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ABSTRACT
This thesis, discusses the functional data analysis procedures including
transforming data points to continuous functions, which is basically done using
Fourier function (base) or spline smoothing methods. It also discusses some of the
related procedures such as the correlation, regression and nonlinear methods of
functional data and principal component analysis (PCA), as a process to reduce
dimensionality of the data and to create a new coordinate system from the original
data. The research problem of this thesis is how the principal component analysis can
be incorporated in the analysis of functional data and applied to analyze a real dataset
on the growth of weight, height and head circumference of children in the Gaza Strip.
Thus, we provided a detailed review for the functional data techniques and the
Principal Components Analysis as a dimension reduction technique then we discussed
the functional principal components analysis technique.
Those methods were applied on a real functional dataset on new born
children's growth gathered from the UNRWA and government clinics in the Gaza
Strip and consists of 202 children's weights, lengths and head circumference since
birth up to about two years on different weeks intervals. The rates of growth of
weight, height and head circumferences for boys and girls children on successive
weeks were studied and the uses of principal components to discover the differences
between boys and girls and the ratio of contributed changes in every principal
component were investigated, where four components only selected in each case.
The study concluded that the total contrast ratio in the initial selected four
components is 98.8% of the variation in weights' growth which means that all the
remaining components account for only 1.2%, of the variation in weights' growth. The
total contrast ratio in the initial four principal components is accounted for 97.2% of
the total variation in heights' growth which means that all the remaining components
are accounted for only 2.8% of the total variation in heights' growth. Also, the total
contrast ratio in the initial four selected components is 96.2% of the total variation in
head circumference which means that all the remaining components are accounted for
only 3.8% of the total variation in the growth of head circumference.
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السمخص

في هحه الجراسة ،ناقذشا تحميل البيانات الجالية ،حيث تم تهضيح كيفية تحهيل البيانات إلي دوال مترمة والتي تتم
أساسا باستخجام طخيقة ( )Fourier functionأو طخيقة ( ،)spline smoothingوناقذشا أيزا بعض

اإلجخاءات ذات الرمة مثل اإلرتباط واإلنحجار والظخق غيخ الخظية من البيانات الجالية وتحميل السخكبات

األساسية ( (pcaكعسمية لمتقميل من األبعاد وإنذاء نظام لمبيانات الججيجة .

مذكمة البحث في هحه الخسالة هي كيف يسكن استخجام تحميل السخكبات األساسية في تحميل البيانات الجالية
وتظبيقها لتحميل مجسهعة بيانات حقيقية عن نسه الهزن والظهل ومحيط الخأس لألطفال في قظاع غدة .وهكحا،

قجمشا استعخاضا مفرال ألساليب البيانات الجالية وتحميل السخكبات األساسية كأسمهب لتخفيض األبعاد ثم ناقذشا

أسمهب تحميل السخكبات األساسية الجالية.
لقج تم تظبيق هحه األساليب عمى مجسهعة من البيانات الجالية الحقيقية لشسه األطفال حجيثي الهالدة التي جسعت
في عيادات األونخوا والحكهمة في قظاع غدة ،وتتألف من  202أوزان وأطهال ومحيط الخأس لألطفال مشح الهالدة

حتي عامين عمي فتخات مختمفة ،ثم قسشا بجراسة معجالت نسه الهزن والظهل ومحيط الخأس لمحكهر واإلناث عمي

مجار األسابيع السختمفة ،وتست دراسة استخجام السخكبات األساسية الكتذاف الفخوق بين الحكهر واإلناث وندبة
التغيخات التي ساهست في كل مخكبة أساسية ،حيث قسشا باختيار  4مخكبات في كل حالة فقط.
وخمرت الجراسة أن مجسهع ندبة التباين في السخكبات األربعة األولي السختارة لجي األوزان  %89.9أي أن

جسيع السخكبات الستبقية ال تسثل سهي  %2.2من التباين في نسه األوزان ،وبمغ مجسهع ندبة التباين في
السخكبات األربعة األولي السختارة لجي األطهال  %8..2أي أن جسيع السخكبات الستبقية ال تسثل سهي %2.9
من التباين في نسه األطهال ،كسا أن مجسهع ندبة التباين في السخكبات األربعة األولي السختارة لجي محيط الخأس

 %8..2أي أن جسيع السخكبات الستبقية ال تسثل سهي  %3.9من التباين في محيط الخأس .

VI

TABLE OF CONTENTS
Chapter 1 : Introduction

PAGE NO.

1.1

Background

1

1.2

Thesis Problem

3

1.3

Thesis Objectives

4

1.4

Thesis Methodology

4

1.5

Literature Review

5

1.6

Organization of the Thesis

8

Chapter 2 : Functional Data Analysis

PAGE NO.

2.1

Introduction

9

2.2

Examples of functional data

10

2.2.1

Growth of Girls' Data

11

2.2.2

Data on US Manufacturing

13

2.2.3

Input / Output Data for an Oil Refinery

14

2.3

Representing Functional Data

15

1.3.2

Basis Expansions

15

1.3.2.1

Fourier Basis

16

1.3.1.2

B-Spline Basis

17

2.4

Mean and Covariance Function

27

1.4.2

Representation of Functional Data

27

1.4.1

Estimation of Mean and Covariance Functions

28

1.4.3

Hypothesis Testing and Simultaneous Confidence Bands for
Mean and Covariance Functions

1.5

Summary

12
11

Chapter 3 : Correlation and Regression for Functional Data

PAGE NO.

3.1

Introduction

23

3.2

Functional Correlation

23

3.2.1

Functional Canonical Correlation Analysis (FCCA)

23

3.2.2

Other Functional Correlation Measures

25

3.3

Functional Regression

26

3.3.1

Functional Regression Models with Scalar Response

26

VII

3.3.2

Random Effects Models

31

3.4

Nonlinear Methods for Functional Data

31

3.4.1

Nonlinear Regression Models

32

3.4.2

Additive Models for Functional Data

33

3.4.3

Optimization and Gradients With Functional Predictors

34

3.4.4

Polynomial Functional Regression.

35

3.5

Time Warping, Dynamics and Manifold Learning for
Functional Data

35

3.5.1

Time Variation and Curve Registration

36

3.5.2

Pairwise Warping

37

3.5.3

Functional Manifold Learning

38

3.5.4

Learning Dynamics From Functional Data

40

3.6

Summary

42

Chapter 4 : Dimension Reduction for Functional Data

PAGE NO.

4.1

Introduction

43

4.2

Principal Component Analysis

43

4.2.1

Definition

43

4.2.2

PCA model

44

4.1.3

The mean and covariance matrix of the principal components

48

4.1.4

Correlation structure for PCs

50

4.1.5

Total Variance

52

4.1.6

Number of PCs

53

4.3

Functional Principal Component Analysis (FPCA)

53

4.4

Applications of FPC

56

4.5

Clustering and classification of functional data

57

4.5.2

Cluster analysis

58

4.5.1

Clustering of functional data

59

4.5.3

Functional Clustering via Functional Basis Expansion.

60

4.5.4

Functional Clustering via FPCA.

62

4.5.5

Subspaces as cluster centers

61

4.5.6

Functional clustering with mixture models

62

4.6

Classification of functional data

63

VIII

4.6.2

Functional regression for classification

63

4.6.1

Functional discriminant analysis for classification

64

4.7

Outlook and Future Perspectives

64

4.8

Summary

66

Chapter 5 : Case Study

PAGE NO.

5.1

Introduction

67

5.2

Data Description

67

5.2.1

Description of the Dependent Variables

70

5.3

Functional data analysis of the data

73

5.3.1

The growth of weights for boys and girls

73

5.3.2

The growth of heights for boys and girls

79

5.3.3

The growth of head circumference for boys and girls

84

5.4

Functional principal component data analysis

89

5.5

Summary

94

Chapter 6 : Conclusion and Recommendations

PAGE NO.

6.1

Conclusion and Results

95

6.2

Recommendations

96

References

98

IX

LIST OF TABLES
TABLE

PAGE NO.

Table (4.1)

Covariance between Variables and PCs

49

Table (4.2)

Covariance between Variables and standardized PCs

49

Table (4.3)

Loadings between Variables and PCs

50

Table (5.1)

The Data Variables' Names and values

68

Table (5.2)

Descriptive statistics of the data of the three functionals.

70

X

LIST OF FIGURES
FIGURE

PAGE
NO.

Figure (2.1)

The heights of 10 girls measured at 31 ages. The circles indicate
the un-equally spaced ages of measurement.

Figure (2.2)

The estimated accelerations of height for 10 girls, measured in
centimeters per year.

Figure (2.3)

The monthly nondurable goods manufacturing index for the
United States.

Figure (2.4)

The logarithm of the monthly nondurable goods manufacturing
index for the United States.

Figure (2.5)

11

12

13

14

The top panel shows 193 measurements of the amount of
petroleum product at tray level 47 in a distillation column in an
oil refinery. The bottom panel shows the flow of a vapor into that

14

tray during an experiment
Figure (2.6)

The data recorded at discrete times as a continuous function

Figure (2.7)

Scatter plot of the pooled CD4 counts for all 369 AIDS patients,
together with the estimated mean function based a local linear

15

19

smoother with bandwidth 0.3 year.
Figure (2.8)

Scatter plot of the raw covariances and the smoothed estimate of
the covariance surface

20

Figure (3.1)

Left upper panel: housing price index trajectories for 20 U.S.

40

Figure (4.1)

First four eigenfunctions for CD4 data

56

Figure (4.2)

Observations superimposed on the estimated mean functions of

58

daily vehicle speed recorded .
Figure (4.3)

Histograms of cluster labels grouped by days of the week .

59

Figure (5.1)

Box-plot, QQ-plot and Histogram for the three functionals.

72

Figure (5.2)

The growth of weights of (a) Boys & (b) Girls Children on
different weeks. Circles indicate the weights at which

75

measurements were taken.
Figure (5.3)

The smoothed curves of growth of weights of (a) Boys & (b)
Girls Children on different weeks using cubic splines.

Figure (5.4)

The estimated growth rates of weights of (a) Boys & (b) Girls
XI

76
77

Children on different weeks.
Figure (5.5)

The estimated growth acceleration rates of weights of (a) Boys &
(b) Girls Children on different weeks.

Figure (5.6)

78

The growth of heights of (a) Boys & (b) Girls Children on
different weeks. Circles indicate the heights at which

80

measurements were taken
Figure (5.7)

The smoothed curves of growth of heights of (a) Boys & (b) Girls
Children on different weeks using cubic splines

Figure (5.8)

The estimated growth rates of heights of (a) Boys & (b) Girls
Children on different weeks.

Figure (5.9)

The estimated growth acceleration rates of heights of (a) Boys &
(b) Girls Children on different weeks.

Figure (5.10)

81

82

83

The growth of head circumference of (a) Boys & (b) Girls
Children on different weeks. Circles indicate the head

85

circumference at which measurements were taken.
Figure (5.11)

The smoothed curves of growth of head circumference of (a)
Boys & (b) Girls Children on different weeks using cubic splines.

Figure (5.12)

The estimated growth rates of head circumference of (a) Boys &
(b) Girls Children on different weeks.

Figure (5.13)

The estimated growth acceleration rates of head circumference of
(a) Boys & (b) Girls Children on different weeks.

Figure (5.14)

86

87

88

(a) Boys and girls weight growth where the color is blue for girls
and red for boys Boys & (b) Ratio of change contribution to each

90

principal component for child weight.
Figure (5.15)

(a) Boys and girls height growth where the color is blue for girls
and red for boys & (b) Ratio of change contribution to each

92

principal component for child height.
Figure (5.16)

(a) Boys and girls head circumference t growth where the color
is blue for girls and red for boys & (b) Ratio of change
contribution to each principal component for child head
circumference

XII

93

LIST OF ABBREVIATIONS
FULL NAME

ABBREVIATION

Akaiki Information Criterion

AIC

Analysis of Variance

ANOVA

Bayesian Information Criterion

BIC

Functional Principal Component Analysis

FPCA

Functional data analysis

FDA

Cross Validation

CV

Functional Canonical Correlation Analysis

FCCA

Functional principal component

FPC

Functional principal component

FPCs

Principal Component

PCs

Principal Component

PC

Principal Component Analysis

PCA

Fast Fourier Transformation

FFT

Functional linear model

FLM

Functional random variable

FRV

Random variable

r.v

Real random variable

r.r.v.

Three Dimensional Space

3D

XIII

XIV

CHAPTER 1
INTRODUCTION
1.1

Background :

Multivariate analysis techniques are useful when observations are collected
from many variables where there are one or more or even no response variable can be
identified. Often, the human mind is overwhelmed by the huge bulk of the data. More
mathematics is required to derive techniques for making inferences than in a
univariate setting. Multivariate analysis have two kinds of techniques: Supervised
learning methods and unsupervised methods. Supervised learning are methods that
attempt to discover the relationship between independent variables and dependent
variables. The discovered relationship is represented in a structure referred to as a
model. Marimon and Rokach (2005) considered that this way have two main
purposes which are classification and prediction. Whereas, Rao et al(2011) defined
the un-supervised methods as methods that study how systems can learn to represent
particular input patterns in a way that reflects the statistical structure of the overall
collection of input patterns. Two very simple classic examples of unsupervised
learning are Cluster Analysis and Principal Component Analysis.
Principal Component Analysis (PCA) is an appropriate technique when we
have measures on a number of observed variables and wish to develop a smaller
number of artificial variables (called principal components) that will account for most
of the variance in the observed variables. Principal components were first proposed by
Pearson (1901) and further developed by Hotelling (1933). Comprehensive surveys of
the field have been given by Jolliffe (1986) and Basilevsky (1994). Other reviews are
by Rao (1964) , Rencher (1998).
Principal component analysis is a variable reduction procedure, useful when
our data involve a number of variables (possibly large), and believe that there is some
redundancy in those variables. In this case, redundancy means that some of the
variables are correlated with one another, possibly because they are measuring the
same construct. Because of this redundancy, we may believe that it should be possible
to reduce the observed variables into a smaller number of PCs that account for most
of the variance in the observed variables. The principal components (PCs) may be
used as predictor or criterion variables in subsequent analyses.
Recently, an increased interest in the application of statistical modeling to
medicine, biomedicine, public health, biology, biomechanics and environmental
science has largely been driven by the need for good data to inform government
1

policy and planning processes for health service delivery and disease prevention.
Importantly, such models will only be useful in the long term if they are accurate,
based on good quality data, and generated through application of robust appropriate
statistical methods.
Functional data analysis (FDA) is one such approach towards modeling time
series data that has started to receive attention in the literature, particularly in terms of
its public health and biomedical applications. Commonly, time series data are treated
as multivariate data because they are given as a finite discrete time series. This usual
multivariate approach completely ignores important information about the smooth
functional behavior of the generating process that underpins the data (Green &
Silverman, 1994). It also suffers from issues associated with highly correlated
measurements within each functional object. The basic idea behind FDA is to express
discrete observations arising from time series in the form of a function (to create
functional data) that represents the entire measured function as a single observation,
and then to draw modeling and/or prediction information from a collection of
functional data by applying statistical concepts from multivariate data analysis. In
doing so, it has the advantage of generating models that can be described by
continuous smooth dynamics, which then allow for accurate estimates of parameters
for use in the analysis phase, effective data noise reduction through curve smoothing,
and applicability to data with irregular time sampling schedules. Ramsay (1982 &
1988) presents a strong argument for FDA. Ramsay and Dalzell (1991) present
several practical reasons for considering functional data:
1) Smoothing and interpolation procedures can yield functional representations
of a finite set of observations.
2) It is more natural to think through modeling problems in a functional form.
3) The objectives of an analysis can be functional in nature, as would be the case
if finite data were used to estimate an entire function, its derivatives, or the
values of other functionals.
In this thesis, we study the weight growth, head circumference growth and
height growth to boys and girls children in the Gaza Strip, and apply FDA methods
and using principal components analysis on the data as being functional data. A real

2

data set from UNRWA and government clinics in Gaza Strip was used for children
from birth up to 2 years.
The data used in this study were obtained from a sample of consist of weights,
heights and head circumferences of the newborn children in the Gaza Strip over the
first 24 weeks since birth in the Gaza Strip. The data has been obtained from a
samples of UNRWA and government health care clinics in Gaza Strip and involves a
random sample of 202 records of children. Each record is composed of many
variables according to WHO standards. The important variables that are directly
related to the analysis of the data include: children's gender, weights, heights, head
circumference, delivery method (natural birth or cesarean), number of weeks of
pregnancy and refugee status. There are other variables that are not related to the
analysis such as number of rooms at house, place of birth, residential assembly type,
number of family members, and years of schooling and occupations of mothers and
fathers. Those variables were ignored.
1.2

Thesis Problem :
Functional data analysis is a whole function defined on a bounded common

interval, rather than concentrating on the observed values at particular points in the
interval. This importance for understanding functional data analysis has long been
emphasized by Dieudonn´e (1960, p.1), who stated that the idea that a function f is a
single object, which may itself “vary” and is in general to be thought of as a “point” in
a large “functional space”; indeed, it may be said that one of the main differences
between the classical and modern concepts of analysis is that, in classical
mathematics, when one writes f(x), f is visualized as “fixed” and x as “variables”,
whereas nowadays both f and x are considered as “variables” (and sometimes it is x
which is fixed, and f which becomes the “varying” object).
Accordingly, the main research problem of this thesis is how the principal
component analysis can be incorporated in the analysis of functional data and applied
to create curves that best describe the growth of weight, height and head
circumference of children in the Gaza Strip. The results of this will show if the
existing curves in government and UNRWA clinics reflect the status of growth of
children in the Palestinian society, or curious about it.

