is itself a
time

series,

it

is

meaningful

to

consider

BBYt.

BBYt = BYt − 1 = Yt − 2, and we can write
𝐵 2 𝑌𝑡 = 𝑌𝑡−2
More generally, we have
𝐵 𝑚 𝑌𝑡 = 𝑌𝑡−𝑚
for any positive integer m. For a general MA(q) model, we can then write
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But

clearly

𝑌𝑡 = 𝑒𝑡 − 𝜃1 𝑒𝑡−1 − 𝜃2 𝑒𝑡−2 − … … … − 𝜃𝑞 𝑒𝑡−𝑞
= 𝑒𝑡 − 𝜃1 𝐵𝑒𝑡 − 𝜃2 𝐵 2 𝑒𝑡 − … … … − 𝜃𝑞 𝐵 𝑞 𝑒𝑡
= ( 1 − 𝜃1 𝐵 − 𝜃2 𝐵 2 − … … … − 𝜃𝑞 𝐵 𝑞 )𝑒𝑡
Or

Yt = θ ( 𝐵)et
i.e. MA(1) :

𝑌𝑡 = (1 − 𝜃1 𝐵)𝑒𝑡

where, again, θ(B) is the MA characteristic polynomial evaluated at B.
For autoregressive models AR(p), we first move all the terms involving (Y ) to
the left-hand side.
𝑒𝑡 = 𝑌𝑡 − ϕ1 𝑌𝑡−1 − ϕ2 𝑌𝑡−2 − … … … − ϕ𝑝 𝑌𝑡−𝑝
𝑒𝑡 = 𝑌𝑡 − ϕ1 𝐵𝑌𝑡 − ϕ2 𝐵 2 𝑌𝑡 − … … … − ϕ𝑝 𝐵 𝑝 𝑌𝑡
𝑒𝑡 = 𝑌𝑡 (1 − ϕ1 𝐵 − ϕ2 𝐵 2 − … … … − ϕ𝑝 𝐵𝑝 )
i.e: AR(1) : 𝑒𝑡 = (1 − ϕB)Y𝑡
which can be expressed as
𝑒𝑡 = ϕ(B)Yt
where φ(B) is the AR characteristic polynomial evaluated at B.
Combining the two, the general ARMA(p,q) model may be written compactly as:
ϕ(B)Yt = θ (B)et
Finally, using the backshift operator B Yt = Yt–1 , we can rewrite the ARMA
models as follows:
Let ϕ0 = 1 , θ0 = 1 and define log polynomials
ϕ(B) = 1 − ϕ1 𝐵 − ϕ2 𝐵 2 − … … … − ϕ𝑝 𝐵𝑝

….. Eq (2.10)

θ(𝐵) = 1 + θ1 𝐵 + θ2 𝐵 2 + … … … + θ𝑞 𝐵 𝑞

…… Eq (2.11)

With lag polynomials, we can rewrite an ARMA process in a more compact way:
AR : ϕ(𝐵) 𝑌𝑡 = 𝑒𝑡
MA : Yt = θ(B)et
ARMA : ϕ(𝐵)𝑌𝑡 = 𝜃(𝐵)𝑒𝑡

Example;
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ARMA(1,1) or ARIMA(1,0,1) model can be written as:

Yt = μ + ϕ1 Yt−1 + 𝑒𝑡 − 𝜃1 𝑒𝑡−1
(1 − ϕ1 B)Yt = μ + (1 − 𝜃1 𝐵)𝑒𝑡 ,
ARMA(p,q) or ARIMA(p,0,q) model can be written as:
𝑌𝑡 = 𝑐 + ϕ1 𝑌𝑡−1 + … … + ϕ𝑝 𝑌𝑡−𝑝 +

𝑒𝑡 − 𝜃1 𝑒𝑡−1 − … … − 𝜃𝑞 𝑒𝑡−𝑞

(1 − ϕ1 𝐵 − … … − ϕ𝑝 𝐵 𝑝 )𝑌𝑡 = 𝑐 + (1 − 𝜃1 𝐵 − … … − 𝜃𝑞 𝐵 𝑞 ) 𝑒𝑡

2.5.2 Invertibility:
An important property of AR(p) process is invertibility, AR(p) process can always
be written in terms of an MA(∞) process be reexpressed as a general linear process
through the ѱ -coefficients. Whereas for an MA(q) process to be invertible, all the roots
of the equation θ(B) = 0 must lie outside the unit circle. This condition is known as the
Invertibility Condition for an MA process.
For a general MA(q) or ARMA(p,q) model, we define the MA characteristic
polynomial as :
θ(𝐵) = 1 − θ1 𝐵 − θ2 𝐵 2 − θ3 𝐵 3 − ⋯ − θ𝑞 𝐵 𝑞

….. Eq (2.12)

and the corresponding MA characteristic equation
1 − θ1 𝑥 − θ2 𝑥 2 − θ3 𝑥 3 − ⋯ − θ𝑞 𝑥 𝑞 = 0
It can be shown that the MA(q) model is invertible; that is, there are coefficients
𝜋𝑗 such that:
𝑌𝑡 = 𝜋1 𝑌𝑡−1 + 𝜋2 𝑌𝑡−2 + 𝜋3 𝑌𝑡−3 + … + 𝑒𝑡
if and only if the roots of the MA characteristic equation exceed 1 in modulus.
For a general ARMA(p,q) model, we require both stationarity and invertibility.
(Brooks 2008), (Shumway & Stoffer 2010), (Cryer, 2008), (Adhikari and Agrawal, 2008)
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2.6 Autoregressive Integrated Moving Average process (ARIMA):
In practice, many time series related to (economic, business and financial) show
non-stationary behavior, so that the characteristics of the underlying stochastic process
change over time. To construct models for those nonstationary series, some series can be
transformed into stationary series by differencing one or more times.
A time series {Yt} is said to follow an integrated autoregressive moving average
model if the dth difference Wt = ∇ d Yt is a stationary ARMA process. If {Wt} follows an
ARMA(p,q) model, we say that {Yt} is an ARIMA(p,d,q) process, and d = 1 or at most 2,
∇ denotes differencing . then
∇yt = yt – yt-1

……. d = 1

∇2yt = ∇yt – ∇yt-1

……. d = 2

The model will be built from differencing time series to obtain a stationary series
wt, is an ARMA process.
ϕ(B)(∇d Yt ) = θ(B)et
d

where μ is the mean of ∇ Yt ,
ϕ(B) = 1 − ϕ1 B − ϕ2 B2 − … … − ϕp Bp ,
𝜃(𝐵) = 1 − 𝜃1 𝐵 − 𝜃2 𝐵 2 − … … − 𝜃𝑞 𝐵 𝑞
𝜃(𝐵) denotes moving average operator, ϕ(B) denotes autoregressive operator, p , q and d
denote the autoregressive, moving average and difference order of the process
respectively, ∇ and B denote the difference and back-shift operators respectively.
Differencing can also be conveniently expressed in terms of B. We have
∇𝑌𝑡 = 𝑌𝑡 − 𝑌𝑡−1 = 𝑌𝑡 − 𝐵𝑌𝑡
= (1 − 𝐵)𝑌𝑡
with second differences given by
∇2 𝑌𝑡 = (1 − 𝐵)2 𝑌𝑡
Effectively, ∇ = 1 − 𝐵 and ∇2 = (1 − 𝐵)2 .
The general ARIMA(p,d,q) model is expressed concisely as
𝜃(𝐵)𝑒𝑡 = ϕ(B)(1 − B)𝑑 𝑌𝑡
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…… Eq (2.13)

Generalises to the ith difference operator
∇𝑖 𝑌𝑡 = (1 − 𝐵)𝑖 𝑌𝑡
(Brooks, 2008), (Shumway & Stoffer 2010), ( Cryer,2008), (Adhikari and Agrawal, 2008)

2.7 Model Identification
Identification is initial preprocessing of the data to make it stationary, and
choosing the values of p and q (order of model). The appropriate model selection is the
determination of optimal model parameters. By some criterion as: ACF, PACF, and
extended autocorrelation function (EACF), calculated from the data. Other widely used
measures for model identification are Akaike Information Criterion (AIC) and Bayesian
Information Criterion (BIC).
The optimal model order is chosen by the number of model parameters, which
minimizes either AIC or BIC. For identification of p and q we use the ACF and the
PACF, recalling that:
• for an MA(q) series, the acf is zero beyond lag q;
• for an AR(p) series, the pacf is zero beyond lag p.
We can use plots of the acf/pacf and the approximate ±2/√n confidence bounds.

General Behavior of the ACF and PACF for ARMA Models
AR(p)

MA(q)

ACF

Tails off

Cuts off after lag q

PACF

Cuts off after lag p Tails off
(Brockwell and Davis (2002))
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ARMA(p,q), p>0,
and q>0

Tails off
Tails off

2.8 Parameters Estimation
After model Identification and determining the order of ARIMA model, we have
specified values for p, d, and q. Now, we are concerned with the procedure of parameters'
estimation. Thus, our goal is to estimate the parameters, ϕ1 , … … , ϕ𝑝 , 𝜃1 , … … , 𝜃𝑞 ,
and 𝜎𝑤2 , and there are some methods of estimation as method of moments (MOM), least
squares estimates (LSE) and maximum likelihood (MLE). (Cryer, 2008) . We now briefly
describe those methods of estimation.

