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Abstract
The flexibility of the family of generalized lambda distributions (GLD) has encouraged
researchers to fit GLD to datasets in many circumstances. Methods that have been used to
obtain GLD fits have also been varied. The importance of this distribution that produces
different shapes of the pdf for the same dataset and using it in many fields such as finance,
simulation of queue systems or for generating random numbers and others. Thus, we can
identify an appropriate distribution and provide a good approximation of most of the usual
statistical distributions (Gaussian, uniform, lognormal and Weibull). Hence, it is important to
discuss the distributional properties for GLD and its fitting methods.
In this thesis, we discussed and made inferences on the GLD (

). We obtained the

moments of this distribution that have been developed by many researchers to cover invalid
regions to use them in the fitting process that are developed throught the literature. Finally, an
application was conducted to check the results discussed in this thesis on the survival time of
breast cancer patients data in Gaza Strip. We illustrated the best fitting methods to our data
using statistical measures, such as: graphical outputs, comparing the moments of the fitted
distribution with the moments of our empirical data and (KS) resample test.
We found that the estimates of the parameters obtained by the maximum likelihood and the
trimmed L-moments are the superior methods. Also, we may conclude that quantile approach
and L-moment gave the same results, but the histogram approach and the goodness of fit
statistics approach did not give a good fit which may be due to the natur of the dataset and the
location of parameters of the GLD fits in the unbounded region that makes the fitting process
inappropriate with lower accuracy.
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Abstract in Arabic
الملخص
المعممة لمبيانات في
شجعت مرونة توزيعات المدا المعممة الكثير من الباحثين لمالئمة توزيعات المدا ّ
مجاالت متعددة ،ويوجد العديد من طرق التقدير المختمفة التي استُخدمت في الحصول عمى تقديرات
لم ْع ِالم توزيع المدا المعمم ،وتَكمن أىمية توزيع المدا المعمم في إنتاج أشكال مختمفة لنفس مجموعة
َ
البيانات وتُستخدم في مجاالت متعددة مثل :مجال التمويل ،أنظمة كيوي لممحاكاة ،وتوليد األرقام العشوائية
ومجاالت أخرى ،ونتيجة لذلك نتّعرف عمى التوزيع المالئم واألقرب لتوزيعات إحصائية معروفة مثل:

توزيع جاوس ،التوزيع المنتظم ،توزيع ويبل؛ ولذلك من األىمية دراسة الخصائص االحتمالية لتوزيع المدا
المعمم وطرق التّقدير ِل َم ْعالمو.
الم ْع ِالم األربعة والمناطق
في ىذه األطروحة ناقشنا االستدالالت حول تعريف توزيع المدا المعمم ذو َ
المعرف بيا ،وكذلك استنتجنا العزوم األربعة ليذا التوزيع التي طُ ّورت باستخدام العديد من الباحثين لتشمل
ّ

لمم ْعممتين الّمتين تقيسان شكل التوزيع الستخداميا في طرق التقدير المختمفة التي
مناطق أوسع بالنسبة َ
ِ
تم الحصول عمييا في ىذه
أخيرا ،تم إجراء دراسة تطبيقية لمتحقق من النتائج التي ّ
طُ ّورت عبر التاريخ ،و ً
األطروحة عمى بيانات لفترة البقاء لمرضى سرطان الثدي في قطاع غزة باستخدام مقاييس احصائية مثل:

الرسومات البيانية ،مقارنة عزوم التوزيعات المالئمة بالعزوم الفعمية لمبيانات ،اختبار .KS

أن طريقتي تقدير األرجحية العظمى وعزوم ( )L-momentsالمقطوعة ىما األفضل في
وتم استنباط ّ
ّ
عمميات التقدير واألقرب لمتوزيع الفعمي لمبيانات ،كما أن طريقة عزوم  L-momentsوطريقة التقدير
 Quantileتعطيان نتائج متقاربة من حيث الدقة في عمميات التقدير لمبيانات الفعمية ،وأيضا استنتجنا أن

طريقة المدرج التكراري وطريقة اختبار جودة المالئمة تفشالن في إيجاد تقدير مناسب ومالئم لبياناتنا،
وذلك ربما يرجع الى طبيعة البيانات ووقوع معالم التوزيع المقدر في منطقة غير محدودة مما يجعل عممية

التقدير غير مناسبة وأقل دقة.
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Chapter 1
Introduction

1.1 Rationale
The four-parameter generalized lambda distribution (GLD) family is known for its high
flexibility, producing distributions with a huge number of different shapes. The generalized
Lambda distribution originally derived as the one-parameter lambda distribution and proposed
by Tukey (1960). Tukey's lambda distribution was generalized, for the purpose of generating
random variates for Monte Carlo simulation studies, to the four–parameter generalized
lambda distribution (GLD), by John Ramberg and Bruce Schmeiser (Ramberg and Schmeiser,
1974). It is used to identify an appropriate distribution that provides a nearly accurate
approximation to the most of the usual statistical distributions (e.g. Gaussian, uniform,
lognormal, Weibull) as detailed by Karian and Dudewicz (2010).
GLDs are used in many fields where precise data modeling is required such as finance
(Tarsitano, 2004, Corrado, 2001), corrosion (Najjar et al., 2003), meteorology (Öztürk and
Dale, 1982), fatigue of materials (Bigerelle et al., 2005), independent component analysis
(Eriksson et al., 2000, Karvanen et al., 2002), statistical process control (Fournier et al., 2006,
Negiz and Cinar, 1997), simulation of queue systems (Dengiz, 1988) or for generating
random numbers (Stengos and Wu, 2006, Wilcox, 2002).
GLDs are often used to model empirical data and several methods for estimating its
parameters are available. Generally, these estimators use complex minimization techniques.
Therefore, except for the results of King and MacGillivray (1999), which are limited to
sample sizes up to 200, there is little or no information about the sampling distribution of any
estimator that might be used. Several estimates of the parameters of a GLD have been
devised, such as the method of moments (Pearson, 1894), least squares method (

and

Dale, 1985), method of L-moments (Hosking, 1990), Percentiles method (Galton, 1875), a new

combined method (Fournier et al., 2006), histogram approaches (Su, 2005), maximum
likelihood estimation method (Fisher, 1922 and Aldrich, 1997), the starship method (King and
Macgillivray, 1999), quantile matching method (Su, 2010), trimmed L-moments (Elamir and
Seheult, 2003), maximum product of spacing estimation (Cheng and Amin, 1983 and
Ranneby, 1984), goodness-of-fit approaches, discretized approach, and others.
1

A thorough study of the method of moments and the method of percentiles is provided in
Karian and Dudewicz (2003), where it is concluded that the percentile method performs best
over a wide range of situations. Any method can not be completely automated. Automatic
methods based on goodness of fit become impractical with large sample sizes, due to high
execution time, however Luceño (2006) intinsively discussed that goodness-of-fit approaches
are able to successfully estimate the parameters even when the maximum likelihood method
fails.
The properties of the GLD were studied in detail by Ramberg et al. (1979). The monograph of
Karian and Dudewicz (2000) summarizes the status of research until 2000. Since then, several
papers have been published which present and discuss different parameter estimation
approaches to fitting empirical data to this distribution. Parameter estimation of the GLD is
known difficult through the rapid change of the distributional shapes by varying the
parameters in the different Regions of the two shape parameters. In particular, there exist six
Regions in which the shape parameters can lie where the shapes of the GLDs are similar
(Ramberg and Schmeiser, 1974). In addition to this, Ramberg (1979) noted that there are
certain combinations of

for which the probability density function of the

generalized lambda distribution is not a valid probability distribution. This undefined Region
is (1+

) <

< 1.8 (

+1). So, some estimation methods are found and improved to

cover this problem of undefined Regions and other problems. Fitting should be carried out
only in Regions where such dramatic changes do not take place. Otherwise, fitting routines
typically become stuck in local, not necessarily global optima. Little attention appears to have
been paid to the GLD family in the area of finance, with the exception of Corrado (2001) and
Tarsitano (2004). They developped methods that allow the GLD to be easily fitted to
empirical data such as financial returns. Calculations of important financial risk measures
such as the value at risk, expected shortfall and tail indices are shown to be very simple for
the GLD.

2

1.2 Research Objectives
The main objectives of this thesis are:


Discussing the properties of the four-parameter generalized lambda distribution family,
which is known for its high flexibility, producing distributions with a huge number of
different shapes.



Discussing methods of fitting generalised lambda distributions where precise data
modeling is required, such as finance, corrosion, meteorology, fatigue of materials,
independent component analysis, statistical process control, simulation of queue
systems or for generating random numbers.



Proposing several methods of estimating the parameters of the models, especially those
estimators which use complex minimization techniques.



Completing the analysis of the parameters λ3 and λ4 that are associated with valid
distributions



Proposing more fitting methods to cover the problem of unvalid distribution in the
region of λ3 and λ4.



Using R package and software to provide flexibility for the generalized lambda
distribution using different fitting methods and some various plots of GLD fits by
employment of data and using R package to compare different fitting methods to the
same data and conclude the best fitting method with the highest accuracy to the data.

1.3 Research Importance
As the goal of this research is improving the fitting methods using a variaty of distributions to
data, and due to the flexibility of the generalized lambda distribution, this research is very
important in producing different shapes of distributions and using it in many fields such as
finance, meteorology, fatigue of materials, independent component analysis, statistical
process control, simulation of queue systems or for generating random numbers.

3

1.4

Research Problem

The research problem of this thesis is how to extend the GLD to be used for fitting
distributions to data sets, as actually occurring in practice and improving more fitting methods
to cover the problem of unvalid distribution in the region of λ3 and λ4.

1.5 Research Methodology
The generalized lambda distribution, GLD (λ1, λ2 λ3, λ4), is a four-parameter family that has
been used for fitting distributions to a wide variety of data sets. The analysis of the parameters
λ3 and λ4 that actually yield valid distributions has (until now) been incomplete. Moreover,
because of computational problems and theoretical shortcomings, the moment space over
which the GLD can be applied has been limited. Therefore this study theoretically completes
the analysis of the λ3 and λ4 values that are associated with valid distributions, improves
previous computational methods to reduce errors associated with fitting data, expands the
parameter space over which the GLD can be used, and uses a four-parameter generalized
lambda distribution to cover the portion of the parameter space where the GLD is not
applicable and using R packages in applying what we obtained in this thesis on dataset.

1.6 Literature Review
Headrick and Pant (2012) introduced a doubling method for the generalized lambda
distribution. This paper introduced a new family of generalized lambda distributions (GLDs)
based on a method of doubling symmetric GLDs. The focus of the development is in the
context of L-moments and L-correlation theory. As such, included is the development of a
procedure for specifying double GLDs with controlled degrees of L-skew, L-kurtosis, and
L-correlations. The procedure can be applied in a variety of settings such as modeling events
and Monte Carlo or simulation studies. Further, it was demonstrated that estimates of L-skew,
L-kurtosis, and L-correlation are substantially superior to conventional product-moment
estimates of skewness, kurtosis, and Pearson correlation in terms of both relative bias and
efficiency when heavy tailed distributions are of concern.
Mercy and Kumaran (2010) discussed the problem of estimation of the generalized lambda
distribution from censored data. Decision making based on censored data is a problem of
serious concern as such data can provide only limited information compared to the
4

uncensored data. In this article the authors described a very general method of estimating the
distribution of type I and II singly censored data. They derived single unified expressions for
the probability weighted moments and L-moments of all univariate continuous distributions
using a four-parameter family of distributions known as the Generalised Lambda Distribution
(GLD) and used them to estimate the density of complete and censored data.
Chalabi, Scott and Wiirtz (2010) discussed the Generalized Lambda Distribution as an
alternative to model financial returns. This paper investigated the generalized lambda
distribution with infinite supportas an alternative distribution for modeling financial return
series with power law tails. The authors derived expressions for the distribution, for random
number generation, and for financial risk measures including value at risk, expected shortfall
and tail indices. They introduced a robust moment approach for the estimation of the
distribution parameters based on the median, interquartile range, Bowley's skewness and
Moors' kurtosis. In addition using a Monte Carlo approach they explored the use of several
estimation approaches including maximum log likelihood, maximum product spacing,
goodness of fit testing, and histogram binning. A new four-parameter parameterization allows
an intuitive interpretation based on the asymmetry and the tail behaviour of the distribution.
The authors of this article also introduced a new method of obtaining parameter estimates in
which the data was standardized to have zero median and unit interquartile range and then a
generalized lambda distribution with zero median and unit interquartile range is fitted to the
data. This reduces the number of parameters to two allowing for more efficient parameter
estimation.
Acar, Rais-Rohani and Eamon (2008) puplished a paper on reliability estimation using
dimension reduction and extended generalized lambda distribution. This paper proposed an
analytical approach for reliability analysis of structures with moderate to low level reliabilities
(e.g., not larger than 0.99). In this approach, the primary statistical moments of a multidimensional performance function are estimated using the univariate dimension-reduction
(DR) methodology based on additive decomposition of the performance function. Thus,
complicated equations involving the evaluation of multidimensional integrals are transformed
into simplified formulae requiring the solutions of multiple uni-dimensional integrals. The
estimated statistical moments are then used to evaluate the unknown parameters associated
with the extended generalized lambda distribution (EGLD). By minimizing the error between
the moments of EGLD and those of the performance function as predicted by DR, the
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probability distribution of the performance function was estimated, and then the probability of
failure was calculated. To evaluate the accuracy and efficiency of the proposed DR+EGLD
problems involving nonlinear limit state functions with low to moderate sets of random
variables were examined. With direct Monte Carlo simulation and the first- order reliability
method (FORM) as benchmark approaches, the effectiveness of the proposed approach was
evaluated.
Su (2007) published an important article on fitting single and mixture of generalized lambda
distributions to data via discretized and maximum likelihood methods: GLDEX in R. This
paper described the use of GLDEX in R to fit distributions to empirical data using the
discretized and maximum likelihood methods. The GLDEX package also provided diagnostic
tests to examine the quality of fit through the resample Kolmogorov-Smirno test, quantile
plots and comparison of the mean, variance, skewness and kurtosis between the empirical
data and the fitted distribution.
Fourniera, et. al. (2006) discussed the problem of estimating the parameters of a generalized
lambda distribution. The method of moments is a popular technique for estimating the
parameters of a generalized lambda distribution (GLD), but published results suggest that the
percentile method gives superior results. However, the percentile method cannot be
implemented in an automatic fashion, and automatic methods, like the starship method, can
lead to prohibitive execution time with large sample sizes. In this paper an estimation method
was proposed that is automatic (it does not require the use of special Tables or graphs), and it
reduces the computational time. Based partly on the usual percentile method, this method also
requires choosing which quantile u to use when fitting a GLD to data. The choice for u is
studied and it was found that the best choice depends on the final goal of the modeling
process. The sampling distribution of the new estimator was studied and compared to the
sampling distribution of estimators that have been proposed. Naturally, all estimators are
biased and here it was found that the bias became negligible with sample sizes n 2×

.

The.025 and.975 quantiles of the sampling distribution were investigated, and the difference
between these quantiles was found to decrease proportionally to 1/ n. The same results hold
for the moment and percentile estimates. Finally, the influence of the sample size was studied
when a normal distribution was modeled by a GLD. Both bounded and unbounded GLDs
were used and the bounded GLD turns out to be the most accurate. Indeed it was shown that,
up to n = 106, bounded GLD modeling cannot be rejected by usual goodness-of-fit tests.
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1.7 Organization of the Thesis
The present thesis follows the following set up :

Chapter 2 contains detailed discussion on inference about the Generalized Lambda
Distribution with four parameters, and it is divided into four main parts :


The defination of the generalized lambda distribution.



The Regions where the generalized lambda distribution is valid.



Shapes of the density function of the generalized lambda distribution.



Generating random variables using generalized lambda distribution.

Chapter 3 provides detailed discussion on inference on the moments of the generalized
lambda distribution.This chapter is divided into five major sections :


The moments of the generalized lambda distribution.



The moments of the FMKL parameterization of the generalized lambda
distribution.



The moments of extended generalized lambda distribution.



Roubst moments



Probability weighted moments and L-moments for the generalized lambda
distribution.

Chapter 4 discusses in details inference on estimating the parameters of the generalized
lambda distribution. This chapter is divided into twelve sections :


Fitting the generalized lambda distribution through the method of moments.



Fitting the generalized lambda distribution through the least squares method.



Fitting the generalized lambda distribution through the method of L- moments.



Fitting the generalized lambda distribution through the percentiles method.



Fitting the generalized lambda distribution through the new combined method
(which refer to Fournier et al., 2006).



Fitting the generalized lambda distribution through the histogram approaches.



Fitting the generalized lambda distribution through the maximum likelihood
estimation method.
7



Fitting the generalized lambda distribution through the -starship method.



Fitting the generalized lambda distribution through quantile matching method.



Fitting the generalized lambda distribution through trimmed L-moments method.



Fitting the generalized lambda distribution through maximum product of spacing
estimation.



Fitting the generalized lambda distribution through goodness-of-fit approaches.

In Chapter 5, we will apply fitting methods for the generalized Lambda distribution with
four parameters on the survival time for breast cancer patients' data in Gaza Strip by using R
software, through graphical outputs and KS resample test and the moments of generalized
lambda distributions. We will conclude the best fitting method.