3

1.3

Thesis Objectives :
This study aims at discussing the use of principal components procedure in the

analysis of functional data and application of the results on the analysis of Gaza Strip
children's growth data and to create curves that best describe the growth of weight,
height and head circumference of children in the Gaza Strip.
Thus, the main objective of this research are:


Discussing the theoretical side of the functional data analysis.



Discussing the theoretical side of the principal components analysis .



Estimating the standard errors of the average curves within specific ranges t.



Applying all the above methods on a real functional dataset, to analyze the
data on weights, lengths and head circumference of children from the Gaza
Strip.

1.4

Thesis Methodology :
In this thesis, we will first theoretically discuss both the functional data

analysis and the use basic compounds in functional analysis. Then, the results will be
applied on medical data that have been collected from the health clinics in the Gaza
strip.
Thus, the methodology which will be followed in this thesis will be divided
into four parts:
Part 1: We will cover the theoretical discussion of FDA that involves
transforming data points to continuous functions, which is basically done using
Fourier function (base) or spline functions. In FDA, the analysis will be done in terms
of functions instead of single data points. In addition, we will review the mean and
covariance functions.
Part 2: It is a theoretical discussion of the correlation, regression and nonlinear
methods for functional data and time warping, dynamics and manifold learning for
functional data. We will discuss their assumptions, and their uses in testing
hypotheses, and other multivariate analysis techniques.

4

Part 3: We will cover the theoretical discussion of principal component
analysis (PCA), as a process to reduce dimensionality of the data and to create a new
coordinate system from the original data by finding the greatest variance. We will
discuss the functional principal component analysis (FPCA).
Part 4: It is the discussion of the case study, using R software on our real data
set on height, weight and head circumference of children in the Gaza Strip.

1.5

Literature Review:
Various studies have been conducted on functional data analysis, some of

which depend on the use of PCA and others used other methods. In this section we
will present a review the most important ones of those studies.
Boente and Salibián-Barrera (2015) discussed the use of principal components
analysis on functional data sets. They provided some approximations that can be very
useful in identifying potential outliers among high-dimensional or functional
observations. They proposed a new class of estimators for principal components based
on robust scale estimators. For a fixed dimension q, they estimate the q-dimensional
linear space that provides prediction for the data, in the sense of minimizing the sum
of robust scale estimators of the coordinates of the residuals. The extension to the in
finite-dimensional case is also studied. In analogy to the linear regression case, the
authors call this proposal S-estimators. They claimed that their method is consistent
for elliptical random vectors, and is Fisher-consistent for elliptically distributed
random elements on arbitrary Hilbert spaces. They claimed also that numerical
experiments show that their proposal is highly competitive when compared with other
existing methods when the data are generated both by

finite- or infinite-rank

stochastic processes. They also illustrate their approach using two real functional data
sets, where the robust estimator is able to discover atypical observations in the data
that would have been missed otherwise.
Horvath and Kokoszka (2012) presents the recently developed statistical
methods and theory required for the application of the tools of functional data analysis
to problems arising in geosciences, finance, economics and biology in a book. It is
concerned with inference based on second order statistics, especially those related to
5

the functional principal component analysis. While it covers inference for
independent and identically distributed functional data, its distinguishing feature is an
in depth coverage of dependent functional data structures, including functional time
series and spatially indexed functions. Specific inferential problems studied include
two sample inference, change point analysis, tests for dependence in data and model
residuals and functional prediction. All procedures are described algorithmically,
illustrated on simulated and real data sets, and supported by a complete asymptotic
theory.
Ferraty, Hall, and Vieu (2010) suggested a way of reducing the very high
dimension of a functional predictor, X, to a low number of dimensions chosen so as to
give the best predictive performance. They proposed a method for choosing a small
subset of the data to optimize the prediction of a response variable. Their algorithm is
based on local linear regression, and calculations can be accelerated using linear
regression to preselect the design points. Boosting can be employed to further
improve the predictive performance. They illustrated the usefulness of their ideas
through simulations and examples drawn from chemometrics, and developed
theoretical arguments showing that the methodology can be applied successfully in a
range of settings.
Jiang, Aston and Wang (2009) proposed a new model for functional data
analysis, the Multiplicative Nonparametric Random Effects Model, which is
introduced to more accurate account for the variation in the data. A locally adaptive
bandwidth choice helped to determine the correct amount of smoothing at each time
point. This preprocessing step to smooth the data then allows partial analysis by
methods such as Spectral Analysis to be substantially improved in terms of their mean
squared error.
Ramsay, Hooker and Graves, (2009) provided some methods and case studies
by providing computer code in both the R and Matlab languages for a set of data
analyzes that showcase functional data analysis techniques. The authors made it easy
to get up and running in new applications by adapting the code for the examples, and
by being able to access the details of key functions within these pages.
Levitin, Nuzzo, Vines and Ramsay (2007) described a set of quantitative
methods, including the FDA, which could answer a number of questions that
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traditional statistical approaches cannot. These methods are applicable for analyzing
many datasets that are common in experimental psychology, including time series
data, repeated measures, and data distributed over time or space as in neuroimaging
experiments. The primary advantage of FDA is that it allows the researcher to ask
questions about when in a time series differences may exist between two or more sets
of observations. The authors discussed functional correlations, principal components,
the derivatives of functional curves, and analysis of variances models.
Ferrari and Vieux (2006) published a book that explains how functional data
can be studied through parameter-free statistical ideas. This book starts from
theoretical foundations including functional nonparametric modeling, description of
the mathematical framework, construction of the statistical methods, and statements
of their asymptotic behaviors. It proceeds to computational issues including R and SPLUS routines. Several functional datasets in chemometrics, econometrics, and
pattern recognition are used to emphasize the wide scope of nonparametric functional
data analysis in applied sciences.
Ulbricht (2004) provided some typical examples in finance which implied
volatility functions, yield curves or risk-neutral densities. Due to the different market
conventions and further technical reasons, these objects are observable only on a
discrete grid, e.g. for a grid of strikes and maturities for which the trade has been
settled at a given time-point. By collecting these functions for several time points (e.g.
days) or for different underlyings, a bunch of functions is obtained – a functional data
set. He considered the strategies of recovering the functional objects (e.g. implied
volatilities function) from the observed data based on the nonparametric smoothing
methods. Besides the standard smoothing methods, a procedure based on a
combination of nonparametric smoothing and the no-arbitrage-theory results is
proposed for implied volatility smoothing. The author discussed the functional data
analysis (FDA) and its connection to the problems present in the empirical analysis of
the financial markets. He focused on the functional principal components analysis. A
comprehensive overview of the existing methods was given, an estimation method
based on the dual problem as well as the two-sample inference based on the functional
principal component analysis are discussed. The FDA techniques are applied to the
analysis of the implied volatility and yielded curve dynamics.
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1.6

Organization of the Thesis:
This thesis is outlined as follows:
In chapter 2, we illustrate the functional data analysis. This chapter offers

general description of the functional data analysis. We define the functional analysis
and explain the theoretical background, define ways to determine the number of FDA
and identify areas of application of functional analysis .
In chapter 3 we discuss the functional correlation assumptions, functional
regression, nonlinear methods for functional data and time warping, dynamics and
manifold learning for functional data.
In chapter 4, we illustrate the principal component analysis. This chapter
offers general description of the principal component analysis. We define the
principal component analysis and explain the theoretical background for this
technique, define ways for determine the number of PCs and identify areas of
application of

principal component analysis also we illustrate the Functional

Principal Component Analysis (FPCA).
In chapter 5, we applied almost all methods that we theoretically discussed in
the preceding chapters on a real dataset on height, weights and head circumference in
the Gaza Strip. Firstly, we introduce an overall views of the data, and describe the
data using some descriptive statistics. Then we create curves for the growth of
weights, lengths and head circumference and apply the FPCA procedures.
Chapter 6 is for the conclusion and recommendations.
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Chapter 2
Functional Data Analysis
2.1 Introduction
Functional data analysis (FDA) deals with the analysis and theory of data that
are in the form of functions, images and shapes, or more general objects. The atom of
functional data is a function, where for each subject in a random sample one or
several functions are recorded. While the term "functional data analysis" was coined
by Ramsay (1982) and Ramsay & Dalzell (1991), the history of this area is much
older and dates back to Grenander (1950) and Rao (1958). Functional data are
intrinsically infinite dimensional. The high intrinsic dimensionality of these data
poses challenges both for theory and computation, where these challenges vary with
how the functional data were sampled. On the other hand, the high or infinite
dimensional structure of the data is a rich source of information, which brings many
opportunities for research and data analysis (Wang et al., 2015). Thus, FDA is branch
of statistics that analyzes data providing information about curves, surfaces or
anything else that varies over time. The continuum is often time, but it might also be
spatial location, wavelength ..etc.
FDA involves transforming data points to continuous functions, which is
basically done using Fourier function (basis) or spline functions. In FDA analysis is
done in terms of functions instead of single data points. This has potential advantage
on analyzing discrete data as it have fewer assumption over time . For example,
analysis of weather data, longitudinal time series data can benefit from this method.
FDA also provide a richer set of analysis than just comparing means or variance. With
functions, it is possible to see trends, rate of change and acceleration. FDA provides a
very natural way to impose localized smoothness penalties, which traditional MVA
approaches lack. Functional representations of curves are very parsimonious after a
spline basis is fit.
Within the field of functional data analysis, there exist two schools of thought
based on how they conceptualize functional data (Ramsay 1982). On the one hand,
some authors believe that functional data analysis can be considered as a smoothed
version of multivariate data analysis, and functional data analysis expresses the
multivariate data analytical tools in the language of functional analysis. On the other
hand, the second line of development has been the statistical application of spline
functions, especially in the scope of nonparametric function estimation (e.g.,
Silverman 1985, He & Müller & Wahba 2000, Green & Silverman 1994, and
Eubank 1999).
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Although there is a difference between the two viewpoints, the individual datum
in functional data analysis is a whole function defined on a bounded common interval,
rather than concentrating on the observed values at particular points in the interval.
This importance for understanding functional data analysis has long been emphasized
by Dieudonn´e (1960), who stated that the idea that a function f is a single object,
which may itself “vary” and is in general to be thought of as a “point” in a large
“functional space”; indeed, it may be said that one of the main differences between
the classical and modern concepts of Analysis is that, in classical mathematics, when
one writes f(x), f is visualized as “fixed” and x as “variables”, whereas nowadays both
f and x are considered as “variables” (and sometimes it is x which is fixed, and f which
becomes the “varying” object).
Although functional data analysis was in use in the 1960s, it was not
popularized until the work of Ramsay & Dalzell (1991). They not only named
functional data analysis, but also highlighted the great advantages of applying
functional data analysis in practice. These advantages include the fact that:
1. smoothing and interpolation procedures can yield a functional
representation of a finite set of observations.
2. modeling problems are more natural to consider functionally.
3. the objective of an analysis can be functional in nature.
4. functional pre-processing, such as derivatives, can provide insights into
functional data display and functional linear regression models.
These advantages strongly reflect the aims of the functional data model
outlined by Ramsay & Silverman (2005), namely:
•
•
•
•
•

to represent the data in ways that aid further analysis.
to display the data so as to highlight various characteristics.
to study important sources of pattern and variation among the data.
to explain variation in a response variable by using predictor information.
to compare two or more sets of data with respect to certain types of
variation, where two sets of data can contain different sets of replicates of
the same functions, or different functions for a common set of replicates.

2.2 Examples of functional data
Functional data arise in many fields. To explain the types of data that can be
referred to as "functional data" we illustrate the following examples.
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2.2.1 Growth of Girls' Data
Figure 2.1 shows the heights of 10 girls measured at a set of 31 ages in the
Berkeley Growth Study (Tuddenham & Snyder, 1954). The ages are not equally
spaced; there are four measurements while the child is one year old, annual
measurements from two to eight years, followed by heights measured biannually.
Although great care was taken in the measurement process, there is an uncertainty or
noise in height values that has a standard deviation of about three millimeters. Even
though each record involves only discrete values, these values reflect a smooth
variation in height that could be assessed, in principle, as often as desired, and is
therefore a height function. Thus, the data consist of a sample of 10 functional
observations
.

Figure (2.1): The heights of 10 girls measured at 31 ages. The circles indicate the unequally spaced ages of measurement

There are features in this data too delicate to see in this type of plot. Figure
2.2 displays the acceleration curves
estimated from these data by Ramsay,
Bock and Gasser (1995) using the following technique. We use the notation D for
differentiation, as in
.
The pubertal growth spurt shows up as a pulse of strong positive acceleration
followed by sharp negative deceleration. But most records also show a bump at
around six years that is termed the mid-spurt. We therefore conclude that some of the
11

variation from curve to curve can be explained at the level of certain derivatives. The
fact that derivatives are of interest is further reason to think of the records as functions
rather than vectors of observations in discrete time.

Figure (2.2):The estimated accelerations of height for 10 girls, measured in
centimeters per year. The heavy dashed line is the cross-sectional mean.
The ages are not equally spaced, and this affects many of the analyses that
might come to mind if they were. For example, although it might be mildly interesting
to correlate heights at ages 9, 10 and 10.5, this would not take account of the fact that
we expect the correlation for two ages separated by only half a year to be higher than
that for a separation of one year. Indeed, although in this particular example the ages
at which the observations are taken are nominally the same for each girl, there is no
real need for this to be so. In general, the points at which the functions are observed
may well vary from one record to another.
The replication of these height curves invites an exploration of the ways in
which the curves vary. This is potentially complex. For example, the rapid growth
during teenage years is visible in all curves, but both the timing and the intensity of
pubertal growth differ from girl to girl. Some type of principal components analysis
would undoubtedly be helpful, but we must adapt the procedure to take account of the
unequal age spacing and the smoothness of the underlying height functions.
It can be important to separate variation in timing of significant growth events,
such as the pubertal growth spurt, from variation in the intensity of growth (Ramsay
2009, Hooker 2009, and Graves, 2009).
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2.2.2 Data on US Manufacturing
Not all functional data involve independent replications; we often have to
work with a single long record. Figure 2.3 shows an important economic indicator:
the nondurable goods manufacturing index for the United States. Data like these often
show variation as multiple levels.

Figure (2.3): The monthly nondurable goods manufacturing index for the United
States.
There is a tendency for the index to show geometric or exponential increase
over the whole century, and plotting the logarithm of the data in Figure 2.4 makes this
trend appear linear while giving us a better picture of other types of variation. At a
finer scale, we see departures from this trend due to the depression, World War II, the
end of the Vietnam War and other more localized events. Moreover, at an even finer
scale, there is a marked annual variation, and we can wonder whether this seasonal
trend itself shows some longer-term changes. Although there are no independent
replications here, there is still a lot of repetition of information that we can exploit to
obtain stable estimates of interesting curve features (Ramsay, 2009, Hooker 2009, and
Graves, 2009).
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Figure (2.4): The logarithm of the monthly nondurable goods manufacturing index
for the United States.
The dashed line indicates the linear trend over the whole time period.

2.2.3 Input / Output Data for an Oil Refinery
Functional data also arise as input/output pairs, such as in the data in Figure
2.5 collected at an oil refinery in Texas. The amount of a petroleum product at a
certain level in a distillation column or cracking tower, shown in the top panel, reacts
to the change in the flow of a vapor into the tray, shown in the bottom panel, at that
level. How can we characterize this dependency? More generally, what tools can we
devise that will show how a system responds to changes in critical input functions as
well as other covariates?(Ramsay, 2009, Hooker 2009, and Graves, 2009).

Figure (2.5): The top panel shows 193 measurements of the amount of petroleum
product at tray level 47 in a distillation column in an oil refinery. The bottom panel
shows the flow of a vapor into that tray during an experiment.
14

2.3 Representing Functional Data
Figure 2.6 shows the data recorded at discrete times as a continuous function
in order to


Allow evaluation of record at any time point (especially if observation times
are not the same across records).



Evaluate rates of change.



Reduce noise.



Allow registration onto a common time-scale.

Figure (2.6): The data recorded at discrete times as a continuous function.

2.3.1 Basis Expansions
We will see, from a theoretical point of view, that the multivariate statistical
concepts can be often introduced into the functional data analysis easily. However, in
practice we are interested in the implementation of these techniques in fast computer
algorithms, where a certain finite-dimensional representation of the analyzed
functions is needed.
A popular way of FDA-implementation is to use a truncated functional basis
expansion. More precisely, let us denote a functional basis on the interval by
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} and assume that the functions xi are approximated ”well” by the first L
basis functions
{

∑

(2.1)

where
and
. The first equal sign in (2.1) is not
formally adequate – in practice we are just approximating the .
However, in order to keep the notation simple we will neglect this difference between
the real
and its approximation.
In practice, the analysis of the functional objects will be implemented through
the coefficient matrix
{

}

e.g. the mean, variance, covariance and correlation functions can be approximated by:
̅

̅

̂
̂
̂

̂
{̂
Where

̅

̂

∑

}
∑
̅

̅

The scalar product of two functions corresponds to:
〈

〉

∫

Where
∫

(2.2)

There are prominent examples of functional bases: Fourier, B-Spline basis.

2.3.1.1 Fourier Basis
A well known basis for periodic functions on the interval J is the Fourier basis,
defined on J by
{
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where is so called frequency, determines the period and the length of the interval
||
. The Fourier basis defined above can easily be transformed to an
orthonormal basis, hence the scalar-product matrix in (2.2) is simply the identity
matrix. The popularity of this basis is based partially on the possibility of fast
coefficient calculation by the Fast Fourier Transformation (FFT) Algorithm. In
XploRe one can use the quantlet Fourierevalgd for general case or the quantlet fft that
performs the FFT Algorithm for the equidistant design.