For a normal ARMA(p, q) model, let 𝛽 = (𝜇, φ1 , … φ𝑝 , 𝜃1 , … , 𝜃𝑞 )′ be the
(p+q+1)-dimensional vector of the model parameters. The likelihood can be
written as:
𝑛

𝐿(𝛽, 𝜎𝑤2 )

= ∏ ∫(𝑥𝑡 |𝑥𝑡−1 … … 𝑥1 )
𝑡=1

The likelihood of the data can now be written as:
𝐿(𝛽, 𝜎𝑤2 ) = (2𝜋𝜎𝑤2 )−𝑛/2 [𝑟1 (𝛽)𝑟2 (𝛽) … 𝑟𝑛 (𝛽)]−1/2 𝑒𝑥𝑝 [−

𝑆(𝛽)
]
2𝜎𝑤2

Where
𝑛

2

(𝑥𝑡 − 𝑥𝑡𝑡−1 (𝛽))
𝑆(𝛽) = ∑ [
]
𝑟𝑡 (𝛽)
𝑡=1

Both

𝑥𝑡𝑡−1

and 𝑟𝑡 are functions of 𝛽 alone, Maximum likelihood estimation

would now proceed by maximizing 𝐿(𝛽, 𝜎𝑤2 ) with respect to 𝛽 and 𝜎𝑤2
where 𝛽̂ is the value of 𝛽 that minimizes the concentrated likelihood
𝑛

𝑙(𝛽) = 𝑙𝑜𝑔[𝑛

−1

𝑆(𝛽)] + 𝑛

−1

∑ log 𝑟𝑡 (𝛽)
𝑡=1

(Shumway & Stoffer, 2011)


Maximum Likelihood Estimation (MLE):
For ARIMA models, if L is a function of the φ’s, θ’s, μ, and given the observations
Y1, Y2,…, Yn , the maximum likelihood estimators are then defined as those values
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of the parameters for which the data actually observed are most likely, that is, the
values that maximize the likelihood function. Thus the maximum likelihood
estimate of 𝜎𝑤2 is
̂)
𝜎̂𝑤2 = 𝑛−1 𝑆(𝜇̂ , ϕ
̂ are the MLEs of 𝜇 and ϕ, respectively.
where 𝜇̂ and ϕ

2.9 Model Diagnostics
In model diagnostics we inspect in three ways to examine if our model fits
for use or not. Then the model will be adequate for forecasting. The model that is
finally chosen is that which is considered the best, based on a set of diagnostic
checking , as


Standardized Residuals
If the model fits well, the standardized residuals should behave as an iid sequence
with zero mean and unit variance.



Normality of Residual
Quantile-quantile plots are an effective tool for assessing the normality of the
residuals. In the QQ-normal plot, the points should seem to follow a straight line
fairly closely, especially the extreme values.

In addition: There are many formal tests as the Jarque-Bera Test , the Shapiro-Wilk
normality tests (Kirchgässner & Woltersm, 2007). All of those tests have a null
hypothesis that the series follows a normal distribution and therefore a rejection of
the null hypothesis suggests that the series does not follow a normal distribution.


The ACF of the standardized residuals:
We consider the sample ACF of the residuals, denoted by r̂k . We look at the
residual correlations at individual lags,
In addition: there are formal tests such as the modified Box-Pierce, or Ljung-Box,
statistic is given by:
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̂r12
r̂22
r̂𝑘2
𝑄∗ = 𝑛(𝑛 + 2) (
+
+ ……+
)
𝑛−1 𝑛−2
𝑛−𝑘
If Q∗ statidstic is smaller than the corresponding Chi-square value from statistial tables,
this confirms the Randomness. (Cryer , Chan 2008)

2.10 Forecasting
Economic decisions, financial decisions, and admiILStrative decisions often
involve a long-term commitment of resources, the returns to which will depend upon
what happens in the future. In this context, the decisions made today will reflect forecasts
of the future state of the world, and the more accurate those forecasts are, the more utility
(or money!) is likely to be gained from acting on them. (Brooks, 2008),( Cryer, 2008).
Time series forecasting, involves trying to forecast the future values of a series
given its previous values and/or previous values of an error term. The h-period ahead
forecast based on an ARMA(p,q) model is given by :
̂ 1 𝑦𝑡+ℎ−1 + … + ϕ
̂ 𝑝 𝑦𝑡+ℎ−𝑝 + 𝑒𝑡+ℎ − 𝜃̂1 𝑒𝑡+ℎ−1 − ⋯ − 𝜃̂1 𝑒𝑡+ℎ−𝑞
𝑦̂𝑡+ℎ = 𝜎̂ + ϕ

2.11 Forecast Performance Measures
There are a some methods to determine the accuracy of the forecasts, often more
than one is included in a set of results. Tests of forecast accuracy are based on the
difference between the forecast of the variables value at time 𝑡 and the actual value at
time 𝑡 (average of the errors). The closer the two are together and the smaller the forecast
error, the better the forecast.


Mean Absolute Error (MAE) Measurement
The mean absolute error (MAE) is best used for some model comparisons:

(Willmott & Matsuura, 2005): Advantages of the MAE over the root mean square error
(RMSE) is in assessing average model performance

𝑀𝐴𝐸 =

1
𝑛

∑𝑛𝑖=1|𝑓𝑖 − 𝑦𝑖 | =
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1
𝑛

∑𝑛𝑖=1|𝑒𝑖 |

….. Eq (2.14)



Mean Absolute Scaled Error Measurement (MASE)
The mean absolute scaled error (MASE) is a measure of the accuracy of forecasts.

It was proposed by Hyndman (2006), the Australian statistician, who described it as a
"generally applicable measurement of forecast accuracy without the problems seen in the
other measurements". The scaled error is defined as:

𝑀𝐴𝑆𝐸 =

1
𝑛

∑𝑛𝑖=1 (

1
𝑛−1

|𝑒𝑡 |
∑𝑛
𝑖=2|𝑌𝑖 − 𝑌𝑖−1 |

)=

𝑛
𝑛−1

∑𝑛
𝑡=1|𝑒𝑡 |
∑𝑛
𝑖=2|𝑌𝑖 − 𝑌𝑖−1 |

…… Eq (2.15)

The mean absolute scaled error is given by:
MASE = mean(|𝑞𝑡 |)
Another look at measures of forecast accuracy, are discussed in (Rob, Anne, 2005)
(Adhikari, Agrawal, 2008).

2.12 Summary
In this chapter, we have discussed Box-Jenkins methodology (ARIMA), their
fainal purpose to foecasting, includes four steps. There are several sequential steps to
apply this methodology which with condition of sequence and stationarity of the series.
These steps are identification, parameters estimation, model diagnostic and forecasting.
We talked about some statistics such as Ljung-Box Q and the concepts of autoregressive
integral moving average (ARIMA) time series models and forecasting and forecast
performance measures and forecasting accuracy.
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Chapter 3
Chapter 3: GARCH Models :

GARCH Models
3.1 Introduction
In this chapter will discuss univariate models of conditional heteroskedasticity.
The classical AutoRegressive Conditional Heteroskedasticity (ARCH) model is
mentioned, and various extensions of the standard generalized ARCH model. The ARMA
models assume a constant volatility. In finance, correct specification of volatility is
essential. ARMA models are used to model the conditional expectation. They write Yt as
a linear function of the past plus a white noise term.

3.1.1 Definition of Volatility


Volatility is a statistical measure of the dispersion of returns for a given security
or market index. Volatility can either be measured by using the standard deviation
or variance between returns from that same security or market index. Commonly,
the higher the volatility, the riskier the security.



A variable in option pricing formulas showing the extent to which the return of
the underlying asset will fluctuate between now and the option's expiration.
Volatility, is expressed as a percentage coefficient within option-pricing formulas,
arises from daily trading activities. How volatility is measured will affect the
value of the coefficient used. (Singh, et. al, 2013)
In other words, volatility refers to the amount of uncertainty or risk about the size

of changes in a security's value. A higher volatility means that a security's value can
potentially be spread out over a larger range of values. This means that the price of the
security can change dramatically over a short time period in either direction. A lower
volatility means that a security's value does not fluctuate dramatically, but changes in
value at a steady pace over a period of time.
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One measure of the relative volatility of a particular stock to the market is its beta.
A beta approximates the overall volatility of a security's returns against the returns of a
relevant benchmark (usually the S&P 500 is used). For example, a stock with a beta value
of 1.1 has historically moved 110% for every 100% move in the benchmark, based on
price level. Conversely, a stock with a beta of 0.9 has historically moved 90% for every
100% move in the underlying index
Volatility is a measure for variation of price of a financial instrument over time.
Historic volatility is derived from time series of past market prices. An implied volatility
is derived from the market price of a market traded derivative (in particular an option).
The symbol σ is used for volatility, and corresponds to standard deviation, which should
not be confused with the similarly named variance, which is instead the square, σ2.

3.1.2 Conditional Mean Equation
We can describe the conditional mean equation of a financial time series 𝑦𝑡 as
𝑦𝑡 = 𝐸( 𝑦𝑡 |ѱ𝑡−1 ) + 𝜀𝑡
where 𝐸( 𝑦𝑡 |ѱ𝑡−1 ) is the conditional mean of 𝑦𝑡 given ѱ𝑡−1 , where ѱ𝑡−1 is the
information set at time t −1.

3.1.3 Conditional Variance Equation
The error term 𝜀𝑡 in the ARMA mean equation is defined by Engle(1982) as
autoregressive conditional heteroscedastic process which can be decomposed as follows:
𝑒𝑡 = 𝜎𝑡|𝑡−1 εt

; 𝜀𝑡 ~ 𝑁(0,1) i.i.d

2
where 𝜎𝑡|𝑡−1
= 𝐸( 𝑒𝑡2 |ѱ𝑡−1 ) is the conditional variance of the error and 𝐸( 𝑒𝑡 |ѱ𝑡−1 )

is the conditional mean of the error term. The εt is uncorrelated but its conditional
variance 𝜎𝑡 is changing over time as a function of the past errors as defined in
Engle(1982), and then generalized by Bollerslev (1986) who extended the ARCH model
to have longer memory and more flexible lag structure by adding lagged conditional
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variance to the model normally distributed with zero mean and variance 𝜎𝑡 is changing
over time (𝑒𝑡 |ѱ𝑡−1 ) ~ N(0, 𝜎𝑡2 ) .

3.1.4 Heteroscedasticity:
Heteroskedasticity (unequal spread) is a statistical term used to describe the
behavior of a sample’s variance and standard deviation. If the quality is present,
then the variance and standard deviation of the variable are not constant over the
entire graph of the sample data. If these measures are constant, then the data is said
to be homoskedastic. Figure 3.1 and Fig. 3.2 shows that heteroscedasticity occurs
when the error variance has non-constant variance.

Figure 3.1: Heteroskedastic versus homoskedastic disturbances

Figure 3.2: An example of heteroskedasticity and homoskedasticity
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3.1.5 The ARCH Effect Tests :
The ARCH-effects is a test for determining whether the ARCH-effects are present
in the residuals of an estimated model. It tests a joint null hypothesis that all q lags of the
squared residuals have coefficient values not significantly different from zero. If the
value of the test statistic is greater than the critical value from the χ2 distribution, then we
reject the null hypothesis. The test can also be thought of as a test for autocorrelation in
the squared residuals. As well as testing the residuals of an estimated model, the ARCH
test is frequently applied to raw returns data. There are other similar to the ARCH-effects
tests described in Brooks (2008).