In Chapter 6, we present our conclusions, recommendations and suggest some prospective
topics for further research.
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2

Chapter 2

The Generalized Lambda Distribution
2.1 Definition
The lambda distribution is a continuous probability distribution defined in terms of its
quantile function. It is a shape-conformable distribution used to identify an appropriate
common distribution family to fit a collection of data to. It has been originated with Tukey
(1960), and was generalized by Filliben (1969), Joiner and Rosenblatt (1971), and Ramberg
and Schmeiser (1974). It is typically used to identify an appropriate distribution and not used
in statistical models directly.
The generalized Lambda distribution has origin in the one –parameter lambda distribution and
proposed by John Tukey (1960). Tukey's lambda distribution was generalized for the purpose
of generating random variates for Monte Carlo simulation studies, to the four – parameter
generalized lambda distribution (GLD), by (Ramberg and Schmeiser (1974)).
Subsequently, a system, with the necessary Tables, was developed for fitting a wide variety of
curve shapes by Ramberg, et al. (1979). Since the early 1970s the GLD has been applied to
fitting phenomena in many fields of endeavor with continuous probability density functions.
This Chapter consists of the definition of the GLD (section 2.2), the GLD parameter space
(section 2.3), shapes of GLD density functions (section 2.4), GLD random variate generation
(section 2.5), a discussion of the fitting process in both the GLD case and for other
distribution families (section 2.4).

2.2 Definition of the Generalized Lambda Distribution:
The generalized lambda distribution family with parameters
defined henceforth as GLD (

, which will be

), is most easily specified in terms of its quantile or

percentile function as given by Zaven A.Karian (2010) as follows:
Q (y) = Q (y,

)=

+

(2.1)
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Such that Q is the invese of the cdf (cumulative distribution function), F: where 0 ≤ y ≤ 1. The
parameters

and

are the location and scale parameters respectively, while

determine the skewness and kurtosis of the GLD(
distribution there are also restriction on (
The restrictions on

). Recall that for the normal

), namely, σ > 0.

that yield a valid GLD(

) distribution will be

discussed in section (2.3(. It is relatively easy to find the probability density function from the
percentile function of the GLD, as follows:
Theorm 2.1
For the GLD (

), the probability density function is

ƒ(x) =

(2.2)

Note that Q(y) can be calculated from (2.1), and x

, with D the domain of definition of ƒ

(Karian and Dudewicz (2010)).
Proof :
Since x = Q(y), we have y = F(x). Differentiating with respect to x, we find
= ƒ (x)
or
ƒ (x) =

=

(2.3)

Since we know the form of
(

)

=

(

from (2.1), we find directly that

–

(2.4)

From which the theorem follows substituting (2.4) in (2.3).
In plotting function ƒ(x), as a function of x, we proceed by calculating ƒ(x) at a grid of x
values, then plotting the pairs (x, ƒ(x)) and connecting them with a smooth curve. For the
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GLD family, plotting ƒ(x) proceeds differently since (2.3) tells us the value of ƒ(x) at x=
Q(y).
Thus, we take a grid of y values such as (0.01, 0.02, 0.03, ……., 0.99) which gives us the 1%,
2%, 3%, ………, 99% points), then we find x at each of those points from (2.1), and find ƒ(x)
at that x from (2.2). Then we plot the pairs (x, ƒ (x)) and link them with a smooth curve.
For example we can plot the density function ƒ (x) of a GLD distribution by considering the
GLD (
(

) with

= 0.0305,

=1.3673,

= 0.004581,

= 0.01020. The GLD

) in equation 2.1 gives:

Q(y) = 0.0305 +

-

) / 1.3673

(2.5)

We find that at y = 0.25 the Q(0.25) = 0.0280 from equation (2.5).
, at x = 0.0280, we have ƒ(0.0280)

Using (2.2) with the specified values of
=43.0399612.

Hence, (0.0280, 43.0399612) is one of the points on the graph of f(x). Proceeding in this way
for y = 0.01, 0.02, , 0.99, we obtain the graph of ƒ (x) given in Figure (2.1).

Figure (2.1): The pdf of GLD (0.0305, 1.3673, 0.004581, 0.01020).
The four- parameter generalized lambda distribution (GLD) family is known for its high
flexibility, producing distributions with a huge range of different shapes. Probability density
function of GLD (

) with different values of the parameters

different shapes will be illustrated later in section (2.4) of this chapter.
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and

and

2.3 The Parameter Space of the GLD
It can be noted that the formula (2.1) does not always specify a valid distribution. The reason
is that any formula must attain some conditions to specify a valid probability density function.
In particular, any function is a probability density function if and only if it satisfies the
conditions:
ƒ (x) ≥ 0 and ∫ ƒ

=1

(2.6)

Theorem 2.2
The GLD (

) specifes a valid distribution if and only if :
(2.7)

for all y ϵ [0, 1]. In particular, a function ƒ(x) is a probability density function if and only if it
satisfies the conditions in (2. 6), (Karian and Dudewicz (2010))..
Proof :
From (2.2) we see that for the GLD(

), conditions are satisfied if and only if

and
(

∫

)

=1

(2.8)

Since from (2.3) we know that
(

=dy

and y is in the range [0, 1], the second condition in (2. 8) follows. Thus, for any
the function ƒ (x) will integrate to 1.
As a location parameter, the next theorem establishes the role of

12

.

and

Theorem 2. 2
If the random variable X is GLD (0,

), then the random variable X+

, (Karian and Dudewicz (2010)).
Proof :
Suppose that X is GLD (0,

), then by (2.1)

–

(y) =
Since

]=P[X≤x−

(x) = P [ X +
Hence

x-

=

(x

) = y also implies

(y) =

–

]=

(x −

)

(2.9)

(x) =y, yielding

, x=

(y),

whence
(y) = x =
This proves that X+

+

(y) =
is a GLD (

+

–

(2.10)
) random variable.

According to Ramberg and Schmeiser (1974) there exist six regions in which the shape
parameters can lie where the shapes of the GLDs are similar. In addition to this, Ramberg et
al. (1979) noted that there are certain combinations of

for which the distribution

given by (2.2) is not a valid probability distribution. This undefined region is (1+
1.8(

)<

<

+1).

Figure (2.2) shows the parameters Regions of the GLD in the

vs.

space that produce

proper statistical distributions according to (2.2). The graph is as given in King and Mac
Gillivray (1999) with the notation introduced by Ramberg et. al. (1979). These conditions
determine the boundaries of the different parameter regions displayed in Figure (2.2) (See
Ramberg and Schmeiser (1974) or Karian and Dudewicz (2000)).
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Figure (2.2): Graph of the parameters regions of the GLD in the

vs.

space that

produce proper statistical distributions
The regions 1, 2, 3, 4, 5, 6 in Figure (2.2) are the ones for which the distribution is valid as
follows. To determine the (

pairs that lead to a valid GLD (where pdf of GLD in (2.2)

is positive), we consider (

) - space in the following regions by using a method on

percentiles.
≤ -1,

≥ 1 ],

=[(

)|

=(

) | ≥ 1,

≤ -1 ],

=[ (

)|

≥ 0,

≥ 0 ],

=[(

)|

≤ 0,

=[ (

) |-1

],
0,

],
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=[ (

)|

1, -1

=[ (

)|

< 0, 0 <

=[ (

)|

1,

=[ (

)|

< 0,

=[ (

in regions

< 1],
< 0 ],
>1] and
0],

)|

note in the limiting case
GLD (

],

=0 and

=

=

=λ we obtain Tukey´s lambda distribution. The

) is valid in regions 1, 2, 3, 4, 5and 6, The GLD (
and

) is not valid

.(note the pdf of GLD in this Regions not positive). The situation is quite

the same in regions

and

. A point in region

and

is valid if and only if

>See Karian and Dudewicz (2010) for an in depth discussion of that.

2.4 Shapes of GLD Density Functions
The family of GLD is very rich in the variety of density and tail shapes. It contains unimodal,
U-shaped, J-shaped and monotone pdfs. These can be symmetric or asymmetric and their tails
can be smooth, abrupt, or truncated and long, medium or short. Freimer, et. al. (1988) used a
slightly different parameterization of the GLD than the traditional one used at (2.1). Then they
classified the GLD with respect to tail shape and density shape.
Theorem 2.3
The support of the GLD (

) (i.e., points where the pdf. is positive) is as given in

the following Tables. The first Table (2.1) is for regions 1, 2, 5, and 6 and the second (2.2) is
for regions 3 and 4 (shown in Figure (2.2) Karian and Dudewicz (2010)).Here, GLDs are
defined and some of their properties are briefly reviewed. For more details, see Karian and
Dudewicz (2000). A generalized lambda distribution, denoted by GLD (

) can be

described in terms of a percentile function, Q, the inverse of the cdf (cumulative distribution
function), as follows:
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Q (y) =Q (y,
where y
and

)=

+

[0, 1], and where

,

λ

, and

(2. 11)

are respectively the location, scale parameters, and

are, respectively, related to skewness and kurtosis. The probability density function
) is given by

(pdf) of the GLD (
ƒ(x) = ƒ(

)=

(2. 12)

Equation. (2.12) defines a pdf if and only if ƒ meets the following conditions :
x

D ƒ (x) ≥ 0 and ∫ ƒ

=1

(2. 13)

with D is the domain of definition of ƒ. These conditions lead to the specification of six
regions of the (

) space in which equation (2.12) defines a valid pdf (Karian and

Dudewicz, 2000).
Table (2.1) :The support of the GLD (

) for regions 1, 2, 5 and 6.

Region

Support

Region1

< -1

>1

Region2

>1

< -1

Region5
Region6

-1 <

<0
>1

>1
-1<

16

<0

∞
∞
∞
∞

) for regions 3 and 4.

Table (2.2): The support of the GLD (
Region

Support

Region 3

Region 4

>0

>0

>0

=0

=0

>0

<0

<0

<0

=0

=0

<0

)
)

In addition, the GLD, defined by a set of parameters included in these six valid regions, can
exhibit either bounded (they defined on a finite support [a, b]) or unbounded densities either
on both sides (they are defined on an infinite support ]
defined on [a,

[ or ]

[) or on one side (they are

, b]) as shown in Tables (2.1) above.
) about the line

Symmetry properties of the GLD (
characterize the Regions of (

)-space that give rise to GLD (

=

, completely
) pdfs with 0, 1,

or 2 relative extreme points. In Figure (2.3) the region designated by an "X" does not produce
valid GLD (

) distributions. All other regions are labeled with the number of
) points in that region.

relative extreme points associated with the (

Figure (2.3): The number of critical points of the pdfs of GLD (
distributions.
71

)

Figures (2.4) through 2.16 (Figures from Dudewicz, E., Karian, Z.(2010)) show
GLD(

) pdfs with(

(2.4) shows pdfs with

=0,

=1,

=2.5,

=0.5, 0.75, 1.0, ….., 2.5. The graph that rises to

the highest point on the left (at x=-1) is one corresponding to
corresponds to

) – space. Figure

) taken from various regions of (

=0.5, the next highest

=0.75, and so on. The pdfs with these values of

and

will not have

infinite right or left tails.Moreover, we can observe from Figure (2.3) that there will be a
transition from zero to one and eventually to two critical points as moves

from 0.5 to 2.25.

It is not apparent in Figure (2.4) which of the graphs, if any, have critical points whereas the
pdfs in Figure (2.6), corresponding to

= 2.0, 2.25, 2.5, are shown, with considerable

rescaling, in Figure (2.7) where the presence of a critical point is clearly visible.
Figure (2.8) depicts GLD (

) pdfs for

= 0,

=1,

=1.5 and

=0.5, 0.75, 1.0,

…., 2.5. As befor, the graph that rises to the highest point on the left (at x=-1) is the one
corresponding to

=0.5, the next highest corresponds to

=0.75, and so on.

It is clear from Figure (2.8) that the first three pdfs (corresponding to

=0.5, 0.75, 1.0) do

not exhibit critical points ; perhaps with some difficulty, we can see that the next three pdfs
(corresponding to

=1.0, 1.25, 1.5) have a single critical point (this is best observed on the

right side of the graphs in Figure (2.8) where these curves "turn up " as x gets close to 1. The
remaining three pdfs are replotted in Figure (2.9) where one can more clearly see the two
critical points of the graphs corresponding to
Figure (2.10) gives GLD (

=2.25 and 2.5.

) pdfs associated with

=0,

=0.25, 0.5, 0.75, 1.0, 1.5, 2.0, 2.5. In this case the pdf corresponding to

= 1,

=0.5 and

= 0.25 is the one

that rises to the highest point in the center of the graph, the next highest corresponding to
=0.5, and so on. It is easy to see the transition from one to no critical points as
through the

goes

=1 barrier.

Figures (2.11), (2.12) and (2.13) show some unusual pdf shapes with(

) from the second

quadrant.These are the kinds of sharp peaks that are often found in applications in
spectroscopy that occur with spectra of autoregressive process. The multiple peaks of spectra
often look like the overaly of the several curves in Figure (2.11) indicating that it may be
possible to model them as a mixture of GLD random variables. For an overview of the
procedure s used in spectroscopy, see Dudewicz, Mommaerts, and van der Meulen (1991).
Since spectroscopy procedures are not simple, there may be a potential for substantial
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advances through the use of mixtures of GLDs in this area. In Figure (2.11),
= -0.2 and

=0,

= 27, 30, 35, 50. The highest curve (in the middle) corresponds to

next highest corresponds to

=30, and so on. The (

= -1,
=27, the

) points for all foure pdfs fall in the

second quadrant Region marked with a "2" in Figure (2.3).
The (

) points for pdfs of Figure (2.12) ( =0,

= -1,

= -0.5 and

=2.91, 2.92, ……,

2.99) cross the boundary between the two Regions that give rise to two and then to zero
critical points. The graphs are so packed together that it is difficult to distinguish among them.
Figure (2.13) gives a magnification of the portion of the graph where critical points seem to
appear. The highest graph corresponds to

= 2.91, the next highest to

is clear that there are two critical points when

= 2.92, and so on.It

= 2.91 and no critical points when

=2.99.The point on the boundary where the transition occurs is (approximately) (-0.5,
2.996).
Figures (2.14) and (2.15) show GLD(

) pdfs with

=0,

= -1,

= -3, and

=1.0, 1.25, 1.5, 1.75, 2.0, 6.0, 20. Figure (2.14) shows the first four of these with the pdf.
with the highest point on the right corresponding to
The critical point for the pdf. with

=1.0, the next highest to

=1.25, etc.

= 1.5 and 1.75 are more difficult to spot. Although the

pdfs in Figure (2.15) corresponding to three distinct
graphs are discernible ; the graphs for

values ( = 2.0, 6.0, 20.0), only two

=6.0 and 20 are so close that they cannot be

distinguished.
The pdfs depicted in Figure (2.16) have shapes that are frequently encountered in
applications. For these pdfs

=0,

=1,

curve that rises highest corresponding to
places(

= - 0.25 and

= -0.1, -0.2, -0.35, -0.5. The

= -0.1, the next highest to

= -0.2, etc. Since this

) in the third quadrant, they all have infinite left and right tails, each has a unique

critical point (as we shown above in Figure(2.3)).

19

Figure (2.4): GLD (0, 1,

pdfs with,

=2.5 and

=.5, 0.75, 1.0, 1.25, 1.5, 1.75, 2.0,

2.25, 2.5.

Figure (2.5): GLD(0, 1,

) pdfs with

=2.5,

21

=.5, .75, 1.0 .

Figure (2.6): GLD (0, 1,

) pdfs with

=2.5 and,

=1.25, 1.5, 1.75 .

Figure (2.7): GLD (0, 1,

) pdfs with

=2.5 and

= 2.0, 2.25, 2.5.
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Figure (2.8): GLD (0, 1,

) pdfs with

=0.5 and

=0.25, 0.5, 0.75, 1.0, 1.5, 2.0, 2.5.

Figure (2.9): GLD (0, 1

) pdfs with

= 1.5 and

=2.0, 2.25, 2.5.
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Figure (2.10): GLD(0, 1

) pdfs with

=0.5 and

= 0.25, 0.5, 0.75, 1.0, 1.5, 2.0,

2.5.

Figure (2.11): GLD (0, -1,

) pdfs with

=-0.2 and
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= 27, 30, 35, 50.

Figure (2.12): GLD (0, -1,

Figure (2.13): GLD(0, -1

) pdfs with

=-0.5 and

) pdfs with

=-0.5 and
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=2.91, 2.92, 2.93, ……., 2.99.

=2.91, 2.92, 2.93, ….., 2.99.

Figure (2.14): GLD (0, -1

) pdfs with

= -3 and

=1.0, 1.25, 1.5, 1.75.

Figure(2.15): GLD (0, -1

) pdfs with

= -3 and,

= 2.0, 6.0, 20.
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Figure (2.16): GLD(0, 1

) pdfs with

= -0.25 and

= -0.1, -0.2, -0.35, -0.5.

Figures from (2.4) to (2.16) indicate that the GLD family is very rich in the variety of density
and tail shapes. It contains unimodal, U-shaped, J-shaped and montone pdfs. These can be
symmetric or asymmetric and their tails can be smooth, abrupt, or truncated, and long,
medium or short.

2.5 GLD Random Variate Generation
A random variate is a particular outcome of a random variable. The random variates which
are other outcomes of the same random variable might have different values. Random variates
are used when simulating processes driven by random influences. One of the important
applications of the GLD has been the generation of random variables for Monte Carlo studies.
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Theorem 2.4
If

(.) is the percentile function of a random variable X, and U is a uniform random variable

on (0, 1) then

(U) has the same pdf as does X (Karian and Dudewicz (2010)).