2.3.1.2 B-Spline Basis
A very popular functional basis for non-periodic data is the B-Spline basis.
This basis is defined by the sequence of knots on the interval and is roughly
speaking a basis for piecewise polynomial functions of order smoothly connected in
the knots. More formally, the basis functions are
(2.3)
where
is -th B-Spline of order , for the non-decreasing sequence of knots
{ } defined by following recursion scheme:
[

{

]

for i = 1, . . . , m + k, k = 0, . . . , K. The number of the basis function will uniquely be
defined by the B-spline order and the number of knots. The advantage of the B-spline
basis is its flexibility, relatively easy evaluation of the basis functions and their
derivatives. In XploRe one can use the quantlet Bsplineevalgd.
The detailed discussion of the implementation of the B-spline basis expansion in
XploRe can be found in Ulbricht (2004).

2.4 Mean and Covariance Function
2.4.1 Representation of Functional Data
In this section, we focus on first generation of functional data that are
realizations of a stochastic process
) that is in and defined on the interval I with
mean function

(

) and covariance function

functional framework can also be extended to
arguments. The realization of the process for the
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(

). The

processes with multivariate
subject is

, and the

sample consists of independent subjects. For generality, we allow the sampling
schedules to vary across subjects and denote the sampling schedule for subject as
, and the corresponding observations as
, where
. In addition, we allow the measurement of
to be contaminated by
random noise

with ( )
, where

and

( )

, so the actual observed value is

are independent across i and j and often termed

“measurement errors”.
It is often assumed that the errors are homoscedastic with
is is not strictly necessary, as long as

, but this

can be regarded as the

discretization of a smooth variance function
. We observe that measurement
errors are realized only at those time points
where measurements are being taken.
Hence these errors do not form a stochastic process
but rather should be treated
as discretized data . However, in order to estimate the variance
of
it is often
convenient to assume that there is a latent smooth function

such that

.

2.4.2 Estimation of Mean and Covariance Functions
When subjects are sampled at the same time schedule, i.e.,

and

for all , the observed data are m-dimensional multivariate data, so the mean
and covariance can be estimated empirically at the measurement times by the sample
mean and sample covariance,
̂( )
̂

∑

, and
∑
̂

̂

,

for

.

Data that are missing completely at random (for further details on missingness
see Little & Rubin 2014) can be handled easily by adjusting the available sample size
at each time point tj for the mean estimate or by adjusting the sample sizes of
available pairs at (
) for the covariance estimate. An estimate of the mean and
covariance functions on the entire interval can then be obtained by smooth
interpolation of the corresponding sample estimates or by mildly smoothing over the
grid points.
Once we have a smoothed estimate ̂ of the covariance function
variance of the measurement error at time tj can be estimated as
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, the

∑

̂
(

)

(

̂

̂(

)

.

),

because

When the sampling schedule of subjects differs, the above sample estimates
cannot be obtained. However, one can borrow information from neighboring data and
across all subjects to estimate the mean function, provided the sampling design
combining all subjects, i.e. {
}, is a dense subset of the
interval I. Then a nonparametric smoother, such as a local polynomial estimate (Fan
& Gijbels 1996), can be applied to the scatter plot {(
} to smooth

)

over time; this will yield consistent estimates of (t) for all t.

Figure 2.7 shows the scatter plot of the pooled CD4 counts for all 369 AIDS patients,
together with the esti-mated mean function based a local linear smoother with
bandwidth 0.3 year. The shape of the mean function reveals that CD4 counts were
stable around 1,000 six months before seroconversion (time 0) but decline sharply six
months before and after seroconversion, and then stabilize again after one year of
seroconversion.

Figure (2.7): Scatter plot of the pooled CD4 counts for all 369 AIDS patients,
together with the estimated mean function based a local linear smoother with
bandwidth 0.3 year.
Likewise, the covariance can be estimated on I × I by a two-dimensional
scatter plot smoother{
} to smooth
against

, where

(

̂

)(

̂

) are the “raw” covariances.

We note that the diagonal raw covariances where
are removed from the 2D
scatter plot prior to the smoothing step because these include an additional term that is
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due to the variance of the measurement errors in the observed
. Indeed, once an
estimate ̂ for Ʃ is obtained, the variance
of the measurement errors can be
obtained by smoothing

̂(

)

̂

against

across time. Figure 2.8

displays the scatter plot of the raw covariances and the smoothed estimate of the
covariance surface
using a local linear bivariate smoother with bandwidth of
1.4 years together with the smoothed estimate of var(Y(t)). The estimated variance of
is the distance between the estimated var(Y (t)) and the estimated covariance
surface. Another estimate for
under the homoscedasticity assumption is discussed
in Yao, Müller & Wang (2005a).
The above smoothing approach is based on a scatter plot smoother which
assigns equal weights to each observation, therefore subjects with a larger number of
repeated observations receive more total weight, and hence contribute more toward
the estimates of the mean and covariance functions.

Figure (2.8): Scatter plot of the raw covariances and the smoothed estimate of the
covariance surface
An alternative approach employed in Li & Hsing (2010) was to assign equal
weights to each subject. Both approaches are sensible. A question is pooled CD4
count data for 369 subjects and estimated mean function which one would be
preferred for a particular design and whether there is a unified way to deal with these
two methods and their theory. These issues were recently explored in a manuscript of
Zhang & Wang (2014), employing a general weight function and providing a
comprehensive analysis of the asymptotic properties on a unified platform for three
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types of asymptotics,
and
(uniform) convergence as well as asymptotic
normality of the general weighted estimates.
Functional data sampling designs are further partitioned into three categories,
non-dense (designs where one cannot attain the √ rate), dense (where one can attain
the √ rate but with a non-negligible asymptotic bias), and ultra-dense (where one
can attain the √ rate without asymptotic bias). Sparse sampling scenarios where
is uniformly bounded by a finite constant are a special case of non-dense data and
lead to the slowest convergence rates. These designs are also referred to as
longitudinal designs. The differences in the convergence rates also have implications
on the construction of simultaneous confidence bands. For ultra dense or some dense
functional data, the weighing scheme that assigns equal weights to subjects is
generally more efficient than the scheme that assigns equal weight per observation,
but the opposite holds for many other sampling plans, including sparse functional
data.
2.4.3. Hypothesis Testing and Simultaneous Confidence Bands for Mean and
Covariance Functions
Hypothesis testing for the comparison of mean functions
is of obvious
interest. Fan & Lin (1998) proposed a two-sample test and ANOVA test for the mean
functions, with further work by Cuevas (Febrero & Fraiman, 2004 and Zhang, 2013).
Other two sample tests have been proposed for distributions of functional data (Hall
& Van Keilegom 2007) and for covariance functions (Panaretos, Kraus & Maddocks,
2010; Boente, Rodriguez& Sued, 2011).
Another inference problem that has been explored is the construction of
simultaneous confidence bounds for dense (Degras, 2008, 2011; Wang & Yang, 2009;
and Cao, Yang & Todem, 2012) and sparse (Ma, Yang & Carroll, 2012) functional
data. However, the problem has raw covariances (dots) and fitted smooth covariance
surface, obtained by omitting the data on the diagonal, where the diagonal forms a
ridge due to the measurement errors in the data. The variance of the measurement
error
at time t is the vertical distance between the top of the diagonal ridge and
the smoothed covariance surface at time t. It has not been completely resolved for
functional data, due to two main obstacles: the infinite dimensionality of the data and
the nonparametric nature of the target function. For the mean function , an
interesting “phase transition” phenomenon emerges: For ultra-dense data the
estimated mean process √ ( ̂

) converges to a mean zero Gaussian process

W(t), for
, so standard continuous mapping leads to a construction of a
simultaneous confidence band based on the distribution of
W(t). When the
functional data are dense but not ultra dense, the process √ ( ̂

21

) can still

converge to a Gaussian process W(t) with a proper choice of smoothing parameter but
W is no longer centered at zero due to the existence of asymptotic bias .
This resembles the classical situation of estimating a regression function, say
m(t), based on independent scalar response data, where there is a trade off between
the bias and variance, so that optimally smoothed estimates of the regression function
will have an asymptotic bias. The conventional approach to construct a pointwise
confidence interval is based on the distribution of
is an estimate of

(̂

that converges at the optimal rate

asymptotic confidence interval derived from it is targeting
true target

(̂

)) , where ̂

. This means that the
(̂

) rather than the

and therefore is not really viable for inference for m(t).

In summary, the construction of simultaneous confidence bands for functional
data requires different methods for ultra-dense, dense, and sparse functional data,
where in the latter case one does not have tightness and the rescaling approach of
Bickel & Rosenblatt (1973) may be applied. The division between the various
sampling designs is perhaps not unexpected since ultra dense functional data
essentially follow the paradigm of parametric inference, where the √
rate of
convergence is attained with no asymptotic bias, while dense functional data attains
the parametric rate of √ convergence even though with an asymptotic bias, which
leads to challenges even in the construction of pointwise confidence intervals.
Unless the bias is estimated separately, removed from the limiting distribution,
and proper asymptotic theory is established, which usually requires regularity
conditions for which the estimators are not efficient, the resulting confidence intervals
need to be taken with a grain of salt. This issue is specific to the bias-variance trade
off that is inherited from nonparametric smoothing. Sparse functional data follow a
very different pattern as they allow no more than nonparametric convergence rates,
which are slower than √ , and the rates depend on the design of the measurement
schedule and properties of mean and covariance function as well as the smoother
(Zhang & Wang 2014). The phenomenon of nonparametric versus parametric
convergence rates as designs get more regular and denser have been characterized as a
“phase transition” (Hall, Müller & Wang 2006; Cai & Yuan, 2011).

2.5 Summary
In this chapter, we discussed the analysis of functional data using applied
examples, and we described the types of functional data and some statistical methods
used in the analysis of functional data then we explained the mean, variance and made
some inference on functional data.
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Chapter 3
Correlation and Regression for Functional Data
3. 1 Introduction
As stated in the previous chapter, a major challenge in FDA is the inverse
problem, which stems from the compactness of the covariance operator ∑ that was
defined as
; for any function
. If there are infinitely
∫
many nonzero, and hence positive eigenvalues, then the covariance operator is a oneto one function and the inverse operator of can be determined but it is an unbounded
operator and the range space of the covariance operator is a compact set in
. This
creates a problem to define a bijection, as the inverse of is not defined on the entire
space. Therefore regularization is routinely adopted, for any procedure that
involves the inverse on a compact operator. Examples where inverse operators are
central include regression and correlation measures for functional data, as ∑
appears in these methods. This inverse problem was for example addressed for
functional canonical correlation in He, Müller & Wang (2000) and He, Müller &
Wang (2003) , where a solution was discussed under certain constraints on the decay
rate of the eigenvalues and the cross covariance operator.

3.2 Functional Correlation
Different functional correlation measures have been discussed in the literature.
Functional Canonical Correlation Analysis serves here to demonstrate some of the
problems that one encounters in FDA as a consequence of the non-inevitability of
compact operators.
3.2.1 Functional Canonical Correlation Analysis (FCCA)
Let (X, Y ) be a pair of random functions in
and
respectively.
The first functional canonical correlation coefficient
and its associated weight
functions
are defined as follows, using the notation
〈
〉 ∫
for any
,
〈
〈
〉
subject to
canonical correlation

〉〈

〉

〈

〉〈

〉

〈
〉
and
. Analogously for the
and its associated weight functions
,
〈

〉〈
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〉

〈

〉〈

(3.1)
, k > 1,

〉

(3.2)

〈

subject to
〈

〉〈

〉

〈

,

〉

, and that the pair

〉 is uncorrelated to all previous pairs (

= 1,………,

)

(〈

〉〈

〉), for

.

Thus, FCCA aims at finding projections in directions
of X and
of Y
such that their linear combinations (inner products)
and
are maximally
correlated, resulting in the series of functional canonical components
, directly extending canonical correlations for multivariate
data. Because of the flexibility in the direction , which is infinite dimensional.
Overfitting may occur if the number of sample curves is not large enough. Formally,
this is due to the fact that FCCA is an ill-posed problem. Introducing the crosscovariance operator
∑
for
and using
be expressed as

∫

∑

∑

)

(3.3)

and analogously the covariance operators for X, ∑ , for Y , ∑ ,
〈
〉 〈
〉
〈
〉, the
canonical component in (3.2) can

〈

Then

(

(3.4)

is

〉

〈

equivalent

to

〈

〉

an

〉

eigenanalysis

〈

〉
of

the

(3.4)
operator

∑

. Existence of the canonical components is guaranteed if the
operator R is compact. However, the inverse of a covariance operator and the inverses
∑
of ∑
are not bounded since a covariance operator is compact under the
assumption that the covariance function is square integrable. A possible approach
(He, Müller & Wang 2003) is to restrict the domain of the inverse to the range
of
∑

so that the inverse of ∑

can be defined on

and is a bijective mapping

to
. under some conditions (e.g., Conditions 4.1 and 4.5 in He, Müller & Wang
(2003)) on the decay rates of the eigenvalues of ∑
and ∑
and the crosscovariance. Under those assumptions the canonical correlations and weight functions
are well defined and exist.
An alternative way to get around the above ill-posed problem is to restrict the
maximization in (3.2) and (3.3) to discrete
spaces that are restricted to a
reproducing kernel Hilbert space instead of working within the entire
space
(Eubank & Hsing 2008).In addition to theoretical challenges to overcome the inverse
problem, FCCA requires regularization in practical implementations, as only finitely
many measurements are available for each subject. If left unregularized, the first
canonical correlation will always be one. Unfortunately, the canonical correlations are
highly sensitive to the regularization parameter and the first canonical correlation
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often tends to be too large as there is too much freedom to choose the weights and
. This makes it difficult to interpret the meaning of the first canonical correlation.
The overfitting problem can also be viewed as a consequence of the highdimensionality of the weight function and was already illustrated in Leurgans,
Moyeed & Silverman (1993), who were the first to explore penalized functional
canonical correlation analysis. Despite the challenge with overfitting, FCCA can be
employed to implement functional regression by using the canonical weight functions
, and as bases to expand the regression coefficient function (He, Müller & Wang
2000; He et al. 2010).
Another difficulty with the versions of FCCA proposed so far is that it
requires densely recorded functional data so the inner products in (3.2) can be
evaluated with high accuracy. Although it is possible to impute sparsely observed
functional data using the Karhunen- Loȇve expansion before applying any of the
canonical correlations, these imputations are not consistent and this leads to a biased
correlation estimation. This bias may be small in practice but finding an effective
FCCA for sparsely observed functional data is still of interest and remains an open
problem.
3.2.2 Other Functional Correlation Measures
The regularization problems for FCCA have motivated the study of alternative
notions of functional correlation. These include singular correlation and singular
expansions of paired processes (X, Y ). While the first correlation coefficient in
〈
〉〈
〉 , observing that it
FCCA can be viewed as
‖ ‖ ‖ ‖
is the correlation that induces the inverse problem, one could simply replace the
correlation by covariance, i.e., obtain project functions
that attain the equation
〈
〉〈
〉 . Functions
turn out to be the first pair of the
‖ ‖ ‖ ‖
singular basis of the covariance operator of (X , Y ) (Yang, Müller & Stadtmüller,
2011). This motivates to define a functional correlation as the first singular
correlation:
〈
√

〈

〉〈
〉

〉
〈

〉

(3.5)

Another natural approach that also avoids the inverse problem is to define
functional correlation as the cosine of the angle between functions in . For this
notion to be a meaningful measure of alignment of shapes, one first needs to subtract
the integrals of the functions, i.e., their projections on the constant function l, which
corresponds to a “static part”. Again, considering pairs of processes
〈
〉
and denoting the projections on the constant function l by
the
remainder
is the “dynamic part” for each random function. The
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cosine of the -angle between the dynamic parts then provides a correlation measure
of functional shapes. These ideas can be formalized as follows (Dubin & Müller
2005). Defining standardized curves either by
∫
or alternatively by also removing

,
∫

〈
〉. The
the cosine of the angle between the standardized functions is
resulting dynamic correlation and other notions of functional correlation can also be
extended to obtain a precision matrix for functional data. This approach has been
developed by Opgen-Rhein and Strimmer (2006) for the construction of a graphical
model for gene time course data.

3.3 Functional Regression
Functional regression is an active area of research. The approach depends on
whether the responses or covariates are functional or vector data and include
combinations of
(i) functional responses with functional covariates,
(ii) vector responses with functional covariates, and
(iii) functional responses with vector covariates.
An approach for (i) was introduced by Ramsay & Dalzell (1991) who
developed the functional linear model (FLM) for this case, where the basic idea
already appears in Grenander (1950) ,who derived this as the regression of one
Gaussian process on another. This model can be viewed as an extension of the
traditional multivariate linear model that associates vector responses with vector
covariates. The topic that has been investigated most extensively in the literature is
scenario (ii) for the case where the responses are scalars and the covariates are
functions. Reviews of FLMs may be found in Müller (2005 & 2011) and Morris
(2015).
3.3.1 Functional Regression Models with Scalar Response
The traditional linear model with scalar response
can be expressed as
〈

〉

and vector covariate

(3.6)

using the inner product in Euclidean vector space, where
and
contain the
regression coefficients and is a zero mean and finite variance random error (noise).
Replacing the vector X in (3.6) and the coefficient vector by a centered functional
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covariate
and coefficient function
at the functional linear model
〈

〉

, for

, one arrives

∫

(3.7)

which has been studied extensively by Cardot, Ferraty & Sarda (1999 and 2003), Hall
& Horowitz (2007), and Hilgert, Mas & Verzelen (2013).
An ad hoc approach is to expand the covariate X and the coefficient function
in the same functional basis, such as the B-spline basis or eigenbasis in
∑
. Specifically, consider an orthonormal basis
, of the
function space. Then expanding both X and
in this basis leads to
∑
∑
and model (3.7) is seen to be equivalent to
the traditional linear model (3.6) of the form
∑

(3.8)

where in implementations the sum on the r.h.s. is replaced by a finite sum that is
truncated at the first K terms, in analogy to
∑

.