1. The Ljung-Box Test
This test has been developped by Box and Pierce (1970) for looking at residual
correlations, testing the autocorrelation on squared errors (e2),
𝑄 = 𝑛(r̂12 + r̂22 + ⋯ + r̂𝑘2 )
The null hypothesis is 𝐻0 : 𝜌1 = 𝜌2 = ⋯ = 𝜌𝑘 = 0 , 𝐻1 : 𝜌𝑘 ≠ 0
The modified Box-Pierce, or Ljung-Box, statistic is
r̂12
r̂22
r̂𝑘2
𝑄∗ = 𝑛(𝑛 + 2) (
+
+ ……+
)
𝑛−1 𝑛−2
𝑛−𝑘
where rk is the autocorrelation of order k (k: maximum lag), then Q has an approximate
chi-square distribution with k − p − q degrees of freedom.
The portmanteau test rejects the null hypothesis if the observed value of Q
exceededs an appropriate critical value using a chi square distribution with k − p − q
degrees of freedom.

2. ARCH-LM (Lagrange multiplier)
A Lagrange Multiplier (LM) test can be used to test for the presence of
ARCH effects. To perform this test, first estimate the mean equation and square the
estimated residuals, 𝑒̂𝑡2 .
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2
For first order ARCH, regress 𝑒̂𝑡2 on the lagged residuals 𝑒̂𝑡−1
and a constant
2
𝑒̂𝑡2 = 𝛾𝑜 + 𝛾1 𝑒̂𝑡−1
+ 𝑣𝑡

Where 𝑣𝑡 is a random term. The null and alternative hypotheses are

𝐻0 ∶ 𝛾1 = 0
𝐻1 ∶ 𝛾1 ≠ 0
The test statistic is TR2 , where T is the number of observations in the
auxiliary regression, R2 is the R-square from the regression . It has a 𝜒2 (1)
distribution is the null hypothesis is true. Compare the p-value from this statistic to
the desired test level (α) and reject the null if the p-value is smaller. If you suspect a
higher order ARCH(q) error variance process, then include q lags of 𝑒̂𝑡2 as
regressors, compute TR2 , and use the 𝜒2 (𝑞) distribution to obtain the p-value .

3.3 Autoregressive conditional heteroscedasticity (ARCH) model:
The property of "uncertainty" in determining vacillate behavior of various
economic variables modern, force economists to substitute the non- conditional mean as
in ARMA models for the conditional mean as a contribution towards improving
forecasts. The conditional mean is gavin as :
𝐸(𝑌𝑡 /𝑌𝑡−1 , 𝑌𝑡−2 … … … . . 𝑌𝑡 ) = ∅1 𝑌𝑡−1
AutoRegressive Conditional Heteroskedasticity (ARCH) models are used to
characterize and model observed time series. They are used whenever there is a reason to
believe that, at any point in a series, the error terms will have a characteristic size, or
variance. In particular ARCH models assume the variance of the current error term or
innovation to be a function of the actual sizes of the previous time periods' error terms:
often the variance is related to the squares of the previous innovations. ARCH models are
employed commonly in modeling time series that exhibit time-varying volatility
clustering. Engle (1982) claims that the variance of the error term at time 𝑡 depends on
the squared error terms from previous periods:
𝑅𝑡 = 𝜇 + 𝑒𝑡
or

𝑒𝑡 = 𝜎𝑡|𝑡−1 εt

and

𝑒𝑡 ~𝑁(0, 𝜎𝑡2 )
; 𝜀𝑡 ~ 𝑁(0,1) i. i. d iid
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then

2
2
𝜎𝑡|𝑡−1
= 𝜔 + 𝛼 𝑒𝑡−1

;

where α and ω are unknown parameters, 𝜀𝑡 is a sequence of independently and identically
distributed random variables each with zero mean and unit variance (also known as the
innovations).
The innovation 𝜀𝑡 is presumed to have unit variance so that the conditional
2
variance of 𝑒𝑡 equals 𝜎𝑡|𝑡−1
(Cryer and Chan, 2008) .

where:
2
2
2
𝜎 2 𝑡 = 𝛼0 + 𝛼1 𝜀𝑡−1
+ 𝛼2 𝜀𝑡−2
+ … … + 𝛼𝑝 𝜀𝑡−𝑝
…..

This is an ARCH (p) model, and the ARCH(1) Model is:
2
𝜎𝑡2 = 𝛼0 + 𝛼1 𝜀𝑡−1

Now, for model Specification:
•

Let 𝜀𝑡 have the mean 0 and the variance 𝜎𝑡 .

•

Let 𝑒𝑡 be the residual of a model fitted.

Then:
•

et estimates εt

•

e2t estimates the variance σ2t .

3.4 Properties of ARCH Models
(TSAY, 2005) To understand the ARCH models, it pays to carefully study the
ARCH(1) model
𝑒𝑡 = 𝜎𝑡|𝑡−1 εt ,
2
and 𝜎𝑡2 = 𝛼0 + 𝛼1 𝜀𝑡−1

….

Eq (3.1)

where 𝛼0 > 0 and 𝛼1 ≥ 0. Then we have:
First, the unconditional mean of 𝑒𝑡 remains zero because
E(𝑒𝑡 ) = E[E(𝑒𝑡 |𝐹𝑡−1 )] = E[𝜎𝑡 E(𝜀𝑡 )] = 0.
Second, the unconditional variance of 𝑒𝑡 can be obtained as
Var(𝑒𝑡 ) = E(e2t ) = E[E(e2t |𝐹𝑡−1 )]
2 )
2
= E(α0 + 𝛼1 𝜀𝑡−1
= α0 + 𝛼1 E(𝜀𝑡−1
)
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2
Because 𝑒𝑡 is a stationary process with E(𝑒𝑡 ) = 0, Var(𝑒𝑡 ) = Var(𝑒𝑡−1) = E(𝑒𝑡−1
).
2
Therefore, we have 𝑉𝑎𝑟(𝑒𝑡 ) = α0 + 𝛼1 𝑣𝑎𝑟(𝑒𝑡−1
) and 𝑉𝑎𝑟(𝑒𝑡 ) = α0 /(1 − 𝛼1 ) .

Since the variance of 𝛼𝑡 must be positive, we require 0 ≤𝛼1 < 1.
Third, in some applications, we need higher order moments of 𝑒𝑡 to exist and,
hence, α1 must also satisfy some additional constraints. For instance, to study its tail
behavior, we require that the fourth moment of 𝛼𝑡 to be finite. Under the normality
assumption of t in Eq. at = σtƐt ,

σ2t = α0 + α1a2t−1+· · ·+αma2t−m .

Eq (1b)

For ARCH (q) model , we have
E(e4t |Ft−1 ) = 3[E(e2t |Ft−1 )]2 = 3(𝛼0 + 𝛼1 e2t−1 )2
Therefore,
E(e4t ) = 𝐸[𝐸(e4t |Ft−1 )] = 3 E(𝛼0 + 𝛼1 e2t−1 )2 = 3E(α20 + 2α0 α1 e2t−1 + α12 e4t−1 )
If 𝑒𝑡 is fourth-order stationary with 𝑚4 = 𝐸(e4t ), then we have
𝑚4 = 3 [ 𝛼02 + 2 𝛼0 𝛼1 𝑉𝑎𝑟(𝑒𝑡 ) + 𝛼12 𝑚4 ] = 3𝛼02 (1 + 2

𝛼1
) + 3𝛼12 𝑚4
1 − 𝛼1

Consequently,
3𝛼02 (1 + 𝛼1 )
𝑚4 =
(1 − 𝛼1 )(1 − 3𝛼12 )

3.5 GARCH Models (Generalised ARCH)
GARCH models had been developed by Bollerslev (1986) and Taylor (1986). The
GARCH model allows the conditional variance to be dependent upon previous own lags.
It became clear that ARCH models could efficiently and quite easily represent the typical
empirical findings in financial and economic time series. Bollerslev (1986) proposed
allowing the conditional variance to be dependent upon its own previous lags. The
variance equation in the simplest case is:
2
2
𝜎𝑡2 = 𝛼0 + 𝛼1 𝜀𝑡−1
+ 𝛽 𝜎𝑡−1

…. Eq (3.2)

This is a GARCH(1,1) model, that can be extended to higher orders. The general formula
of GARCH(p,q) can writen as follows :
𝑞

𝑝

2
2
𝜎 2 𝑡 = 𝛼0 + ∑ 𝛼𝑖 𝜀𝑡−𝑖
+ ∑ 𝛽𝑗 𝜎𝑡−𝑗
… . 𝐄𝐪 (3.3)
𝑖=1

𝑗=1
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where:
𝑞

∑

𝑝

𝛼𝑖 + ∑

𝑖=1

𝑗=1

𝛽𝑗 < 1 ,

α0 > 0 ,
αi ≥ 0 ,
βj ≥ 0 ,

i = 1,2,3, … . . , q
j = 1,2,3, … . . , p

The GARCH(p,q) is a combination of AR(p) and MA(q) in the heteroscedastic
variance. If we set q = 1 and p = 0, it is clear that the first order ARCH model is simply a
GARCH(0,1) model. Hence, if all values of 𝛽𝑗 equal zero, the GARCH(p,q) model would
be equivalent to an ARCH(q) model.

3.6 Strong GARCH(p,q) process:
Let (𝜀𝑡 ) be an iid sequence with distribution 𝜀. Let 𝜀 denote a probability
distribution with null expectation and unit variance (𝜀𝑡 ∼N(0, 1)).
The process (𝑒𝑡 ) is called a strong GARCH(p,q) (with respect to the
sequence 𝑒𝑡 ) if it satisfied the following conditions:
(i) 𝑒𝑡 = 𝜎𝑡|𝑡−1 εt
𝑞

𝑝

(ii) 𝜎 2 𝑡 = 𝛼0 + ∑

2
𝛼𝑖 𝜀𝑡−𝑖

𝑖=1

2
+ ∑ 𝛽𝑗 𝜎𝑡−𝑗
𝑗=1

where the α and βj are nonnegative constants and 𝛼0 is a (strictly) positive constant.
i

3.7 Weak GARCH processes
A fourth-order stationary process (𝑒𝑡 ) is said to be a weak GARCH(p,q) process if
it satisfied the following conditions::
(i) (𝑒𝑡 ) is a white noise;
(ii) (𝑒 2 𝑡 ) admits an ARMA representation of the form
𝑞

𝑝

2
𝑒 2 𝑡 − ∑ 𝛼𝑖 𝑒𝑡−𝑖
= 𝛼0 + 𝑣𝑡 − ∑ 𝛽𝑗 𝑣t−j
𝑖=1

𝑗=1
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where (𝑣𝑡 ) is the linear innovation of (𝜀 2 𝑡 ).

3.8 Building an ARCH/GARCH Model
In order to build an ARCH model we need to:


Build an econometric model (e.g. an ARMA model) for the return series to
remove any linear dependence in data and use the residual series of the model
to test for ARCH effects



Specify the ARCH/GARCH order and perform the estimation using AIC



Check the fitted ARCH/GARCH model using Ljung-Box statistics Q.



