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Abstract
The world today is encountering many global issues – political, social and economic.
Whereas, improving standard of living and reducing income inequality; especially, in
Palestine are the basic concerns to be solved nowadays.
In this study, Linear Discriminant Analysis (LDA) and Multinomial Logistic
Regression (MLR) were discussed an implemented on Expenditure and Consumption Survey
Data in 2011. The two methods were compared according to their accuracy, ROC curve, AIC
and BIC assessment criterion.
The study contained two parts, theoretical part and application part in which data was
used from Expenditure and Consumption Survey (2011).Data consisted of (4317) households
from the West Bank and Gaza Strip. It contained (12) variables, where the dependent variable
was The Standard of Living - which was ordinal variable and contained of three categories
(High, Middle and low standard of living) and (11) independent variables.
The study aims to choose the best statistical model for Palestinian standard of living
data. Two models for each method were tested from group of statistical tests to define the best
model. Multinomial Logistic Regression ratio reached 76 % compared to linear discriminant
analysis ratio, which reached 70.1%. Area under ROC curve for Multinomial logistic analysis
reached 87.2%, while (AUC) area under curve analysis model reached 86.3% for linear
Discriminant Analysis. While comparing was done using AIC and BIC assessment criterion,
the results showed that Multinomial Logistic Regression method was better than Linear
Discriminant Analysis.
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الملخص
يشهد عالمنا الحالي العديد من االضطرابات السياسية و االجتماعية وعدم االستقرار االقتصادي  ,حيث يعتبر
تحسين مستوى المعيشة لألسر و وتقليص التفاوت في دخلها والقضاء على الفقر من أبرز االهتمامات التي تسعى اليها
دول العالم وال سيما فلسطين.
وفي هذا البحث تم تناول أسلوبين إحصائيين تصنيفيين هما التحليل التمييزي الخطي واالنحدار اللوجستي المتعدد
بناء على دقة التصنيف  ,المساحة تحت
على بيانات مسح االنفاق واالستهالك ( , )2011وتمت المقارنة بين االسلوبين ً
منحنى  , ROCومعايير التقييم  AICو . BIC
يتكون البحث من جزئين  :جانب نظري وآخر تطبيقي والذي استخدم فيه بيانات حقيقية من مسح االنفاق
واالستهالك  , 2011حيث بلغ حجم البيانات  4317أسرة موزعة في الضفة الغربية وقطاع غزة  ,وتتكون البيانات من 12
متغير  ,المتغير التابع يمثل المستوى المعيشي لألسرة وهو متغير رتبي يتكون من ثالث فئات ( مستوى معيشي مرتفع ,
ا
متوسط  ,ومنخفض )  ,إضافة الى  11متغير مستقل  ,وتهدف الدراسة الختيار أفضل نموذج احصائي لبيانات المستوى
المعيشي لألسر الفلسطينية  ,وبذلك يوجد نموذجين لكل أسلوب وقد تم اختبارهم بمجموعة من االختبارات االحصائية
لتحديد أفضل نموذج حيث بلغت نسبة التصنيف الصحيحة  % 76ألسلوب االنحدار اللوجستي المتعدد مقارنة ب 70.1
 %ألسلوب التحليل التمييزي الخطي  ,باإلضافة أن المساحة تحت منحنى  ROCألسلوب االنحدار اللوجستي المتعدد
بلغت  % 87.2بينما بلغت مساحة منحنى نموذج التحليل التمييزي الخطي  , % 86.3وعند المقارنة باستخدام معايير
التقييم  AICو  BICأوضحت النتائج أن أسلوب االنحدار اللوجستي المتعدد أفضل من اسلوب التحليل التمييزي الخطي
في تصنيف بيانات هذه الدراسة .
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CHAPTER ONE
Introduction
1.1 Background
Living standard severely affects the progress of any country of the world, and the drop
in this standard is deemed as a warning to officials and planners to reconsider their future
plans and find appropriate solutions. Thus, some countries care of providing the best living
standard for their people by providing whatever meets their needs of health and education
services.
The index of family living standard expresses the sum of the parts that it composes of:
the income average, the education and health level, the ages average, the number of
individuals in the family, the sources of income and the assembly type of population. That
means it is an integrated socio-economic scale of each country or region living situation,
(Human rights,2010).
The economic development of any country in the world is linked to the progress of
education, health and the high level of their services. The standard of living is based on the
concept that human beings are the real wealth of nations, and that the standard of living is the
process of expanding human choices. Then the concept of the standard of living expanded
than what it was , it has become how much the person obtains goods and services, and
whenever the individual is able to get more of those goods and services, the standard of living
raises, well-being increases then development is realized. The standard of living has many
indicators, including: education, health and income level, (Human rights,2010)
The average of goods and services' monthly per capita consumption value used for the
purposes of living in the Palestinian territories has reached 155.2 JD (by 183.1 JD in the West
Bank compared with 108.7 JD in the Gaza Strip). The average of food's monthly per capita
consumption has reached 55.3 JD (by 61.8 JD in the West Bank compared with 44.4 JD in
the Gaza Strip), while without food, the average of per capita consumption has reached 99.9
JD (by 121.3 in the West Bank compared with 64.4 JD in the Gaza Strip). Monthly per capita
consumption of food was 35.6% of the total consumption per capita in the Palestinian
territories, by 40.8% in the Gaza Strip and 33.8% in the West Bank. The food share of
consumption reflects the standard of living according to Engels theory; the larger the share of
food, the lower standard of living and welfare of the individual, which means that its
2