The proof of this theorem can be found in page156 of Karian and Dudewicz (1999). This
result is key in simulation and Monte Carlo studies, as it allows easy generations of a stream
of random variables from any distribution for which the percentile function is readily
available. This follows from the following corollary.
Corollary :
If

are independent uniform random variables on (0, 1), then

=

(

),

=

(

), ……..

are independent random variables each with the same pdf asX (Karian and Dudewicz (2010)).
For a proof of this corollary, see, Karian and Dudewicz (2010) and p.156 of Karian and
Dudewicz (1999). The percentile function is not available in a closed form for many of the
most important distributions, such as the normal distribution. However, the GLD is defined by
its pdf, which is simple–to-calculate. Thus, random variables for a simulation study can easily
be generated from any distribution that can be modeled by a GLD.

Example : Suppose we have modeled an important random variable by an approximate
standard normal distribution X. A close fit to the standard normal distribution is available via
GLD (Joseph, Merey and Kumaran, M.(2010)) with
(

) = (0, 0.1975, 0.1349, 0.1349)

And this GLD has pdf. (as in equation 2.1)
Q(y) =
= 5.06329

-

) / 1.975

-

).

27

Thus if

and

are independent uniform random variables on (0, 1), then Q(

), Q(

),

…… are independent (approximately) N(0, 1) random variables for the simulation study at
hand.
Thus, if
= 0.67460162,

= 0.15152637, ………

Using these in equation (2.1), we find the approximate r.v.s.
= 5.06329

-

=5.06329

)=0.44975078

-

)= -1.026919958

We can continue the stream by generating additional uniform random variables on (0, 1),
And evaluate Q

Q

).

The GLD covers a broad space of distributions (as we will see in ch. 3, at p. 48) and can
model many different shapes well. It follows that GLD is very useful for modeling input to
simulation and Monte Carlo studies.

2.6 The Fitting Process
The flexibility of the family of Generalized Lambda Distributions (GLD) has encouraged
researchers to fit GLD distributions to datasets in different fields. The methods that have been
used to obtain GLD fits have also varied. The fitting of statistical distributions to data has
broad applications and has been the subject of many investigations. A central issue of such
investigations is the choice of distribution or family of distributions to be fitted to the data.
Because of its usefulness and flexibility in providing a model for data generated from
scientific studies, the predecessors of fitting process have been studied by many researchers
including: Tukey (1960), Ramberg and Schmiser (1974), Ramberg et. al. (1979), Karian et
al.(1996), and Karian and Dudewicz (1999), Karian and Dudewicz (2000), Fourier et
al.(2006), Karian and Dudewicz (2010) and many others.
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The importance of this distribution is on the determination of the GLD parameters in order to
obtain the best fit to a given dataset. Several methods have been used through a literature such
as : Karian, Dudewicz and McDonald (1996) used the method of moments (applied to the
GLD and EGLD, an extension of the GLD system which covers all Regions of (skewness,
kurtosis) space. Karian and Dudewicz (1999) used a percentile-based approach, Öztürk and
Dale (1985) used least squares estimation, and Petersen (2001) used a method based on Lmoments and another important methods that they will be introduced each of them in details
in chapter 4.
Given a random sample

,

,

, the basic problem in fitting a statistical distribution

to this data is that of approximating the distribution from which the sample was obtained. If it
is known, because of theoretical considerations, that the distribution is of a certain type (e.g.,
a gamma distribution with unknown parameters), then through moment matching, or some
other means, one can determine a specific distribution that fits the data. This, however, is
generally not the case and, in the absence of any knowledge regarding the distribution, it
makes sense to appeal to a flexible family of distributions and choose a specific member of
that family.
As pointed out by King and MacGillivray (1999), "There appears to be a lack of assessment
of any of the fitting methods". Thus, although the generalized lambda distributions appear
popular for use in simulation studies and appear to have considerable potential for fitting data,
developing and assessing fitting methods for them is a challenge.
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2.7 Summary
In the this chapter we discussed the distributional properties for the generalized lambda
distribution and obtained many important consequences such as :


The quantile function and the probability density function are obtained.



Conditions that specifes any valid distribution are identified.



Regions in



The GLD is not valid in some Regions because of the pdf of the GLD in this Regions is

) plane where the distribution is valid are obtained.

not positive, also a point in some Regions is valid if and only if satsified a particular
condition.


Freimer et al. used a slightly different parameterization of the GLD than the traditional
one used, they classified the GLD with respect to tail shape and density shape.



The GLD family is very rich in the variety of density and tail shapes, so some Figures
were provided and described.



The support of the GLDs where their pdfs are positive was given and so there is bounded
and unbounded GLDs with respect to their support.



The number of critical points of the pdfs of GLD which satsify valid distributions were
provided.



One of the important applications of the GLD has been the generation of random
variables for Monte Carlo studies, so some important theorems and corollaries were
provided.
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3

Chapter 3

The Moments of the Generalized Lambda Distribution
3.1 Introduction
The fitting of statistical distributions to data has broad applications and has been the subject
of many investigations. A central issue of distributions to be fitted to the data. Because of its
usefulness and flexibility in providing a model for data generated from scientific studies, the
Generalized Lambda Distribution (GLD) designated by GLD (

) and its

predecessors have been studied by many researchers including Tukey (1960), Ramberg and
Schmiser (1974), Ramberg et al. (1979), Mykytka and Ramberg (1979), Karian and Dudewicz
(1996 and 1999),

and Dale (1985), Karian, Dudewicz and McDonald (1996), Karian

and Dudewicz (1999), Karian and Dudewicz (2000) and many others.
The importance of GLD fits to its parameters obtaining the"best" fit to a given data set.
Several methods have been used through the literature :Karian et al. (1996) used the method
of moments (applied to the GLD and EGLD an extension of the GLD system which covers all
Regions of (skewness, kurtosis space)), Mykytka (1976) used mixture of percentiles and
moments to estimate the parameters of the GLD, Karian and Dudewicz (1999) used a
percentile – based approach,

and Dale (1985) used least squares estimation and

Petersen (2001) used a method based on L-moments and Greenwood et al. (1979) used
probability weighted moments (PWMs) and Hosking (1990) used L-moment and Bowley
(1920) and Moors (1988) used roubst moments which are generalizations of the usual
moments of a probability distribution.The theory found on PWMs and L-moments which are
linear functions of each other, covers the summarization and description of theoretical
probability distributions and of observed data samples, nonparametric estimation of the
underlying distribution of an observed sample, estimation of parameters and quantiles of
probability distributions, hypothesis tests for probability distributions, etc.Both moment types
offer measures of distributional location (mean), scale (variance), skewness (shape) and
kurtosis. The main advantage of these moments over conventional moments is that being
linear functions of the data, they sufferless from the effects of sampling variability. These
moments are more robust than conventional moments to outliers in the data, enable more
secure inferences to be made from small samples about an underlying probability distribution,
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and frequently yield more efficient parameter estimates than the conventional moment
estimates.
As the PWMs can be expressed as the linear combinations of L-moment, the procedures
based on PWMs and on L-moment are equivalent. More details about PWMs can be seen in
Greisand Wood (1981), Hosking et al. (1985) and Hosking and Wallis (1987). L-moment are
more convenient as they are more directly interpretable as measures of the scale and shape of
probability distributions. The use of L-moment in various inference procedures are given in
Hosking and Wallis (1997).
As PWMs and L-moment are very useful for the analysis of both complete and censored
distributions and data and its expressions may not be always simple, a single unified
expression for the PWMs and L-moment of all univariate continuous distributions and use
them to estimate the density of censored data.
In this chapter, we introduce in section (3.2) definitions of the moments and in section (3.3)
we give Karian and Dudewicz (2000) approach.In section (3.4) we introduce the moments of
the parametrization of Freimer et al. which we refer to as FMKL and in section(3.5) the
moments of EGLD.In section (3.6) we introduce robust moments of the GLD and in section
(3.7) we discuss probability weighted moments (PWMs) and L-moments for GLD. Finally in
section (3.8) we give asummary of this chapter.

3.2 The Moments of the GLD
Moments come in two forms.They are either raw moment (moments about the origin) or
central moments (The rth moment around the mean of a random variable X, is denoted by

Definition 3.1(The
The

).

raw moment)

raw moment of aprobability density function (x) of the random variable X is defined

by :
E(

=∫

where k

1

when X is continuous.
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E(

where k= 1, 2, 3, …….

=∑

when X is discrete.
In particular the

moment E(X) =µ is the mean.

Definition 3.2 (The
The

central moment)

central moment is defined by

= E[

]= =∫

where k 1

when X is discrete.
= E[

]= ∑

where k = 2, 3, ….

when X is continuous..
= E[

]= =∫

= Var(X) =

.

Also note that all odd moments of X around its mean are zero for symmetrical distributions,
provided such moments exist.

3.3 The Moments of Karian and Dudewicz Approach
The moments of the GLD (

) and the parameterizations of the GLD can be derived

as follows : We start by setting
moments of the GLD (

= 0 to simplify this task, next we obtain the non-central
) and finally, we derive the central GLD (

moments.

Theorem 3.1
If X is a GLD

) random variable then Z= X- is GLD (0,

Zaven et al. (2010)).
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). (Karian,

Proof :
Since X is GLD

)

= +
and
(x) = P (XIf we set

x) = P(X x +

)=

(x+ )

(3.1)

(x+ ) = y, we obtain

x+ =

= +

(3.2)

From (3.1) we also have

(x) = y which with (3.2) yields

=x=
Proving that X-

is GLD (0,

Having established

).

as a location parameter, we now determine the non–central moments

(when they exist) of the GLD

).

Theorem 3.2
If Z is GLD (0,
E

∑

)=

where

), then E
( )

), the expected value of

( (k-i) +1,

i +1)

(3.3)

(a, b) is the beta function defined by:

(a, b) = ∫

dx

(3.4)

Proof : (Karian, Zaven et al. (2010)).
E

is given by

)=∫

=∫

dy
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Where:
F( ) = , Q (y) =

=

=

+

,

Q (y) = ∫

=

,

∫

dy

(3.5)

( )

(3.6)

By the binomial theorem,
=∑

Using (3.6) in the last expression of (3.5), we get
E(

)=

∑

=

∑

( )

( )

∫
β ( (k-i) +1,

dy ]

i +1) ]

Completing the proof of the theorem.
Before continuing with our investigation of the GLD

) moments, we note the

beta function that will be useful in our subsequent work where β(a, b) is the beta function
defined before. The integral in (3.4) that defines the beta function will converge if and only if
a and b are positive (this can be verified by choosing c from the (0, 1) interval and
considering the integral over the subintervals (0, c) and (c, 1).
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Corollary 3.1
The

GLD (

) moment exists if and only if min (

)

⁄ .

( Aljazar, (2005)).
Proof :
From theorem (3.1), E(

) will exist if and only if E(

)= E(

) exists, which, by

theorem (3.2), will exist if and only if
0 and

+1

Then

-

Since

is positive then

k

-1 and

0, for i=0, 1, ..…, k.
-1 +

⁄

-1, and

Also, we have
0 and

-1 for i= 0, 1, .., k
⁄

If i=k then

This condition will be done if
⁄ and

⁄

Since ultimately, we are going to be interested in the first fourmoments of the GLD
(

), we will need to impose the condition

⁄ and

⁄ through out

the remainder of this chapter.
The next theorem gives an explicit formulation of the first four centralized GLD
(

) moments.
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Theorem 3. 3
If X is GLD (
moments

=

⁄ , then its first four

+

=E[

=

and

(mean, variance, skewness, and kurtosis, respectively), are given by

= µ = E (X) =

=

⁄

) with

(3.7)

]=

(

)

(

)

(3.8)

=

(3.9)

=

(3.10)

Where:
A=

-

(3.11)

B=

+

C=

-

D=

+

-2β (1+ , 1+ )
-3 β(1+

(3.12)

, 1+ ) +3 β(1+ , 1+

)

- 4β(1+3 , 1+ ) + 6 β (1+2 , 1+2 ) - 4β(1+ , 1+3 )

(3.13)

(3.14)

and β denotes the Beta function. (Karian, Zaven et al. (2010)).
Proof:
Let Z be a GLD (0,
E(

) random variable By (Theorem 3.1)

)= E (

We first express E ( ), for i= 1, 2, 3 and 4, in terms of A, B, Cand D. To do this for E(Z), we
use (theorem3.2) to obtain.
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β ( +1, 1) – β(1,

E (Z) =

+1)

and since β (λ+1, 1) = β (1, λ+1), then β ( +1, 1) =
β (1,

+1) =

We get:
E(Z) =
For E(

(

-

=

(3.15)

) we again use (theorem 3.2) and the simplification allowed by

β (λ+1, 1) = β (1, λ+1) =

E(

)=

=

[β (

-

to get

, 1) - β

) + β (1,

-2 β(

)]

)) =

(3.16)

Similar arguments, with somewhat more complicated algebraic manipulations, E(
E(

) produce

E(

)=

(3.17)

E(

)=

(3.18)

We now use (3.15) to derive (3.7) :
= E(X) =E(Z+

=

+ E(Z) = +

(3.19)

Next we consider (3.8):
Since E
=E(

=E(
)-

=E

)–

, we have
-

=E(

) +2 E(Z)+
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-

(3.20)

) and

Substituting ⁄ for E (Z) and

+

=

For in (3.20) and using (3.16), we get (3.8). The derivations of (3.9) and (3.10) are similar but
algebraically more involved. See Karian and Dudewicz (2000) for an in depth study.

3.4 The Moments of the FMKL Parameterization of the GLD Approach.
Tukey`s Lambda family of distributions is defined by the quantile function Q(u) (Lakhany
and Mausser, 2000) as:

Q(u) = {

(3.21)

where
A four-parameter generalization of equation (3.21), which we call the RS parameterization,
was proposed in Ramberg and Schmeiser (1974). For this generalization, the quantile function
is given by (Karian, Zaven et al. (2010)) as:
Q(u)=

(3.22)

The properties of this distribution are studied in detail in Ramberg et al. (1979). In addition to
elaborating the richness of this four-parameter GLD to fit a wide variety of frequency
distributions, Ramberg et al. (1979) also noted that the proposed distribution (3.22) is not
defined for certain combinations of the parameters. A good summary of the shape
characteristics and the Regions in which the distribution given by equation (3.22) appears in
King and MacGillivary (1999). The fact that the RS parameterization is not valid in some
Regions of the (

) plane for a given value of

creates problems in implementing a

parameter estimation algorithm, especially when such an algorithm relies on a search in the
parameter space.
In order to avoid this problem, Freimer et al. (1988) developed a different parameterization
for the GLD, denoted FMKL, which is given by (Lakhany and Mausser, 2000) as follows :
39

〈

Q(u) =

〉

(3.23)

This parameterization is well defined over the entire two – dimensional plane for the
parameters

and

. Note, however, that in order to have a finite kth order moment, it is

necessary that min(

)

- .

The moments of the FMKL parameterization of the GLD can be derived as follows. We can
rewrite equation (3.23) as (Aljazar, 2005).
Q (u) =

-

+

+

-

)

(3.24)

= b+ a ̂
Where:
̂

=

-

(3.25)

Now, if X represents the random variable with percentile function Q(u) given in (3.23) and Y
represents the random variable with percentile function ̂

given by (3.25), then we have

E(X) = a E (Y) + b

(3.26)

E

(3.27)

=E

since X= Q(u), µ= E(X),

=

. We now let

variable X with the percentile function Q(u), the

=E

, hence for the random

raw moment is defined by:

=∫

E

Letting

(3.28)
=E

then from (3.28) we find that we need to calculate

=∫

(3.29)

expansion gives
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=∫ ∑

( )

du

(3.30)

=∑

( ) β [ (k-j) +1,

(j+1) ]

(3.31)

where β is the beta function defined as:
β (a, b) =∫

dx

(3.32)

The beta function on the right –hand side of equation (3.31) is defined if both of its arguments
are positive, which essentially means that the following holds :
(k - j)+1

0
0

(3.33)

From equations (3.33) it is clear that the inequality is only crucial when
0. Since 0 j k, equation (3.33) can be written as
min (

-

Using equation (3.30) we can obtain the first four moment values
= µ=

-

(3.34)

=

+

-

=

-

-

=

+

+

β(

β(

)

β (2 +1,
β (2 +1,

+1) +

+1) -

+1)

(3.35)

β(
β (3 +1,

+1)

(3.36)

+1)

(3.37)
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From the above results and putting them into:
E

=

(3.38)

We get the first four central moments of the FMKL parameterizations of the GLD.
E

=

( -

E

=

(

E

(3.39)

+

(

(3.40)

+6

(3.41)

So from the above equations we can get:
=

,

(3.42)

=

(3.43)

So if we are given the mean ̂, variance ̂ , skewness ̂ and kurtosis ̂ of the sample data
we can find

and

we can find
A=

=

, b=

-

of the GLD by solving the above equations. Once we have found
from (2.43) and then

(

-

from E (X) = (a E (Y) + b) and using

), we get :

√

(3.44)

̂

=̂+

and

(

-

(3.45)

3.5 The Moments of EGLD
There are some restrictions on the (
possible to have any (
1.8+1.7
1.7

) - space that is covered by the GLD. In general, it is

) point that satisfies 1+

, making the portion of (

, but the GLD fits are restricted to

) - space specified by 1+

1.8+

unattainable through the method of moments. For this reason Karian, Dudewicz and
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McDonald (1996) devised an extended GLD system (the EGLD) that uses a generalization of
the beta distribution to cover the points of the Region 1+

1.8+ 1.7

. This

Generalized Beta Distribution (GBD) is obtained by starting with a beta random variable, X,
with pdf.
, where

-1,

X 1.