Among volatility models, we need to specify an ARCH model and that is
relatively easy. Details are given in (Brooks,2008) and (Francq & Zakoїan,
2010) (TSAY, 2005)

3.8.1 Model Identification (Order Determination)
If an ARCH effect is found to be significant, one can use the PACF of 𝑎𝑡2 to
determine the ARCH order. We can also use the PACF of 𝑒𝑡2 to select the ARCH order.

3.8.2 Estimation
Three likelihood functions are commonly used in ARCH estimation. In order to
estimate models from the GARCH, maximum likelihood estimaton method is employed.
Essentially, the method works by finding the most likely values of the parameters given
the actual data. More specifically, a log-likelihood function is formed and the values of
the parameters that maximise it are sought. Maximum likelihood estimation can be
employed to find parameter values for both linear and non-linear models.
After specifying the appropriate equations for the mean and the variance of the
model we specify the log-likelihood function to maximise it under the normality
assumption for the disturbances as follows:
𝑇

𝑇

𝑡=1

𝑡=1

𝑇
1
1
𝐿 = − log(2𝜋) − ∑ log(𝜎𝑇2 ) − ∑(𝑦𝑡 − 𝜇 − ∅𝑦𝑡−1 )2 /𝜎𝑡2
2
2
2
There are many algorithms that can maximise the function and generate parameter
values that maximise the log-likelihood function and construct their standard errors. In
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maximum likelihood methods of ARCH and GARCH processes we choose parameters
that maximize the likelihood of the observations occurring.
The estimated density at y1 is the first observation's contribution to the likelihood
for the particular parameter configuration (j). Then we construct the Gaussian likelihood
(Diebold & Schuermann, 1996), (Lutkepohl and Kraetzig (2004)).
(𝜃 (𝑗) ) ≈ 𝑙̂1 (𝑦1 ; 𝜃 (𝑗) ) ∏𝑇𝑡=2 𝜎 −1 𝑒𝑥𝑝[−2𝜎12 (𝑦𝑡 − 𝜌𝑦𝑡−1 )2 ]
We then maximize the above function with respect to (𝜃) using a standard
numerical algorithm. (where theta (𝜃) represents the vector of parameters to be
estimated [ω , α , 𝛽].

We now illustrate the algorithm for the case of a stationary GARCH(1,1) model.
Extension to the general case is straightforward. Given the parameters ω, α, and β, the
conditional variances can be computed recursively by the formula
2
2
2
𝜎𝑡|𝑡−1
= 𝛼0 + 𝛼1 𝜀𝑡−1
+ 𝛽 𝜎𝑡−1|𝑡−2

We use the conditional pdf as follows:
𝑓(𝑒𝑡 |𝑒𝑡−1 , … , 𝑒1 ) =

1

2
exp[−𝑒𝑡2 /(2𝜎𝑡|𝑡−1
)]

2
√2𝜋𝜎𝑡|𝑡−1

and the joint pdf
𝑓(𝑒𝑛 , … , 𝑒1 ) = 𝑓(𝑒𝑛−1 , … … , 𝑒1 )𝑓(𝑒𝑛 |𝑒𝑛−1 , … . , 𝑒1 )
Iterating this last formula and taking logs gives the following formula for the loglikelihood function:
𝑛

𝑛
1
𝐿(ω, α, β) = − log(2𝜋) − ∑{log(σ2t−1|t−2 ) + e2t /σ2t|t−1 }
2
2
𝑖=1

Their covariances may be collected into a matrix, which can be written as follows
.
ω
𝜃 = [α]
β
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3.8.3 Model Checking and Diagnostics
For a properly specified ARCH model, the standardized residuals ãt = at /σt form
a sequence of iid random variables. Therefore, one can check the adequacy of a fitted
ARCH model by examining the series {ãt}. In particular, the Ljung–Box statistics of ãt
can be used to check the adequacy of the mean equation and that of ã2t can be used to test
the validity of the volatility equation. The skewness, kurtosis, and quantile-to-quantile
plot (i.e., QQ-plot) of {ãt} can be used to check the validity of the distributional
assumptions (See Tse, 2001; Tsay, 2005 and Iqbal , 2013).
In diagnostic checking using the Ljung‐Box (Q) test, we test whether the residuals
behave a white noise process. We applied the Lagrange multiplier to test our series in
order to investigate whether the standardized residuals exhibit ARCH behaviour
(Minović, 2008)

The Portmanteau test for autocorrelation is a formal test for residual
autocorrelation. We may use the test based on the portmanteau or adjusted portmanteau
statistic. The test checks the following null hypothesis:
′ )
𝐻0 ∶ 𝐸(𝑒𝑡 𝑒𝑡+1
= 0,

𝑖 = 1, … … . , ℎ > 𝑝

against the alternative that at least one autocovariance and, hence, one autocorrelation is
nonzero (Kr¨atzig, 2004).

3.8.4 Forecasting
Forecasts of the ARCH model in Eq(3.1) can be obtained using the following
formula:
𝑒𝑡 = 𝜎𝑡|𝑡−1 εt
𝑞

𝑝

2
2
𝜎 2 𝑡 = 𝛼0 + ∑ 𝛼𝑖 𝜀𝑡−𝑖
+ ∑ 𝛽𝑗 𝜎𝑡−𝑗
𝑖=1

𝑗=1

Successive forecasts can be obtained recursively as those of an AR model.
Consider an ARCH(m) model, at the forecast origin h, the 1-step ahead forecast of σ2h+1
is
σ2h (1) = α0 + α1a2h +· · ·+αma2h+1−m ,
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the 2-step ahead forecast is:
σ2h(2) = α0 + α1σ2h(1) + α2a2h +· · ·+αma2h+2−m,
and the ℓ-step ahead forecast for σ2h+ℓ is
σ2h (ℓ) = α0 + m∑i=1 αiσ2h (ℓ− i),
where σ2h (ℓ− i) = a2h+ ℓ−i if ℓ−i ≤ 0

(Tsay, 2005).

3.9 Comparison of ARIMA and ARCH Processes:
Comparison of AR(1) and ARCH(1)
AR(1):

𝑦𝑡 − 𝜇 = ∅ (𝑦𝑡−1 − 𝜇) + 𝜀𝑡

ARCH(1) :

2
𝜎𝑡2 = 𝛼0 + 𝛼1 𝜀𝑡−1

AR(1) :

𝐸(𝑦𝑡 ) = 𝜇
𝐸𝑡 (𝑦𝑡 ) = 𝜇 + ∅(𝑦𝑡−1 − 𝜇)

ARCH(1) :

𝐸(𝑒𝑡 ) = 0
𝐸𝑡 (𝑒𝑡 ) = 0

AR(1):

𝜎𝑡2 = 𝜎 2

ARCH(1):

𝜎2 =

𝛼0
1−𝛼1

2
𝜎𝑡2 = 𝛼0 + 𝛼1 𝑒𝑡−1

where 𝜎𝑡2 = Var(et |𝑒𝑡−1 , … . . )
Table (3.1) below contains a summary of the properties of the ARIMA, GARCH,
and ARMA/GARCH processes for the comparison between those models according to
their properties: conditional means, conditional variances, conditional distributions,
marginal variances, and distributions (Ruppert, 2004).
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Table (3.1) : properties of the ARIMA, GARCH, and ARMA/GARCH
processes
Property

ARIMA

GARCH

ARMA/GARCH

Conditional mean

non-constant

0

non-constant

Conditional
variance

constant

non-constant

non-constant

Conditional

normal

normal

normal

constant

constant

constant

normal

heavy-tail

heavy-tail

distribution
Marginal mean
and variance
Marginal
distribution

(Ruppert, 2004)

3.10 Summary
In this chapter, we have discussed Generalize Autoregressive Conditional
Heteroscedasticity methodology (GARCH), their fainal purpose to foecasting, includes
four steps. There are several sequential steps to apply this methodology which with
condition of sequence and stationarity of the series. These steps are identification,
parameters estimation, model diagnostic and forecasting. We talked about some statistics
such as ARCH Effect Tests , Ljung-Box Q and the concepts of Generalize Autoregressive
Conditional Heteroscedasticity methodology.
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Chapter 4
Chapter 4 : Case Study

Case Study

Forecasting Currency Exchange Rates
4.1: Introduction
Currency exchange is an important subject for all people in financial markets,
banks and for many specialists in various financial fields. Therefore, economists
concerne in currency exchange, need more accurate tools to apply prediction and
forecasting. Box-Jenkins methodology has achieved great success, denoted as ARIMA,
moving-average (MA), autoregressive (AR), and mixed autoregressive-moving average
(ARMA) models. In general, ARIMA depends on the conditional mean of the time series
𝐸(𝑌𝑡 /𝑌𝑡−1 , 𝑌𝑡−2 , . . . . ). On the other side Engle(1982) led to the foundations of a new path,
in dealing with the time series, In general, this approach depends on the conditional
variance (𝜎 2 ), that is:
𝑉𝑎𝑟(𝑌𝑡 /𝑌𝑡−1 , 𝑌𝑡−2 , . . . . ) = 𝐸[[𝑌𝑡 − 𝐸(𝑌𝑡 /𝑌𝑡−1 , 𝑌𝑡−2 , . . . . )]2 /𝑌𝑡−1 , 𝑌𝑡−2 , … ].
ARIMA and GARCH are models that have been used for financial time series
forecasting, whereas the behavior of time series are defferent in terms of stationrity,
seasonalty, and volatility. So, the accuracy of prediction results were deffernt from the
other models because they have different types and behavior.
The objective of this chapter is to estimate and forecast the exchange rates of the
New Israeli Shekel (ILS) against the Jordanian Dinar (JD) using both ARIMA and
GARCH models. The performance of both models will be compared through their
abilities and accuracy in forecasting daily exchange rates of ILS/JD in the Palestintian
Territories using data from the Bank of Israel. This type of time series data posseses the
required characteristics in terms of stationrity, seasonalty, and volatility to be used for the
comparison.
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4.2: Data Preparation
The data, has been published on the website of the Bank of Israel - Foreign
currency exchange rates, since 1973 . The data are being taken daily except on Saturdays
and Sundays. The bank of Israel was established in 1954, and is the central bank in Israel.
It is the bank that manages monetary policy, provides banking services to the government
and manages information and statistics on the Israeli economy.
The observations are daily time series during the period 31/10/1977
to 13/08/2013, the total number of observations is n = 8787. The maximum value of
exchange in 11/06/2002 wass 7.0837 and the minimum value of exchange in 31/10/1977
was 0.0045. The mean of time series is 3.94 , and Median of the time series is 4.5403, the
standard deviation of time series is 2.177175 and the varience is 4.740089. Table (4.1)
below displays summary of data description of the time serie data and shows some
descriptive statistics.
Table (4.1) : Summary of data description
Mean = 3. 946855
Sd = 2.177175
Var = 4.740089
Min = 0.0045
Max = 7.0837
Median = 4.5403
Range=
[1,] 0.0045
[2,] 7.0837

Table (4.2) below shows the higest and lowest five extreme values of the data that
are candidates to be classified as discorderdent outliers in the series.
Table (4.2): The 5th extreme values
lowest

0.0045

0.0046

0.0047

0.0048

0.0049

highest

7.0411

7.0494

7.0610

7.0681

7.0837
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In order to find the best forecasting model for the data and compare between
models, we will fit ARIMA and GARCH models and select with sequential procedures of
Box and Jenkins as follows:
1. We investigate whether the process is stationarity, and its variance do not change
over time.
2. In case that the data was not stationary, we will convert it to a stationary one by
taking the log or the difference transformation.
3. We check the ACF and PACF and EACF for model identification
4. We will build the best model , that have the lowest AIC.
5. We will conduct diagnostic checking for the best model by verifying the normality
of the residuals using QQ-norm plot, and running the Ljung-Box Tests.
6. Finally we compae the results of the two models (ARIMA & GARCH) through a
criteria such as AIC, BIC and test the forecasting performance using RMSE, MASE
and MAE criteria.