resources are focused on food. Based on the results, the share of food in the West Bank was
less than it in the Gaza Strip, which means that the standard of living of the individual in the
West Bank was better than it in the Gaza Strip, (PCBS, 2010).
From one hand, there is no doubt that there are many factors that can affect the standard
of living of the households in the Palestinian territories that the study will deal with and
determine the most important factors of which.
It is meaningful to address how the analyst can deal with data representing
multiple independent variables and a categorical dependent variable, how independent
variables can be used to contribute to discover the differences in the categories. The
assignment of observations or objects into predefined homogenous groups is a problem
of major practical and research interest. For example, we may use quantitative
information in predicting who will or will not graduate from college . This would be
an example of simple binary classification problems, where the categorical dependent
variable can only assume two distinct values. In other cases, there are multiple
categories or classes for the categorical dependent variable. For example when we are ill,
we want a doctor to diagnose our disease from our symptoms.
All above are classification problems where we attempt to predict values of a
categorical dependent variable from one or more continuous and/or categorical predictor
variables. In statistics, it is the process of allocating an observation ( i ) in one of
several predefined groups or categories.
In general, there are many statistical methods that can study the effect of independent
variables on standard of living for Palestinian households, and these statistical methods are:
Multinomial logistic regression (MLR) and linear discriminant analysis (LDA).
1.2 Problem of the study
The problem of this study is to determine the best method among two classification
techniques (Linear Discriminant Analysis and Multinomial Logistic Regression) to use for
classifying Palestinian households by their standard of living (High , Middle ,or Low standard
of living). This has been done by using some assessment techniques

(such as

classification table, ROC curve , and AIC and BIC assessment criterion) bearing in mind
that the majority of the independent variables are numeric and continuous. Moreover,

3

we are also interested to determine the most influential variables that can classify and predict
the standard of living for Palestinian households.
1.3 Objectives of the study
1. To find the best model for classifying Palestinian households by their standard of
living.
2. Applying classification methods for analyzing categorical data.
3. Determining which model to select according to various model selection criteria.
4. Demonstrate the use of MLR and LDA in analysis of standard of living data.
5. Demonstrate how to assess the fit of MLR and LDA model in analysis with the
presence of independent variables.
1.4 Importance of the study
1.4.1 Applied importance :
Applied importance of this study is concentrated on providing planners and executors
of economic projects by important information about the factors and determinants that affect
the classification of households by the standard of living.
1.4.2 Statistical importance:
The importance of statistical study in the selection of the optimal model to determine
the most important factors affecting the standard of living through the use of statistical
methods in various rankings in Palestine.
1.5 Methodology of the study
The research methodology will be divided into two parts:
1. Part I : Reviews the theoretical aspects of the methods used in the analysis, a
multinomial logistic regression (MLR) and linear discriminant analysis (LDA (.
2. Part II: Serves as a case study comparing the implementation of LDA and MLR on
the data available to choose the best model that can predict the status of a standard of
living based on various evaluation criteria.
Researcher we will use Statistical Package for Social Sciences (SPSS) and R statistical
Package in analysis of the data.
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1.6 Data Source
Data were obtained by the Palestinian Central Bureau of Statistics (PCBS) Survey of
Expenditure and Consumption in 2011. The survey data was made available to us for research
through direct communication with the officials of the PCBS according to a special
agreement between the Bureau and Al-Azhar University - Gaza. Methods of data
collection were followed by the international scientific standards and according to the
definitions below:
Sampling Frame:

The sampling frame consists of all enumeration areas which were enumerated in 2007,
each numeration area consists of buildings and housing units with average of about 120
households. These enumeration areas are used as Primary Sampling Units (PSUs) in the first
stage of the sampling selection.
Sample Size:

The calculated sample size for the Expenditure and Consumption survey 2011 is 4,317
households, 2909 households in West Bank and 1,408 households in Gaza Strip.
Sample Design:
The sample is a stratified cluster systematic random sample with two stages:
 First stage: selection of a systematic random sample of 215 enumeration areas.
 Second stage: selection of a systematic random sample of 24 households from
each enumeration area selected in the first stage.
1.7 The limits of the study
The limits of the study are divided into three parts:
1- Population limits: The study population consisted of all Palestinian families that
habitual living in the Palestinian territories.
2- Spatial boundaries (geographical): the Palestinian territories.
3- Time limits: The study mainly adopted on survey which executed through the period
15/1/2011

and

14/1/2012, the survey period is one

sunny

moon

for

each

household, start at the middle of the month and end in the next month middle.

5

1.8 Literature Review
There are various studies that have been performed to compare and evaluate
classifier performance especially the performance of linear discriminant analysis and
multinomial logistic regression, and to find the characteristics that may affect the
classifier performance. In this section we will present the most important of these studies.
EL-Hanjouri (2015) compared two methods of statistical classification (MLR and
ANN) on Expenditure and Consumption Survey (2011) data to determine the best method for
classification Palestinian standard of living using three evaluations statistics (AIC and BIC
assessment criterion and ROC Curve) . The results showed that Artificial Neural Network
method was better than Multinomial Logistic Regression method, where Artificial Neural
Network ratio reached 90.1% compared to Multinomial Logistic Regression ratio, which
reached 77.7%. Area under ROC curve for Artificial Neural Network analysis reached 97.2%,
while (AUC) area under curve analysis model reached 89.9% for Multinomial Logistic
Regression. While comparing was done using AIC and BIC assessment criterion.
Wali (2013) present a study that aimed to build a suitable model for the unmet need
for family planning based on several variables, based on a sample of 5542 Palestinian woman
fall in age between (15-54) years of the survey conducted by the PCBS in 2006. Researcher
concluded that form better through method of logistic analysis that succeeded in predicting
the correct rate of 91.3%, while the percentage of correct classification in linear discriminant
function for all groups is 91%.
Nassar (2013) compared three methods of statistical classification (ANN, LR and
LDA) on Palestine market data to determine the best method for classification and prediction
of financial failure of the firms using three evaluations statistics (Bootstrap, Cross Validation
and ROC Curve) . The results showed the superiority method of ANN to other classification
methods..
Bahar (2013) identified the most important risk factors associated with disease, heart
artery through the use of three methods of classification (Logistic regression ,discriminant
analysis and neural network) and compared between the methods by three ways (leave-oneout cross validation, classification table and the area under the ROC curve), the study showed
that the model of neural networks is the best model for the data, where ite received the highest
degree of accuracy and less error rate.