To achieve the consistency for the estimation of the parameter function
,
one selects a sequence
of eigenfunctions in (3.8) with
. For the
theoretical analysis, the method of sieves (Grenander 1981) can be applied, where the
Kth sieve space is defined to be the linear subspace spanned by the first
components. In addition to the basis-expansion approach, a penalized approach using
either P-splines or smoothing splines has also been studied (Cardot, Ferraty & Sarda
2003). For the special case where the basis functions
are selected as the
eigenfunctions
of X, the basis representation approach in (3.6) is equivalent to
conducting a principal component regression, albeit with an increasing number of
principal components. In this case, however, the basis functions are estimated rather
than pre-specified, and this adds an additional twist to the theoretical analysis.
The simple functional linear model (3.7) can be extended to multiple
functional covariates
, also including additional vector covariates
, where

, by
〈

where

is the interval where

〉

∑

∫

,

(3.9)

is defined. In theory, these intervals need not be the

same. Although model (3.9) is a straightforward extension of (3.7), its inference is
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different due to the presence of the parametric component . A combined least
squares method to estimate and simultaneously in a one step or profile approach
(Hu, Wang & Carroll 2004), where one estimates
by profiling out the
nonparametric components , is generally preferred over an alternative back-fitting
method. Once the parameter has been estimated, any approach that is suitable and
consistent for fitting the functional linear model (3.7) can easily be extended to
〈̂ 〉
estimate the nonparametric components
by applying it to the residuals
Extending the linear setting with a single index ∫

to summarize

each functional covariate, a nonlinear link function g can be added in (3.7) to create a
functional generalized linear model (either within the exponential family or a quasilikelihood framework and a suitable variance function)
∫

,

(3.10)

This Generalized Functional Linear Model has been considered when g is
known (James 2002; Cardot, Ferraty & Sarda 2003; Cardot & Sarda 2005; Wang,
Qian & Carroll 2010; Dou, Pollard & Zhou 2012) and when it is unknown (Müller &
Stadtmüller 2005; Chen, Hall & Müller 2011).When g is unknown and the variance
function plays no role, the special case of a single-index model has further been
extended to multiple indices, the number of which is possibly unknown. Such
“multiple functional index models” typically forgo the additive error structure
imposed in (3.7) - (3.10),
∫

∫

(3.11)

where g is an unknown multivariate function on
. This line of research follows
the paradigm of sufficient dimension reduction approaches, which was first proposed
for vector covariates as an off-shoot of sliced inverse regression (SIR) (Duan & Li
1991; Li 1991), and has been extended to functional data in Ferrȇ & Yao (2003);
Ferrȇ & Yao (2005); Cook, Forzani & Yao (2010) and to longitudinal data in Jiang,
Yu & Wang (2014).
Functional Regression Models with Functional Response: For a function Y
on
and a single functional covariate
, two major models have been
considered,
,
where
and
intercepts, and
slopes.

(3.12)

are non-random functions that play the role of functional
and
are non-random coefficient functions, the functional
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Model (3.12) implicitly assumes that
and is most often referred to as
“vary in g coefficient” model. Given s, Y (s) and X(s) follow the traditional linear
model, but the covariate effects may change with time s. This model assumes that the
value of Y at time s depends only on the current value of X(s) and not the history
{
} or future values, hence it is a “concurrent regression model”. A simple
and effective approach to estimate
is to first fit model (3.12) locally in a
neighborhood of s using ordinary least squares to obtain an initial estimate ̃ , and
then to smooth these initial estimates ̃
across s to get the final estimate ̂ (Fan &
Zhang 1999). In addition to such a two-step procedure, one-step smoothing methods
have been also studied (Hoover et al. 1998; Wu & Chiang 2000; Eggermont, Eubank
& LaRiccia 2010; Huang, Wu & Zhou 2002), as well as hypothesis testing and
confidence bounds (Wu, Chiang & Hoover 1998; Huang, Wu & Zhou 2004), with
review in Fan & Zhang (2008). More complex varying coefficient models include the
nested model in Brumback & Rice (1998), the covariate adjusted model in Sentürk &
Müller (2005), and the multivariate varying-coefficent model in Zhu, Fan & Kong
(2014), among others.
Model (3.12) is generally referred to as functional linear model (FLM), and
it differs in crucial aspects from the varying coefficient model (3.11): At any given
time s, the value of Y (s) depends on the entire trajectory of X. It is a direct extension
of traditional linear models with multivariate response and vector covariates by
changing the inner product from the Euclidean vector space to . This model also is a
direct extension of model (3.7) when the scalar Y is replaced by Y (s) and the
coefficient function varies with s, leading to a bivariate coefficient surface. It was
first studied by Ramsay & Dalzell (1991),who proposed a penalized least squares
method to estimate the regression coefficient surface
. When
, it is often
reasonable to assume that only the history of X affects Y , i.e., that
for s <
t. This has been referred to as the “historical functional linear model” (Malfait &
Ramsay, 2003), because only the history of the covariate is used to model the
response process. This model deserves more attention.
When
and
are random vectors, the normal equation of the
least squares regression of Y on X is cov(X,Y ) =cov(X,X) , where is a
matrix. Here a solution can be easily obtained if cov(X,X) is of full rank so its inverse
exists. An extension of the normal equation to functional X and Y is straightforward
by replacing covariance matrices by their corresponding covariance operators.
However, an ill-posed problem emerges for the functional normal equations.
Specifically, if for paired processes (X,Y) the cross-covariance function is
(
we

) and
define

(
the

) is the auto-covariance function of X,

linear

operator,
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by

∫
form (He, Müller & Wang 2000)

. Then a “functional normal equation” takes the

Since
is a compact operator in , its inverse is not bounded, leading to an
ill-posed problem. Regularization is thus needed in analogy to the situation for FCCA
described in Section 3.2.1 (He, Müller & Wang 2003). The functional linear model
(3.7) is similarly ill-posed, however not the varying coefficient model (3.11), because
the normal equation for the varying-coefficient model can be solved locally at each
time point and does not involve inverting an operator.
Due to the ill-posed nature of the functional linear model, the asymptotic
behavior of the regression estimators varies in the three design settings. For instance,
a √ rate is attainable under the varying-coefficient model (3.11) for completely
observed functional data or dense functional data possibly contaminated with
measurement errors, but not for the other two functional linear models (3.7) and
(3.12) unless the functional data can be represented by a finite number of basis
functions. The convergence rate for (3.7) depends on how fast the eigenvalues decay
to zero and on regularity assumptions for (Cai & Hall, 2006; Hall & Horowitz,
2007), even when functional data are observed continuously without error.
An interesting phenomenon is that prediction for model (3.7) follows a
different paradigm in which √ convergence is attainable if the predictor X is
sufficiently smooth and the eigenvalues of predictor processes are well behaved (Cai
& Hall, 2006). Estimation for and asymptotic theory for model (3.12) were explored
in Yao, Müller & Wang (2005) and in He et al. (2010) for sparse functional data.
As with scalar responses, both the varying coefficient model (3.11) and
functional linear model (3.12) can accommodate vector covariates and multiple
functional covariates. Since each component of the vector covariate can be treated as
a functional covariate with a constant value, we only discuss the extension to multiple
functional covariates,
, noting that interaction terms can be added as
needed. The only change we need to make on the models is to replace the term
in (3.11) by ∑
∑

∫

, where

and the term ∫
is the domain of

in (3.12) by

. If there are many predictors, a

variable selection problem may be encountered, and when using basis expansions it is
natural to employ a group lasso or similar constrained multiple variable selection
method under sparsity or other suitable assumptions.
Generalized versions can be developed by adding a pre-specified link function
g in models (3.11) and (3.12). For the case of the varying coefficient model and sparse
functional data this has been investigated in Şentürk & Müller (2008) for the
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generalized varying coefficient model and for model (3.12) and dense functional data
in James & Silverman (2005) for a finite number of expansion coefficients for each
function. Jiang & Wang (2011) considered a setting where the link function may vary
with time but the
in the index does not vary with time. The proposed dimension
reduction approach in this thesis expands the MAVE method by Xia et al. (2002) to
functional data.
3.3.2 Random Effects Models
In addition to targeting fixed effects regression, the nonparametric modeling
of random effects is also of interest. Here the random effects are contained in the
stochastic part e(t) of (3.11) and (3.12). One approach is to extend the FPCA approach
of the previous section to incorporate covariates (Cardot & Sarda 2006; Jiang, Aston
& Wang 2009; Jiang & Wang 2010). These approaches are aiming to incorporate low
dimensional projections of covariates to alleviate the curse of dimensionality for
nonparametric procedures.
One scenario where it is easy to implement covariate adjusted FPCA is the
case where one has functional responses and vector covariates. One could conduct a
pooled FPCA combining all data as a first step and then to use the FPCA scores
obtained from the first stage to model covariate effects through a single-index model
at each FPCA component (Chiou, Müller & Wang 2003). At this time, such
approaches require dense functional data, as for sparse data individual FPC scores
cannot be estimated consistently.

3.4 Nonlinear Methods for Functional Data
Due to the complexity of functional data analysis, which blends stochastic
process theory, functional analysis, smoothing and multivariate techniques, most
research at this point has focused on linear functional models, such as functional
principal components and functional linear regression. Perhaps owing to the success
of these linear approaches, the development of nonlinear methods has been slower,
even though in many situations linear methods are not fully adequate. A case in point
is the presence of time variation or time warping that has been observed for many
functional data (Kneip & Gasser 1992; Gasser & Kneip 1995). This means that
observation time itself is randomly distorted and time variation may constitute the
main source of variation for some functional data (Wang & Gasser 1997; Ramsay &
Li 1998). Efficient models will then need to respond to the nonlinear features of the
data.
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3.4.1 Nonlinear Regression Models
The classical functional regression models are linear models, as described in
the previous section, see equations (3.6), (3.7), (3.9), (3.12). Direct nonlinear
extensions still contain a linear predictor, but combine it with a nonlinear link
function, in a similar fashion as the generalized linear model (McCullagh & Nelder
1983). These are the generalized functional linear model and single index models
(3.10) and (3.11). From a theoretical perspective, the presence of a nonlinear link
functions complicates the analysis of these models, e.g., requiring to decompose such
models into a series of p-dimensional approximation models with
(Müller &
Stadtmüller 2005).
There have been various developments towards fully nonparametric regression
models for functional data (Ferraty & Vieu 2006), which lie at the other end of the
spectrum in comparison to the functional linear model. These models extend the
concept of nonparametric smoothing to the case of predictor functions, where for
|
scalar responses Y one considers functional predictors X, aiming at
for a smooth regression function g, for example extending kernel smoothing to this
situation. The idea is to replace differences in the usual Euclidean predictor space by a
projected pseudo-distance in a functional predictor space, so that the scaled kernel
with a bandwidth h becomes

), where d is a metric in the predictor

space (Ferraty & Vieu 2006). Due to the infinite nature of the predictors, when
choosing d as the
distance, such models are subject to a serious form of “curse of
dimensionality”, as functional predictors are inherently infinite-dimensional. This
“curse” is quantifiable in terms of unfavorable small ball probabilities in function
space (Delaigle & Hall 2010). What this means is that an appropriate choice of the
metric d that avoids the “curse” is essential, and whether such a choice is possible for
a given functional data set and how to implement remains an open problem. In some
cases, when data are clustered in lower-dimensional manifolds, the rates of
convergence pertaining to the lower dimension will apply (Bickel & Li 2007),
counteracting the “curse”.
More generally, to bypass the “curse” and the metric selection problem, it is
of interest to consider nonlinear models, which are subject to some structural
constraints that do not overly violate exibility. One can aim at models that retain
polynomial rates of convergence, while they are more exible than, say, functional
linear models. Such models are particularly useful when diagnostics for the functional
linear model indicate lack of fit (Chiou & Müller 2007). An example is the
generalized functional linear models as well as extensions to single index models
(Chen, Hall & Müller 2011) that provide enhanced flexibility and structural stability
while model fits converge at polynomial rates.
32

3.4.2 Additive Models for Functional Data.
Beyond single index models, another powerful dimension reduction tool is the
additive model (Stone 1985; Hastie & Tibshirani 1986), which also has been extended
to functional data (Lin & Zhang 1999; You & Zhou 2007; Carroll et al. 2009; Lai,
Huang & Lee 2012). In these models it is generally assumed that the time effect is
additive, which is sometimes restrictive. Modeling additive components that are
bivariate functions of time and a covariate (Zhang, Park & Wang 2013), this
restriction can be avoided. The two-dimensional smoothing needed for the bivariate
functions each component may be replaced by one-dimensional smoothing steps, if
one further assumes that each of the additive components is the product of an
unknown time effect and an unknown covariate effect (Zhang & Wang 2015), which
leads to easy interpretation and implementation.
Alternatively, one can utilize the functional principal components
defined in
∑

, as

(3.13)

,

for dimension reduction of the predictor process or processes X, and then
assume that the regression relation is additive in these components. While the linear
|
functional regression model with scalar response can be written as
∑
with an infinite sequence of regression coefficients
, the functional
additive model is

|

∑

(3.14)

where the component functions are required to be smooth and to satisfy

(

)

(Müller & Yao 2008; Sood, James & Tellis 2009).
This model can be characterized as frequency-additive. A key feature that
makes this model not only easy to implement but also accessible to asymptotic
analysis, is
|

{

|

|

}

{∑

|

}

(3.15)

if the functional principal components
are assumed to be independent, as would
be the case for Gaussian predictor processes, where
. This implies that simple
onedimensional smoothing of the responses against the FPCs leads to consistent
estimates of the component functions
(Müller & Yao 2008), so that the usual
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backfitting that is normally required for additive modeling is not needed. For the
functional linear model (3.7), already uncorrelatedness of the FPCs of the predictor
|
processes suffices for the representation
, motivating to
decompose functional linear regression into a series of simple linear regressions
(Chiou & Müller 2007; Müller et al. 2009).
Projections on a finite number of directions for each of potentially many
predictor functions provide an alternative additive approach that is of practical interest
when the projections are formed by taking into consideration the relation between X
and Y , in contrast to other functional regression models, where the predictors are
formed merely based on the auto-covariance structure of predictor processes X (James
& Silverman 2005; Chen, Hall & Müller 2011; Fan et al. 2014).
Still other forms of additive models have been considered for functional data.
While model (3.14) can be characterized as frequency-additive, as it is additive in the
FPCs, one may ask the question whether there are time-additive models. It is
immediately clear that since the number of time points on an interval domain is
|

uncountable, an unrestricted time additive model

∑

[

]

(

)

is

not feasible. Addressing this conundrum by assuming that the functions
are
smoothly varying in t and considering a sequence of time-additive models on
increasingly dense finite grids of size p leads to the sequence
( |
where

( ))

∑

( ( ))

for a smooth bivariate function

. In the limit

this

becomes the continuously additive model (Müller, Wu & Yao 2013).
|

∑

(

( ))

∫[

]

(

)

,

(3.16)

This model can be implemented with a bivariate spline representation of the
function
a very similar model was introduced under the name functional
generalized additive model in McLean et al. (2014).Nonlinear or linear models, where
individual predictor times are better predictors than functional principal components,
i.e., regression models with time-based rather than frequency-based predictors, can be
viewed as special cases of the continuously additive model (3.16), where only a few
time points and their associated additive functions

( ( )) are assumed to be

predictive (Ferraty, Hall & Vieu 2010).
3.4.3 Optimization and Gradients With Functional Predictors
| in terms of
In some applications one aims to maximize the response
the predictor function X. An example is the evolution of reproductive trajectories X in
medflies, measured in terms of daily egg-laying, where evolution may work to
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maximize a desirable outcome such as lifetime reproductive success Y , as this
conveys an evolutionary advantage. While enhanced egg-laying at all ages enhances
lifetime reproductive success, measured as total number of eggs produced during the
lifetime of a fly, it also promotes mortality, through the “cost of reproduction”.
However, shorter lifespan implies reduced total number of eggs. The optimal egglaying trajectory is therefore not simply the maximal egg-laying possible at all ages
but a complex trade-off between maximizing daily egg-laying and the cost of
reproduction in terms of mortality (Müller et al. 2001).
To address the corresponding functional maximization problem, gradients
with respect to functional predictors X are of interest (Hall, Müller & Yao 2009).
Extending the functional additive model (3.14), one can introduce additive gradient
{
},
operators with arguments in at each predictor level
∑

∫

(3.17)

,

These additive gradient operators serve to find directions in which responses
increase, thus enabling a maximal descent algorithm in function space (Müller & Yao
2010a).
3.4.4 Polynomial Functional Regression.
Finally, just as the common linear model can be embedded in a more general
polynomial version, a polynomial functional model that extends the functional linear
model has been proposed (Yao & Müller 2010), with quadratic functional regression
as the most prominent special case. With centered predictor processes , this model
can be written as
|

∫

∫∫

,

(3.18)

and in addition to the parameter function that it shares with the functional linear
model it also features a parameter surface . The extension to higher order polynomials
is obvious. These models can be equivalently represented as polynomials in the
corresponding FPCs. A natural question is whether the linear model is sufficient or
needs to be extended to a model that includes a quadratic term. A corresponding test
was developed by Horvӓth & Reeder (2013).