Figure (4.1): Boxplot and the Median

Figure (4.2) : The Histogram of the Data

Figure 4.1 displays the value of the median which is 4.54030 on the boxplot of the
time series data, in other word after arrange the data acceding or disacceding, data center
around the value 4.54. The histogram in Fig. (4.2), indeicaties that a great number of
values located between 5 and 6, big interval of data is located in the first interval [0-1]
and group [4 - 5]. The final interval [7-8] has the least frequencies.
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Figure (4.3) : Plot of time series of foreign currency exchange rates
Figure (4.3) shows the time series data of foreign currency exchange rates in the
range of 0.0045 to 7.0837. It can be observed that we have soft stable fluctuation in some
periods and other periods have sharp fluctuations. In June 2002 the exchange rate have
the greatest values in the figure, specifically in 11/06/2002 which was 7.0411. There are
regional events that affect this trading prices, especially those that have been happening
in the Middle East, such as the Gulf War, as well as the global events that have an impact
on the volatility of the time series.
Another most important event helped to sharply lower the exchange rate of the
shekel (ILS) against the Jordanian dinar (JD) is Alintfada of the Palestinian people which
started in 1987. This decline continued during the Gulf War in 1991. After the end of the
Gulf War and following the 1993 Madrid peace accords, the exchange rates obviously
increased, as appears in Fig. (4.3). Any increase or decrease or volatility or stability in
exchange rate was a direct efect of the economic and political events in the region and
the world. At the beginning of the time series, there are a large number of obsorvitions is
very small value. This is due to the reason for the change currency edition.
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The software used in the analysis were:
1. R Statistical package has been used for data description, bulding the models, and analysis.
2. EViews Statistical Program was used for some outputs and plots.
3. Spss was used for simple purposes

4.3: Stationarity of the series:
The stationarity of the time series must be achieved before estimating and
building a model. Augmented Dickey-Fuller test (ADF) test and Kwiatkowski Phillips
Schmidt Shin (KPSS) test help us to test the stationarity of a series. The basic idea of
stationarity is that the probability laws that govern the behavior of the process do not
change over time. KPSS tests are used for testing the null hypothesis that an observable
time series is stationary around a determiILStic trend. (Lutkepohl and Kraetzig (2004))
However, according to a report from the R-Package programme, the ADF test can
not be used on our data because the data that we analyse is more than 5000 observation.
The KPSS test, however, can be successful for any number of observations in the series,
with no restrictions in using the R- Package. (R: A Language and Environment for
Statistical Computing, The R Core Team,2013)

Figure (4.4): ACF plot of the time series of daily closing price foreign currency
exchange rates.
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Figure (4.4) displays the ACF of the time series of daily closing price of currency
exchange rates. From the time series plot, all values of autocorrelation function are
significantly far from zero, the trend’s acf is slowly decaying. This means that there are
strong correlations from past values . We must verify that the time series is stationary.
That led to apply a transformation of the time series to stationarity, to remove
correlations and get independence data.

Table (4.3):

Data set: JD.ts

KPSS Test for Level Stationarity
KPSS Level

p-value

31.2695

0.01

p-value smaller than printed p-value
According to table 4.3, the KPSS test for foreign currency exchange rates' data,
the p-value = 0.01, which is less than 0.05. and means that the data is nonstationary. This
led to the application of a transformation of the time series to a stationary one. In order to
use "standard" analysis tools, we need first to transform the series into a compatible one.
Some examples of such a transformation including the k-th order differences or the log
transformation. These transformations allow one to analyze the data, while not losing the
essence of the data. First lagged difference are taken from the time series data, which
trabsformed the time series into a stationary series as shown in Figure(4.5).

Figure (4.5): The time series data after take first difference .
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Table (4.4): The KPSS Test after taking the first difference
Data set: JD.ts.d

KPSS Level

p-value

0.4013

0.0766

Table (4.4) shows the p-value = 0.0766, which is higher than 0.05 and that means
that the time series is stationary. Figures. (4.3) and (4.5) represent the time series plots
before and after differencing. The first figure (4.3) does not show static behavior. In this
case, we can not study series unless a transformation is applied to the series as shown in
Figure (4.5) of the differenced orginal series. The result of table (4.5) is that we reject the
null hypothesis (Ho) of level stationarity as p-value is greater than the significance level
of 0.05. Table (4.4) illustrates the KPSS test after taking the first differences of the time
series of foreign currency exchange rates and indicates that the p-value is 0.0766 which is
greater than the significance level of 0.05 and lead to reject Ho, and concluding that the
series is stationary. It is apparent from table (4.4) of KPSS test and figure (4.5) of the
first difference, that the transformed time series is stationary.

4.4 ARIMA (BOX-JENKINS) Models
After achieving a stationarity of the exchange rates time series using the
differencing process, we attemp to build a set of ARIMA(p,1,q) models of suitable
orders that give us good forecasts for the future values of exchange rates through BOXJENKINS approach. We will illustrate some of the steps in this methodology though
estimating the parameters of the models, diagnostic checking for residuals and
forecasting the future currency exchange rates.

4.4.1 Model Identification
Graphical procedures to determine the order of the model are required to observe
the behavior of the data over time and the ACF and PACF in order to identify the most
appropriate model specification. There are mathematical procedures that depend on
combuted tables criteria as extended autocorrelation (EACF) and Bayesian Information
Criterion (BIC)…
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1. Determine order of ACF and PACF by graphical procedures


If the PACF displays a sharp cut off while the ACF decays more slowly
we say that the stationarized series displays an “AR signature”



Identifying a MA process:


If the ACF of the differenced series displays a sharp cutoff and/or
the lag-1 autocorrelation is negative then consider adding an MA
term to the model



The lag at which the ACF cuts off is the indicated number of MA
terms.



Identifying a ARMA process:


For the ARMA(1,1), both the ACF and the PACF exponentially
decrease



Much of fitting ARMA models is guess work and trial and error.

Table (4.5): General Behavior of the ACF and PACF
ACF

AR(p)
Tails off

MA(q)
Cuts off after lag q

PACF

Cuts off after lag p

Tails off

ARMA(p,q), p>0, and q>0

Tails off
Tails off

The order of the MA and AR parameters are determined by the ACF and PACF
functions. If the autocorrelation function do not tails off quickly without cuts-off with
increasing lag, it means that the time series is nonstationary and needs to be differenced.

Table (4.6): Behavior of the ACF and PACF for defferent ARIMA models
Model
AR(1)

ACF
Tails off start θ1

PACF
Cuts off after ϕ1

AR(2)

Tails off start θ2

Cuts off after ϕ2

AR(P)

Tails off start θp

Cuts off after ϕp

MA(1)

Cuts off after θ1

Tails off after ϕ1

MA(2)

Cuts off after θ2

Tails off after ϕ2
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MA(q)

Cuts off after θq

Tails off after ϕq

ARMA(1,1)

Tails off start θ1

Cuts off after ϕ1

ARMA(p,q)

Tails off start θp

Cuts off after ϕq

where:
ϕ: is the parameters of partial autocorrelation function, and
𝜃: is the parameters of autocorrelation function
2. Plots of ACF and PACF
Figure (4.6) is the plot of the autocorrelation function (ACF) of first differences
for foreign exchange rates series. The ACF function was computed for a variety of lags k
= 1, 2,…; that is, among (Y1, Y1 + k), (Y2, Y2 + k), (Y3, Y3 + k),..., and (Yn

− k,

Yn). From

Fig. (4.6) of the ACF and PACF plots, we can identify the order of ARMA model. Fig.
(4.6) shows that after taking the first difference of the foreign currency exchange rates
time series, the order of the ARIMA model can be easily identified.

Figure (4.6): ACF plot of the first difference of the foreign exchange rates time series
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We conclude from the previous illustration and figure (4.6) autocorrelation plot of
first difference of currency exchange rates data. The trend of plot is tail off, and cut off at
lag 3 or 6. That means ACF is MA(3) or MA(6) .
Figure (4.7) represents the plot of the partial autocorrelation function (PACF) of
the first difference of currency exchange rates data. The PACF function estimates the
correlation between Yt and Yt−k after removing the effect of the intervening variables
Yt−1, Yt−2, Yt−3,…,Yt−k + 1. The trend of the plot tends to cut off at lag 2 or lag 3. This
means that the order or the parameters of the partial autocorrelation function are AR(2) or
AR(3).