6

In the study of Abu Seda (2013) the cases of violence against women in Palestine
where predicted by using survey data of domestic violence - the section on violence against
women - which was carried out by the PCBS on the year (2011 ) , Three statistical models
(Multinomial logistic Regression, discriminant analysis and the analysis of neural networks)
were built for the best model that can describe the phenomenon of violence against women as
the dependent variable and the most important risk factors that help the existence of violence
against women , and the final analysis , the best model we got was using (multinomial logistic
regression model ) reaching the degree of accuracy to predict ( 57.1 % ) . The accuracy of
the model is not significant were referred to:
• The absence of some independent variables that have a significant role in the presence of
violence against women within the data.
• The number of items in some categories of the dependent variable are few and thus affect
the accuracy of the final model.
Al-Jazzar (2012) studied and compared two different methods of classification
namely: linear discriminant analysis and multinomial logistic regression, to make the
choice between the two methods easier, and to understand how do the two models
behave under different data and group characteristics. The measure used to compare
the performance of the two techniques was the overall classification accuracy. And to
investigate the quality of prediction in terms of sensitivity and specificity, area under
the ROC curve (AUC) is also obtained. Model performance had been assessed from
two special cases of the k-fold partitioning technique, the ‘leave-one out’ and ‘hold
out’ procedures.
Al Jazzar (2012) compared the performance of LDA and MLR on the diabetes
data as a case study, and from that both logistic regression and linear discriminant
analysis converged in similar results. Both methods estimated the same statistical
significant coefficients, and either can be helpful in classifying the class membership
of women that diabetics. Logistic regression slightly exceeds linear discriminant
analysis in the correct classification rate, but when taking into account sensitivity,
specificity and AUC the differences in the AUC were negligibly, thus indicating no
discriminating difference between the models.
Lee (2010) proposed a method for multi-way classification problems using ensembles
of multinomial logistic regression models. A multinomial logit model was used as a base
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classifier in ensembles from random partitions of predictors. The multinomial logit model
showed that it can be applied to each mutually exclusive subset of the feature space
without variable selection. By combining multiple models the proposed method could handle
a huge database without a parametric constraint needed for analyzing high-dimensional data,
and the random partition could improve the prediction accuracy by reducing the
correlation among base classifiers. The proposed method has been implemented using R and
the performance including overall prediction accuracy, sensitivity, and specificity for each
category is evaluated on real data sets and simulation data sets. To investigate the quality of
prediction in terms of sensitivity and specificity, area under the ROC curve (AUC) is
also examined. The performance of the proposed model was compared to a single
multinomial logit model and another ensemble method combining multinomial logit models
using the algorithm of Random Forest. The proposed model showed a substantial
improvement in overall prediction accuracy over a multinomial logit model.
Antonogeorgos et al .(2009) applied both Logistic regression and discriminant
analyses in their clinical study in order to predict the probability of a specific
categorical outcome based upon several explanatory variables. The aim of this work
was to evaluate the convergence of these two methods when they are applied in data
from the health sciences. For this purpose, they modeled the association of several
factors with the prevalence of asthma symptoms and compared the result. In
conclusion, logistic and discriminant analyses resulted in similar models, and in order
to decide which method should be used, we must consider the assumptions for the
application of each one
Yarmohammadi et al, (2004), designed an algorithmic model based on the
logistic regression model (LRM) and a non-algorithmic model based on the artificial
neural network (ANN). The ability of these models was compared together in clinical
application to differentiate malignant from benign breast tumours in a study group of
(161) patients' records. Each patient’s record consisted of 6 subjective features extracted from
MRI appearance. Results of the study showed that ANN and LRM prove the
relationship between extracted morphological features and biopsy results. Using
statistically significant variables reduced LRM outperformed ANN with remarkable
specificity while high sensitivity is achieved.
In the study of Pohar et al.(2004) who considered the problem of choosing
between the LDA and MLR and used several simulated datasets, the convergence of
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the two methods is examined when the linear discriminant assumptions for normality
of the distribution of explanatory variables are met, when they are violated, and when
they are categorized for various parameters of the explanatory variables such as sample
size, covariance matrix, Mahalanobis distance, and the direction of the distance between
the group means.
Pohar et al.(2004) concluded