Definintion 3.3 : If X is a beta random variable with parameters
for

0, and any

, the random variable Y= +

Distribution, GBD (
Y=

(3.46)
and

,

X is said to have a Generalized Beta

).

+ X

Theorem (3.4) : The pdf of the GBD (

) random variable is

(X) = C

; where

and C =

X

(3.47)

.

For proof (see page 139, (Karian, Zaven et al. (2010)).
Theorem (3.5) : Let Y be a GBD (

) random variable with mean µ and variance

. Then the fourth moments are:.
⁄ ,

=µ=

=

(3.48)

=

(3.49)
√

=

,

(3.50)

√

=

,

(3.51)

Where:
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= + +i, for i=1, …….
For proof and more depth study (see page 136, (Karian, Zaven et al. (2010)).

3.6 Robust Moments
The original method suggested by Ramberg et al. (1979) for fitting GLD distributions used
the method of moments, matching the first four moments. However this approach can only
sensibly be applied in regions where the first four moments exist. In region 4 this is the
parameter range min (

)

⁄ . Unfortunately this range excludes the major part of

region 4. In addition parameter estimation based on sample moments, particulary third and
fourth moments, is highly sensitive to outliers. As an alternative Karian and Dudewicz (1999)
considered a quantile approach for parameter estimation using four sample quantile statistics.
In their approach all four statistics depend on all four λ parameters and one has to solve a
system of four nonlinear equations to obtain the parameter estimates. Investigated matching
of robust moments using the sample median
skewness ratio

, the interquartile range

of Bowley (1920), and the robust kurtosis ratio

, the robust

of Moors (1988). These

robust moments are defined by:
=
=

=

=

(3.52)

⁄

⁄

-

⁄

(3.53)

⁄

⁄
⁄

⁄

⁄

⁄

⁄
⁄

(3.54)

⁄

(3.55)

⁄

The subscript r in these definitions indicates they are robust versions of the moments. For a
detailed discussion of Bowleys skewness and Moors kurtosis statistics, see Kim and White
(2004).
The obvious estimation of the robust moments are then:
̂ =

(3.56)

⁄
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̂ =

-

⁄

⁄

̂ =

⁄
⁄

̂ =

(3.57)

⁄

(3.58)

⁄

⁄

Where

⁄

⁄

⁄

⁄

⁄

⁄

(3.59)

indicates the sample qth quantile and the statistic is a sample quantity.
( )=S ( ׀

Defining
( ׀

=

)=

-

, we have:

+

We see that the population robust skewness and kurtosis depend only on the parameters
and not on

=

=

=

. Specifically:

⁄

+

=

or

( ⁄ )

(3.60)
⁄

( ⁄ )

(3.61)

( ⁄ )
( ⁄ )

( ⁄ )

⁄

(3.62)

( ⁄ )

( ⁄ )

( ⁄ )

( ⁄ )

( ⁄ )

( ⁄ )

(3.63)

Given these definitions we first use the observed values ̂ and ̂ of the robust skewness and
kurtosis to obtain estimates ̂ and ̂ of

and

by inverting the nonlinear system of

equations given by:
̂= (̂
̂ = (̂

̂
̂ )

The remaining two parameters

are then estimated as:
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⁄

̂ =-

̂

̂

̂

And then:
̂ = ̂ -

̂ ̂

⁄

̂ ̂

⁄

̂

.

The advantage of this approach is that we decouple the shape parameters from the location
and scale parameters, and we only need to solve a nonlinear system of two equations rather
than the system of four equations required by another method. Besides being simpler, this also
allows the use of a lookup method for obtaining initial estimates of

and

given the sample

robust skewness and kurtosis. We thus, have the possibility of very quickly obtaining starting
values for any numerical approach to determining maximum likelihood estimators or other
estimators of the parameters of the GLD.

3.7 Probability Weighted Moments (PWMs) and L-moments for GLD.
Let X be a real–valued random variable with cumulative distribution function (cdf) F(X) and
quantile function X(p). Greenwood et al. (1979) defined PWMs to be the quantities:
}

=E{

(3.63)

Where k, r, s are real numbers. PWMs are likely to be most useful when the inverse
distribution X(p) can be written in closed form.
The function X(p) is given by:
=∑

( )

Where β (p, q) =

∑

( )β [ (i-j)+r+1,

(Joseph Mercy and M. Kumaran.et.al. (2010))

Proof :
=E{

j+s+1]

}

=∫
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(3.64)

=∫

+

=∑

( )

∫

=∑

( )

∑

( )∫

=∑

( )

∑

( )β [ (i-j)+r+1,

}

and

j+s+1]

do not involve any parameters of the distribution and hence are of no
(k=1, 2,…) are the usual noncerntal moments of X. For

practical use.The quantities
GLD it is given as
=∑

∑

Similarly,

∑

=∑
∑

=∑

∑

( )

()
∑

( )
∑

( )

(3.65)
()

1] (3.66)

()

(3.67)

It is to be noted that
=

and

+

=

(

( +1, r+1) -

+

(

-

)

(

(3.68)

+1))

When the distribution is symmetric a bout
+

(3.69)
i.e,

=

, then

=

(3.70)

Greenwood et al.(1979) and many others (Greis and Wood (1981), Hosking and Wallis
(1987) etc.) developed statistical inference procedure using PWMs
consider

only and denote it as

GLD (
=
=

. From equation (3.69) we get the

. Here we
PWM

of a

) family as:
+

+

and

– β (r+1,

(
(

–∏

+1)
)

(3.71)
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Putting r = 0, 1, 2, 3 in the expression (3.71) we get
= +

(

=

+

(

=

+

(

=

+

–β (1,

)

(3.72)

–β (

)

(3.73)

-β(

)

-β(

(

(3.74)

)

…….

Let

(3.75)
…..

be the order statistics of a sample size n. The L-

moments (Hosking, 1990) are expectations of linear functions of order statistics are defined as
∑

=

(

)E(

), r=1, 2, …….

(3.76)

These can be easily expressed as a linear combination of PWMs and for any distribution the
rth L-moment

is related to the rth PWM by
( )(

=∑

).

(3.77)

For example the first four L-moments are related to the PWMs as
= ,

(3.78)

=

- ,

=

-

=

(3.79)
,

-

(3.80)
-

(3.81)

The first L-moment is the sample mean, a measure of location. The second L-moment is a
scalar multiple of Ginis mean difference, a measure of the dispersion. By dividing the higher
order L-moments by the dispersion measure, we obtain L-moment ratios. Hosking(1990)
defined L-moment ratios as

L-skew =

= , r =3, 4, …… For example,

=

(3.82)
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L-kurtosis = =

(3.83)

These are dimensionless quantities, independent of the units of measurement of the data.
ameasure of skewness and

is

is a measure of kurtosis. The L-moment analogue of the

coefficient of variation is the L-cv which is obtained as
L-cv=

=

(3.84)

The L-moments and the L-moment ratios are useful quantities for summarizing a distribution.
Expressions for L-moments of the GLD have been given by Karvanen et al. (2002) and
Asquith(2007).
Table (3.1) :Distribution expressions for L-moments of the GLD.
L-moments
Distribution

X(P)

Theoretical
(α+β)

Uniform (α, β)

Exp(α)

Normal
(µ, σ)

(β- α)
0
0
α
⁄
⁄
⁄
µ
⁄
0

X=α+(β-α)p

X= - α

x= + σ

(p)
30
⁄

Pareto (α, K)

x=

Logistic (𝜉 ,α)

x= 𝜉 + α

Gumbel (𝜉 ,α)

X= 𝜉 -

√ -9

⁄
⁄
⁄
𝜉
α
0
⁄
𝜉+ α
α
0.1699
0.15404
( is Euler's constant)
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Numerical
Direct Using GLD
0.5
0.5
0.1667
0
0
3
1.5
0.3333
0.1667
0
0.5642
0
0.1226
0.25
0.1389
0.4286
0.2481
0
1
0
0.1667
0.5772
0.6931
0.1699
0.1504

0.1667
0
0
2.9993
1.5013
0.3313
0.1670
0
0.5638
0
0.1245
0.25
0.1389
0.4286
0.248
0
0.9986
0
0.1668
0.5775
0.6905
0.1742
0.16

By giving appropriate values of

and

corresponding to various distribution, in

equation (3.71), we can approximate the values of their PWMs and hence L-moment from
equation (3.77). The expressions for

and

of some distributions are given in

Hosking (1990) and the numerical values of them obtained by direct calculationare compared
with the values obtained from GLD and are given in Table (3.1). Uniform (0, 1), Exponential
(3), Normal (0, 1), Pareto(1, 5), Logistic (0,1) and Gumbel (0,1) are approximated
respectively by GLD (0.5, 2, 1, 1), GLD (0.02100, - 0.0003603, - 0.4072
GLD(0, 0.1975, 0.1349, 0.1349) and GLD (0, -1, 734512

- 0.001076),

-0.2), GLD (0, -0.0003637,

-0.0003630, -0.0003637) and GLD (-0.1857, 0.02107, 0.006696, 0.02326). In column 4 the
values in
and

and

rows against each distribution give the numerical values of

respectively of that distribution. The tabled values clearly justify the use of

GLD for computing the PWMs and L-moments of unimodal continuous distributions.
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3.8 Summary
In this chapter we discussed different moments of the GLD that appeared as necessasiry in the
fitting process. They are as follow:


Moments of Karian and Dudewicz approach: The GLD first four moments
(mean, variance, skewness, and kurtosis, respectively), are obtained if
min (λ3, λ4) ˂



⁄ ,

⁄ and

⁄ .

Moments of the FMKL parameterization approach: Freimer et al. (1988) developed
〈

the FMKL parameterization method, which is given by: Q(u) =

〉, and derived moments from this parameterization to obtain the finite
order moment under the condition that min (λ3, λ4) ˂


⁄ .

Moments of EXGLD: The requirement to these moments appears to cover the points
of the region 1+

1.8+ 1.7

, that unattainable through method of

moments. Thus. the Generalized Beta Distribution is obtained by starting with a beta
random variable X.


Robust moments: The requirement to these moments to fall in Region 4 and the
⁄ . This range excludes a major part of Region 4.

parameter range min(λ3, λ4)

In addition, parameter estimation based on sample moments, particulary third and
fourth moments, is highly sensitive to outliers.


PWMs and L-moments : If X is a real-valued random variable with cdf F(x) and
quantile function X(p), Greenwood et al. (1979) defined the PWMs to be the
quantities given by:
GLD (
=

}. The

= E (

PWM

of a

) family is defined as:
+

(

– β(r+1,

+1)) =

+

–∏

(

).

L-moments can be easily expressed as a linear combination of PWMs and for any
distribution the
=∑

L-moment is related to the
( )(

PWM by,

).

In chapter 4 we will discusses various methods for fitting GLD for data. Some of these
methods are based on the moments, PWMs and L-moments.
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4

Chapter 4

Estimating the Parameters of the Generalized lambda Distribution
4.1 Introduction
One of the problems involved in summarizing a set of data is to find a probability distribution
model that can fit the data well. The usual way of tacking this problem is to use a flexible
family of distributions. Families of distributions that have been constructed to cover a wide
range of distribution shapes include the Pearson system (Johnson and Kotz, 1970), the
Johnson system (Johnson, 1949), and the generalized lambda distribution (GLD) developed
by Ramberg and Schmeiser (1974). Ramberg and Schmeiser used the GLD, which is a
generalization of Tukey's lambda distribution (Tukey, 1960), to generate continuous random
variables.
Several methods for estimating the parameters of the GLD have been reported in the
literature. In this chapter, we discuss the most important methods used for this purpose.

4.2 Fitting the GLD through the Method of Moments
4.2.1 Definition
The method of moments is an estimation method for the population parameters. It was
introduced by Karl Pearson in 1894. The method of moment consists of equating the few
moments of a population to the corresponding sample moments, thus getting as many
equations are needed to solve for unknown parameter of the population. One starts with
deriving equations that relate the population moments (i.e., the expected values of powers of
the random variable under consideration) to the parameters of interest. Then a sample is
drawn and the population moments are estimated from the sample. The equations are then
solved for the parameters of interest, using the sample moments in place of the (unknown)
population moments. This results in estimates of those parameters. Thus, if a population has r
parameters, the method of moments consists of the system of
=
where,

k =1, 2, 3, ……r, for the r parameters.
is the

sample moment and

(4.1)

is the

our intention is to fit a GLD to a data set by equating
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population moment. As stated above,
1

2

3

4

to ̂1 ̂2 ̂ and ̂, the

sample statistics corresponding to
1

2

3

1

2

3

4

and solving the equations for to

which correspond to the parameters

4

…….

For a data set

.

, the sample moments corresponding to

1

2

3

4

are

denoted by, and are defined by ̂ , ̂ , ̂ and ̂ (Karian, Zaven et al., 2010).
=∑

̂ =

,

(4.2)

̂2 = ∑
̂ 3= ∑
̂ 4= ∑

̂

̂

,

(4.3)

,

(4.4)

,

(4.5)

Solving the system of equations
= ̂ for i =1, 2, 3, 4
For

(4.6)

the system is simplified somewhat by observing that A, B, C and D of (3.7)

through (3.8) in chapter 3 are free of
if

and

. Thus

depend only on

and

. Hence

can be obtained by solving the system

= ̂ 3 and

̂4

(4.7)

of two equations in the two variables

and

chapter 3 sucessively will yield

, as we shown in previous chapter. Unfortunately,

and

, then using equations (3.9) and (3.10) in

(4.6) is complex enough to prevent an exact solution, forcing us to appeal to numerical
methods to obtain approximate solutions. The values of the parameter
computed by solving the system of equation (4.6) in the region (

⁄

and

, may be

) of the (

) as

we shown in chapter 3. Algorithms for finding numerical solutions to systems of equation
such as "search" for a solution by checking if an initial set of values (

in

the case of (4.7) can be considered an approximate solution. This determination is made by
Karian and Dudewicz (2010) through checking if
Max(|

̂||

̂ |)

(4.8)
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When

. The positive numbers

represents the accuracy associated

with the approximation; if it is determined that the initial set of values does not provide a
sufficiently accurate solution, the algorithm searches for a better choice of and iterates this
process until a suitable solution is reached (i, e, one that satisfies (4.7)).
In algorithms of this type there is no assurance that the algorithm will terminate successfully
nor that greater accuracy will be attatined in successive iterations. Therefore, such searching
algorithms are designed to terminate if (4.7) is not satisfied after a fixed number of iterations.
Since it is reasonably difficult to solve the system of equations ̂ =

(i=1, ……, 4),

Dudewicz and Karian (1996) provide extensive Tables for the numerical solutions of these
equations, making it possible to obtain GLD fits either through these Tables or by direct
computation.

4.2.2 Fitting the GLD through Direct Computation
The outcome of searching algorithms (success or failure, and in the former case a particular
solution) depends on the equations themselves, the

of (4.8), the maximum number of

iterations allowed, and the initial starting point for the search. Such algorithms usually have
built –in specifications for and the maximal number of iterations, leaving the choice of the
starting point as the only real option for the user. R software include many other algorithms
for solving such a set of equations. We will discuss the use of algorithms in R software to
produce solutions to (4.6) later in chapter 5.

4.2.3 Fitting the GLD by the Use of Tables
Some readers may not have sufficient expertise in programming or adequate programming
support to use the type of analysis that was noticed in section 4.2.2. For this reason a number
of investigators have provided Tables for the estimation of

. The first of these

were given by Ramberg and Schmeiser (1974) and Dudewicz and Karian (1996) who provide
the most accurate and comprehensive Tables to data. Unless some simplifications are used,
tabulated results for determining

from ̂

̂

̂ and ̂ . To make the tabulation

manageable, we summarize this process in the GLD-M algorithm below.
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Algorithm GLD –M for fitting a GLD distribution to data by the method of moments:
GLD-M-1. Use (4.1) through (4.5), to compute ̂

̂

̂ and

̂ ;

GLD-M-2. Find the entry point in the Table of Appendix B closest to (| ̂ |
GLD-M-3. Using (| ̂ |

̂ ) from Step

GLD-M-2 extrat

(0, 1),

GLD-M-4. If ̂

0, interchange

GLD-M-5. Compute

̂ );

=

(0, 1),

, and from the Table ;
and

(0, 1)√ ̂

and change the sign of
̂ and,

=

(0, 1)

(0, 1)/ √ ̂ .

Example : to illustrate the use of Alogrithm GLD-M and the Table Appendix B, suppose that
̂

̂

̂ and ̂

have been computed to have values

̂ = 2, ̂ = 3, ̂ = -√

and ̂ =2.

Note that ̂ has been taken to be the same as ̂ , and ̂ has been taken to be the negative of
step GLD-M-1 is taken care of since ̂
For step GLD-M-2, we observe that

̂

̂ and ̂

is given.

̂ = -0.15811 ; hence, the closest point to (| ̂ |

̂ ) in

the Table of appendix B is (0.15, 2.0), giving us
(0, 1) = -1.3231,

(0, 1) = 0.2934,

= 0.03145 and

=0.7203.