3.5 Time Warping, Dynamics and Manifold Learning for Functional Data
In addition to amplitude variation, many functional data are best described by
assuming that additional time variation is present, i.e, the time axis is distorted by a
smooth random process. A classical example are growth data. In human growth, the
biological age of different children varies and this variation has a direct bearing on the
growth rate that follows a general shape, but with subject-specific timing, which
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manifests itself for example in the subject-specific timing of the two major growth
spurts, the pubertal and the pre-pubertal growth spurt (Gasser et al. 1984).
3.5.1 Time Variation and Curve Registration
If both amplitude and time variation are present in functional data, they cannot
be separately identified, so additional assumptions that break the non-identifiability
are crucial if one wishes to identify and separate these two components, which jointly
generate the observed variation in the data. An example when time warping is
identifiable is briefly discussed in the next section. In the presence of time warping,
which is also known as curve registration or curve alignment problem, cross-sectional
mean functions are inefficient and uninterpretable, because if important features such
as peak locations randomly vary from curve to curve, ignoring the differences in
timing when taking a cross-sectional mean will distort these features. Then the mean
curve will not resemble any of the sample curves and is not useful as a representative
of the sample of curves (Ramsay & Li 1998).
Early approaches to time-warped functional data included dynamic time
warping (Sakoe & Chiba 1978; Wang & Gasser 1997) for the registration of speech
and self-modeling nonlinear regression (Lawton & Sylvestre 1971; Kneip & Gasser
1988), where in the simplest case one assumes that the observed random functions can
be modeled as shift-scale family of an unknown template function, where shift and
scale are subject-specific random variables.
A traditional method for time-warped functional data is the landmark method.
Special features such as peak locations in functions or derivatives are aligned to their
average location and then smooth transformations from the average location to the
location of the feature for a specific subject are introduced (Kneip & Gasser 1992;
Gasser & Kneip 1995).
If well-expressed features are present in all sample curves, the landmark
method serves as a gold standard for curve alignment. A problem is that landmarks
may be missing in some sample functions or may be hard to identify due to noise in
the data.
The mapping of latent bivariate time warping and amplitude processes into
random functions has been studied systematically, leading to the definition of the
mean curve as the function that corresponds to the bivariate Fr ́ chet mean of both
time warping and amplitude processes (Liu & Müller 2004), which can be
exemplified with relative area-under-the curve warping, where the latter has been
shown to be particularly well suited for samples of random density functions (Kneip
& Utikal 2001; Zhang & Müller 2011).
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Recent approaches include registration by minimizing a Fisher-Rao metric
(Tucker, Wu & Srivastava 2013; Wu & Srivastava 2014), alignment of event data by
dynamic time warping (Arribas-Gil & Müller 2014), and joint models for amplitude
and time variation or for combinations of regression and time variation (Kneip &
Ramsay 2008), where adopting a joint perspective leads to better interpretability of
time warping models for spoken language (Hadjipantelis et al. 2015) or better
performance of functional regression in the presence of warping (Gervini 2015).
3.5.2 Pairwise Warping
As a specific example of a warping approach, we discuss a pairwise warping
approach that is based on the idea that all relevant information about time warping
resides in pairwise comparisons and the resulting pairwise relative time warps (Tang
& Müller 2008). Starting with a sample of n i.i.d. smooth observed curves
(with suitable modifications for situations where the curves are not
directly observed but only noisy measurements of the curves at a grid of discrete time
points are available) we postulate that
{

}

[

]

(3.19)

where the Xi are i.i.d. random functions that represent amplitude variation and the hi
are the realizations of a time warping process h that yields warping functions that
represent time variation, are strictly monotone and invertible and satisfy
The time warping functions map time onto warped time. Traditionally,
time is assumed to flow forward and therefore warping functions are strictly
monotone increasing. However, a recent time warping approach that allows time to
flow backwards has been shown to be useful for modeling declines in house prices as
time reversals (Peng, Paul & Müller 2014).
To break the non-identifiability, which is a characteristic of time warping
models as already mentioned, Tang & Müller (2008) make the assumptions that the
overall curve variation is (at least asymptotically) dominated by time variation, i.e.,
, where vanishes for increasing sample size n, the
are
}
[ ].
realizations of a smooth square integrable process and {
, for
Then warping functions may be represented in a suitable basis that ensures
monotonicity and has associated random coefficients in the expansion, for example
monotonically restricted piecewise linear functions. If curve has the associated time
warping function
then the warping function
that transforms the time scale of
curve

towards that of

warping function of curve

{

is
towards

} , and analogously, the pairwise{

is

}.

Because warping functions are assumed to have average identify,
[ {

}|

]

{

, and, as
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}, we find that

{
| }. which motivates corresponding estimators by plugging in estimates of
the pairwise warping functions. This shows that under certain regularity assumptions
the relevant warping information is indeed contained in the pairwise time warpings.
3.5.3 Functional Manifold Learning
A comprehensive approach to time warping and other nonlinear features of
functional data such as scale or scale-shift families that simultaneously handles
amplitude and time warping features is available through manifold learning.
A motivation for the use of functional manifold models is that image data that
are dominated by random domain shifts lie on a manifold (Donoho & Grimes 2005).
Similar warping models where the warping component corresponds to a random time
shift have been studied for functional data (Silverman 1995; Leng & Müller 2006).
Such data have low-dimensional representations in a transformed space but are
infinite-dimensional in the traditional functional basis expansion including the
eigenbasis expansion (3.13). While these expansions will always converge in under
minimal conditions, they are inefficient in comparison with representations that take
advantage of the manifold structure.
When functional data include time warping or otherwise lie on a nonlinear
low-dimensional manifold that is situated within the ambient infinite-dimensional
functional Hilbert space, desirable low-dimensional representations can be obtained
through manifold learning; the resulting nonlinear representations are particularly
useful for subsequent statistical analysis. Once a map from an underlying lowdimensional Euclidean space into functional space has been determined, this gives the
desired manifold representation. Among the various nonlinear dimension reduction
methods that employ manifold learning (Roweis & Saul 2000), Isomap (Tenenbaum,
De Silva & Langford 2000) can be easily implemented and has been shown to be a
useful and versatile method for functional data analysis. Specifically, a modified
Isomap learning algorithm that adds a penalty to the empirical geodesic distances to
correct for noisy data, and employs kernel smoothing to map data from the manifold
into functional space provides a flexible and broadly applicable approach to lowdimensional manifold modeling of time-warped functional data (Chen & Müller
2012). This approach targets “simple” functional manifolds in that are are “flat”,
i.e., isomorphic to a subspace of Euclidean space, such as a Hilbert space version of
the “Swiss Roll”. An essential input for Isomap is the distance between functional
data. The default distance is the
distance in function space, but this distance is not
always feasible, for example when functional data are only sparsely sampled. In such
cases, the distance needs to be replaced by a distance that adjusts to sparsity (Peng
& Müller 2008).
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The manifold is characterized by a coordinate map
, such
that
is bijective, and both ,
are continuous and isometric. For a random
function X the mean in the d-dimensional representation space and the manifold
mean
in the functional space are characterized by
{
The isometry of the map

},

implies that the manifold mean

.
is uniquely defined.

In addition to obtaining a mean, a second basic task in FDA is to quantify
variation. In analogy to the modes of variation that are available through
eigenfunctions and FPCA (Castro, Lawton & Sylvestre 1986; Jones & Rice 1992),
one can define manifold modes of variation
(

)

,

where the vectors
matrix of

, are the eigenvectors of the covariance
(

,i.e.,

)

∑

. Here

are the corresponding eigenvalues and the modes are represented by varying the
scaling factors .
Each random function

then has a unique representation in terms of the

d-dimensional vector

,
∑

where 〈 〉 is the inner product in
variance

〈
and

〉

,

are uncorrelated r.v.s with mean 0 and

, the functional manifold components (Chen & Müller 2012). This

representation is a genuine dimension reduction of the functional data to the finite
dimension d, while for functional data that lie on a nonlinear manifold the KarhunenLo ́ ve representation usually will require a large number of components to provide a
good approximation.
In practical applications, the presence of functional manifolds is often evident
when plotting the second functional principal components (FPCs) versus the first
FPCs, where curved shapes such as “horseshoes” will appear and typically there are
few data in the vicinity of the mean (which is always 0 for all principal components,
which are uncorrelated). An example is in the right upper panel of Fig.3.2. , where
the functional principal components falling near the mean have low density, while
they cluster around the periphery.
This example is based on a small sample
of house price index
curves showing the boom-bust cycle 2000-2009. These data were previously
discussed and modeled in Peng, Paul & Müller (2014) and are displayed in the left
upper panel of Fig.3.1. The curves show mostly amplitude variation with some
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variation in the timing of the peaks, many of which have a bimodal appearance,
indicating that when the boom cycle peaked, there was a first slight downturn,
followed a short period of further price increase, just before the onset of the major
downturn.

Figure (3.1): housing price index trajectories for 20 U.S.
Left upper panel: Median housing price index trajectories for 20 U.S.
metropolitan regions, 2000-2009, values in the year 2000 are standardized at 100.
Blue curve is the standard cross-sectional mean, while black curve is the manifold
mean. Right upper panel: Second functional principal component plotted against fist
functional principal component, with the regular mean in blue and the manifold mean
in black. Lower left panel: Standard first mode of variation based on eigenanalysis.
Lower right panel: Corresponding first manifold mode of variation.
The manifold mean and first mode of variation in the right panel reflects this
quite well, and also shows small shifts in peak locations as well as shape changes,
while the ordinary mode of variation does not allow for a peak shift and shows hardly
any bimodality (left lower panel). This is an example where the differences between
the manifold representation and the Karhune-Lo ́ ve representation are not major,
presumably due to the low sample size, while the manifold representation is clearly
preferable.
3.5.4 Learning Dynamics From Functional Data
Since functional data consist of repeated observations of (usually) timedynamic processes, they can be harnessed to determine the dynamics of the
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underlying processes. Dynamics are typically assessed with derivatives. Under
regularity conditions, derivatives
of square integrable processes X are also
square integrable and the eigenrepresentation (3.13) implies
∑

(3.20)

Where is the order of derivative. Derivatives of can be estimated with suitable
smoothing methods and those of by partial differentiation of covariance surfaces,
which is even possible in the case of sparsely sampled data, where direct
differentiation of trajectories would not be possible (Liu & Müller 2009).
For the case where one has differentiable Gaussian processes, since X and
are jointly Gaussian, it is easy to see that (Müller & Yao 2010b).
β

{

{

}

}
{

}

(3.21)

This is a linear differential equation with a time-varying function
and a
drift process Z. Here Z is a Gaussian process such that Z(t), X(t) are independent at
each t. If Z is relatively small, the equation is dominated by the linear part and the
function . Then the behavior of
characterizes different dynamics, where one can
distinguish dynamic regression to the mean for those t where
and explosive
behavior for those t where
.
In the first case, deviations of
from the mean function
will diminish,
while in the second case they will increase: An individual with a value
above the
mean will tend to move even higher above the mean under the explosive regimen but
will move closer to the mean under dynamic regression to the mean. Thus the
function
that is estimated from the observed functional data can be used to
characterize the underlying empirical dynamics.
A nonlinear version of dynamics learning can be developed for the case of
non-Gaussian processes (Verzelen, Tao & Müller 2012). This is of interest whenever
linear dynamics is not applicable, and is based on the fact that one always has a
function such that
{

|

}

{

}

{

}

(3.22)

|
}
With {
almost surely. Generally the function f will be
unknown. It can be consistently estimated from the observed functional data by
nonparametrically regressing derivatives
against levels X and time t. This can be
implemented with simple smoothing methods. The dynamics of the processes is then
jointly determined by the function f and the drift process Z. Nonlinear dynamics
learning is of interest to understand the characteristics of the underlying stochastic
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system and can also be used to determine whether individual trajectories are “on
track”, for example in applications to growth curves.
3.6 Summary
In this chapter we provide an overview of the correlation and regression of
functional data. We talked about the random effect of the models. Then we talked
about nonlinear models of functional data. We also gave an overview of Optimization
and Gradients with Functional Predictors and Polynomial Functional Regression. Also
we provided an overview of Time Warping, Dynamics and Manifold Learning for
Functional Data.
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Chapter 4
Dimension Reduction for Functional Data
4.1 Introduction
Principal component analysis (Jolliffe, 2002) is a key dimension reduction tool
for multivariate data that has been extended to functional data and termed functional
principal component analysis (FPCA). Although the basic ideas were conceived in
Grenander (1950); Karhunen (1946); Loȇve (1946) and Rao (1958), a more
comprehensive framework for statistical inference for FPCA was first developed in a
joint Ph.D. thesis of Dauxois and Pousse (1976) at the University of Toulouse
(Dauxois, Pousse & Romain 1982). Since then, this approach has taken off to become
the most prevalent tool in FDA. This is partly because FPCA facilitates the
conversion of inherently infinite-dimensional functional data to a a finite-dimensional
vector of random scores. Under mild assumptions, the underlying stochastic process
can be expressed as a countable sequence of uncorrelated random variables, the
functional principal components (FPCs) or scores, which in many practical
applications are truncated to a finite vector. Then the tools of multivariate data
analysis can be readily applied to the resulting random vector of scores, thus
accomplishing the goal of dimension reduction.
In this chapter we investigate principal component analysis (PCA) in
population and in sample, as a process to reduce dimensionality of the data and to
create a new coordinate system from the original data by finding the greatest variance.

4.2 Principal Component Analysis
4.2.1 Definition:
If we have

correlated variables, transformed to smaller set of uncorrelated

and ordered hypothetical constructs, this operation is called Principal Component
Analysis (PCA). We will now introduce Principal Components (PCs), then we discuss
the PCA as a variable reduction procedure. Theoretically, PCA can be defined as
linear combination of optimally weighted observed variables, it estimates the
correlation structure of the variables. The importance of a variable in a PCs model is
indicated by the size of its variance. This operation is called the variable selection and
that means "variance ≡ Information" (Okasha, 2011).
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PCA is thus a process to create a new coordinate system. these coordinates
"PCs" are linear functions of the original variables, and as we mentioned they are
uncorrelated and ordered.
4.2.2 PCA model
Multivariate data analysis is concerned with the systematic study of random
variables denoted by , which is in high dimensional space. Let
, which is
mean vector of size
, then the matrix of expectations take the form:
([

])

[

]

The covariance matrix of a random vector X is defined as
matrix which
is symmetric, nonnegative definite matrix and the diagonal is the variances of the
variables, it can be defined for any ith , jth variables as:
(

)

(

[

(

))

]

Since PCA is a linear combination of the variables X, then it can be written as:
∑

∑

∑
For any ith component it can be written in the form
∑

∑

(4.1)

and
(4.2)
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We can write the data matrix by the eigenvectors, usually, only a few of PCs
are used corresponding to the main structure of the data. This results in approximately
matrix with some noise . The model can then be written as :
(4.3)

such that:


[



[

which is a


] which is

]

[

,

]

orthogonal matrix, which mean that its vectors are perpendicular.
is the data matrix.

The PCA model depends on the data matrix, and its transformation and scaling
must be defined. The data matrix
usually contains all variables, which reflects
legitimate phenomena that have been sampled. Less ideal reality can be fined when
one is frequently faced with outlying data in real data sets, or one knows certain
pertinent external facts which cannot be coded into the data matrix itself .
The main idea of PCA is to get the best vector that maximizes the variance
of the ith PC. This vector has the projection points of the variables on it, and as we
mentioned earlier that "larger variance means more information". To get the
maximum variance, we go through some steps dependents on Lagrange multiplier,
which is focused on some objective functions that is created to get our goals. These
steps are described in Okasha (2011) as:
1. Introduce some constraints.
2. Introduce a Lagrange multiplier and define a new objective function.
3. Derive with respect to x and set the derivatives equals to 0.
4. Recognize this as an eigenequation with the Lagrange multiplier as
eigenvalue.
5. Deduce that there are ONLY some roots for this eigenequation called
eigenvalues.
6. Use some extra steps to determine which eigenvalue gives maximum.
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The first principal component can be written as

[
where
such that

] is the projection of
is maximal, then :

onto

, we want to choose

To get the maximum of
, we must take
equation and
as a condition for Lagrange multiplier, then

(

as objective

)

Then

This mean that
is one of the roots for the eigenequation that make the
variance of the first PC maximum, we indicated that
is an eigenvalue for and
is an eigenvector, then

which is the corresponding the eigenvalue.
For the second principal component, we must create a new condition and a
new eigenequation, to do this,
[

, Where
First,

must be uncorrelated and different from

]
, then,

Then the first condition is
, which means that
are
orthogonal vectors. This condition is a normal result because we take this vectors as
coordinates.
Second, we want to choose

Then

such that make

maximum, then,

, by using the two conditions, we create Lagrange multiplier as:
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By multiplying the second equation by

we find that

, then,

,
which is the corresponding eigenvalue. From the previous, we can see that

(4.4)
which is the corresponding eigenvalue for the ith component, it can be represented by
the
matrix its diagonal and the other input is zero ,

[

]

(4.5)

Principal components have some of characteristics which can be summarized as:


The first component extracted in a PCA account for a maximal amount of total
variance in the observed variable. This means that the first component will be
correlated with at least some (and may be many) of the observed variables,
and we have
.



The second extracted component will have two important characteristics. First,
this component will account for a maximal amount of variance in the data set
that was not be accounted for by the first component. This means that the
second component will be correlated with some of the observed variable that
did not display strong correlation with the first component "
".
Second , it will be uncorrelated with the fist component .



The remaining extracted components display the same characteristics which
are "
". Theoretically, it is difficult to find
.



Each new component accounting for progressively smaller and smaller
amount of variance (this is the reason of why only the first few components
are usually retained and interpreted).
47

4.2.3 The mean and covariance matrix of the principal components:
To estimate the mean for each PC , we have
,
then ,

Then the mean for ith PC takes the form

which is

vector .