Figure (4.7): PACF plot of the first difference of currency exchange rates
time series

Here is enough taking the first difference, to reach a stationary series, We
did not need to take another difference or logarithm or any transformation.
From figure (4.6) and figure (4.7) we can build many models using mixed
compounds of MA(3) , MA(6) , AR(2) and AR(3). The composite models, Initially
be acceptable according to results of ACF and PACF plots, but There are criteria
able to compare between the models built, Prelude to choose the best model,
remind later

46

3. EACF tabel
The extended autocorrelation function (EACF) method (Tsay and Tiao,
1984) is an easy graphical tools to identify the orders of ARMA model. The EACF
method uses the fact that if the AR part of a mixed ARMA model is known, The
output of the EACF is a two-way table, where the rows correspond to AR order p
and the columns to MA order q.
Table (4.7): The EACF results

AR/AM
0 1 2 3 4 5 6 7 8 9 10 11 12 13
0 x x x o x x o o o x

o

x

o

x

1 x x o x o x o o o o

o

o

o

x

2 x x o x o x o o o o

o

o

o

x

3 x x x x o x o o o o

o

o

o

x

4 x x o x x x o o o o

o

o

o

x

5 x x x x x x x o o o

o

o

o

x

6 x x x x x x o o o o

o

o

o

o

7 x x x x x x x o o o

o

o

o

o

From the EACF model identification results in table (4.7), we can choose the best
models which have the smallest AIC such as: (1) ARIMA(1,1,2), (2) ARIMA(2,1,2),
(3) ARIMA(4,1,2). For those selected models, we now estimate the parameters, and
diagnose the best model that can be used in forecasting future values of foreign currency
exchange rates.
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4. Model Estimation

Estimate the parameters of the best model that have the lowest value of AIC
ARIMA(4,1,2). The maximum likelihood estimation method was used to estimate the
parameters of the best model ARIMA(4,1,2). The results of estimation are given in table
(4.8) below:
Table (4.8): Parameters Estimation ML method
Parameter

Value

Standard Error

ϕ1

0.0655

0.0404

ϕ2

-0.9231

0.0636

ϕ3

-0.0702

0.0142

ϕ4

-0.0917

0.0109

𝜃1

-0.1765

0.0394

𝜃2

0.8684

0.0632

The information criterion is a measure of the difference between the
suggested models and the real model, so we choose the model that minimizes the
value of:
AIC=-2(maximized log likelihood – #parameters in the model) = -2LogL + 2p.
The optimal fitted model is identified by the minimum value of AIC, We
will estimate the value later.

5. Determine the ARIMA model order
Akaike (1973) proposed )Akaike Information Criterion) that relates
likelihood to K-L distance, and includes an explicit term for model complexity…
AIC  2 ln( L( | y ))  2 K …. K=number of estimated parameters

AIC can identify the best model in the set, even if all the models are poor
Through AIC the best model that have the minimum value of AIC
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Table (4.9) : AIC value of suggested models
Model
AIC Value

ARIMA(1,1,2)

AIC= -33802.7

ARIMA(2,1,2)

AIC= -33803.68

ARIMA(4,1,2)

AIC= -33822.78

From table (4.9) the ARIMA(4,1,2) model have the smallest AIC.
[

6. Diagnostic Checking of the best ARIMA Model
Now we have the parameters' estimates of the ARIMA(4,1,2) model. The next
step will be to conduct diagnostic checking for the residuals of the ARIMA(4,1,2) model.
Model diagnostics are concerned with assessing the quality of the model that we have
specified and estimated, and concerned with testing the goodness of fit of a model.
In this case study the ARIMA(4,1,2) model is the best model from suggested
models, so we will applied some test to determine the potential of the model in
forecasting the foreign currency exchange rates in the Palestinian Terretories. The results
are shown below:

1.

Standardized Residuals
If the model fits well, the standardized residuals should behave as an

independent and identically distributed sequence of variables with mean zero and a
unit variance. The time series plot should exhibit a sequence of uncorrelated
observations. Our residuals must be white noise terms (𝜀𝑡 ~ iid N(0,1)) , to get a
good model.
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Figure )4.8( : Standardized Residuals of ARIMA (4.1.2) model
Plot of the residuals is the first step in diagnostic check. We first look at the
plot of the residuals over time, we are looking for patterns, there is no pattern, the
plot is symmetric around a zero horizontal (zero mean) as shown in Figure 4.8.
If the residuals is white noise and the trend is adequately modeled, we
would expect such a plot to suggest a rectangular scatter with no discernible trends
whatsoever. There are no striking departures from randomness apparent in
Figure)4.8(

2.

Ljung-Box Tests

The Ljung–Box Q* test is closely connected to the Box–Pierce test. Computes the
Ljung-Box or Box-Pierce tests checking whether or not the residuals from an ARIMA
model appear to be white noise. If Q statistic is smaller than the corresponding Chisquare value from statistial tables, this confirms the randomness of the residuals of the
ARIMA model.
𝑟𝑘2
𝑘=1 𝑛 − 𝑘
𝑚

𝑄𝐿𝐵 = 𝑛(𝑛 + 2) ∑

~ χ2𝑚−𝑝−𝑞

Table (4.10): Results of the Box-Pierce and Ljung-Box Tests
X-squared
df
p-value
Data set: JD.ts.res
10.7332
13
0.6332
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Table (4.10) above shows that the p-value is higher than 0.05. This leads to the
conclusion that we can not reject the null hypothesis that the autocorrelation is different
from zero. Therefore, the selected model is an appropriate one.

3.

Summary of Diagnostic Plots

Figure (4.9) displays standardized residuals, the sample ACF of the residuals and
p-values for the Ljung-Box test statistic. The residuals plot can be used to check the
assumption of independence of error terms. Randomized, not a pattern residuals imply
independent errors. Even if the residuals are even distributed around zero and the
assumption of constant variance of residuals is satisfied, the model is still questionable
when there is a pattern in the residuals. Figure (4.9) of the residual plot, ACF and PACF
do not have any significant autocorrelation of any lag which means that the
ARIMA(4,1,2) model is an appropriate one.

Figure (4.9): Summary of Diagnostic Plots
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4.4.4 The final Model :
The final model has been found to be ARIMA(4,1,2). This model can be
expressed in the following form.

(1 − ϕ1 𝐵 − ϕ2 𝐵2 − ϕ3 𝐵3 − ϕ4 𝐵4 )(1 − 𝐵)𝑦𝑡 = (1 + 𝜃1 𝐵 + 𝜃2 𝐵2 )𝑒𝑡 …Eq(4.1)
By expanding the left hand side we obtain the following form:

[1 − (1 + c1 )𝐵 + (ϕ1 − ϕ2 )𝐵2 + (ϕ2 − ϕ3 )𝐵3 + (ϕ3 − ϕ4 )𝐵4 + ϕ4 𝐵5 ]𝑦𝑡 =
(1 + 𝜃1 𝐵 + 𝜃2 𝐵2 )𝑒𝑡 … Eq(4.2)
Applying the backshift operator gives

−𝑦𝑡 − (1 + ϕ1 )𝑦𝑡−1 + (ϕ1 − ϕ2 )𝑦𝑡−2 + (ϕ2 − ϕ3 )𝑦𝑡−3 + (ϕ3 −
ϕ4 )𝑦𝑡−4 + ϕ4 𝑦𝑡−5 = 𝑒𝑡 + 𝜃1 𝑒𝑡−1 + 𝜃2 𝑒𝑡−2 … Eq(4.3)
Finally, we move all terms other than 𝑦𝑡 to the right hand side we achieve:
𝑦𝑡 = (1 − ϕ1 )𝑦𝑡−1 − (ϕ1 − ϕ2 )𝑦𝑡−2 − (ϕ2 − ϕ3 )𝑦𝑡−3 − (ϕ3 − ϕ4 )𝑦𝑡−4 −ϕ4 𝑦𝑡−5 + 𝑒𝑡 +
𝜃1 𝑒𝑡−1 + 𝜃2 𝑒𝑡−2 …. Eq(4.4)

Substituting the estimates of the parameters of the above model we have:
𝜃1 = −0.1765 ,
ϕ2 = −0.9231 ,

θ2 = 0.8684 , ϕ1 = 0.0655 ,
ϕ3 = −0.0702 , ϕ4 = −0.0917

which is the estimated final model.

4.4.5 Forecasting
The main objective of building a model for a time series is to be able to forecast
the values for that series at future points of time. using only the past behaviour of a
variable. In this chapter we used a time series of past values of currency exchange rates
of ILS/JD to forecast future values of currency of that exchange rates. As we found, using
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Box-Jenkins approcah, that the best ARIMA model to represent the series was
ARIMA(4,1,2) model. Therefore, the final model equation that can be used for forecasting
may be obtained by replaceing 𝑡 with 𝑡 + 1 from Eq (4.4) to get:
𝑦𝑡+1 = (1 + ϕ1 )𝑦𝑡 − (ϕ1 − ϕ2 )𝑦𝑡−1 − (ϕ2 − ϕ3 )𝑦𝑡−2 − (ϕ3 − ϕ4 )𝑦𝑡−3 − ϕ4 𝑦𝑡−4 +
𝑒𝑡+1 + 𝜃1 𝑒𝑡 + 𝜃2 𝑒𝑡−1 … Eq(4.5)

Assuming we have observations up to time 𝑇, all values on the right hand side are
known except for 𝑒𝑇+1 which we replace by zero and 𝑒𝑇 which we replace by the last
observed residual 𝑒̂ 𝑇 :
̂𝑻+𝟏|𝑻 = (𝟏 + ϕ1 )𝒚𝑻 − (ϕ1 − ϕ2 )𝒚𝑻−𝟏 − (ϕ2 − ϕ3 )𝒚𝑻−𝟐 − (ϕ3 − ϕ4 )𝒚𝑻−𝟑 − ϕ4 𝒚𝑻−𝟒 +
𝒚
𝜃1 𝒆̂𝑻 + 𝜃𝟐 𝒆𝑻−𝟏 … Eq(4.6)
A forecast of 𝑦𝑇+2 is obtained by replacing 𝑡 by 𝑇 + 2 in Eq (4.4) . All
values on the right hand side will be known at time 𝑇 except 𝑦𝑡+1 which we replace
by 𝑦̂𝑇+1|𝑇 , 𝑒𝑇+2 and 𝑒𝑇+1, both of which we replace by zero.
̂𝑻+𝟐|𝑻 = (𝟏 + ϕ1 )𝒚
̂𝑻+𝟏|𝑻 − (ϕ1 − ϕ2 )𝒚𝑻 − (ϕ2 − ϕ3 )𝒚𝑻−𝟏 − (ϕ3 − ϕ4 )𝒚𝑻−𝟐 − ϕ4 𝒚𝑻−𝟑
𝒚
The process continues in this manner for all future time periods. In this way, any
number of point forecasts can be obtained.

Figures (4.10) dispaly forecasts of the future currency exchange rates using the
estimated best ARIMA(4,1,2) model (30 days).
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Figure (4.10): Forecasts of currency exchange rates using ARIMA(4,1,2) model.

Using R- Package to computing forecasts, values of forecasts to future .