The instructions on the use of the Table in appendix B indicate that a superscript of b in a
Table entry designates a factor of
value of 0.31454
Since

. In this case an entry of 0.31451 for

= 0.03145.

, step GLD-M-4 readjusts these to

(0, 1) = 1.3231,

(0, 1) = 0.2934,

= 0.7203,

With the computation in, step GLD-M-5 we get
= 4.2917,

= 0.1694,

=0.7203,
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=0.03145.

indicates a

4.3 Fitting the GLD through Least Squares Method
Instead of matching moments,

and Dale (1985) minimized the total squared differences

between the original distribution and the expected values of order statistics implied by the GLD, some
suggestions concerning GLD appeared in literature, namely that GLDS is not suitable for description
of the asymmetrical distributions. This is due to the fact that the shape parameter determines also
skewness, so there should be rather three linear parameters determining position, scale, and skewness
together with two parameters determining the shapes of the two tails.

The least squares method for computing the parameters of the GLD be described by
and Dale, (1985) as follows :
Let

, i=1, ……, n denote the ith order statistics of the data which is to be represented by the

quantile function Q(u) and let

i=1, ….., n denote the order statistic of the corresponding

uniformly distributed random variable F(x).
Definition: Order statistics:
, ………,

Let

function CDF, and

, denote a random sample of size n from a cumulative distribution
are the

arranged in order of increasing magnitudes and defined as the

order statistics corresponding to the random sample

, …,

.

The least squares method finds the values of λ for which the differences between the observed
and the predicted order statistics are as small as possible, Thus, it minimizes the function
G(λ)= ∑

*

+

(4.9)

Where:
=

(E(

) -1) –

[E

The formula for computing E (
E(

E(

-1]

(4.10)

and E

are (Mykytka and Ramberg 1979).

=

(4.11)

) =

(4.12)
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Then, we minimalize the function with the help of Nelder-Mead method (Olsson & Nelson
(1975)).
Note that the function to be minimized in equation (4.9) depends on all four parameters. To
avoid solving a computationally demanding minimization problem in four –dimensional
space, (

) are decoupled from (

assume that

and,

values for

and

compute

and,

) as in the moment -matching method. We first

are constant and solve the minimization problem for

and

, once obtained, are substituted into the minimization function and then
.

We adopt this strategy based on the observation that the expression for G(λ) has
in linear form, whereas
respect to
=

. The

and

and

and

is

appear in nonlinear form. Thus differentiating G(λ) with

and setting the resulting function equal to zero, we obtain.

-

(4.13)

=

(4.14)

where

and

denote the mean of sample data and the quantities

regression coefficient
=

, respectively, and the

is given by

∑

(4.15)

∑

Inserting equations (4.13), (4.14) and (4.15) in equation (4.9), we obtain, after some
rearrangement of terms,
G(
where

) = (1-

∑

(4.16)

is the correlation coefficient between the quantities

minimize G(λ) we need to maximize the quantity

(

and

. Thus, in order to

) or, equivalently, minimize the

function
H(

) =-

Once

and

(4.17)
have been obtained by minimizing equation (4.17), they can be inserted into

equations (4.13), (4.14) and (4.15) in order to compute
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and

. Befor leaving this section,

we again emphasize that maximizing the square of the correlation coefficient does not
guarantee that the estimated parameters will yield a distribution that closely matches the
empirical distribution of the sample data.

4.4 Fitting the GLD through the Method of L-moments
4.4.1 Introduction
Hosking (1990) defined the L-moments as a linear combination of expectations of order
statistics. They are useful in fitting distributions because they specify location, scale, and
shape (symmetry and kurtosis) attributes like ordinary moments do. An advantage of Lmoments is that they exist whenever the underluing random variable has a finite mean,
enabling the use of L-moments when ordinary moments are not available.
A difficulty in fitting a GLD through the method of moments is the complexity of the
equations that need to be solved to determine the GLD parameters. Here too, the use of Lmoments provides an advantage since the equations associated with the determination of the
GLD parameters, although not trivial, are simpler than the ones associated with fitting a GLD
through moments.
The parameters of the GLD can be estimated by method of L-moments (Karvanen et al., 2002
and Asquith, 2007). Method of L-moments can be used independently or together with other
estimation methods (Karvanen & Nuutinen, 2008), analogously to what was done in Su
(2007), Fournier et al. (2007) and Lakhany & Mausser (2000) with numerical maximum
likelihood, with method of moments, method of percentiles (Karian & Dudewicz, 1999), with
the least square method ( zt r

& Dale, 1985) and with the starship method (King &

MacGillivray, 1999).

4.4.2 Boundaries of the L-moment ratios of the GLD
This is for not symmetric case (
(

), that is the general case, for the symmmetric case

= ), you can return to Karvanen, Juha (2008).

In the general case it is difficult to derive analytical closed forms results and therefore we
resort to numerical methods. However, because the L-moments of the GLD are available in
closed form, we may choose a straightforward approach and calculate the values of
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and

for a large numbers of (

) pairs. Naturally, the values of (

) need to be chosen in

such a way that the essential properties of the GLD are revealed. In region 4 (see Fig. 2.2 at
page 14), we use a grid of one million points where both
interval [-1+

and

0] and

are equally spaced in the

]. In region 3 we use an unequally spaced grid of 4104676 points.

The grid is dense near the origin (
(

and

have maximum

and

have minimum

). In region 5,

) and sparse for large values

is equally spaced in the interval [-1+

,

is unequally spaced starting from -1. The grid contains 1362429 valid points. The

calculations thus result in alarge number of (

) pairs. The results for Region 6 can be

obtained from the results for region 5 by swapping
boundaries of the GLD in the (

and

. The problem is to find the

) space on the basis of these data. Let (

image of the grid point (

[j]) and,

[i],

[j]) be the

[j]), where i and j are the grid indexes. If the point (

[j]) is not located inside the polygon defined by points ( [i-1],
( [i+1],

[i],

[j]),

[i],

[j],

[j+1]),

[j-1]) it is considered to be a potential boundary point. The

images of the points that are located on the boundary of the grid in the (
potential boundary points in the

are also

) space. The actual boundaries are found combining the

potential boundaries and finally it is checked that all

) pairs are located inside the

boundaries. The calculations are made using R (R development Core Team, 2006) and the
contributed R pacckages pbsmapping (Schnute et al., 2006) and gld (King, 2006) are utilized.
The boundaries are shown in Figure (4.1). It can be seen that region 3 covers most of the
) space; only the smallest values of

are unattainable (Karvanen and Nuutinen, 2008).

Region 4 largely overlaps with region 3 but cannot achieve

smaller than ⁄ (as it is

obvious in Figure (4.1). Region 5 and its counterpart, region 6, cover a rather small area of
the

) space.
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(a) Region 3

(b) Region 4

(c) Region 5

(d) Region 6

Figure (4.1) : Boundaries of the GLD in the (

) space (research by Karvanen, Juha

(2008)).
The shading in Figure (4.1) shows the values of L-skewness and L-kurtosis that are
achievable by the GLD. The outer limits present the boundaries for all distributions. Figure
(4.2) shows the (

) area where there exist GLD members from region 3, 4 and 5, or from

region 3, 4 and 6.
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Figure (4.2) : The (

) area where there exist GLD members from region 3, 4 and

5 (negative L-skewness), or from region 3, 4 and 6 (positive L-skewness) (research by
Karvanen, Juha (2008)).

(a) From Region 3

(b) From Regions 4 and 6

Figure (4.3): Pdfs of four GLDs with

= 0.4 and

=0.25. The parameters of the

distributions are presented in Table (4.1) (research by Karvanen, Juha (2008)).
Figure (4.2) shows the

) area where there exist GLD members from regions 3, 4 and 5,

or from regions 3, 4 and 6. To illustrate these distributions we fix

=0,

=1,

=0.4 and

=

0.25 and seek for the solutions in region 3,4 and 6 (Karvanen and Nuutinen, 2008). Table
(4.1) and Figure (4.3) represent the four distributions that are found. Although the first four
L-moments of the distributions are the same, the differences of the pdfs are clearly visible.
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Distribution (3-a) has bounded domain with sharp left limit. Distribution (3-b) is also bounded
but characterized by the high peak. Distribution (4) has unbounded domain but is otherwise
almost similar to distribution (3). Distribution (6) is bounded from the left and characterized
by a minor "peak' around x=2.

(a) Contours of L-skewness

(c) Contours of L-skewness
Figure (4.4): Contours of

and

(b) Contours of L-kurtosis

(zoomed)

(d) Contours of L-kurtosis (zoomed)

in region 3.

In Figure (4.4) the shading indicates negative values of
Dudewicz, E., (2010)).
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of

and

(Karian, Z. and

.
(a) Contours of L-skewness
Figure (4.5): Contours of

and

(b) Contours of L-kurtosis

in region 4.

In Figure. (4.5) the shading indicates negative values of

(Karian, Z. and Dudewicz, E.,

(2010)).

(a) Contours of L-skewness
Figure (4.6): Contours of

and

(b) Contours of L-kurtosis

in region 6 (research by Karvanen, Juha (2008)).
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Table (4.1): Four different GLD members with

=0,

=1,

=0.4 and

=0.25 .

Region
3(a)

5.322

0.138

21.526

0.286

0.163

0.103

3(b)

-1.162

0.124

5.417

92.608

-0.029

0.067

4

-1.62

-0.157

-0.014

-0.212

0.158

0.121

6

-7.04

-0.194

11.905

-0.306

0.204

0.180

(This Table is taken of research by Karvanen, Juha(2008))

The contours of

and

in different GLD regions are shown in Figures (4.4), (4.5) and

(4.6). In region 3 the contours are rather complicated. From Figure (4.4) (a) and (4.4 )(c) it
can be seen that there are three separate areas where
that besides the line, there are two curves where

has negative values. It is also seen

= 0.Naturally, the distributions defined by

the curves are not symmetric ; they just have zero L-moment.

4.4.3 Description of the method of L-moments
To fit a GLD distribution thrrough the method of L-moments to data, we need to obtain the Lmoments of the data, determine the values of ̂

and ̂ , set these equal to the GLD

(which, as noted earlier, are functions of only

and

and

. Once

and

are determined,

and

) and solve the resulting equations for

can be obtained from (3.79), at p. (47) and,

eventually, can be computed from (3.78). In a manner analogous to the definition of

,

….. in equation (3.77) in chapter (3), Karvanen and Nuutinen (2008) defined the L-moments
of a sample, by first taking the order statistics of the sample :

=∑

where

for i= 2, 3, …
(

=

=( ) ∑

)(

(4.18)
).

, for j= 0, 1, ……., n-1.

If we let ̂ =

⁄

and ̂ =

and then

, ….. by,

determining the sample L-moments,
= ̅

….

(4.19)

⁄ , then the main task in estimating the GLD parameters

, is obtaining solutions of the system of equations
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= ̂ ,
For

= ̂

and

(4.20)

(as noted above, once this is done,

and

can be determined easily).

Algorithm GLD-L : Fitting GLD distributions to data through L-moments: (Karian and
Dudewicz, 2010).
1. GLD-L. Use (3.77) in chapter 3 , (4.18) and (4.19) to compute,
̂ =

and ̂ =

⁄

and then

⁄ ;

2. GLD-L. Use Figure (4.7) below to determine which Tables of Appendix B to use and
for each such Table, execute the following three steps ;
3.GLD-L. Find the closest entry to (| ̂ | ̂ ) in the Table and extract the values of A, B,
and,

from that Table ;

4.GLD-L. If ̂

then exchange
= ⁄

5.GLD-L. Set

and then set

and,
=

;
- ⁄ .

Example : to illustrate the use of Algorithm GLD-L, we consider the fit by assuming that we
have
=0,

=1,

=0.1,

=0.01.

From the first step of algorithm GLD-L we have ( ̂ , ̂ ) = (0.1, 0.01) and Figure (4.7)
indicates that potentially, Tables B-1 through B-4 may provide solutions (Karian and
Dudewicz, 2010). Consulting Table B-1 we see that there is no solution in this case. However,
Tables B-2, B-3, and B-4 each provide, in that order,

The (

(A, B,

) = (0.1950, -0.5177, 1.3051, 0.0510)

(A, B,

) =(0.3157, -0.2083, 1.3979, 0.5992)

(A, B,

) = (0.3265, -0.1560, 2.7138, 1.3513)

) values are certainly close to the observations that we made from Figure (4.8).

Executing the last step of Algorithm GLD-L, we can now determine all of the GLD
parameters associated with the given

to get :
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(

) = (2.6549, 0.1950, 1.3051, 0.0510),

(

) = (0.6598, 0.3157, 1.3979, 0.5992),

(

) = (0.4778, 0.3265, 2.7138, 1.3513).

Figure (4.7): Table choices for various (

) combinations (Dudewicz, E., Karian,

Z.(2010)).

Figure (4.8): Contours for

=0.1 (thick curves) and

Z. (2010)).
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=0.01(Dudewicz, E., Karian,

4.5 Fitting the GLD through the Percentiles Method
4.5.1 Introduction
The concept and name "percentile" (also, "quartile" and "decile") are due to Galton (1875),
who in his 1875 paper proposed to characterize a distribution by its location (median), and its
dispersion (half the interquartile ranger) and it fits a GLD (

) distribution to a

given dataset by specifying four percentile-based sample statistics and equating them to their
corresponding GLD (
(

) statistics. The resulting equations are then solved for

) with the constraint that the resulting GLD be a valid distribution. To make the

percentile approach an acceptable alternative to the method of moments and to provide the
necessary computational support for the use of percentile-based fits, Karian and Dudewicz
(2000) gave extensive Tables for estimating the parameters of the fitted GLD (

)

distribution. These Tables are reproduced in Appendix B. Karian and Dudewicz (2003) report
that the method of percentiles gives superior fits compared to method of moments. They also
study method of L-moments in some of their examples where the overall performance looks
comparable to the overall performance of the percentile method.Method of percentiles and
method of L-moments are related in sense that they both are based on order statistics.There
are, however, some differencess : L-moments are linear combinations of all order statistics
whereas method of percentile uses only a limited number of order statistics. Fournier et
al.(2007) study the choice of the order statistics for the percentile method and conclude that
there is no trivial rule for choosing them.
There are advantages to the use of percentiles: There is a large class of GLD (

)

distributions that have fewer than four moments and these distributions are excluded from
consideration when one uses parameter estimation methods that require moments. On the
occasions when moments do not exist or may be out of Table range, percentiles can still be
used to estimate parameters and obtain GLD (

) fits, the equations associated with

the percentile method that we will consider are simpler and the computational techniques
required for solving them provide greater accuracy. The relatively large variability of sample
moments of oders 3 and 4 can make it difficult to obtain accurate GLD (
through the method of moments.
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) fits

4.5.2 The Use of Percentiles
, …..,

For a given sample of independent observation,

, let ̂ denote the (100p)th

percentile of the data. Karian and Dudewicz (2010) estimated ̂ by first writing (n+1)p as r +
, where r is a positive integer and is a proper fraction, possibly zero. If
order statistics of the observations,
̂ =

+ (

, ….,

, ….,

are the

then ̂ can be obtained from

- )

(4.21)

Where

are the order statistics.

This definition of the (100p)th data percentile differs from the usual definition. Consider, for
example, p=0.5 where the sample median is usually defines as
= ,

if n=2k

For some integer k and
=

,

if n= 2k+1

For some integer k. By contrast, the sample quantile of order 0.5 is usually defined as
=

where [0.5n] denotes the largest integer less than [0.5n]. Since the sample

quantile can be defined as a function of a single order statistic, it is mathematically somewhat
simpler.
The sample statistics that we will use are defined by:
̂ =̂

(4.22)

̂

=̂

̂

=̂

̂

=

-̂

̂

(4.23)

̂

(4.24)

̂

̂

̂

(4.25)

̂
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where u is an arbitrary number between 0 and 1. Karian and Dudewicz (2010), these statistics
have the following interpretations (where for the ease of discussion we momentarialy assume
u=0.1). ̂ is the sample median ; ̂ is the inter-decile range, i.e., the range between the 10th
percentile and 90th percentile; ̂

is the left – right tail-weight ratio, a measure of relative tail

weights of the left tail to the right tail (distance from median to the 10th percentile in the
numerator and distance from 90 percentile to the median in the denominator); ̂ is the tailweight factor or the ratio of the inter-quartile range to the interdecile range, which cannot
exceed 1 and measures the tail weight (values that are close to 1 indicate the distribution is
not greatly spread out in its tails, while values close to 0 indicate the distribution has long
tails). In the case of N(
̂ =µ, ̂ = 2.56 σ,

) the normal distribution with mean
̂ =1,

̂ =

and variance

, we have

= 0.53

This indicates, respectively, that the median of N (

), is the middle 80 of the probability is

in the range of about two – and- a-half standard deviations from the median, left and right tail
weights are equal, and the inter-quartile range is 53 of the inter-decile range. From the
definition of the GLD

inverse distribution function, GLD counterparts of

̂ ̂ ̂ ̂ as

ρ = Q( =

+

(4.26)

ρ =Q(1-u) –Q(u) =

ρ =

ρ =

( )

( )

(4.27)

=

(4.28)

=

(4.29)

The following are direct consequences of the definitions of ρ ρ ρ ρ : Since

may assume

any real value, we can see from (4.26) that this is also true for

, we have

1-u and from (4.27) we see that ρ
both positive; therefore ρ

. Since 0

u

0. The numerator and denominator of

in (4.28) are

0. In (4.29), because of the restriction on u, the denominator of
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ρ must be greater than or equal to its numerator, confining ρ to the unit interval (Karian and

Dudewicz, 2010).
In summmary, the definitions of ρ ρ ρ ρ lead to the restrictions:
ρ

, ρ

, ρ

ρ

The fitting of a GLD (

(4.30)
, …..,

) to a given data set

is done by solving the

system of equations
̂=ρ

(i= 1, 2, 3, 4)

(4.31)

.The definitions of ̂ ̂ ̂ ̂ in (4.22) through (4.25) may have seemed

For

strange or arbitrary to this point. However, we now observe the main advantage of these
definitions. The subsystem ̂ = ρ and, ̂
solve this subsystem for

=

and

=ρ involves only

, then substitutes

and

and

, allowing us to first

in ̂ =ρ to obtain

from

(4.32)

̂

And finally, using the values of

and

in ̂

= ρ to obtain

from

=̂ +

(4.33)

As we consider solving the system ̂ = ρ and ̂ = , it becomes necessary to give u a
specific value. For particular u we must have (n+1)u

1 to be able to compute ̂

̂ and

eventually ̂ ̂ . If u is too small, say u= 0.01, then our method will be restricted to large
samples (n

99 for the u =0.01 case).