Covariance is a measure of dependency between random variables. To find the
covariance, we have
, then:

then

(4.6)

It is also equal to:
∑

∑

( )

∑

This structure indicates that not only that the PCs can be written as a
combination, but also the covariance can be written as linear combination of the
variance of each PC, which is strictly decreasing.
Principal components are treated as the ordinary variables. They can be
transformed to the normal distribution, and can be written by:

√

√

The covariance between principal components is zero, but the covariance
between variables and principal components illustrates the extent of the contribution
of each variable in this component.
Let us have

as a data matrix,

is a PC, then

(4.7)
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where

as defined in eq.(4.5), If we want to get the covariance between the

variable and the

component then,
(4.8)

such that

.

We must note that large covariance may only reflect differences in population
variances, and it is sensitive of the units of measurement used for each element of .
We can express the covariance between the variables and the components by the
following table (4.1),
Table (4.1): Covariance between Variables and PCs
(

)

Component

Variables
[
which is a

]

nonnegative matrix and it is not symmetric.

Let us have
component then:

as an orthogonal data matrix, and

(

√

√

is the standardized

)

√

√
√
It can be expressed by the following matrix which explained in table (4.2):
Table (4.2): Covariance between Variables and standardized PCs
(

)

Component
√

√

√

√

√

√

√

√

Variables

√

[
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]

4.2.4 Correlation structure for PCs:
Correlation analysis estimates the extent of the relationship between two or
more variables. Often only linear relationships are considered. The correlations
between all pairs of variables can then be summarized in a correlation matrix. To
create a PC model, we rely on the correlation matrix or covariance matrix in some
special cases then the correlation between the jth variable and the ith component is
defined by :
(

But, we have

(

)

)

√

( )√

√

√

, which is the variance of
(

, then :

√

)

(4.9)

We can then express the correlation between the variables and the principal
components by table (4.3), which is known by "loadings":
Table (4.3): Loadings between Variables and PCs
Component
√

√

√

√

√

√

√

√

√

Variables

[

]
, then it means that the jth variable followed the

When we have

standard normal distribution. If all variables are standardized using the standard
normal transformation, then the correlation matrix and covariance matrix can do the
same thing and build the same model, and it can be written by:
(

)

√

Although, the correlation between
interpret the components, they measure
individual to a component . They do
component in the presence of the other

(4.10)

all variables with the PCs often help to
only the univariate contribution of an
not indicate the importance of an to a
.

51

We may conclude two interesting properties which hold for PCs derived from
the correlation matrix. The first is that the PCs do not depend on the absolute values
of correlations, but only on their ratios. This follows because multiplication of all offdiagonal elements of a correlation matrix by the same constant leaves the eigenvectors
of the matrix unchanged (Chatfield & Collins, 1989). The second is that PCs are quite
often used particularly in computer packages, but they have the disadvantage that it is
difficult to informally interpret and compare a set of PCs when each PC has a
different normalization on its coefficients (Jolliffe, 2002). Both properties hold for the
correlation matrices and can be modified for the covariance matrices, but the results,
in each case, are less straightforward.
In PCA, we have three cases:
First: All variables should follow or be transformed to the normal distribution.
In this case using the covariance matrix or using the correlation matrix produces the
same results.
Second: If the data are on different scales, we must rely on the correlation
matrix not on the covariance matrix.
Third: Instead of using the covariance or correlation matrices, we may use the
covariance of

, where the weights

can be chosen to reflect some a priori idea of

the relative importance of the variables. Some authors prefer this type and call it
"weighted principal components". The special case where
leads to , and to
PCs based on the correlation matrix, but various authors have argued that the choice
of
is somewhat arbitrary, and that different values of
might be better in
some applications. In practice, however, it is relatively unusual that a uniquely
appropriate set of
suggests itself (Jolliffe, 2002).
Actually , the scaling must be defined because this corresponds to changing
the length of the coordinate axes . To avoid the bias for different scaling, standardize
the data matrix, so that each column has a variance 1. This variance scaling makes all
coordinate axes have the same length and gives each variable the same influence on
the PC model. This is reasonable in the first stages of a multivariate data analysis.
This scaling makes the PC loadings to be eigenvectors of the correlation matrix
(Esbensen &Geladi,1987).
Rescaling may result in an entirely different set of components; the least
important component or variable may become the most important under rescaling.
Because the population correlation matrix is a rescaling of the data to standardized
variables, the components of standardized variables using a population correlation
matrix may lead to very different results (Timm, 2002).
51

From the above discussion, the first step of PCA is to conduct descriptive
statistics of individual variables to make sure that the best scaling method is applied to
the data. If the largest variance of one variable is equivalent to the fourth smallest
variance then we can use covariance matrix or the correlation matrix, i.e. if only one
variable has a very large variance then 1st PC is dominated by this (Okasha, 2011).
If the principal component analysis is performed on a matrix of Pearson
correlation coefficients, then the data should only satisfy a single assumption of
normality. That is, each observed variable should be normally distributed. Variables
that demonstrate marked skewness or kurtosis may be transformed to better
approximate the normal distribution (Rummel, 1970). Taking the logarithm of
positively skewed data makes the tail of the data distribution shrink, and often makes
the data more centrally distributed. This is commonly done with chromatographic data
and trace element concentration data. Autocorrelation or Fourier transformation of the
data are recommended if mass spectrometric data are used for classification purposes
(Wold & Christie, 1984). There exist so many potential transformations that may be
used in specialized contexts.
4.2.5 Total Variance:
To understand the total variance in the data, we have two cases:
First : If all variables are standardized and transformed to the standard normal
with
, then the total variance is simply equal to the number of
variables and this totally divides between components such that
Second: If all variables not transformed to the normal distribution, then the
total variance is the sum of variances of variables
(

)

(4.11)

and this totally divides between the components
(4.12)
The proportion variance for the first component can be evaluated using the form:
∑
And the cumulative proportion of variance for the first few
form:
∑
∑

components take the

(4.13)
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4.2.6 Number of PCs:
The number of components extracted in a PCA is equal to the number of
observed variables being analyzed. However, in most analysis, ONLY the first few
PCs that have a big size of the total variance of the original data are meaningful. Since
the proportion of cumulative variance for the first few PCs usually gets more than
70% of the total variance, it is good to use the first few components instead of using
all variables. If more than 90% of total variance is preserved, it is excellent to use. For
many data sets, scree plot , which is a plot of the eigenvalues against the PCs, it is a
useful tool to help in giving information about variance and PCs. It is investigated
from the top until the debris is reached. However, the decrease of the variance has not
always a clear cutoff.
Another way for determine number of components is Cross validation (CV),
its strategy depending split the data into two subsets: training and validation set, the
data is split into segments or fold,
of which are used as training set and the
remaining one as validation set. Cross validation with four segments for example is
called 4-fold CV, it means we use 75% for our data for training and 25% for
validation.

4.3 Functional Principal Component Analysis (FPCA)
Dimension reduction is achieved through an expansion of the underlying but
often not fully observed random trajectories
in a functional basis that consists of
the eigenfunctions of the (auto)-covariance operator of the process X. With a slight
abuse of notation we define the covariance operator as ∑
; for
∫∑
any function
, using the same notation for the covariance operator and
covariance function. Because of the integral form, the (linear) covariance operator is a
trace class and hence compact Hilbert Schmidt operator (Conway 1994). It has realvalued nonnegative eigenvalues
, because it is symmetric and non-negative
definite. Under mild assumptions, Mercer's theorem implies that the spectral
∑
decomposition of Ʃ leads to ∑
, where the convergence
holds uniformly for s and
,
are the eigenvalues in descending order and
the
corresponding orthogonal eigenfunctions. Karhunen and Loȇve (Karhunen
1946;Loȇve 1946) independently discovered the FPCA expansion model (3.13).
where

∫(

)

are the functional principal components

(FPCs) of , sometimes referred to as scores. The Aik are independent across i for a
sample of independent trajectories and are uncorrelated across k with
and
.
The convergence of the sum in (3.13) holds uniformly in the sense that
[
∑
] → 0 as K → ∞. Expansion (3.13) facilitates
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dimension reduction as the first K terms for large enough K provide a good
approximation to the infinite sum and therefore for , so that the information
contained in
is essentially contained in the K-dimensional vector
and one works with the approximated processes
∑

(4.14)

Analogous dimension reduction can be achieved by expanding the functional
data into other function bases, such as spline, Fourier, or wavelet bases. What
distinguishes FPCA is that among all basis expansions that use K components for a
fixed K, the FPC expansion explains most of the variation in X in the
sense. When
choosing K in an estimation setting, there is a trade off between bias (which gets
smaller as K increases, due to the smaller approximation error) and variance (which
increases with K as more components must be estimated, adding random error). So a
model selection procedure is needed, where typically
is considered to be a
function of sample size n and
must tend to infinity to obtain consistency of the
representation. This feature distinguishes the theory of FPCA from standard
multivariate analysis theory.The estimation of the eigencomponents (eigenfunctions
and eigenvalues) in the FPCA framework is straightforward, once mean and
covariance of the functional data have been estimated. To obtain the spectral
decomposition of the covariance operator, which yields the eigencomponents, one
simply approximates the estimated auto-covariance surface

(

) on a grid

of time points, thus reducing the problem to the corresponding matrix spectral
decomposition. The convergence of the estimated eigen-components is obtained by
combining results on the convergence of the covariance estimates that are achieved
under regularity conditions with perturbation theory (see Chapter VIII of Kato
(1980)).
For situations where the covariance surface cannot be estimated at the √ rate,
the convergence of the estimated eigen-components is typically inuenced by the
smoothing method that is employed. Consider the sparse case, where the convergence
rate of the covariance surface corresponds to the optimal rate at which a smooth twodimensional surface can be estimated. Intuition suggests that the eigenfunction, which
is a one-dimensional function, should be estimable at the one-dimensional optimal
rate for smoothing methods. An affrmative answer is provided in Hall, Müller &
Wang (2006), where eigenfunction estimates were shown to attain the better (onedimensional) rate of convergence, if one is undersmoothing the covariance surface
estimate. This phenomenon resembles a scenario encountered in semiparametric
inference, e.g. for a partially linear model (Heckman 1986), where a √
rate is
attainable for the parametric component if one undersmooths the nonpararmetric
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component before estimating the parametric component. This undersmoothing can be
avoided so that the same smoothing parameter can be employed for both the
parametric and nonparametric component if a profile approach (Speckman 1988) is
employed to estimate the parametric component. An interesting and still open
question is how to construct such a profile approach so that the eigenfunction is the
direct target of the estimation procedure, bypassing the estimation of the covariance
function.
Another open question is the optimal choice of the number of components K
needed for the approximation (4.14) of the full Karhunen-Loȇve expansion (3.13),
which gives the best trade-off between bias and variance. There are several ad hoc
procedures that are routinely applied in multivariate PCA, such as the scree plot or the
fraction of variance explained by the first few PC components, which can be directly
extended to the functional setting. Other approaches are pseudo-versions of AIC
(Akaike information criterion) and BIC (Bayesian information criterion) (Yao,
Müuller & Wang 2005a), where typically in practice the latter selects fewer
components. Cross-validation with one-curve-leave-out has also been investitgated
(Rice & Silverman 1991), but tends to overfit functional data by selecting too large K
in (4.14). A third open question is the optimal choice of the tuning parameters for the
smoothing steps in the context of FDA.
FPCA for fully observed functional data was studied in Dauxois, Pousse &
Romain (1982), Besse & Ramsay (1986); Silverman (1996), Bosq (2000); Boente &
Fraiman (2000); Hall & Hosseini-Nasab (2006), and it was explored for densely
observed functional data in Castro, Lawton & Sylvestre (1986) ; Rice & Silverman
(1991) ; Pezzulli & Silverman (1993) and Cardot (2000).For the much more diffcult
but commonly encountered situation of sparse functional data, the FPCA approach
was investigated in Shi, Weiss & Taylor (1996) ; Staniswalis & Lee (1998) ; James,
Hastie & Sugar (2000); Rice & Wu (2001) ; Yao, Müller & Wang (2005a); Yao &
Lee (2006); and Paul & Peng (2009) . The FPCA approach has also been extended to
incorporate covariates (Chiou, Müller & Wang 2003; Cardot 2007; Chiou & Müller
2009) for vector covariates and dense functional data, and also for sparse functional
data with vector or functional covariates (Jiang & Wang 2010, 2011) and also to the
case of functions in reproducing kernel Hilbert spaces (Amini & Wainwright 2012).
The aforementioned FPCA methods are not robust against outliers because
principal component analysis involves second order moments. Outliers for functional
data have many different facets due to the high dimensionality of these data. They can
appear as outlying measurements at a single or several time points, or as an outlying
shape of an entire function. Current approaches to deal with outliers and
contamination and more generally visual exploration of functional data include
exploratory box plots (Hyndman & Shang 2010; Sun & Genton 2011) and robust
55

versions of FPCA (Crambes, Delsol & Laksaci 2008; Gervini 2008; Bali et al. 2011;
Kraus & Panaretos 2012; Boente & Salibián-Barrera 2015). Due to the practical
importance of this topic, more research on outlier detection and robust FDA
approaches is needed.

4.4 Applications of FPC
The FPCA approach motivates the concept of modes of variation for
functional data (Jones & Rice 1992), a most useful tool to visualize and describe the
variation in the functional data that is contributed by each eigenfunction. The
mode of variation is the set of functions that are viewed simultaneously over the range
of , usually for A = 2, substituting estimates for the unknown quantities. Often the
eigencomponents and associated modes of variation have compelling and sometimes
striking interpretations, such as for the evolution of functional traits (Kirkpatrick &
Heckman 1989) and in many other applications (Kneip& Utikal 2001; Ramsay &
Silverman 2002).

Figure (4.1): First four eigenfunctions for CD4 data
In Figure 4.1 we provide the first four estimated eigenfunctions for the CD4
counts data. The first eigenfunction explains 84.41% of the total variation of the data
and the second one an additional 12.33% of the data. The remaining two
eigenfunctions account for less than 4% of the total variation and are not important.
Here the first eigenfunction is nearly constant in time implying that the largest
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variation between subjects is in the subject specific average magnitude of the CD4
counts, so the random intercept captures the largest variation of the data. The second
eigenfunction shows a variation around a piecewise linear time trend with a break
point near 2.5 year after seroconversion reecting that the next largest variation
between subjects is a scale difference between subjects along the direction of this
piecewise linear function.
FPCA also facilitates functional principal component regression by projecting
functional predictors to their first few principal components, then employing
regression models with vector predictors. Since FPCA is an essential dimension
reduction tool, it is also useful for classification and clustering of functional data (see
Section 4).
Last but not least, FPCA facilitates the construction of parametric models that
will be more parsimonious. For instance, if the first two principal components explain
over 90% of the variation of the data then one can approximate the original functional
data with only two terms in the Karhunen-Loeve expansion (3.13). This can be
illustrated with the CD4 counts data, for which a parametric mixed effects model with
a piecewise linear time trend (constant before -0.5 year and after 1 year of
seroconversion, and linear decline in between) for the fixed effects and a random
intercept may suffice to capture the major trend of the data. If more precision is
preferred, one could include a second random effect for the piecewise linear basis
function with a breakpoint at 2.5 years. This underscores the advantages to use a
nonparametric approach such as FDA prior to a model-based longitudinal data
analysis for data exploration. The exploratory analysis then may suggest viable
parametric models that are more parsimonious than FPCA.

4.5 Clustering and classification of functional data
Clustering and classification are useful tools for traditional multivariate data
analysis and are equally important yet more challenging in functional data analysis.
We take daily vehicle speed trajectories at a fixed location as realizations of random
functions as a motivating example for illustrating clusters of vehicle speed patterns.
The data were recorded by a dual loop detector station located near Shea-Shan tunnel
on National Highway 5 in Taiwan for 76 days during July-September 2009. The
vehicle speed measures (km/hour) were averaged over 5-minute intervals. Figure 5
displays the patterns of vehicle speed for two clusters obtained by the k-centers
subspace projection method to be described below. As indicated by Figure 6, Cluster
1 characterizes holidays while Cluster 2 pinpoints weekdays, reflecting the traffic
patterns at the location.
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In the terminology of machine learning, functional data clustering is an
unsupervised learning process while functional data classification is a supervised
learning procedure.
4.5.1 Cluster analysis
Cluster analysis aims to group a set of data such that data objects within
clusters are more similar than across clusters with respect to a metric. In contrast,
classification assigns a new data object to a pre-determined group by a discriminant
function or classifier. Functional classification typically involves training data
containing a functional predictor with an associated multi-class label for each data
object. The discrimination procedure of functional classification is closely related to
functional cluster analysis, even though the goals are different. When the structures or
centers of clusters can be established in functional data clustering, the criteria used for
identifying clusters can also be used for classification. Methodology for clustering and
classification of functional data has advanced rapidly during the past decades, due to
rising demand for such methods in data applications. Given the vast literature on
functional clustering and classification, we focus in the following on only a few
typical methods.