Date
14/8/2013
15/8/2013
16/8/2013
17/8/2013
18/8/2013
19/8/2013
20/8/2013
21/8/2013
22/8/2013
23/8/2013
24/8/2013
25/8/2013
26/8/2013
27/8/2013
28/8/2013
29/8/2013
30/8/2013
31/8/2013
1/9/2013

Point
Forecast
5.006968
5.006908
5.007391
5.006832
5.006621
5.007093
5.007316
5.006962
5.006719
5.006968
5.007214
5.007051
5.006818
5.006912
5.007122
5.007082
5.006900
5.006901
5.007052

Lo 80

Hi 80

Lo 95

Hi 95

4.961755
4.946407
4.936265
4.925881
4.917397
4.910525
4.903498
4.896168
4.889654
4.884143
4.878703
4.872915
4.867397
4.862554
4.857933
4.853080
4.848255
4.843853
4.839716

5.052182
5.067409
5.078518
5.087783
5.095844
5.103661
5.111133
5.117756
5.123783
5.129793
5.135725
5.141187
5.146239
5.151269
5.156311
5.161084
5.165545
5.169949
5.174388

4.937820
4.914380
4.898613
4.883028
4.870165
4.859404
4.848540
4.837517
4.827684
4.819124
4.810673
4.801908
4.793592
4.786136
4.778957
4.771556
4.764273
4.757540
4.751134

5.076116
5.099436
5.116169
5.130636
5.143076
5.154782
5.166091
5.176407
5.185753
5.194812
5.203755
5.212194
5.220044
5.227687
5.235287
5.242607
5.249526
5.256262
5.262970
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2/9/2013
3/9/2013
4/9/2013
5/9/2013
6/9/2013
7/9/2013
8/9/2013
9/9/2013
10/9/2013
11/9/2013
12/9/2013

5.007078
5.006957
5.006914
5.007007
5.007059
5.006992
5.006936
5.006982
5.007036
5.007008
5.006958

4.835477
4.831180
4.827122
4.823311
4.819493
4.815607
4.811841
4.808272
4.804755
4.801191
4.797679

5.178679
5.182735
5.186706
5.190703
5.194625
5.198376
5.202032
5.205692
5.209318
5.212824
5.216237

4.744637
4.738129
4.731946
4.726068
4.720201
4.714294
4.708563
4.703082
4.697674
4.692239
4.686893

5.269519
5.275785
5.281882
5.287945
5.293917
5.299689
5.305309
5.310883
5.316399
5.321777
5.327022

Above the forecast for 30 days, a 80% prediction interval for the forecast,
and a 95% prediction interval for the forecast. The first forecasted value is
(5.006968), with a 95% prediction interval of (4.937820 , 5.076116).

Figure (4.11): Forecasts for 30 value

Figure (4.11) the forecasts for 30 value are plotted as a blue line, the 80%
prediction interval as a dark gray color area, and the 95% prediction interval as a
light gray color area.
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4.5 ARCH and GARCH Models
The autoregressive conditional heteroscedasticity (ARCH) and the exponentially
weighted moving average (EWMA) models, are special methodologies that can applied
for the case of existence of volatilities and non-constant correlations. The most widely
used model to estimate among such models is the ARCH Model.

4.5.1 Structure of generalized ARCH Model :
Let the rt represent the log return of residuals of the ARIMA(p,d,q) models.
The series rt must then be uncorrelated. In ARCH framework 𝜎𝑡 is a time varying,
positive and measureable function of time 𝑡 − 1. A generalized form of ARCH
model for a univariate time series 𝑦𝑡 is called GARCH, GARCH model of order
(p,q), 𝝈2𝑡 is the sum of two terms:
-

p is the order of the GARCH terms 𝜎𝑡2

-

q is the order of the ARCH terms 𝜀 2

4.5.2 Model Building :
Building a volatility model is composed of four steps:
1. remove the conditional mean dependence, by fitting an ARMA model on
the series yt and use the residual series et = yt − μ̂t for building the real
GARCH model (return series).
2. Use the residuals of the mean equation to test for ARCH effects.
3. Specify a volatility model if ARCH effects are statistically significant and
perform a joint estimation of the mean and volatility equations.
4. Check the fitted model carefully and refine it if necessary.

4.5.3 Normality
ARCH models assume normality of the residuals. However, the models are not
restricted to only one distribution. Testing for normality is important in hypothesis
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testing. We can use the Jarque-Bera (JB) test of normality where the test statistic JB, can
be described as,
𝑠𝑘𝑒𝑤𝑛𝑒𝑠𝑠 2 (𝑘𝑢𝑟𝑡𝑜𝑠𝑖𝑠 − 3)2
𝐽𝐵 = 𝑛 [
+
] ~𝜒 2 (2)
6
24
where n refers to the number of observations, and ~𝜒 2 (2) denotes that statistic JB
follows a chi-squared distribution with two degrees of freedom. The null hypothesis
states that the residuals are normally distributed random variables. There are additional
normality tests like the Kolmogorov-Smirnov, Cramer-von Mises, and Anderson-Darling
tests. A common factor that these test share with the JB test of normality is the null
hypothesis of normality.

If the null hypothesis cannot be rejected, then estimation is likely to perform well
given the normality assumption. However, in the case that the null hypothesis is rejected,
then here are a number of options that can be applied to account for non-normal
distributions. Some of these theories center on the distributional shape in that they have
more mass in the tails than do the standard normal distribution. Examples of such fat
tailed distributions are Student t or the Cauchy distributions.

The Jarque-Bera (JB) test of normality for the residuals, rejects the null
hypothesis of normality. Then ARCH model is not restricted to one distribution.
Therefore, we will test normality of the residuals of ARCH model by the t-test.
The t-test has been applied on the ILS/JD exchange rates data and showed
significance of the normality assumption, where the p-value = 0.0709 with df = 8786 as
indicated in table (4.11) bellow.
Table (4.11) : t-test & Jarque-Bera (JB) test

Jarque-Bera (JB) test

t-test

X-squared

p-value

t

p-value

1437468

2.2e-16

1.8063

0.0709
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4.5.4 Heteroscedasticity Test
We need to conduct certain tests to verify the validity of the data, and
applicability of the ARCH model to the data, ARCH/GARCH concerns itself with
developing an ARIMA model for the squared residuals. Heteroscedasticity features are
volatility, instability and conditional variance not constant throughout the time series, so
these features of the time series properties should be applied, Through the use of ARCHtest.

4.5.5 ARCH Effect Tests
1. The Ljung-Box Test , (Box and Pierce 1970 )
This test looks at the residual correlations and tests the autocorrelation using
squared errors (e2),

𝑄 = 𝑛(𝑟̂12 + 𝑟̂22 + ⋯ + 𝑟̂𝑘2 )
The modified Box-Pierce, or Ljung-Box, statistic is

𝑟̂12
𝑟̂22
𝑟̂𝑘2
𝑄∗ = 𝑛(𝑛 + 2) (
+
……+
)
𝑛−1 𝑛−2
𝑛−𝑘
where rk is the autocorrelation of order k (k: maximum lag), Q has an approximate chisquare distribution with k-p-q .

The portmanteau test rejects the null hypothesis if the observed value of Q
exceeded an appropriate critical value of a chi square distribution with k-p-q degrees of
freedom.

2. ARCH-LM (Lagrange multiplier)
Consider a stationary time series, xt assume that xt is conditionally
heteroskedastic, then it has :
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a) ARCH(m) form, i.e.,
xt = ht1/2vt ,

vt ~ i.i.d. N(0,1)

ht = η + δ1xt-12 + … + δmxt-m2
η and δ’s satisfy stationarity and nonnegative constraints
Under H0: δi = 0, i = 1,…,m
LM = TR2 →D χ2(m)
where R2 is the R-square from the regression of xt2 on 1 , xt-12 ,…,xt-m2 and T is the
number of observations.
b) The GARCH(r,m) modelُراجع
εt = ht1/2vt
vt ~ iid (0,1)

and
ht = η + δ1εt-12 +…+ δmεt-m2 + γ1ht-1 +…γrht-r
Nonnegativity constraints:
η > 0, δi > 0, γi > 0
Stationarity condition (given that the nonnegative constraints are satisfied):
δ1 + … + δm + γ1 + … + γr < 1
Resume: the result of tests, The Ljung-Box Test and ARCH Lagrange multiplier
(LM) test , reject Ho that means The absence of the effect of heteroskedastic (ARCH).

3. Detecting ARCH Effects
We test a squared residual series for autocorrelation by plotting the sample
autocorrelation function (ACF) and partial autocorrelation function (PACF). Then we
conduct a Ljung-Box Q-test or ARCH-LM.


Plot the sample squared residual series.
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The squared residuals can be used in a variety of statistical calculations, and
is presented separately for convenience .

Figure (4.12) : Plot of residuals (ARCH Data)

Figure (4.13) : Plot of squared residual of the arima model
The plot of residuals and the squared residuals of the ARIMA model are shown in
Figure (4.12) and Figure (4.13). Both plots detected ARCH Effects, after magnified
(squared) of time series, shows clearly, volatility clustering is present as some over
extreme values in the series.
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ARCH-LM (Lagrange multiplier) test.

The tests in table (4.12) below, indicates that null hypothesis is rejected, The tests
concludes that there is significant volatility clustering in the residual series. Therefore the
data involves ARCH effect. This means that the time series includes heteroskedasticity
and volatility data .
Table (4.12) : LM test for autoregressive conditional heteroskedasticity (ARCH)
ARCH LM-test

χ-squared

df

p-value

Data set:
JD.ts.res.sqrd

170.8341

5

2.2e-16

4.5.6 Model Identification
The time series considered is produced from a white noise series (residual of the
arima), so we can't apply ACF plots to select the orders p and q of the ARIMA model.
We will depend on Akaike Information Criteria (AIC), to be done for various
combinations of p and q, then the minimum AIC is chosen as the best candidate model.
Also it is necessary to remember that the larger number of parameters will lead to a
complexity in chosing the model. EACF can guide us to reduce the options of the best
candidate models.
Table (4.13) : Extended Autocorrelation Function result
AR/MA
0 1
0 0 0
1 x 0
2 x 0
3 x x
4 x x
5 x x
6 x x
7 x x

2
0
0
0
x
x
x
x
x

3
0
0
0
0
x
x
x
x

4
0
0
0
0
0
x
x
x

5
0
0
0
0
0
0
x
0

6
0
0
0
0
0
0
0
x

7
0
0
0
0
0
0
0
0
61

8
0
0
0
0
0
0
0
0

9
0
0
0
0
0
0
0
0

10

11

12

13

0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0

x
x
x
x
x
x
x
x

Table (4.14): Suggested Models, AIC and Parameters Values
Model
AIC
log Lik
ARCH(0,1)

-35221.89

17615.59

GARCH(1,0)

-33825.96

16917.4

GARCH(1,2)

-36935.9

18466.2

Fainaly by depending on AIC, the best model is GARCH(1,2), that have the
minimum value of AIC.