There is no analytic solution to the subsystem ̂ =

̂ = , and so the first step consists in

minimizing a function of two variable (u is a fixed parameter) such that
̂

+ ̂

And then one can estimate

(u,

) =

(4.34)
and

with equation 4.32 , equation 4.33. So what is required

is the minimization of a highly non-linear bivariate function with several local minimam.An
initial estimate of the parameters is rwquired.Currently, these initial estimates are obtained by
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several methods such as, using tabulated values (Ramberg et al. 1979, Karian and Dudewicz
2010) and others.Morever, a goodness –of-fit test is typically performed to establish the
validity of the resulting estimates as suggested in Lakhany and Mausser (2000).Additionally,
even though the choice of the starting values can automated thanks to tabulated results, such a
procedure cannot cover the whole range of possible cases.Estimation the initial values in an
acceptable estimate of the parameters, but not necessarily the values that provide the best
fit.Morever, compared to the estimates that provide the best fit, bias and standard errors can
be relatively high.

4.5.3 Estimation of GLD Parameters through a Method of Percentiles
As was the case with the equations of Chapter 3, ̂ =

and ̂ = , cannot be solved in closed

form. We use an algorithm of Karian and Dudewicz (2010) to obtain approximate solutions to
these equations. In this case the equations are simpler and good approximations with
Max( |

̂ ||

̂ |)

are generally obtained within 3 or 4 iterations.
Solutions for a given ( ̂ ̂ ) can be found in various regions of (
the precise values of

and

) space. Depending on

as many as four solutions may exist in just one region. With

the availability of the Tables of Appendix A, the algorithm below shows how to obtain
numerical values of

and for a GLD fit.

Algorithm GLD-P : Fitting a GLD distribution to data using percentile method:
GLD-P-1. Use (4.22) through (4.25) at p.66 to compute ̂ ̂ ̂ and ̂ and
GLD-P-2. Find the entry point in one or more of the Tables of Appendix A closest to
( ̂ ̂ ) ; if ̂

, use (̂

̂

instead of ( ̂ ̂ ).

GLD-P-3.Using the entry point from step GLD-P-2, extract ̂
interchange

and

̂ , if ̂

.

GLD-P-4. Substitute ̂ for

and ̂ for

GLD-P-5. Substitute ̂ for

̂ for

in (4.27) to determine ̂ .

and ̂ for
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(4.26) to obtain ̂ .

,

The Tables of Appendix A can be used to obtain reasonable starting points for a search that
ultimately is likely to estimate

and

more accurately.

For example see Karian and Dudewicz (2010) at page184.

4.6 A New Combined Method.
A new method of estimating the parameters of a GLD has been proposed that is based on the
minimization of the Kolmogorov-Smirnov distance in a two-dimension space.
The new approach provides a quick and completely automated estimate of the GLD
parameters and it reduced the computational time. Based partly on the usual percentile
method.
In essence there are two types of estimation strategies when dealing with a GLD. The first
strategy estimates the parameters with something like the method of moments or the
percentile method, then checks the performance of the results using a goodness-of-fit test.
This results in a quick estimate of the parameters but it is possible that the goodness-of-fit test
will reject the goodness-of-fit hypothesis. The second strategy uses a goodness-of-fit
criterion. More precisely, the strategy is to find the set of parameters (
the lowest of a criterion such as the Kolomogorov-Smirnov estimator

) that give
(Fournier et al.

(2006)) and defined as
=

| ̂

|.

where D(the domain of the pdf of the GLD) and F (cumulative distribution function of the
GLD) have the same definitions as in section 2.2 in chapter 2, and ̂ is the empirical
distribution function (edf) and n is the sample size. However, this approach requires
expensive computation times, particularly when the sample size is large. In order to deal with
this problem, Fournier et al. (2006) resorted to a new method that combines the two types of
estimation methods just described.
Briefly, to reduce execution time, rather than minimizing

as a function of four

parameters, minimization is performed on a two-dimensional grid only. More precisely, the
(

) space is discretized by a 2D square N N couples of values. Therefore, one must

define the support [

] [

] and the steps of the grid. Many techniques
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exist to optimize the grid in order to minimize the computation time, but they require a certain
amount of a priori knowledge about the GLD. King and MacGillivray (1999) present some
guidelines to build such an efficient grid. Nonetheless, the values of
sufficient to calculate
(

: a set of (

and

are not

) parameters must be associated with each set of the

) parameters of the grid. The strategy here, to avoid a distcretuzation of a full 4D space,

only one pair of (

) parameters will be associated with each point of the grid, taking

advatage of equstions (4.32) and (4.33), at page 68. As detailed above, these equations give,
respectively, the values of

as the solutions of ̂ =ρ and ̂ =ρ .

and

For each point (i, j) of the grid,
with parameters ( (I, j),

is calculated between the empirical data and the GLD

(i, j),

(i, j),

(i, j). The minimal value of

is determined

over the whole grid and then a simplex is started from the grid point where this minimal value
occurs (see Olsson, D. M. & Nelson, L. S. (1975)). This minimization method is used because
it does not require the computation of complex derivatives and also to ensures some
consistency with the work done by Ramberg et al. (1979) and Dale (1985). Figure (4.9)
below presents the response surface obtained for a series of

standard Gaussian values.

Notice that the surface is very smooth and that in this particular case, there is apparently a
unique minimum in the range of (

) values tested. In chapter 2 at page 15, several

considerations limit the range of admissible values of the GLD parameters. An additional
issue is that the support of a GLD can be either bounded (it is defined on a finite support [a, b]
R) or unbounded (it is defined on R). Each case corresponds to different domains of
(

) values as pointed out in Table (2.1) in chapter2 at page 16. Here, if a bounded version

is specified, the algorithm is restricted to explore only the values of

and

corresponding

to a bounded GLD, which, from Table (2.1( in chapter 2, leads to the conditions

0 and

. Morever, to ensure that the modeling will be defined at least on all the empirical data
(of the data set S) the two following conditions are imposed:
-

min(S),

+

max (S).A flowchart of the proposed estimation method is shown

in Figure(4.10). It should be noted that these new estimators minimize

given that the first

two equations (4.31), at page.68 of the percentile method are satisfied. However, the resulting
estimate is not necessarily optimal in terms of minimizing the Kolmogorov-Smirnov distance
because the explored values of

and

are constrained by the first two equations of system

(4.31). But the several simulations, showed that in all cases, the values of the four parameters
were only slightly different, and the differences never exceeded 2% in the case of the 4D
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method. Additionally, when plotting the two GLD distributions obtained both by a 2D and a
4D minimization, no visible difference was seen. Therefore, these two methods appear to lead
to very comparable GLDs, but the new 2D method is faster (for more see Fournier et al.,
(2006)).

Figure (4.9): Values of the

distance in the (

standard gaussian data (Fournier et al., (2006)).
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) space obtained for the modeling of

)(𝜆 𝜆 ) grid :(𝜆

𝑚𝑖𝑛

𝜆

𝑚𝑖𝑛

𝜆

𝑚𝑎𝑥

𝜆

𝑚𝑎𝑥

, step

Computation of the ( 𝜆 𝑖𝑗 𝜆 𝑖𝑗 ) parameters associated to each
.point ( 𝜆 𝑖𝑗 𝜆 𝑖𝑗 ) thanks to equations 4.33 and 4.34

Computation of the minimum value of the 𝐸𝐾𝑆 Surface.

Computation of the 𝐸𝐾𝑆 estimator at each grid point

Start of a steepest descent algorithm (simplex) from this minimum value.Stops
when 𝐸𝐾𝑆
or after
iterations.

Estimates of (𝜆 𝜆 𝜆 𝜆 ) with 𝜌̂ = 𝜌 .

Figure (4.10): Flowchart illustrating the algorithm proposed for the new method of
calculation of the GLD parameters.(Fournier et al., (2006)).

4.7 The Histogram Approaches :
The histogram approach is very appealing and simple (Chalabi et al., 2012). The empirical
data are binned in a histogram and the resulting probabilities at the midpoints of the histogram
bins are fitted to the true GLD density. This approach was considerd by Su (2005) for the
GLD. The central question is then how many bins should we use to obtain the best fit?
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Chalabi et al. (2012) investigated three different methods to estimate the number of bins. Let
n denote the sample size and

the number of bins for that sample size.

Sturges Break : Due to Sturges (1926), this is the default method used in many software
programs to calculate the number of histogram bins. Sturges' formula computes bin sizes from
the range of the data and can perform quite poorly if the sample size is small, (n less than 30).
For this method
=⌈

⌉.

The brackets represent the ceiling function, which indicates that

will be rounded up to the

next integer value.
Scott Breaks: Scotts (1979) choice is derived from the normal distribution and relies on the
estimate of the standard error. This is a more flexible approach compared to the fixed number
of bins used by Sturges. The number of bins is calculated from the formula
⁄

h=3.49 ̂
=⌈

⌉.

When all observations are equal, h=0, and we take

= 1.

Freedman and Diaconis Breaks: The Freedman and Diaconis (1981) choice is a robust
selection method based on the range and the inter-quartile range of the data. The optimal
number of bins can be computed as
h=
=⌈

⁄

⌉

If the IQR is zero, then the median absolute deviation is used for h.
The Sturges breaks do not use any information concerning the form of the underlying
distribution and the histogram bins are often far from optimally chosen. The Scott approach
relies on the distribution being shaped like a normal distribution and thus for the GLD we can
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expect histogram bins which are not optimally chosen with respect to the tails. The FreedmanDiaconis approach seems to be the most promising one to create histograms from random
variates drawn from the heavy tailed GLD, since it is a robust method based on the interquartile range. We will apply this method by R and software in chapter 5.

4.8 The Maximum Likelihood Estimation Method
The maximum log-likelihood method was introduced by Fisher (1922). For a more recent
review, refer to Aldrich (1997). The procedures of this method as:
The likelihood function is:
=∏

(4.35)

The log likelihood function is
log = n.log

–∑

(4.36)

where:
= Q ( )=

+

(

RS parameterization of GLD (
and 𝜃= (

(y) where 0 ≤ y ≤ 1 for

, such that Q ( ) denoted as

(4.37)

). Based on log likelihood function, the MLEs of the parameters are

obtained from the following equations:

∑
–

∑

=

∑

(

)
(

(

)

∑

77

)

We set all the above nonlinear equations to be 0 and obtain the estimates of all the
parameters,where y_i's are obtained froma equation (4.37)
Similarly,

–

(y) = =

.
=∏

The likelihood function is:

The log likelihood function is :

= n.log

=∑

–∑

.

To fit a single GLD to a data set, we will use the R package GLDEX developed by Su (2007)
to obtain the estimates for

ˋs. We will apply this method in chapter 5.

4.9 The Starship Method
The starship method proposed by King and MacGillivray (1999) directly addresses the issue
of fit quality in the sense that it evaluates candidate parameters values by means of a
goodness–of-fit test. In its simplest form, the method can be described as follows:
Step I: Select a region in four-dimensional space that covers the range of the four
parameters appropriately.
Setp II: On the region selected in Step I, overlay a four- dimensional rectangular grid.
Step III: Evaluate the grid points created in Step II by performing a goodness-of-fit test
on the corresponding distributions. Once the test is satisfied, stop; otherwise, continue
with the next point in the grid (alternatively, one can examine all grid points and select
the one with the best goodness-of-fit measure).
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Thus, instead of minimizing a (two-dimensional) function of and in order to match certain
characteristics of the sample data, the starship method conducts a four-dimensional grid
search. There is only one stopping criterion, which is based on the outcome of a goodness-offit test.
Although the starship method is very flexible, covers a wider range for the parameters and is
guaranteed to fit well (because of the goodness-of-fit test included in the algorithm), it is also
time consuming as the search is performed in four-dimensional, rather than two-dimensional
space. Note that it is possible to reduce this time somewhat by carefully selecting the range
over which the four-dimensional grid is created and then adaptively remeshing the grid based
on the previous results.

4.10 Quantile Matching Method
As described by Su (2010), the quantile matching method consists of finding the parameter
values that minimize the difference between the theoretical and sample quantiles. This
approach is especially interesting for the GLD, since the distribution is defined by a quantile
function.
Consider an indexed set of probabilities p as a sequence of value in the range 0 < <1.
The quantile matching estimator is defined for a cumulative probability distribution F with a
set of parameters 𝜃 the quantile matching estimator yield the parameter values
𝜃̂= arg

∑

|𝜃

Where n is the cardinality of p,

,
|𝜃 is the quantile function and Q the sample quantile

function.

4.11 Trimmed L-Moments Method
A drawback of using moment matching to fit a distribution, is that sample moment estimators
are sensitive to outliers. To circumvent this issue, the L-moments have been defined as linear
combinations of the ordered data values. The method of L-moments is to find the distribution
parameter values that minimize the difference between the sample L-moments and the
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theoretical ones. Elamir and Seheult (2003) introduced the trimmed L-moments, a robust
extension of the L-moments.

,….,

TL(r,

of a random sample X of size n with trimming parameters
)= ∑

(

) E [r+

and

, are defined as:

-k, r+ + ], where:

(4.38)

∫

E[i, r] =

Q is the quantile function of the distribution. Note that when

=

=0, this reduces the

definition of the standard L-moment. The concept behind the trimmed L-moments is to extend
the sample size by

+

and trim the

smallest and

largest order statistics. Downton

1966 introduced an unbiased estimator of the expectation of the order statistics
̂ (i, r) =

( )

∑

(

) (

)

(4.39)

Which can be used to estimate the sample’s rth trimmed L-moment in equation (4.38). The
derivation of the trimmed L-moments for the GLD is cumbersome. Asquith (2007) calculated
them for the RS parameterization .

4.12 Maximum Product of Spacing Estimation (MPS)
The maximum likelihood method may break down in certain circumstances. An example of
this is when the support depends upon the parameters to be estimated (see Cheng and Amin
(1983)). Under such circumstances, the maximum product of spacing estimation (MPS),
introduced separtely by Cheng and Amin (1983), Ranneby (1984) may be more successful.
This method is derived from the probability integral transform, wherein the random variates
of any continuous distribution can be transformed to variables of a uniform distribution.
The parameter estimates are the values that making the spacing between the cumulative
distribution functions of the random variates equal. This condition is equivalent to
maximizing the geometric means of the probability spacings.

08

, ….,

Consider the order statistics, {

}, of the observations {

, …….,

},

and compute their spacings or gaps at adjacent points,
= F(
Where F(

) - F(

),

) = 0 and F(

) =1. The estimate of the maximum product of spacing

becomes:
̂ = arg

∑

The maximizing solution can be found numerically with a non-linear optimizer.
Note that the concept underlying the MPS method is similar to that of the starship method
uses the Anderson-Darling test to find the parameters that make the spacings closest to a
uniform distribution.

4.13 Goodness-of-fit Approaches
To test the goodness-of-fit of acontinuous cumulative distribution function to a set of data,
statistics based on the empirical distribution function can be used. Examples of these are the
Kolmogorov-Smirnov, Cramѐr-von Mises and Anderson-Darling statistics.
These statistics are measures of the difference between the hypothetical GLD distribution and
the empirical distribution.
To use these statistics as parameter estimators, they are minimized with respect to the
unknown parameters of the distribution. It is known from the generalized Pareto distribution,
that these approaches are able to successfully estimate the parameters even when the
maximum likelihood method fails. This is shown by Luceño (2006).
The following discussions consider a random sample of n iid observations, {
with the order statistics of the sample denoted by {
corresponding probability of the event

.
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, …….,

}, and write

, …….,
=F(

},
) the

4.13.1 The Kolmogorov-Smirnov Statistic
The Kolmogorov-Smirnov statistic measures the maximum distance between the empirical
cumulative distribution function and the theoretical probabilities
=

|

;

|,

̂

|

⁄

|

Minimizing this leads to the optimization of a discontinuous objective function.