Figure (4.2): Observations superimposed on the estimated mean functions of daily
vehicle speed recorded .
Observations superimposed on the estimated mean functions of daily vehicle
speed recorded by a dual loop vehicle detector station for holidays (left panel for
Cluster 1) and non-holidays (middle panel for Cluster 2), and the estimated clusterspecific mean functions (right panel) for comparison.
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Figure (4.3): Histograms of cluster labels grouped by days of the week.
Histograms of cluster labels grouped by days of the week (left panel) and by (non)holidays (right panel), respectively. Of the 76 days, 20 belong to Cluster 1 and 56 to
Cluster 2.
4.5.2. Clustering of functional data
For vector-valued multivariate data, hierarchical clustering and the k-means
partitioning methods are two classical and popular approaches. Hierarchical clustering
is an algorithmic approach, using either agglomerative or divisive strategies, that
requires a dissimilarity measure between sets of observations, which informs which
clusters should be combined or when a cluster should be split. In the k-means
clustering method, the basic idea hinges on cluster centers, the means for the clusters.
The cluster centers are established through algorithms aiming to partition the
observations into k clusters such that the within-cluster sum of squared distances,
centering around the means, is minimized. Classical clustering concepts for vectorvalued multivariate data can typically be extended to functional data, where various
additional considerations arise, such as discrete approximations of distance measures,
and dimension reduction of the infinite-dimensional functional data objects. In
particular, k-means type clustering algorithms have been widely applied to functional
data, and are more popular than hierarchical clustering algorithms. It is natural to
view cluster mean functions as the cluster centers in functional clustering.
}, the kSpecifically, for a sample of functional data {
},
means functional clustering aims to find a set of cluster centers {
assuming there are L clusters, by minimizing the sum of the squared distances
between { } and the cluster centers that are associated with their cluster labels
{
}, for a suitable functional distance d. That is, the n observations
{ } are partitioned into L groups such that
∑

(4.15)
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} , where
is minimized over all possible sets of functions{
∑
∑
, and
{
}
{
} . The distance d is often chosen as the
norm. Since functional data are discretely recorded, frequently contaminated with
measurement errors, and can be sparsely or irregularly sampled, a common approach
to minimize (4.15) is to project the infinite-dimensional functional data onto a low
dimensional space of a set of basis functions, similarly to functional correlation and
regression. There is a vast amount of literature on functional data clustering during the
past decade, including methodological development and a broad range of applications.
Some selected approaches to be discussed below include
The traditional k-means clustering for vector-valued multivariate data has
been extended to functional data using mean functions as cluster centers, and one can
distinguish two typical approaches, as follows.
4.5.3 Functional Clustering via Functional Basis Expansion.
As described in Section 2.4, given a set of pre-specified basis functions
{
} of the function space, the first K projections { } of the observed
trajectories onto the space spanned by the set of basis functions can be used to
〈
〉,
represent the functional data, where
. The distributional
patterns of { } then reflect the clusters in function space. Therefore, a typical
functional clustering approach via functional basis expansion is to represent the
functional data by the set of coefficients in the basis expansion, which requires a
judicious choice of the basis functions, and then applying available clustering
algorithms for multivariate data, such as the k-means algorithm, to partition the
estimated sets of coefficients. When clustering the fitted sets of coefficients { }
̅ } on the projected
with the k-means algorithm, one obtains cluster centers { ̅
space, and thus the set of cluster centers in the function space { ̂
̅
∑
where ̂
.

},

Such two stage clustering has been adopted in Abraham et al. (2003) using Bspline basis functions and Serban & Wasserman (2005) using Fourier basis functions
coupled with the k-means algorithm, as well as Garcia-Escudero & Gordaliza (2005)
using B-splines with a robust trimmed k-means method. Abraham et al. (2003)
derived the strong consistency property of this clustering method, which has been
implemented with various basis functions, such as P splines (Coffey, Hinde & Holian
2014), a Gaussian orthonormalized basis (Kayano, Dozono & Konishi 2010), and the
wavelet basis (Giacofci et al. 2013).
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4.5.4 Functional Clustering via FPCA.
In contrast to the functional basis expansion approach that requires a prespecified set of basis functions, the finite approximation FPCA approach using the
FPCs as described in Section 2.4 employs data-adaptive basis functions that are
determined by the covariance function of the functional data. Then the distributions of
the sets of FPC scores { } (see (4.14)) indicate different cluster patterns, while the
overall mean function
does not affect clustering, and the scores { } play a
similar role as the basis coefficients { } for clustering. Peng & Müller (2008) used a
k-means algorithm on the FPC scores, employing a special distance adapted to
clustering sparse functional data, and Chiou & Li (2007) used a k-means algorithm on
the FPC scores as an initial clustering step for the subspace projected k-centers
functional clustering algorithm. When the mean functions as the cluster centers are
sufficient to define the clusters, this step is sufficient. However, when covariance
structures also play a role to distinguish clusters, taking mean functions as cluster
centers is not adequate, as will be discussed in the next subsection.
4.5.5 Subspaces as cluster centers
Since functional data are realizations of random functions, it is natural to use
differences in the stochastic structure of random functions for clustering. This idea is
particularly sensible in functional data clustering, utilizing the Karhunen-Loȇve
representation in (3.13). More specifically, the truncated representation (4.14) of
random functions in addition to the mean includes the sum of a series of linear
combinations of the eigenfunctions of the covariance operator with the FPC scores as
the weights. The subspace spanned by the components of the expansion, the mean
function and the set of the eigenfunctions, can be used to characterize clusters.
Therefore, clusters of the data set are identified via subspace projection such that
cluster centers hinge on the stochastic structure of the random functions, rather than
the mean functions only.
The FPC subspace-projected k-centers functional clustering approach was
considered in Chiou & Li (2007), using subspaces as cluster centers. Let C be the
cluster membership variable, and the FPC subspace

{

, assuming that there are L clusters. The projected function of
FPC subspace can be written as
̃

∑

},
onto the

(4.16)

}, such that the
One aims to find the set of cluster centers {
best cluster membership of ,
, is determined by minimizing the discrepancy
between the projected function ̃ and the observation ,
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{

}

̃

∑

(4.17)

In contrast, k-means clustering aims to find the set of cluster sample means as
}. The initial
the cluster centers, instead of the subspaces spanned by {
step of the subspace-projected clustering procedure uses only , which reduces to the
k-means functional clustering. In subsequent iteration steps, the mean function and
the set of eigenfunctions for each cluster is updated and used to identify the set of
cluster subspaces { }, until iterations converge. This functional clustering approach
simultaneously identifies the structural components of the stochastic representation
for each cluster. The idea of the k-centers function clustering via subspace projection
was further developed to clustering functional data with similar shapes based on a
shape function model with random scaling effects (Chiou & Li 2008).
More generally, in probabilistic clustering the cluster membership of
may
be determined by maximizing the conditional cluster membership probability given
, | | , such that
{

|

}

|

This criterion requires modeling of the conditional probability

(4.18)
|

|

. It

can be achieved by a generative approach that requires a joint probability model or
alternatively through a discriminative approach using, for example, a multi-class logit
model (Chiou 2012).
For the k-means type or the k-centers functional clustering algorithms, the
number of clusters is pre-specified. The number of clusters for subspace projected
functional clustering can be determined by finding the maximum number of clusters
while retaining significant differences between pairs of cluster subspaces. Li & Chiou
(2011) developed the forward functional testing procedure to identify the total number
of clusters under the framework of subspace projected functional data clustering.
4.5.6 Functional clustering with mixture models
Model-based clustering (Banfield & Raftery 1993) based on mixture models is
widely used in clustering vector-valued multivariate data and has been extended to
functional data clustering. In this approach, the mixture model determines the cluster
centers. Similarly to the k-means type of functional data clustering, typical mixture
model-based approaches to functional data clustering in a first step project the infinite
dimensional functional data onto low-dimensional subspaces. An example is James &
Sugar (2003), who applied functional clustering models based on Gaussian mixture
distributions to the natural cubic spline basis coefficients, with emphasis on clustering
sparsely sampled functional data. Similarly, Jacques & Preda (2013, 2014) applied the
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idea of Gaussian mixture modeling to FPCA scores. All these methods are based on
truncated expansions as in (4.14).
Random effects modeling also provides a model-based clustering approach,
using mixed effects models with B-splines or P-splines, for example to cluster timecourse gene expression data (Coffey, Hinde & Holian 2014). For clustering
longitudinal data, a linear mixed model for clustering using a penalized normal
mixture as random effects distribution has been studied (Heinzl & Tutz 2014).
Bayesian hierarchical clustering also plays an important role in the development of
model-based functional clustering, typically assuming Gaussian mixture distributions
on the sets of basis coefficients fitted to individual trajectories. Dirichlet processes are
frequently used as prior for the mixture distributions and also to deal with the
uncertainty in the cluster numbers (Angelini, De Canditiis & Pensky 2012; Rodriguez,
Dunson & Gelfand 2009; Petrone, Guindani & Gelfand 2009; Heinzl & Tutz 2013).

4.6. Classification of functional data
While functional clustering aims at finding clusters by minimizing an
objective function such as (4.15) and (4.17), or more generally, by maximizing the
conditional probability as in (4.18), functional classification assigns a group
membership to a new data object with a discriminant function or a classifier. Popular
approaches for functional data classification are based on functional regression
models that feature class labels as responses and the observed functional data and
other covariates as predictors. This leads to regression based functional data
classification methods, for example, functional generalized linear regression models
and functional multiclass logit models. Similar to functional data clustering, most
functional data classification methods apply a dimension reduction technique using a
truncated expansion in a pre-specified function basis or in the data-adaptive
eigenbasis.
4.6.1. Functional regression for classification.
For regression-based functional classification models, functional generalized linear
models (James 2002; Müller 2005; Müller & Stadtmüller 2005) or more specifically,
functional binary regression, such as functional logistic regression, are popular
}, where
approaches. For a random sample {
represents a class
{
} for L classes, associated with functional observations , a
label,
classification model for an observation
based on functional logistic regression is
|
|

∫

(4.19)
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where

is an intercept term and
the coefficient function of the predictor
|
∑
| . This is a functional extension of the
and
baseline odds model in multinomial regression (McCullagh & Nelder 1983).
Given a new observation , the model-based Bayes classification rule is to
choose the class label
with the maximal posterior probability among {
|
}. More generally, Leng & Müller (2006) used the generalized
functional linear regression model based on the FPCA approach. When the logit link
is used in the model, it becomes the functional logistic regression model, several
variants of which have been studied (Araki et al. 2009; Matsui, Araki & Konishi
2011; Wang, Ray & Mallick 2007; Zhu, Vannucci & Cox 2010; Rincon & RuizMedina 2012).
4.6.2. Functional discriminant analysis for classification.
In contrast to the regression-based functional classification approach, another
popular approach is based on the classical linear discriminant analysis method. The
basic idea is to classify according to the largest conditional probability of the class
label variable given a new data object by applying the Bayes rule. Suppose that the
kth class has prior probability , ∑
. Given the density of the kth class,
, the posterior probability of a new data object
is given by the Bayes formula,
|

∑

(4.20)

Developments along these lines include a functional linear discriminant
analysis approach to classify curves (James & Hastie 2001), a functional data-analytic
approach to signal discrimination, using the FPCA method for dimension reduction
(Hall, Poskitt & Presnell 2001) and kernel functional classification rules for
nonparametric curve discrimination (Ferraty & Vieu 2003; Chang, Chen & Ogden
2014; Zhu, Brown & Morris 2012). Theoretical support and a notion of \perfect
classification" standing for asymptotically vanishing misclassification probabilities
has been introduced in Delaigle & Hall (2012) for linear and Delaigle & Hall (2013)
for quadratic functional classification.

4.7 Outlook and Future Perspectives
FDA has widened its scope from a relatively narrow focus on the analysis of
samples of fully observed functions to much wider applicability. An example is
longitudinal data analysis, where FDA provides a rich nonparametric methodology for
a field that has been dominated by parametric random effects models for a long time.
Also of special interest are recent developments in the interface of high-dimensional
and functional data. These include: Combining functional elements with highdimensional covariates, such as modeling predictor times that exercise an individual
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predictor effect on an outcome that goes beyond the functional linear model (Kneip &
Sarda 2011), predictor selection among high-dimensional functional principal
component scores and baseline covariates in functional regression models (Kong et al.
2016), or converting high-dimensional data outright into functional data, where the
latter has been referred to as Stringing (Wu & Müller 2010; Chen et al. 2011) and is
based on a uni- or multi-dimensional scaling step to order predictors along locations
on an interval or low dimensional domain. The stringing method then assigns the
value of the respective predictor to the location of the predictor on the interval, for all
predictors. The distance of the predictor locations on the interval matches as closely
as possible a distance measure between predictors that can be derived from
correlations. Combining locations and predictor values and potentially also adding a
smoothing step then converts the high-dimensional data for each subject or item to a
random function. These functions can be summarized through their functional
principal components, leading to an effective dimension reduction that is not based on
sparsity and that works well for strongly correlated predictors.
Many recent developments in FDA have not been covered in this review.
These include functional designs and domain selection problems and also dependent
functional data such as functional time series, with many recent interesting
developments, e.g. Panaretos & Tavakoli (2013). Another area that has gained recent
interest are multivariate functional data. Similarly, in some longitudinal studies one
observes for each subject repeatedly observed and therefore dependent functional data
rather than scalars. There is also recently rising interest in spatially indexed functional
data. These problems pose novel challenges for data analysis (Horvath & Kokoszka
2012).
While this review has focused on concepts and not on applications, as for
other growing statistical areas, a driving force of recent developments in FDA has
been the appearance of new types of data that require adequate methodology for their
analysis. This is leading to the current development of \second generation" functional
data that include more complex features than the first generation functional data that
have been the emphasis of this review. Examples of recent applications include
continuous tracking and monitoring of movement and health data, data that are
recorded continuously over time by arrays of sensors, such as traffic flow data,
continuously recorded climate and weather data, transcription factor count modeling
along the genome, and the analysis of auction data, volatility and other financial data
with functional methods.
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4.8 Summary
PCA is one of the unsupervised methods which can be used for dimensionally
reduction by replacing the variables by the first few components which contain
proportion of variance that exceed 90% for example, Some statistical studies have
talked about this issue as one of linear transformations for the data. PCA have some
basics steps which involve normalizing and standardizing the variables, then
calculating the eigenvalues and eigenvector for the covariance matrix, and taking the
larger eigenvalues which express the variance that explained. Finally we discussed
PCA's application, which are Zip code classification, Chemometrics and Gene
expression data analysis, Finally, we discussed the Functional Principal Component
Analysis (FPCA).
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CHAPTER 5
APPLICATION OF FUNCTIONAL DATA ANALYSIS
5.1

Introduction :
In this chapter, we analyze a real dataset on the progress of children's weights,

heights and head circumference in Gaza Strip. The data were collected from UNRWA
and government health care clinics in Gaza Strip and were composed of many
variables on 202 children. The purpose was to apply using the Principal Component
Analysis (PCA) for diagnosing and Functional Data Analysis (FDA) and Multivariate
techniques on the data. We now start with describing the variables involved in the
data, using descriptive statistics, and illustrate some of important features in the data.
Later, we are going to analyze this children's dataset using FDA in order to fit some
curves then that best describe the growth of weight, height and head circumference of
children in the Gaza Strip.
The observed data on the progress of children's weights, heights and head
circumference in Gaza Strip are not univariate or multivariate observations of
classical statistics, but are functions attributable to an underlying infinite dimensional
process. Growth curves, reaction time distributions, and learning curves evolve
continuously over time. They are functionals of a continuous variable of time. The main
purpose of this chapter is to apply methods of using of principal components analysis
on children's weights, heights and head circumference in Gaza Strip as being
functional data, to reduce the dimensionality of the data and of using spline smoothing
methods to fit the best possible curves that best describe the growth of weight, height
and head circumference of the newborn children over the first 80 weeks since birth.

5.2

Data Description :
The data used in this study were obtained from a sample of consist of weights,

heights and head circumferences of the newborn children in the Gaza Strip over the
first 24 weeks since birth in the Gaza Strip. The data has been obtained from a
samples of UNRWA and government health care clinics in Gaza Strip and involves a
random sample of 202 records of children. Each record is composed of many
variables according to WHO standards. The important variables that are directly
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related to the analysis of the data include: children's gender, weights, heights, head
circumference, delivery method (natural birth or cesarean), number of weeks of
pregnancy and refugee status. There are other variables that are not related to the
analysis such as number of rooms at house, place of birth, residential assembly type,
number of family members, and years of schooling and occupations of mothers and
fathers. Those variables were ignored. Table 5.1 lists all the variables and their names,
labels, and levels.
Table 5.1: The Data Variables' Names and values.
Variable code

Labels

Levels

X1

Briefness

X2

Gender

1.Khanyounis
2.AlShamal3.Rafah4.Gaza
0.Faboys 1.Boys

X3

Residential assembly type

1.Camp 2.City 3.Village

X4

family members

Quantitative variable

X5

rooms of the house

Quantitative variable

X6

Quantitative variable

X7

Years of education of the
mother
Father-year education

X8

Father,s job

1. Employee
2.Driver
3.unemployed
4.worker
5.Merchant
6.Dead
7.Doctor

X9

place of birth

X10
X11
X12

Delivery way
Weeks of pregnancy
Is there any death cases in
infants ( less than a year)?
Is there any death cases in
children ( 1 to 5 years), before?
is there any first or second
degree blood relationship
between the parents?
Is there any inherited diseases
in the family history?
is there any birth defects in the
family history?