that

linear discriminant

analysis

is

a

more

appropriate method when the explanatory variables are normally distributed. For
categorized predictor variables, linear discriminant analysis remains preferable, and
logistic regression overcomes discriminant analysis only when the number of categories
is small. and the results of LDA and MLR are close whenever the normality
assumptions are not too badly violated.
Hossain et al. (2002) compared the performance of multinomial logistic
regression (MLR) and discriminant analysis (DA) models to predict arrival time at the
hospital for patients with acute myocardial infarction symptoms. One model for MLR
and two models for DA were developed using the training dataset. One DA model
had equal prior probabilities, and one DA model had proportional prior probabilities.
Predictive performance of the models was compared and the overall predictive
performance by MLR and DA with proportional priors was higher, the DA models
with equal priors performed much better in the smaller groups. Correct classifications
were 62.6% by MLR, 62.4% by DA using proportional prior probabilities, and 48.1%
using equal prior probabilities of the groups.
Chao and Rebecca (2002) demonstrated the utility of MLR model to identify
adolescent at greatest health risk from their personal as well as family characteristics .They
used the model to predict the likelihood of a categorical response variable, using a sample of
432 students enrolled in two junior high school (grades 7 through 9). The response variable
was students' risk level on the behavioral risk scale with three levels (high, middle, and low
risk). Explanatory variables included gender (two categories), intention to drop out of
school (two categories), and family structure (with three categories). The research
hypothesis posed to the data was stated as follows: the likelihood that an adolescent is at
high, medium, or low behavioral risk is related to his/her gender, intention to drop out of
school, family structure, emotional risk and self-esteem. The study used Statistical
Analysis System software (SAS) to calculate MLR. Model was validated by significant test of
overall model and tests of regression parameters, goodness-of-fit measures and validation of
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predicted probabilities. Logistic Regression results supported the statistical significance of
four explanatory variables.
Montgomery et al. (1987) compared the two methods in veterinary data using
stepwise linear discriminant analysis and logistic regression in a first dataset and
compared the selected variables, the order of selection, the sign and the magnitude of
the estimated coefficients of the discriminating models in a second dataset. Result show
that both methods converged, logistic regression is preferable to discriminant analysis
particularly when the assumptions of normality and equal variance are not met.
This study different from literate previous studies where we use the standard of living in
Palestinian household's data. It will apply discriminant analysis and Multinomial logistic
regression method to distinguish the variables that contribute significantly to this disparity
among households inside Palestinian areas. It will also be the comparison between the two
methods based on the classification accuracy, area under ROC curve and AIC and BIC
evaluation criteria.
Otherwise, the dependent variable that used in this study was not explicitly variable in the
survey, but has been obtained from the applying the method of cluster analysis on the same
data where enumeration areas were divided in the survey into three clusters which living
standards that were used in this study
1.9 Organization of the study
The study contains five chapters, chapter one: Introduction is related to importance
of thesis and discussed some important previous studies. Chapter two: classification
methods, describing the mathematical setup, the conceptual framework for MLR and
LDA, definitions, advantages and disadvantages. Chapter three: validation and evaluation
of classification models, discussing the assessment techniques of classifiers namely
(Cross Validation with random one observation omitted at each time, and ROC curves) in
terms of their estimation of classification accuracy and error rates. In chapter four: analysis of
standard of living in Palestine data, describing the dependent variable and the independent
variables in the data, discussing the results of classification, and comparison between the two
methods. Chapter five, conclusions and recommendations.
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CHAPTER TWO
Classification Methods
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Chapter Two
Classification Methods
2.1 Introduction.
In Statistical classification we attempt to predict values of a categorical
dependent variable from one or more continuous and/or categorical predictor variables.
It is the process of allocating an observation ( i ) in one of several pre_defined groups
or categories. An ideal classification method provides in what distinguishes different
classes from each other. It deals with rules of case assignment to categories or classes,
and the goal of classification, is to provide a model that yields the optimal
discrimination

between

several

classes

in

terms

of predictive

performance

(Wehrens,2010). The assignment of alternatives observations or objects into pre_defined
homogenous groups is a problem of major practical and research interest. In this
chapter, the two classification methods namely linear discriminant analysis (LDA) and
Multinomial logistic regression (MLR) which are used in this study, will be discussed in
details :
2.2 Linear Discriminant Analysis (LDA)
In this section, we'll talk about the method of the linear discriminant analysis, their
objectives, assumptions, types, methods for selecting the best set of variables for discriminant
model, and interpretation of discriminant function.
2.2.1 Introduction to Linear Discriminant Analysis
Discriminant analysis is a technique for predicting and classifying a set of
observations into predefined classes. It is used to determine which continuous variables
best discriminate between two or more natural occurring groups. The model is built based
on a set of observations for which the classes are known and this discriminant function is
used to predict