4.13.2 The Cramѐr-von Mises Statistic
The Cramѐr-von Mises statistic uses mean-squared differences,there by leading to a
continuous objective funnction for parameter optimization:
∫

̂

⁄

∑(

)

4.13.3 The Anderson-Darling Statistic
The Anderson-Darling statistic is a tail-weighted statistic.It gives more weight to the tails and
less weight to the center of the distribution.
This makes the Anderson-Darling statistic an interesting candidate for estimating parameters
of the heavy-tailed GLD.It is defined as:
∫
Where its sample estimator is:
̂ = -n - ∑

.
28

4.14 Discretized Approach
In the discretized approach, the sample data is sorted in ascending order and divided into
evenly spaced classes with bin edges that span the data set.Then the proportion of the sample
in each class is calculated.
Table (4.2) shows four classes, with the proportion of the data set belonging to each class
shown in the second row. Su (2007) introduced the minimizing of the quantity under
discretized approach, as we show in (4.40) or (4.41) below.
Table (4.2)∶ Four classes with the proportion of the data set to each class (this table from
research by Chalabi et al.(2012)).
Classes

[1.5, 2)

[ 2, 2.5)

[ 2.5, 3)

[3, 3.5]

sum

Proportion of Data

0.1

0.6

0.2

0.1

1

For i=1,2,3,… classes,the proportion of data in each class is defined as

and the proportion

of data from the GLD is .
∑

(4.40)

Equation 4.40 is the weighted squared deviation of the theoretical proportions with the
empirical proprtions. This weighted scheme forces data with higher proportions to be given
priority in the minimization scheme and this tends to accentuate the peak and suppress the
tails of the empirical data. The weighting factor can be removed resulting in equation 4.41.
∑

(4.41)

The number of classes that best matches the mean and variance of the actual data set in
tewrms of minimum squared error. Using the mid point between the boundaries in each class,
it is possible to choose a different number of classes as described by Scott (1979) or
Freedman and Diaconis (1981) for plotting histograms. The smoothing effect of the
discretized method comes from the fact that different choices of k can give different GLD fits,
providing a range of different distributions for the same data set.
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4.15 Summary
In the fourth chapter has been discussed the most important methods for estimating the
parameters of the GLD both:


Fitting the GLD through the method of moment by solving the system of equations
= ̂ for i =1, 2, 3, 4.
Because of difficultl to solve the previous system, Karian and Dudewicz provide
extensive Tables for the numerical solutions of these equations, making it possible to
obtain GLD fits either through Tables or by direct computation using R packages and
software.



Fitting the GLD through the least squares method that finds the values of λ for which the
differences between the observed and the predicted order statistics are as small as
possible by minimizing the function.
G(λ)= ∑



*

–

–

+ using Nelder-Mea

method.

Fitting the GLD through method of L-moment represents by the following procedures
through specified Tables using algorithms or by R packages and software :
-

Take the order statistics of the sample and then determine the sample L-moment by
= ̅

=∑

-

Let ̂ =

⁄

-

Solve the system

and ̂ =
= ̂

⁄
= ̂ for

.

can be determined

easily.
The requirement to this method appears when the ordinary moments are not exist and the
advantages of it represent in its equations are simpler than the method of moment, also it
may be used independently or with other methods.



Fitting the GLD through the percentile method represents in equating the four
percentiles-based on sample statistics to corresponding GLD statistics and solving the
system through specified Tables using algorithms or by R packages and software. The
importance of its appears when Karian and Dudewicz report that it gives superior fits
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compared with method of moment. The requirement to this method appears when there is
a large class of GLDs that have fewer than four moments and when moments do not exist
or may be out of Tables range and sample moments of order 3, 4 are difficult to obtain
accurate GLD fits through method of moment. Advantages of it represent in its equations
are simpler and computational techniques provide greater accuracy. It looks like as
method of L- moment that they are based on order statstics but the differences represents
in L-moments are linear combinations of all order statstics whereas percentile uses only a
limited number of order statistics, also Fournier et al. study the choice of order statstics
for percentiles and conclude that there not trivial rule for choosing them.


Fitting the GLD through a new combind method that it is based on minimization of the
KS distance in a two – dimension space

=

| ̂

|. There are two

strategies:
-

Estimates the parameters using method of moment or percentile method, then
checks the performance of the results using a goodness-of-fit test.

-

By a goodness-of-fit criterion, the strategy is to find the set of parameters that
give the lowest of a criterion.



Fitting the GLD through the histogram approaches method :
Chalabi et al. investigated three different methods to estimate the number of bins that are:
-

Sturg Break :It can perform quite poorly if the sample size is small (less than 30).

-

Scott Breaks : This is a more flexible approach compared to the fixed number of
bins used by Sturg.

-

Freedman and Diaconis Breaks :This seems to be the most promising one to
create histograms from random variates drawn from the heavy tailed GLD.



Fitting the GLD through the maximum likelihood estimation method : It is known that it
is a common method in the fitting process. It consists of finding the loglikelihood
function for the probability density function of the GLD and then derivate them with
respect to the parameters finally, set all equations to be 0 and obtain the estimates of all
the parameters.



Fitting the GLD through the starship method :This method is very flexible, covers a
wider range for the parameters and is guaranteed to fit well because of the goodness-of-fit
test included in the algorithm also, to reduce the time consuming by carefully selecting
the range over which the four –dimensional grid is created.
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Fitting the GLD through the quantile matching method :This method consist of finding
the parameters values that minimize the difference between the theoretical and sample
quantiles.This approach is especially interesting for the GLD, since the distribution is
defined by a quantile function.



Fitting the GLD through the trimmed L-moment method :Trimmed L-moment is a robust
extension of the L-moment. The concept behind this method is to extend the sample size
by by



+

and trim the

smallest and

largest order statistics.

Fitting the GLD through the maximum product of spacing estimation method : The
requirement to this method appears when the MLE method fails for example of this is
when the support depends upon the parameters to be estimated. The concept of this
method is similar to that of the starship method.



Fitting the GLD through the goodness-of-fit approaches method : It consists of statistics
that based on the empirical distribution function that can be used to test the goodness-offit of acontinuous cumulative distribution function to a set of data. These are
Kolmogorov-Smirnov, Cramѐr-von Mises and Anderson-Darling statistics. These
statistics are measures of the difference between the hypothetical GLD distribution and
the empirical distribution.



Fitting the GLD through the discretized method :In this method, the sample data is sorted
in ascending order and divided into evenly spaced classes with bin edges that span the
data set. Then the proportion of the sample in each class is calculated. Different choices
of k can give different GLD fits, providing a range of different distributions for the same
data set.
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5

Chapter 5

Application of the Generalized Lambda Distribution to Real Dataset.
5.1 Introduction
The four-parameter GLD family is known for its high flexibility. It can be used to fit
distributions to data with a large range of different shapes. The estimation of GLD parameters
is notoriously difficult. Fitting the GLD to empirical data can be reduced to a two-step
estimation problem, wherein the location and scale parameters are estimated by their robust
sample estimators. This approach also works when the moments of the GLD do not exist.
Several methods for estimating the parameters of the GLD (
data, such that

and

) to fit a collection of

are the location and scale parameters respectively, while

are the shape parameters which determine the skewness and kurtosis of GLD (

and
)

that characterizes the asymmetry and steepness of the distribution.
In this chapter, we describe an extensive empirical study that compares different GLD
parameter estimation methods. We will apply all the methods described in the previous
chapters to the survival time of a dataset of breast cancer patients in the Gaza Strip. Most
importantly we will illustrate the GLD fits to our data in order to illustrate the importance of
the GLD distribution that produce different shapes of pdfs of GLD to a given dataset.

5.2 Description of Data
The data set for the study of this thesis is the lifetime of breast cancer patients data in Gaza
Strip. This data set has taken from Okasha and Matter (2015) where it has originally been
obtained from the Ministry of Health in Gaza City, on a random sample of incidence dates
and death dates of 1, 000 breast cancer patients within a period of 5 years starting from the
beginning of 2009 to end of 2013. The total study period in days was around 1820 days and
by subtracting incidence date from death date we get the lifetime for breast cancer patients in
the Gaza Strip in days. Since the number of observations was 1000 patients, including 703
patients were still alive and 55 patients were omitted because their history of the disease was
such that the date of death is the same as the incidence dates, and the remaining 242 patients
have life time shown in the Table below Table (5.1).
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Table (5.1): Lifetime data (days) of (242) breast cancer patients in Gaza Strip.
11
29
57
73
118
148
173
196
234
283
314
347
412
444
484
516
558
619
674
716
745
779
889
1114
1142
1317
1554

17
31
57
82
118
148
175
198
234
284
323
351
413
449
487
521
562
616
676
722
749
784
898
1129
1147
1332
1597

25
31
59
89
118
148
177
215
236
291
323
354
413
457
494
531
574
616
679
722
752
786
916
1148
1156
1361
1614

27
34
59
89
139
158
177
217
236
292
325
355
416
457
498
532
578
629
681
726
752
795
912
1152
1164
1364
1756

27
38
59
89
145
161
178
217
237
293
326
362
416
463
499
537
583
646
682
726
764
822
916
1153
1212
1368
1791

29
38
59
91
145
161
178
213
251
294
334
363
422
466
499
538
591
647
686
729
764
831
933
1169
1231
1381
1813

29
41
61
114
145
161
181
219
257
298
337
367
423
468
512
543
593
653
698
732
771
831
962
1191
1238
1412
1835

29
47
65
116
146
164
189
227
272
311
339
367
434
471
513
548
597
663
699
735
771
837
992
1121
1267
1416
1997

29
49
66
118
147
168
191
231
281
312
347
379
439
482
514
555
617
668
716
742
776
848
995
1141
1285
1456

5.3 Methods of Assessing the Quality of Fitting GLD to Data.
Once a distribution has been fitted to the lifetime data set, it is possible to assess the quality of
distribution fit by using three methods:
(1) Graphical outputs: The most obvious diagnostic check on the resulting distribution fit is
to superimpose the resulting distribution fit on to the histogram. It can be difficult to assess
the adequacy of the distributional fit using this graphical method. Different number of bins in
the histogram can also give different distributional shape of the data set. It may not be easy to
determine whether the resulting fit is adequate if it appears to capture the shape of the data
very well under a histogram with 10 bins but not so well with 50. For this reason, quantile
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plots are also provided so that we can see more objectively which part of the data the GLD
distribution appears to give an adequate fit.
(2) Comparing the moments of the fitted distribution with the moments of empirical
data: However, a GLD that has very similar moments to the actual data may still be a bad fit
(Karian and Dudewicz 2000; Lakhany and Massuer 2000). In some cases, it may be desirable
to choose a good distributional fit with the closest moments to the dataset so that the fitted
distribution can be used for simulation studies to model the population of interest.
(3) The Kolmogorov-Smirnov (KS) resample test: This method assesses the similarity
between the fitted distribution and the actual data by sampling a proportion (for example
90%) of the data and fitting the distribution and calculating the KS test p-value. This process
is then repeated many times, and the number of times the p- value in not significant is
recorded (for example, if 950 times out of 1000 times the p-value does not reject the null
hypothesis, then it is possible to state that it is quite likely that the resulting fit is quite
adequate for the given data set).

5.4 Estimation of the Parameters of GLD to Data.
There are several methods to fitting generalized lambda distributions to data. Firstly, we will
fit GLD to the empirical data (in this chapter, lifetime of breast cancer patients' data in the
Gaza Strip) using the discretized method (Su, 2005), the maximum likelihood estimation (Su,
2006 and 2007) and the starship method, in section 5.4.1. Secondly, we will fit GLD to our
data using the trimmed L-moments, the L-moments, the maximum product of spacings and
the moments method in section 5.4.2. Finally, we will apply the histogram approach, the
goodness of fit method and the quantile approach to fit GLD to our data in section 5.4.3.
It is known through the literature that both bounded and unbounded GLDs were used and the
bounded GLD turns out to be the most accurate. Indeed it was shown that, up to n = 106 (in
our study n=242), bounded GLD modeling cannot be rejected by usual goodness-of-fit tests
and it is known that all estimators are biased, the bias may be negligible with specific sample
size.
We will assess the quality of fitting GLD (

) to our data by the graphical outputs,

comparing the moments of the fitted distribution with the moments of empirical data and KS
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resample test. Finally, we will compare the results of all methods and conclude the best GLD
fit to our data.
5.4.1

Estimation of the Parameters of GLD by Discretized Method, the
Maximum Likelihood Estimation and the Starship Methods

The current literature is primarily concerned with providing definite fits to a data set using the
GLD. The maximum likelihood estimation is usually the preferred method (Su, (2007)).
Maximum likelihood estimation is not only more efficient than the starship method but also
tends to produce GLD that has closer first four moments to the data set.We will now apply the
discretized method, the maximum likelihood estimation and the starship methods to our data.
Table (5.2.1): Estimation of the parameters of the GLD using discretized, MLE and
starship methods.
Parameter

Method

FMKL

Discretized

RS
FMKL
(RMFMKL)
RS
(RPRS)

Maximum

Mean

Variance

Skewness

Kurtosis

505.1705

138128.9

.7448907

2.846020

315.7772

98022.13

.4725756

3.213171

538.6288

17824.91

.9999247

3.678182

549.4094

16649.68

1.090982

4.316305

411.1508

.00281697

.8000000

.1000000

337.1317

.00050853

.1000000

.2000000

Likelihood
Estimation

FMKL
Starship
RS

Table (5.2.2): The parameters of the empirical data.
Mean

Variance

Skewness

Kurtosis

534.9421

179461.6

1.031074

3.696318

By comparing the GLD (

) fits using discretized method, MLE and starship

method in Table (5.2.1) by the parameters of the empirical data in Table (5.2.2), then we
conclude that the maximum likelihood estimation is more preferrable than the discretized
method and starship method as we noticed above. We will use in our applications on our real
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data set the FMKL parameterization GLD fits because of its parameters are closer to the
parameters of the actual data (for mor details and more shapes of pdfs of GLD fits, you can
use RS parameterization).
To check the resulting fits using the graphical method, it is possible to plot histograms for the
data and the fitted pdfs superimposed as in Figures (5.1), (5.2) and(5.3).

0.0008
0.0000

0.0004

Density

0.0012

RPRS
RMFMKL

0

500

1000

1500

2000

x

Figure (5.1): RS and FMKL GLD fits using the weighted discretized method.
There are two parameterizations RS and FMKL generalized lambda distribution in Figure
(5.1) we show by R packages the parameterization RS generalized lambda distribution fits
using weighted discretized method(in dark blue) to the histogram of our data, and for FMKL
parameterization generalized lambda distribution fits using weighted discretized method (in
light blue) to the same data, and we notice that these give adequate fits.
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Figure (5.2): RS and FMKL GLD Fits using the weighted discretized method.
Figure (5.2) illustrates RS parameterization generalized lambda distribution fits to the
histogram of our data (in dark blue), and the FMKL parameterization generalized lambda
distribution fits to the same data set (in light blue) such that the number of classses equal 50,
and we notice that these give adequate fits. We change and put the number of classes equal 50
to improve the fit to our data and we can see from Figure (5. 2) that it is more closer to the
histogram of our data than one in Figure (5.1).
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Figure (5.3): The GLD Fits using maximum likelihood estimation and starship methods.
Figure (5.3) illustrates RS parameterization generalized lambda distribution fits to our data
using maximum likelihood estimation (in dark blue) and FMKL parameterization
generalized lambda distribution fits to the same data set using maximum likelihood estimation
(in light blue) and FMKL parameterization generalized lambda distribution fits using starship
method (in pink). The advantage of the discretized approach that it is possible to change the
number of classes to improve the fit. The results of the GLD fits seem to be adequate to the
histogram of our data.
To be confident, we will verify the results by KS resample test. The results of the tests are
shown in Table (5.3).
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Table (5.3): KS resample test to assesses the similarity between (

) and

actual data.
parameter

Method

KS resample test

Discretized Method

928

Discretized Method

902

FMKL

Maximum likelihood Estimation

934

FMKL

Starship Method

928

: FMKL parameterization with number of classes =50.

: FMKL

parameterization with number of classes =15.
Table (5.3) illustrates that more than 90% of the time (928, 902, 934, 928 times out of 1000
times) the p-value does not reject the null hypothesis (as we explain in section 5.3) and the KS
tests indicate that there is no difference between the fitted distribution and the empirical data
and we notice that the GLD fits by maximum likelihood estimation is better than GLD fits by
discretized method and starship method (as we see in the third column in Table (5.3)).
5.4.1.1 Plotting pdfs of (

) and Q-Q Plot

The GLD family is known for its high flexibility in fitting distributions to data. It can create
distributions with a large range of different shapes (such as unimodal, U-shape, montone and
S-shape) to fit the same data set and for more shapes we can use RS parameterization and we
used here in this Chapter FMKL parameterization. As we can see in Table (5.2.1), the values
of FMKL parameterization GLD fits using discretized method, maximum likelihood
estimation and starship method are:

= (505.1705, 138128.9, .7448907, 2.846),

= (538.6288, 17824.91, 9999247, 3.678182)
and

= (411.1508, .002816968, .8000000, .1000000).

We also notice in Table (5.2.1) above that

and

are bounded GLD fits with support

lie in region 3. Thus they

for each distribution. As we pointed out

previously that the bounded GLDs are more accurate than unbounded GLDs.
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We will plot the probability density functions of FMKL GLD fits as in Figures (5.4), (5.5)
and (5.6) respectively.

Figure (5.4):

(505.1705, 138128.9, .7448907, 2.846).

Figure (5.5) :

(538.6288, 17824.91, 9999247, 3.678182).
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Figure (5.6): Pdf of

(411.1508, .002816968, .8000000, .1000000).