1.hospital 2.A house under
medical supervision 3.Private
clinics
0.unnatural 1.Natural
Quantitative variable
0.No 1.Yes

X13
X14

X15
X16
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Quantitative variable

0.No 1.Yes
0.No 1.Yes

0.No 1.Yes
0.No 1.Yes

X17
X18
Y1
Y2
Y3
Y4
Y5
Y6
Y7
Y8
Z1
Z2
Z3
Z4
Z5
Z6
Z7
W1
W2
W3
W4
W5
W6
W7

does the mother have any
chronic disease?
Does the father have any
chronic disease?
Baby weight at birth
Weight of the child in the first
week
Weight of the child in the
fourth week
Weight of the child in the ninth
week
Weight of the child in the
eighteenth week
Weight of the child in the
twenty-sixth week
Weight of the child in the fifty
second week
Weight of the child in the
seventy eighth week
Child height in first week
Child height in fourth week
Child height in ninth week
Child height in the eighteenth
week
Child height in the twenty
sixth week
Child height in the fifty second
week
Child height in the seventy
eighth week
Head circumference in the first
week
Head circumference in the
fourth week
Head circumference in the
ninth week
Head circumference in the
eighteenth week
Head circumference in the
twenty-sixth week
Head circumference in the fifty
second week
Head circumference in the
seventy eighth week
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0.No 1.Yes
0.No 1.Yes
Quantitative variable
Quantitative variable
Quantitative variable
Quantitative variable
Quantitative variable
Quantitative variable
Quantitative variable
Quantitative variable
Quantitative variable
Quantitative variable
Quantitative variable
Quantitative variable
Quantitative variable
Quantitative variable
Quantitative variable
Quantitative variable
Quantitative variable
Quantitative variable
Quantitative variable
Quantitative variable
Quantitative variable
Quantitative variable

5.2.1 Description of the Dependent Variables :
The data consists of 40 variables for 202 children, 100 (49.5%) of whom were
boys and 102 (50.5%) are girls. However, the variables related to the progress of
children's weights, heights and head circumference in Gaza Strip are not univariate or
multivariate observations of classical statistics, but are functions attributable to an
underlying infinite dimensional process. Growth curves, reaction time distributions,
and learning curves evolve continuously over time. They are functionals of a continuous
variable of time. This thesis focuses on the three functionals, weight, height and head

circumference of the child since birth to two years of age. Thus, each of those
variables has been considered as a functional that has eight observations. The
summary statistics of these observations are given in table 5.2.

Table 5.2 : Descriptive statistics of the data of the three functionals.
Variables

Mean

St. Dev.

Min.

Max.

Y1
Y2
Y7
Y8
Z1
Z6
Z7
W1
W6
W7

3.256
3.4
9.564
10.66
50.09
74.64
80.99
34.66
45.19
46.74

0.4587952
0.5029268
1.257626
1.240055
2.451229
3.198505
3.15174
1.609241
1.351093
1.307915

2.000
1.8
7.000
7.9
44.00
68.00
70.00
29.50
42.00
42.00

4.2
4.7
13.000
14.10
57.00
82.00
89.00
39.00
48.00
50.00

The next figure (5.1) provides some graphical presentation of the three
functionals and illustrates that the data of the those functionls follow the normal
probability distribution.
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Figure 5.1: Box-plot, QQ-plot and Histogram for the three functionals.
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3.5 Functional data analysis of the data
The variables which are related to the progress of children's weights, heights
and head circumference in Gaza Strip are functions attributable to an underlying
infinite dimensional process. Growth curves, reaction time distributions, and learning
curves evolve continuously over time. They will be considered as functionals of a
continuous variables that are related to time. The three functionals will be analyzed

consequently in the present section.
3.5.1 The growth of weights for boys and girls
Figure 5.2 illustrates the progress of the weights of boys and girls children in
successive weeks since birth. The figure indicates that in the first few weeks children
grow faster in their weights and after the fiftieth week there is a stable period with a
slight increase in weight. Circles on the curves indicate the weeks of measuring the
weights and shows that unequal periods when weights where taken.
Figure 5.3 however, presents smoothed curves that illustrates the progress of
the weights of boys and girls children on different weeks. Cubic spline smoothing
methods were used to smooth the data. The two figures 5.2 and 5.3 indicate that there
seems to be no difference between average weights of boys and girls children at birth
nor along consecutive weeks after birth in Gaza Strip. Comparison between the
weights of boys and girls children in the figures indicates that the growth rates of
weights of boys and girls children also seem to be equal at successive weeks in the
age of children in Gaza up to 80 weeks since birth.
Figure 5.4 shows the growth rates curves in the weights of boys and girls
children which has been computed at each point on the curves of figure 5.3 using the
following formula

where D stand for differentiation. The figure shows the growth rates of weights of
boys and girls children at weekly basis, where the curves have been fitted using cubic
spline smoothing methods. In the first few weeks we notice the weights away from
the middle line, and after the thirtieth week the weights become closer to the middle
line and stabilize, in other words the increase in weight may reach 700 grams in the
first few weeks and then growth rates then decreases. We also notice that the growth
rates of weights for boys and girls children is almost similar.
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Figure 5.5 displays the acceleration rates of weights curves (
boys and girls children, estimated using the following formulae.

) for

.
where the notation D for differentiation.
In the first few weeks we notice that the weights lie away from the middle
line, and after the thirtieth week the weights become closer to the middle line and
stabilize.
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(a)

(b)

Figure 5.2: The growth of weights of (a) Boys & (b) Girls Children on different weeks.
Circles indicate the weights at which measurements were taken.
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Figure 5.3: The smoothed curves of growth of weights of (a) Boys & (b) Girls Children on
different weeks using cubic splines.

76

(a)

(b)

Figure 5.4: The estimated growth rates of weights of (a) Boys & (b) Girls Children on
different weeks.
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Figure 5.5: The estimated growth acceleration rates of weights of (a) Boys & (b) Girls
Children on different weeks.
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3.5.2 The growth of heights for boys and girls
Figure 5.6 illustrates the progress of the heights of boys and girls children in
successive weeks since birth. The figure indicates that in the first few weeks children
grow faster in their heights and after the thirtieth week there is a stable period with a
slight increase in height. Circles on the curves indicate the weeks of measuring the
heights and shows that unequal periods when heights where taken.
Figure 5.7 also presents smoothed curves that illustrates the progress of the
heights of boys and girls children on different weeks. Cubic spline smoothing
methods were used to smooth the data. The two figures 5.6 and 5.7 indicate that there
seems to be no differences between average heights of boys and girls children at birth
nor along consecutive weeks after birth in Gaza Strip. Comparison between the
heights of boys and girls children in the figures indicates that the growth rates of
heights of boys and girls children are alsmost equal at successive weeks in the age of
children in Gaza up to 80 weeks since birth.
Figure 5.8 shows the growth rates curves in the heights of boys and girls
children which has been computed at each point on the curves of figure 5.7 using the
following formula:

where D stand for differentiation. The figure shows the growth rates of children's
heights of boys and girls at weekly basis, where the curves have been fitted using
cubic spline smoothing methods. We notice that in the first few weeks the height lies
away from the middle line, and after the fiftieth week the heights become closer to the
middle line and stabilize. In other words, the increase in height may reach up to 3
centimeters in the first few weeks and then growth rates decreases. We also notice
that the growth rates of children's heights for boys and girls are almost similar.
Figure 5.9 displays the acceleration rates of heights curves (
boys and girls, estimated using the following formulae.

) for

.
where the notation D for differentiation.
In the first few weeks we notice that the heights lie away from the middle line,
and after the fiftieth week the heights become closer to the middle line and stabilize.
We also can observe that the change in the acceleration curve of children's' heights for
boys and girls are almost similar.
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(a)

(b)

Figure 5.6: The growth of heights of (a) Boys & (b) Girls Children on different weeks.
Circles indicate the heights at which measurements were taken.
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(a)

(b)

Figure 5.7: The smoothed curves of growth of heights of (a) Boys & (b) Girls Children on different
weeks using cubic splines.
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(a)

(b)

Figure 5.8: The estimated growth rates of heights of (a) Boys & (b) Girls Children on
different weeks.

82

(a)

(b)

Figure 5.9: The estimated growth acceleration rates of heights of (a) Boys & (b) Girls
Children on different weeks.

83

3.5.5 The growth of head circumference for boys and girls
Figure 5.10 illustrates the progress of the head circumferences of boys and
girls children in successive weeks since birth. The figure indicates that in the first few
weeks children grow faster in their head circumferences and after the fiftieth week
there is a stable period with a slight increase in head circumference. Circles on the
curves indicate the weeks of measuring the head circumferences.
Figure 5.11 also presents smoothed curves to illustrate the progress of the head
circumferences of boys and girls children in different weeks. Cubic spline smoothing
methods were used to smooth the data. The two figures 5.10 and 5.11 indicate that
there seems to be no difference between the average head circumferences of boys and
girls at birth nor along consecutive weeks after birth. Comparison between the head
circumferences of boys and girls in the figures indicates that the growth rates of head
circumferences of boys and girls children also seem to be equal at successive weeks in
the age of children in Gaza up to 80 weeks since birth.
Figure 5.12 shows the growth rates curves in the head circumferences of boys
and girls which has been computed at each point on the curves of figure 5.11 using
the following formula:

The figure shows the growth rates of children's head circumferences of boys
and girls at weekly basis, where the curves have been fitted using cubic spline
smoothing methods. We notice that in the first few weeks the head circumference lies
away from the middle line, and after the fiftieth week the head circumferences
become closer to the middle line and stabilize. In other words, the increase in head
circumference may reach up to 1.5 centimeters in the first few weeks and then growth
rates decreases. We also notice that the growth rates of children's head circumferences
for boys and girls are almost similar.
Figure 5.13 displays the acceleration rates of head circumferences curves for
boys and girls, estimated using the following formulae.
.
In the first few weeks we notice that the head circumferences lie away from
the middle line, and after the fiftieth week the head circumferences become closer to
the middle line and stabilize. We also can observe that the change in the acceleration
curve of children's' head circumferences for boys and girls are almost similar.
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(a)

(b)

Figure 5.10: The growth of head circumference of (a) Boys & (b) Girls Children on different
weeks. Circles indicate the head circumference at which measurements were taken.

85

40
35
30

Head circumference (cm)

45

50

(a)

0

20

40

60

80

Age

(b)

Figure 5.11: The smoothed curves of growth of head circumference of (a) Boys & (b) Girls
Children on different weeks using cubic splines.
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(a)

(b)

Figure 5.12: The estimated growth rates of head circumference of (a) Boys & (b) Girls
Children on different weeks.
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(a)

(b)

Figure 5.13: The estimated growth acceleration rates of head circumference of (a) Boys & (b)
Girls Children on different weeks.
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5.4 Functional principal component data analysis
Analogous to the analysis of a multivariate dataset, a good exploratory
technique for these curves is a principal components analysis. In the functional case,
the principal components are curves instead of vectors; however, the interpretation is
very similar: The resulting principal component functions highlight the directions in
which the dataset most varies. We performed a functional principal components
analysis (fPCA) on the entire dataset to explore the modes of variation in all the
participants. The principal component functions were smoothed slightly to aid in
interpretation. Then the first three principal components were rotated using the
VARIMAX criterion, three having been chosen here as in multivariate analysis on the
basis of a satisfactory amount of variance having explained the components being
interpretable. This procedure attempts to transform the principal component curves so
that their values are either shrunk to zero or strongly positive and negative. This aids
in the interpretation of the curves and does not affect the orthogonality of the
components. The following graphical tool is helpful to visualize the effects of the
principal components: The mean curve for the dataset is first plotted; then a small
multiple of each principal component is added to and subtracted from this mean curve
and plotted on the same axes. Thus we can more clearly see the times during the age
of children where their growth was faster as noticed by Levitin et al. (2007).
The top panel of Figure 5.14 displays the spline curves of the weights of both
boys (red) and girls (blue) children in successive weeks since birth superimposed
together in the same figure. It illustrates that the progress of boys' weights is slightly
higher than the progress of girls' weights. This is to facilitate comparison between the
growth of boys with girls. It also indicate that the weights of boys are slightly higher
than those of the girls at birth.
The bottom panel of Figure 5.14 displays the ratio of contribution of change
in child weight to each principal component where only the first four components
were taken because the percentage of participation in the change for each selected
child was greater than 1% and the rest have less than 1% contribution. The estimated
variances
indicate that the four components displayed respectively explain 86.6%,
7.4%, 3% and 1.6% of the total variability in the original data, totaling of 98.6%
indicating that only 1.4% of the variance is accounted for by the remaining
components.
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Figure)5.14( : (a) Boys and girls weight growth where the color is blue for girls and red for boys
Boys & (b) Ratio of change contribution to each principal component for child weight.
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The top panel of Figure 5.15 displays the spline curves of the heights of both
boys (red) and girls (blue) children in successive weeks since birth superimposed
together in the same figure. It illustrates that the progress of boys' heights is slightly
higher than the progress of girls' heights. This is to facilitate comparison between the
growth of boys with girls. It also indicate that the heights of boys are slightly higher
than those of the girls at birth.
The bottom panel of Figure 5.15 displays the ratio of contribution of change
in child height to each principal component, where only the first four components
were taken because the percentage of participation in the change for each selected
child was greater than 1% and the rest have less than 1% contribution. The estimated
variances
indicate that the four components displayed respectively explain 62.4%,
18.1%, 11.6% and 2.8% of the total variability in the original data, totaling of 97.2%
indicating that only 2.8% of the variance is accounted for by the remaining
components.
The top panel of Figure 5.16 displays the spline curves of the head
circumference of both boys (red) and girls (blue) children in successive weeks since
birth superimposed together in the same figure. It illustrates that the progress of boys'
head circumference is slightly higher than the progress of girls' head circumference.
This is to facilitate comparison between the growth of boys with girls. It also indicate
that the head circumferences of boys are slightly higher than those of the girls at birth.
The bottom panel of Figure 5.16 displays the ratio of contribution of change
in child head circumference to each principal component, where only the first four
components were taken because the percentage of participation in the change for each
selected child was greater than 1% and the rest have less than 1% contribution. The
estimated variances
indicate that the four components displayed respectively
explain 72.7%, 10.3%, 9.2% and 3.8% of the total variability in the original data,
totaling of 96.2% indicating that only 3.8% of the variance is accounted for by the
remaining components.
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Figure)5.15( : (a) Boys and girls height growth where the color is blue for girls and red for boys
& (b) Ratio of change contribution to each principal component for child height.
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for girls and red for boys & (b) Ratio of change contribution to each principal
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5.5 Summary
In this Chapter, we analyzed a real dataset on weight, height and head
circumference data from newborn children in the Gaza Strip, as an application of
using Principal Components in functional data analysis. The main purpose of this
chapter is to apply methods of using principal components analysis on children's
weights, heights and head circumference in the Gaza Strip as being functional data, to
reduce the dimensionality of the data and of using spline smoothing methods to fit the
best possible curves that best describe the growth of weight, height and head
circumference of the newborn children over the first 80 weeks since birth.
We first illustrated the progress of the weights of boys and girls children in
successive weeks since birth using B-spline smoothing procedures to draw smooth
curves then we plotted the rates and accelerations of the growth of weights using the
first and second derivatives of the B-spline curves.
Secondly, we clarified the progress of the heights and head circumference of
boys and girls children in successive weeks since birth by plotting the curves of using
the same procedures.
Finally, we conducted the principal components analysis on the progress of
weights, heights and head circumferences of both boys and girls children in
successive weeks since birth and illustrated the first four components that are
accounted for over 90% of the variation in the growth of children .
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CHAPTER 6
CONCLUSION AND RECOMMENDATIONS
In this study, we analyzed a dataset on the weight growth, head circumference
and height of boys and girls children in the Gaza Strip. Data from UNRWA and
government clinics were used to collect data on children from birth up to 2 years.
The goals of the study was to discuss and apply methods of using the principal
components analysis on children's weights, heights and head circumference in Gaza
Strip as being functional data, to reduce the dimensionality of the data and of using
spline smoothing methods to fit the best possible curves that best describe the growth
of weight, height and head circumference of the newborn children over the first 80
weeks since birth.

6.1

Conclusion and Results:
From the discussion of the previous chapters of this thesis we can state the

following results:
1. There are no differences between the average weights of boys and girls at birth
but this is not the case after the growth of children at successive weeks after
birth.
2. The rates of growth of boys and girls weights is equal until the 80th weeks.
3. The weight gain in the first weeks increases to 700 grams per week and
decreases after the 30th week.
4. The weight gain in first weeks is obvious and after the 30th week it becomes
much smaller.
5. The average height gain for both boys and girls newborn children is similar in
the first weeks in Gaza Strip.
6. There are no differences between the average heights of boys and girls at birth
but this is not the case after the growth of children at successive weeks after
birth.
7. The rates of growth of boys and girls heights is equal until the 80th weeks.
8. The height gain in the first weeks increases up to 3 cm per week and decreases
after the 50th week since birth.
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9. The height gain in first weeks is obvious and after the 50th week it becomes
much smaller.
10. The average head circumference gain in both boys and girls newborn children
is similer in the first weeks in Gaza Strip.
11. There are no differences between the average head circumferences of boys and
girls at birth but this is not the case after the growth of children at successive
weeks after birth.
12. The rates of growth of boys and girls head circumference is equal until the
80th weeks.
13. The head circumference gain in the first weeks increases up to 1.5cm per week
and decreases after the 50th week since birth.
14. The head circumference gain in first weeks is obvious and after the 50th week
it becomes much smaller.
15. The total contrast ratio in the initial selected four components is 98.8% of the
variation in weights' growth which means that all the remaining components
account for only 1.2%, of the variation in weights' growth.
16. The total contrast ratio in the initial four principal components is accounted for
97.2% of the total variation in heights' growth which means that all the
remaining components are accounted for only 2.8% of the total variation in
heights' growth.
17. The total contrast ratio in the initial four selected components is 96.2% of the
total variation in head circumference which means that all the remaining
components are accounted for only 3.8% of the total variation in the growth of
head circumference.

6.2

Recommendations:
According to the previous results, we can present the following

recommendations:
1. It is necessary in future studies to calculate the standard errors and confidence
intervals of the estimators of the mean mathematically.
2. It is necessary in future studies to calculate the mean and confidence intervals
for weight, height and head circumference curves for the newborn boys and
girls children of the Gaza Strip up to two years.
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3. It is necessary in future studies to develop some national curves include
averages and confidence intervals for weight, height and head circumference
curves for the newborn boys and girls children of the Gaza Strip up to two
years, based on larger samples, since they may be different from those of
children in other countries.
4. In practice, the government departments of health who care for children's
health should be concerned more with data collection for newborn children
and make computerized archive.
5. For practical side, I would recommend the medical officials to make good and
cooperation with researchers.
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