4.5.7 Parameter Estimation
The commen method to estimate the model is the maximum likelihood estimation
procedures. The method works by finding the most likely values of the parameters given
the actual data. More specifically, a log-likelihood function is formed and the values of
the parameters that maximise it are sought. log-likelihood function (LLF) as follows:
𝑇

𝑇

𝑡=1

𝑡=1

𝑇
1
1
𝐿 = − 𝑙𝑜𝑔(2𝜋) − ∑ 𝑙𝑜𝑔 (𝜎𝑡2 ) − ∑(𝑦𝑡 − 𝜇 − ϕ𝑦𝑡−1 )2 /𝜎𝑡2
2
2
2
Table (4.15) below shows the estimated parameters of best candidate model for
the ILS/GD exchange rates data wchich is GARCH(1,2).

Table (4.15): Parameter Estimation of GARCH (1,2)
Model

GARCH(1,2)

AIC

-36935.9

log Lik

Parameters
a0 2.151e-04

**

a1 2.761e-01

**

a2 2.323e-15

--

b1 5.392e-01

**

18466.2

**

Table (4.16) displays the results of the Box-Ljung test. The p-value indicated that
the model should be accepted.
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Table (4.16) Box-Ljung test for GARCH model GARCH(1,2)
Data set: arch12

X-squared

df

p-value

0.0569

1

0.8114

Table (4.17) displays the estimates of the parameters of GARCH (1,2) model. It
shows all of parameters are significant. Exclude a2 is non- significant value, so it will be
removed from the model.

Table (4.17) : parameters of GARCH Model (1,2)
Estimate parameter

P-value

S.E.

a0

2.151e-04

2e-16 ***

2.187e-06

a1

2.761e-01

2e-16 ***

3.872e-03

a2

2.323e-15

1

4.465e-03

b1

5.392e-01

2e-16 ***

3.408e-03

The fellowing equation then represents the final GARCH(1,2) model:
σ2t = 0.000215 + 0.2761 Ɛ2t-1 + 0.5392 σ2t-1

4.5.8 Conditional variance and standardized residuals
The standardized residuals should be used for model checking. If the model fits
well, we plot the standardized residuals of the GARCH(1,2) model that has been fitted to
the residuals of ARIMA(4,1,2) data. The figure shows some high values of residuals. The
model is valid to the volatility. The extreme value of GARCH model (strong volatility) is
clear.
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Figure (4.14) : Conditional variance plot for GARCH(1,2)

The increase in conditional variances corresponds to the increased volatility in the
original series. The fitted model, The standardized residuals have larger values that
corresponds to conditional variances and have constant mean.

Figure (4.15) : Plot of the standardized residuals for GARCH(1,2)
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4.5.9 Model Diagnostics
To check the adequacy of a given time series model, for instance an ARMA(p, q)
model, it is common practice to test the significance of the residual autocorrelations. In
the GARCH framework this approach is not relevant because the process is always a
white noise

However, to check the adequacy of a volatility model, for instance a

GARCH(p, q), it is much more fruitful to look at the squared residual autocovariances.

(A)

(B)

Figure (4.16) : Diagnostics Checking of the residuals plot for currency exchange rates
GARCH(1,2) model.
For diagnostic checking of the adequacy of GARCH(1,2) model, we check the
plot of the standardized residuals squared in Fig. (4.15), and autocorrelation ACF Figure
(4.16B). ACF in Fig. (4.16B), show that most values of ACF at successive lags are
significantly close to zero. That mean the model of GARCH(1,2) is adequate.
From table (4.16) , we see that the p-value of Box‐Ljung test exceeded 0.05.
Therefore, we cannot reject the hypothesis that the autocorrelation of residuals is
different from 0. That means that the model GARCH(1,2) is adequate. In table (4.17) also
the p-value of coefficient(s) are significant else a2 is notsignificant greater than 0.05.
Table (4.18): The t-test for residual for currency exchange rates GARCH(1,2) Model
Data set: resid (arch12)

t

df

p-value

1.6168

8783

0.106

The p-value of t-test equals 0.106 hence, the student’s t distribution assumption
cannot be rejected.
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4.5.10 Forecasting
GARCH models are useful because they can be used to model the volatility of a
series over time. In GARCH models we can combine together more than one of the time
series models but that will more complex. The difference between forecasting GARCH
and ARIMA models is the behavior of the prediction intervals. In times of high volatility,
prediction intervals using a GARCH model will widen to take into account the higher
amount of uncertainty. Similarly, the prediction intervals will narrow in times of lower
volatility.

Prediction

intervals

using

an

ARMA

model

without

conditional

heteroskedasticity cannot adapt in this way.
The Ljung-Box statistics and corresponding P-values are given in the table below,
which indicates no significant correlation at lags 10, 15 and 20 in a squared residuals.
P-value is greater than 0.05, and that indicate the model is adequately represents the
residuals.

Table (4.19): Standardised residuals tests for currency exchange rates
GARCH(1,2)
Test

Statistic

p-Value

Ljung-Box Test

R^2

Q(lag=10)

1.595986

0.998604

Ljung-Box Test

R^2

Q(lag=15)

2.291113

0.9999276

Ljung-Box Test

R^2

Q(lag=20)

8.305697

0.9896443

R

TR^2

1.935679

0.9994983

LM Arch Test
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4.6 Comparison between ARIMA and GARCH models:
4.6.1 Models performances
We here compare between two methodologies for bulding time series models and
using the mofels for forecasting. These methodologies are ARIMA and ARCH-GARCH.
We will measure the performance of each model and compare their performance using
AIC criteria and different measures of forcasting performance such as RMSE, MAE and
MASE.

4.6.2 Results of AIC and BIC comparison:
We studied in the previous sections two time series modeling methodologies,
namely the ARIMA(4,1,2) and GARCH(1,2) . A criterion that has been used in choosing
the best model is the smaller value of AIC. Values of the AIC results for the two best
models achieved using both approaches are tabulated in table (4.20) below.

Table (4.20) : AIC value of ARIMA and GARCH models
Model

AIC

ARIMA(4,1,2)

-33822.75

GARCH(1,2)

-36935.9

Table (4.20) shows that the GARCH(1,2) model has the smaller AIC than
ARIMA(4,1,2). Thus, the GARCH(1,2)

model has been judged better than the

ARIMA(4,1,2) model.
4.6.3 Results of measurements of forecasting performances
Error measurement statistics play a critical role in tracking forecast
accuracy, and benchmarking forecasting process. We uses an error measures to
determine which time series forecasting method is the best.
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Table(4.21): comparison measurement of Forecast Errors ARIMA(4,1,2) and
GARCH(1,2)
Forecast Performance

ARIMA(4,1,2)

GARCH(1,2)

RMSE

0.03527817

1.04049

MASE

1.006974

0.6719251

MAE

8.855591

0.5793138

Mean Absolute Error (MAE)
Mean absolute scaled error (MASE)
From table (4.21), measurement of forecast errors (MASE, MAE) the
GARCH(1,2) model have error smaller than from ARIMA(4,1,2) model. Therefore
conclude that GARCH(1,2) model performs better than ARIMA

4.7 Summary:
The main purpose of this study was to use time series models to achive forecasts for

foreign currency exchange rates (ILS/JD). We used tow method, ARIMA and GARCH
models. We first fitted the two models. The ARIMA(4,1,2) model was the best model

among the ARIMA Models. On other side the GARCH(1,2) model was the best model
among the GARCH models. By using Akaike Information Criteria (AIC) to compare the
results of the two models (ARIMA & GARCH), we conducted that the GARCH(1,2) was
better than ARIMA(4,1,2) model. That means, the GARCH models offer better
performance in volatility data specially currency exchange data than ARIMA models.
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Chapter 5

Chapter 5: Conclusion and Recommendation

Conclusion and Recommendation
5.1 Introdution
In this study we applied forecasting methods on foreign currency exchange
rates (ILS/JD) using two approaches namely, ARIMA and GARCH non-linear
models, We passed several sequential steps to arrive to our goal of the study. These
stages are model identification, model estimation, diagnostic checking and
forecasting. We studied ARIMA models through sequential steps. We have chosen
several models, one of them has been declared as the best model among all other
ARIMA models. It has been chosen as the one that has the lowest AIC value. This
model was ARIMA(4,1,2). We then tested the efficiency of the model and the
result was satisfactory. Test results confirmed the validity of the model for use in
forecasting the ILS/JD exchange rates.

We used the values of residuals of the ARIMA model to build a GARCH
model, which has been innovatived by Engle(1982) and based on the volatility by
the conditional variance, As it has been with ARIMA models, we choose several
GARCH models. One of the chosen models was the best model, as it has the lowest
AIC. This model was GARCH(1,2).

Finally, we compared ARIMA(4,1,2) and GARCH(1,2) models for
forecasting foreign currency exchange rates (ILS/JD). It has been found that
GARCH(1,2) model performs better than ARIMA(4,1,2) because of its ability to
the volatility by the conditional variance. MAE, MAPE calculated were smaller
than that of the ARIMA(4,1,2) model.
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5.2 Conclusion
We can draw the conclusions as follow:


The ARIMA(4,1,2) model provides the best fit for foreign currency exchange
rates (ILS/JD) among other ARIMA(p,d,q) models.



GARCH(1,2) model provides the best fit for foreign currency exchange rates
(ILS/JD) among other GARCH(p,q) models.



GARCH models are necessary when there exists volatility in the data series.



GARCH models can be used more effectively in forecasting of foreign
currency exchange rates (ILS/JD) than ARIMA models.



GARCH models perform very well in economic and financial data, which is
usually volatile.

5.3 Recommendation


Using GARCH models in economic and financial fields, which usually is in
volatility data.



Using a hybrid method of ARIMA and GARCH models. This models maybe
have both qualities of ARIMA and GARCH models.



Expansion of a new GARCH models in forecasting foreign currency exchange
rates (ILS/JD) data as integrated GARCH (IGARCH) models and exponential
GARCH (EGARCH) .. etc.
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Repetition this comparitve study between ARIMA and GARCH models, using
new data fields that do not have volatility in order to determine the potential
of the GARCH models in forecasting in various fiels and time series.



In future studies, I suggest to conduct comparatison between GARCH models
and Artificial Neural Network (ANN) models to determine which one is more
efficient in volatility data case.
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