Figure (5.7): Q-Q plot to compare

(505.1705, 138128.9, .7448907, 2.846020) with

(538.6288, 17824.91, 9999247, 3.678182).
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Figure (5.7) illustrates Plotting the quantiles of
2.846020) against the quantiles of
conclude from the Q-Q plot that the

(505.1705, 138128.9, .7448907,

(538.6288, 17824.91, 9999247, 3.678182) and we
and

are similar because of the Q-Q plot

approximately lie on the line y = x. Thus the discretized method and maximum likelihood
estimation may be give the same results in fitting process to the same data set.

(a)

(b)

(c)

Figure (5.8): Quantile plots for GLD fits using maximum likelihood estimation and
starship methods.
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Figure (5.8) shows plotting the quantile function for RS parameterization GLD fits and
FMKL parameterization GLD fits to our empirical data using maximum likelihood estimation
and plotting the quantile function for GLD fits to the same data set using starship method,
respectively. We conclude that they give adequate fits to the actual data set (as in, (a), (b), (c)
respectively in Figure (5.8)).

Figure (5.9): Plot of the fitted shape parameters of
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Figure (5.10): Plot of the fitted shape parameters of

Figure (5.11): Plot of the fitted shape parameters of
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5.4.1.2 Roubst Moments and Ordinary Moments of (

.

We will use FMKL parameterization because of its parameters are closer to the parameters of
the actual data (for mor details and more shapes of pdfs of GLD fits, you can use RS
parameterization).
We will find the fourth ordinary moments and the fourth roubst moments for each (FMKL
parameterization)
Then compare tthem with the fourth moments of the actual data in Table (5.2.2).
Table (5.4): Roubst moments and ordinary moments of (

).

Moments

Roubst
Moments

Median

505.1705

538.6294

173.5451

Inter Quartile

.0003692199

.009180987

671.7017

Roubst Skewness

.76245

.8543279

-.408885

Roubst Kurtosis

7.072646

12.65223

1.898804

Mean

505.1705

538.6288

538.6288

Variance

.000000000011 .000000000398 .000000000398

Ordinary
Moments

-.428420

-.01194118

-.01194118

-.04174596

-.2655317

-.2655317

2.070265

.0397800

.03097800

.09282930

1.937071

1.937071

Skewness\Ratio

Kurtosis\Ratio

We notice from Table (5.4) that the moments of
data (shown in Table (5.2.2)) more than the

are closer to the moments of empirical
and
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5.4.2 Estimation of the Parameters of GLD Using Trimmed L-moments, Lmoments, Maximum Product of Spacings and Moment Methods.
As we introduced in section (5.4.1) we will apply the method of moment, L-moment, trimmed
– Lmoment and maximum product of spacing method on our data to illustrate the best GLD
fit.
Table (5.5): Estimation of the parameters using method of moment, L-moment, trimmed
L- moment and maximum product of spacing method.
Variance

Skewness

Kurtosis

357.5499
171.2342
374.3542
58.45522

.002381279
.0003461264
.002665012
.0003690467

1.199872
.02453859
.9862107
.006865791

.1402615
.1762489
.07360648
.2234887

374.4

.002665

.9862

.07361

428.7

.002386

1.003

.1963

Parameter

Method

Mean

FMKL
RS
FMKL
RS

Moment
Matching
L-Moment
Trimmed LMoment
Maximum
Produc of
Spacing

FMKL
FMKL

From Table (5.5) the FMKL GLD fits using method of moment, L-moment, trimmed Lmoment and MPS method

:

= (357.5499, .002381279, 1.199872, .1402615),
= (374.3542, .002665012, .9862107, .07360648),
= (374.4, .002665, .9862, .07361)
and

= (428.7, .002386, 1.003, .1963)

By comparing these by the parameters of the empirical data (in Table (5.2.2)) we conclude
that the trimmed L-moment is more situable fit than the other fitting methods. We also notice
in Table (5.5) that
fits with support

and

lie in region 3. Thus they are bounded GLD

for each distribution. As we pointed out previously that

the bounded GLDs are more accurate than unbounded GLDs. As previous to check the
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resulting fits using the graphical method, it is possible to plot histogram for the data and the
fitted pdfs superimposed as in Figures(5.12) and (5.13).

0.0008
0.0000

0.0004

Density

0.0012

Figure (5.12): GLD fits using the maximum product of spacing.
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Figure (5.13): GLD fits using the trimmed L-moment method.
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2000

The results in Figures (5.12) and (5.13) looks adequate GLD fits to our data, but to be more
clear and certain, we verify the results using KS resample test and the results are shown in
Table (5.6).
Table (5.6): KS resample test to assess the similarity between (

) and

actual data.

Parameter

Method

KS Resample Test

Moment

925

Matching
L-Moment

926

Trimmed L-Moment

934

Maximum Product of Spacing

828

FMKL

We conclude (from Table (5.6)) that more than 90% of the time (925, 926, 934) times out of
1000 times the p-value does not reject the null hypothesis (see section 5.3). Although by the
maximum product of spacing the KS resample test demonstrates that the fit is inadequate and
indicates that there is no different between the fitted and actual data just over half of the tests
and we notice that the GLD fits by trimmed L-moment estimation is better than GLD fits by
L-moment and maximum product of spacing.
As previous we will find the fourth ordinary moments and the fourth roubst moments for each
FMKL GLD fit (

and then compare these to the fourth moments of

the actual data (in Table (5.2.2)).
5.4.2.1 Roubst Moments and Ordinary Moments of GLD Fits
(
.
It is known that the roubst moments are stronger than the ordinary moments especially in not
affected with outliers.
We will find the fourth ordinary moments and the fourth roubst moments for each (FMKL
parameterization)

.Then compare them with the fourth moments

(parameters) of the actual data in Table (5.2.2).
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Table (5.7): Roubst Moments and Ordinary Moments of (

).

Moments
Roubst
Moments

Ordinary
Moments

Median

144.3182

25.90137

68.93173

68.93173

Inter Quartile

1695.857

1006.462

1230.866

1230.866

Roubst Skewness

- 0.5059928

-0.4720786

-0.4302189

-0.4302189

Roubst Kurtosis

2.402624

2.127996

2.109866

2.109866

Mean

534.9419

534.9421

534.9865

569.7979

Variance

179461.6

182366.7

182367.4

169406.8

Skewness

1.034955

1.645639

1.645600

.7474523

Skewness Ratio

1.008168

1.116397

1.116380

.7891796

Kurtosis

3.833797

7.215338

7.215147

2.851151

Kurtosis Ratio

3.702072

4.300995

4.300926

3.065326

We notice from Table (5.7) that the moments of

are closer to the moments of empirical
and

data (shown in Table (5.2.2) more than the

, also we notice from the

previous Table that the trimmed L-moment and th ie L-moment method give results are closer
to other.

5.4.2.2 Plotting pdfs of GLD Fits (

).

According to the flexibility of the GLDs and producing different shapes to the same dat set,
we can plot pdfs of these FMKL parameterization GLD fits as we show in Figures (5.14),
(5. 15), (5. 16) and (5.17) below :
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Figure (5.14): Pdf of

(357.5499, .002381279, 1.199872, .1402615).

Figure (5.15): Pdf of

(374.3542, .002665012, .9862107, .07360648).
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Figure (5.16): Pdf of

(374.4, .002665, .9862, .07361).

Figure (5.17): Pdf of

(428.7, .002386, 1.003, .1963).
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5.4.3 Estimation of the Parameters of GLD (
) using Histogram,
Goodness- of- Fit, Roubst Moment and Quantile Approach.
The goodness -of- fit method successfully estimate the parameters even when the maximum
likelihood method fails.This is shown by Luceño (2006) and we illustrate that the maximum
likelihood method is a good fit method and better than others, so we predict that the goodness
– of- fit method may be fail in fitting process.Thus we will sure as we will apply the
histogram approach, goodness- of- fit statistics and quantile method on our data to conclude
the GLD fits using these methods and finally illustrate the best fitting method on our data.
Table (5.8): Estimation of the Parameters of using Histogram, Goodness -of -Fit and
Quantile Approach Methods.
Parameter

Method

Mean

Variance

Skewness

Kurtosis

FMKL
Histogram

460.0000

565.0000

.003685626

.6000000

460.000

565.0000

0.5002681

0.2359179

99.3457176

-100.000000

-0.9385207

-11.9891912

323.3315

.002029649

1.577478

.23826444

39.06181

.0005012792

.007653213

.3443032

̈ =TRUE
̈ =FALSE

approach
Goodness

RS

of fit
statistics

FMKL
RS

Quantile
approach

̈ : A logical value indicating wether the location (median) and scale (inter-quartile) should
be included in the optimization or estimated by their sample estimators.FALSE by default.
The GLD fits using previous fitting methods in Table (5.8) that are:
= (460, 565, .5002681, 0.2359179),
= (99.3457176, -100, -0.9385207, - 11.9891912),
and

= (323.3315, .002029649, 1.577478, .23826444).
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By comparing
we conclude that

and

by parameters of the empirical data (in Table (5.2.2)

is closer than the

and

also we note

in region 3. Thus they are bounded GLD fits with support
in chapter 2) for each distribution, but
(-

and

lie

(see Table (2.1)

in Region 4 that is unbounded GLD with support

) (see Table (2.1) in Chapter 2). As we pointed out previously that the bounded GLDs

are more accurate than unbounded GLDs. As previously stated and to make sure we need to
verify the results using the KS resample test.
Table (5.9): KS resample test to assesses the similarity between (

)

and the actual data.
Parameter

Method

KS Resample Test

Histogram
0
Approach
FMKL

Goodness
0
-of- Fit Statistics
Quantile Approach

926

We conclude (from Table (5.9)) that more than 90% of the time (926) times out of 1000 times
the p-value does not reject the null hypothesis (see section 5.3) and the KS tests indicate there
is no difference between the fitted distribution and the empirical data by Quantile approach,
but by histogram and goodness –of- fit statistics 1000 of 1000 times the p-value reject the null
hypothesis that the KS tests indicate there is difference between fitted distribution and the
empirical data, so the histogram and goodness –of- fit are not situable fitting methods on our
data.
We will find the fourth ordinary moments and the fourth roubst moments to the FMKL GLD
fits (

), then illustrate the best fitting method by comparing these moments

of fits to the moments of the empirical data (Table (5.2.2))
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5.4.3.1 Roubst Moments and Ordinary Moments of GLD Fits (

).

We will find the fourth ordinary moments and the fourth roubst moments for each (FMKL
parameterization)

. Then compare them with the fourth moments

(parameters) of the actual data in Table (5.2.2).
Table (5.10): Roubst moments and ordinary moments of (

).

Moments
Median

459.9996

139.9808

565.9375

Roubst

Inter Quartile

0.002057702

165276.7

3770.722

Moments

Roubst Skewness

-0.1933536

0.9995116

-0.576129

Roubst Kurtosis

1.591887

4065.427

3.033115

Mean

460.0003

99.34133

530.0696

Variance

.000003815776

.000009866557

175718.9

Ordinary

Skewness

.4859675

-.004297767

.5509589

Moments

Skewness Ratio

.3614828

-.1386738

.8945994

Kurtosis

3.714530

.01861095

1.659979

Kurtosis Ratio

2.503482

1.911777

3.167975

We conclude from Table (5.10) that the moments of

is closer to the moments of the

empirical data than others.
5.4.3.2 Plotting Pdfs of GLD Fits (

).

According to the flexibility of the GLDs and producing different shapes to the same dat set,
we can plot the pdfs of the FMKL GLD fits as we show in Figures (5.18) and (5.19) below:
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Figure (5.18) : Pdf of

Figure (5.19): Pdf of

(460, 565, .5002681, 0.2359179)

(323.3315, .002029649, 1.577478, .23826444).
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5.5 Summary
In this chapter, we show that we can produce a large range of different shapes for GLD fits to
the same data set. We conclude that breast cancer patientsʹ data in Gaza Strip follows the
GLD distribution. Using the R software, the mean survival time of breast cancer patients
based on the data is 534.9. The mean survival time of breast cancer patients using FMKL
GLD fits (see the column (Mean) in Table (5.2.1), Table (5.5), Table (5.8) respectively) are :
505.1, 538.6, 411.1, 357.5, 374.3, 374.4, 428.7 and 323.3 days.
By assessing the quality of GLD fits, we conclude that the best fitting method in our study
proved to be the maximum likelihood estimation and trimmed L-moment and they are much
better than all other methods we present in this chapter, that is may be because of natural of
data that has a long tail. Also it is known by many researchers that MLE method is the best fit
method then the starship method followed by quantile approach and L-moment which gave
the same results, lastly the method of moments. However, in our study the histogram
approach and the goodness of fit statistics approach did not give a good fit to our data set.
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6

Chapter 6

Conclusions and Recommendations
6.1 Introduction
In this study we defined the four-parameter Generalized Lambda Distribution (GLD) and
discussed its distributional properties and made some inference on the GLD including fitting
the distribution to datasets. The importance of this distribution came out due to its flexiblity in
producing different shapes for a given dataset, particularly lifetime data such as survival data,
financial data, cencored data and other different fields.
Finally, we applied the results obtained theoretically on fitting the generalized lambda
distribution to a real dataset on the lifetime of breast cancer patients in Gaza Strip using the R
software. The following conclusions and recommendations may be declared.

6.2 Conclusions
As the results of this study, we can draw the following conclusions:


The probability density function and the quantile function of the generalized lambda
distribution are obtained in closed form.



The restrictions on

and

that yield a valid GLD(

) distribution

are discussed.


Regions of the GLD in the



The GLD family is very rich in the varity of density and tail shapes, many GLDs with

vs.

space that lead to a valid GLD are obtained.

different shapes are described in the this thesis.


Random variables for simulation study can easily be generated from any distribution
that can be modeled by a GLD.



Quantile function and probability density function for the FMKL parameterization for
the GLD are obtained because of the RS parameterization is not valid in some egions
of the (



The

) plane.
raw moments and the

central moments of the GLD for Karian and

Dudewicz approach and FMKL parametrization of the GLD approach are obtained.
Moreover, Dudewicz and McDonald devised an extended GLD system to cover the
points of the region 1+

1.8+ 1.7
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and the moments for the EGLD

system are obtained, also roubst moments are devised to solve only two nonlinear
equations rather than the system of four equations are obtained.


Probability weighted moments can be expressed as linear combinations of the Lmoments.



We obtained using R package and software, the parameters of GLD fits to the Breast
Cancer Patientsˋ data, the graphical outputs of GLD fits distributions, the values of
KS resample which assess the similarity between the fitted distribution and our real
data. Then, we plotted the pdfs of the GLD fits and finally concluded the roubst
moments and ordinary moments of the GLD fits to our data and compared them by
the moments of our data.



We applied the most important fitting methods that are :discretized, MLE, starship, TLmoment, L-moments, MPS, method of moment, histogram approach, goodness - offit and the quantile methods on the breast cancer patients´ data.



By assessing the quality of GLD fits to our data set, we conclude that the MLE and TLmoment provide the best fitting methods and give a good fit to the data and the other
methods such as the starship method, quantile approach and L-moment give a good fit
on the data but not as good as the MLE and T-L moment methods, but the goodness–
of-fit approach and the histogram method fail to give a good fit to the data.



The mean survival time of breast cancer patients based on the data is 534.9 days, but
the mean survival time of breast cancer patients using the good GLD fits that closer to
the real data are respectively : 538.6, 374.4 505.17, 411.15, 374.35, 323.3 and 357.54
days.
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6.3 Recommendations
The generalized lambda distribution (

) proved to be important to use in fitting

statistical distributions to data, generating random variables for Montone Carlo simulation and
for many applications. Therefore, from this study we can recommend the following :


The generalized lambda distribution (

) should be used to fit survival and

lifetime data.


The maximum likelihood estimation (MLE) and trimmed L-moment (TL) methods
should be used to fit lifetime data.



The goodness- of-fit method and histogram approach should not be used to fit lifetime
data.



More research on the new combined method should be conducted and applications in
R packages and software should be developped.



More research on the fitting and estimation of the five parameters generalized lambda
distribution (



) for grouped data should be conducted.

More adequate methods for fitting GLD distributions to data should be found and their
application to datsets should be developped.



More research on using GLD in generating random variables to be used in Motone
Carlo simulation studies should be conducted.



More research on the applications of the results of this study on various fields
especially finanical, enconomic and industrial applications should be conducted.



More research on applying more fitting methods on different data sets or simulation
data sets and conclude the best fitting method in all cases.



More research on applying the fitting methods on different data sets of different sizes
and coclude the best fitting method return to the different sizes of samples.
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Appendix B Table B-1 : 0

̂

0.075 and

141

0.

Appendix B Table B-1 : 0.1

̂

0.1 75 and

142

0.

Appendix B Table B-1: 0.2

̂

0.3 and

0.
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Appendix B Table B-2 : 0.0 25

̂

0.3 and

144

0.

Appendix B Table B-2 : 0.3 25

̂

0.45 and
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0.

Appendix B Table B-2 : 0.475

̂

0.5 5 and
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0.

Appendix B Table B-2 : 0.575

̂

0.75 and
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0.

Appendix B Table B-3 : 0.025

̂

0.25 and
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0.

Appendix B Table B-3 : 0. 275

̂

0.42 5 and
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0.

Appendix B Table B-4 : 0

̂

0.0 2 5 and

0.
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Appendix B Table B-4 : 0. 05

̂

0.07 5 and
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0.

Appendix B Table B-4 : 0. 1

̂

0.2 and

0.
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