the class of a new observation with unknown class .(Johnson and

Wichern,2007, p.575) , Discriminant analysis creates an equation which will minimize the
possibility of miss classifying cases into their respective groups or categories,( Kutner ,
2004).
Okasha (2002) stated that discriminant analysis technique is aimed to derive the
linear combination of the independent variables that discriminates best between the two
or more priori defined groups. This is done by finding estimate that maximizes among
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groups variation relative to the within groups variation, and mentioned that Discriminant
Analysis may be used either to assess the adequacy of classification, given the group
memberships of the objects under study; or to assign objects to one of a number of (known)
groups of objects. Thus, it a descriptive or a predictive objective, while Hamid (2010)
indicated that Discriminant analysis is a statistical technique that allows one to understand the
differences of objects between two or more groups with respect to several variables
simultaneously. It is the first multivariate statistical classification method used for decades by
researchers and practitioners in developing classification models.
LDA is closely related to ANOVA (analysis of variance) and regression analysis,
which also attempt to express one dependent variable as a linear combination of other features
or measurements, In the ANOVA and regression analysis, the dependent variable is a
numerical quantity, while for LDA it is a categorical variable. (Abdi, 2007)
Fang (2011) indicate the goal of discriminant analysis is to construct the model on the
basis of observational unit’s variation. On the basis of the discriminant model the
classification of new observational units into the groups or categories will be conducted, and
he stated that the discriminant Analysis used to assess the adequacy of classification, given
the group memberships of the objects under study, or to assign objects to one of a number of
(known) groups of objects. It thus has a descriptive or a predictive objective.
Finally we can say that Discriminant analysis is parametric technique to determine
which weightings of quantitative variables or predictors best discriminate between two or
more groups of cases and do so better than chance , The analysis creates discriminant
function which is a linear combination of the weightings and scores on these
variables.(Ramayah,et al. , 2010)
2.2.2 Objective of Liner Discriminant Analysis.
The main objectives for performing discriminant analysis are:
1- To identify the variables that best discriminate between groups using the most
parsimonious way (i.e. to determine most influential predictors).
2- To use the identified variables or factors to develop a good classification function that
is linear combination of the predictor variables and would be reliable in classification
cases.
3- To classify cases into groups and also to assign new objects to one of a number of
known groups there by validating the predictive function.
13

4- To assess the relative importance of the independent variables in classifying the
dependent variable.
5- To examine whether significant differences exist among groups.
6- To determine the percentage of variance in the dependent variable explained by the
independents over and above the variance accounted by control variables, (Garson,
N.D).
2.2.3 Assumptions of Discriminant Analysis
Discriminant function analysis is computationally very similar to Multivariate Analysis of
Variance (MANOVA), and all assumptions for MANOVA apply, (Poulsen and French,
2004).
1- Sample size:
Unequal sample sizes are acceptable. The sample size of the smallest group needs to
exceed the number of predictor variables. As a “rule of thumb”, the smallest sample size
should be at least 20 for a few (4 or5) predictors. The maximum number of independent
variables is n -2, where n is the sample size. While this low sample size may work, it is not
encouraged, and generally it is best to have 4 or 5 times as many observations and
independent variables.
2- Normal distribution:
It is assumed that the data (for the variables) represent a sample from a multivariate
normal distribution. You can examine whether or not variables are normally distributed with
histograms of frequency distributions. However, note that violations of the normality
assumption are not "fatal" and the resultant significance test are still reliable as long as nonnormality is caused by skewness and not outliers (Tabachnick and Fidell 1996), also we
perform additional tests for testing multivariate normality (such as the Shapiro-Wilk test or
Kolmogrov- Simirov test) .
3- Homogeneity of Variances-Covariances-Matrices
DA is very sensitive to heterogeneity of variance-covariance matrices. Before accepting
final conclusions for an important study, it is a good idea to review the within-groups
variances and correlation matrices. Homoscedasticity is evaluated through scatterplots and
corrected by transformation of variables, (Barfield et al. ,2004).
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Also can be used to "Box's M" test to assess the assumption of homogeneity. Box's M
must be non-significant; in light of the sensitivity of the test, an alpha level of 0.001 is
recommended.

Or

"Log determinants" are a measure of the variability of the groups. Larger log determinants
correspond to more variable groups. Large differences in log determinants indicate groups
that have different covariance matrices.
Lachenbruch (1975) indicated that DA is relatively robust even when there are modest
violations of these assumptions.
Klecka

(1980)

points

out

that

dichotomous

variables,

which

often

violate

multivariate normality, are not likely to affect conclusions based on discriminant
analysis.
4- Outliers
An outlier is an observation that lies an abnormal distance from other values in a random
sample from a population.
DA is highly sensitive to the inclusion of outliers. Run a test for univariate and
multivariate outliers for each group, and transform or eliminate them. If one group in the
study contains extreme outliers that impact the mean, they will also increase variability.
Overall significance tests are based on pooled variances, that is, the average variance across
all groups. Thus, the significance tests of the relatively larger means (with the large variances)
would be based on the relatively smaller pooled variances, resulting erroneously in statistical
significance.
Multivariate outliers can be detected in a plot of the differences between robust
Mahalanobis distances and chi-squared quantile vs. chi-squared quintile values ,(Khattree and
Naik ,1995).
5- Non-Multicollinearity
Multicollinearity refers to high inter-correlations between predictor variables. The
predictor variables must be related to the grouping variable but should be fairly
independent of each other.
There must be low multicollinearity of the independents.

To the

extent that

independents are correlated, the standardized discriminant function coefficients will
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not

reliably

assess

the

relative

importance

of

the

predictor

variables.

If

multicollinearity is high (r ≥ 0.80), discarding redundant variables from the analysis
should be considered, (Brace et al. , 2009 , Poulsen and French, 2004) .
Multicollinearity is looking at the "pooled within-groups correlation."Pooled" is the
average across groups formed by the dependent but this can be very different from normal
(total) correlation when two variables are less correlated within groups than between
groups.
2.2.4 Type of Discriminant Analysis
There are two types of discriminant analysis namely. (Simar and Hardle ,2000)
1. Linear Discriminant Analysis (LDA) also known as Discriminant Analysis (DA)
or Two-group discriminant analysis.
The simplest type of LDA is two group LDA which the dependent variable has two
groups. In this case, a linear discriminant function (LDF) that passes through the means
of the two groups (centroids) can be used to discriminate subjects between the two
groups (Antonogeorgos et al., 2009).
Two-group LDA is a linear combination of the two or more independent variables
that discriminate best between a priori defined groups. Discrimination is achieved by setting
weights for each independent variable to maximize the between-group variance to the within
group variance (Albayrak, 2009).
2. Multiple Discriminant Analysis (MDA)/ Multiple-group discriminant analysis.
Multiple-group discriminant analysis is an extension of linear discriminant analysis and
relates to multiple analysis of variance (MANOVA), sharing many of the same assumptions
and tests. The MDA statistical technique had been used in a variety of disciplines since its
first application in 1930’s. Before the end of 1960’s, the MDA was used mainly in biology
and sociology. The MDA became very popular technique in the practical business world since
the beginning of 1970’s.
2.2.5 Mathematical formula of linear discriminate analysis
This is a statistical method of classifying members of a population into one of two (or
more) groups. The analysis entails the postulation and estimation of one or more discriminant
functions.
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In discriminant analysis, we try to develop a model that will help us predict the
values of a dependent variables on the bases of a set independent variables. The
dependent variable in discriminant analysis is qualitative and appears in the form of success
or failure, male or female, repay or default. The discriminant analysis attempts to derive a
linear combination of these characteristics that best discriminate between the groups. The
prediction equation may be defined as
𝑫 = 𝒂 + 𝒃𝟏 𝑿𝟏 + 𝒃𝟐 𝑿𝟐 + ⋯ + 𝒃𝒏 𝑿𝒏
or
𝑫 = 𝒂 + ∑𝒏𝒊=𝟏 𝒃𝒊 𝑿𝒊

)2.1)

Where, D is discriminate function, b is the discriminant coefficient or weight for that
variable, 𝑋𝑖 is respondent's score for that variable, a is a constant and n is the number of
predictor variables.This is done by finding estimate 𝑏𝑖

that maximizes the among groups

relative to he within groups variation,( Rencher, 2002).
linear Discriminant analysis produces a linear combination of variables that
maximizes the separation between the two groups and then classifies new observations
as belonging to one group or other based on their score on the weighted combination
of variables chosen as the discriminant function,(Press and Wilson , 1978).
Discriminant analysis assumed that the point in each group have a multivariate normal
distribution, hence the marginal distribution of each of the two populations when viewed
along the direction that maximizes the differentiation between groups is univariate normal.
A point c on the discriminant scale is called the cutting score. When a data
point gets a score smaller than c, we classify that point as belonging to the other
population. This assumes of course, that we do not know which population the point really
belongs to and we use the discriminant function to classify the point based on the values the
point has with respect to the independent variable,( Rencher, 2002).
2.2.6 Number of Discriminant Functions for LDA and MDA.
As previously mentioned in (2.1) The discriminant function is a linear function of the form
𝑫𝒕 = 𝒂 + 𝒃𝟏 𝑿𝟏 + 𝒃𝟐 𝑿𝟐 + ⋯ + 𝒃𝒏 𝑿𝒏

(2.2)

where,
𝐷𝑡 = the predicted discriminant score for group t.
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t = the number of groups differentiated by the t discriminant functions
𝒃𝟏 , 𝒃𝟐 , … , 𝒃𝒏 are the weights of the independent variables 𝑋1 , 𝑋2 , 𝑋3 , … , 𝑋𝑛 respectively

and is the constant term in group t. There is one discriminant function for 2-group
discriminant analysis (i.e. if the dependent variable is a dichotomy), but for higher order DA
(k groups), up to k-1 discriminant functions can be extracted. Thus the maximum number of
functions is the lesser of

k - 1 (number of dependent groups minus 1).

A first function is computed on which the group means are as different as possible. A
second function is then computed uncorrelated with the first, then a third function is
computed uncorrelated with the first two, and so on, for as many functions as possible .(
Johnson and Wichern , 2002)
Each discriminant function is orthogonal to the others. The first function maximizes
the differences between the values of the dependent variable. The second function maximizes
the differences between values of the dependent variable uncontrolled for by the first factor,
the third function maximizes the differences between values of the dependents uncontrolled
for by the first two, and so on, (StatSoft , Inc., 1984- 2000).
2.2.7 Methods for Selecting the Best Set of Variables for Discriminant Model
In some applications of discriminant analysis, where some data consist of many
variables. In such case, it is desirable to select relatively small subsets of variables that would
contain almost as much information as the original data.
One major objective for performing discriminant analysis is to come out with the best
set of variables that can be used to develop a function or a model for future predictions and
classifications. The question then is, how can one identify or select the best potential
discriminant or variables than can be used to form a discriminant function?
The selection of the most useful variables in Discriminant Analysis is an important
and difficult problems in practice , for example in the analysis of medical research data it is
usual for the investigator to attempt to reduce the number of variables measured on each
individual . There may be several reasons for this. The investigator may wish to measure
fewer variables in subsequent studies , to reduce cost or effort of measurement , one may wish
to determine those variable which are most relevant in identifying the underlying biologic
structure of the problem studies , or may essentially trying to reduce the complexity of the
problem ,(Mclachlan , 1976).
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The following techniques are mostly used to select the best set of discriminating
variables to form discriminant function(s) for future predictions and classifications: (Laika et.
al , 2003)
1- The Forward Selection
The forward selection method enters first the variable that provides the most
discrimination between the groups as measured by a given statistical criterion. In the next
step, the variable entered is the one that adds maximum amount of additional discriminating
power to the discriminant function as measured by the statistical criterion. The procedure
continues until addition of new variable does not significantly change the model.
2- The Backward Selection
The backward selection begins with all the variables in the discriminant function. At each
step, one variable is removed (that one being the one that provides the least amount of
decrease in the discriminating power, as measured by statistical criterion). If the removal of
that variable has no significant effect on the model, as revealed by the statistical criterion, it is
excluded from the modeling. However, if its removal has a significant effect in the
discriminating power, it is maintained in the modelling. The procedure continues until no
more variables can be removed.
3- The Stepwise Selection
Stepwise selection is a combination of the forward and backward elimination procedures.
It begins with no variables in the discriminating function, and then at each step a variable is
either added or removed. A variable already in the discriminant function is removed if it does
not significantly lower the discriminating power, as measured by the statistical criterion. If no
variable is removed at a given step then the variable that significantly adds the most
discriminating power, as measured by the statistical criterion, is added to the discriminant
function. The procedure stops at a step when addition or removal of variable from the
discriminant function does not increase the𝑅 2 (Coefficient of Determinants.
2.2.8 A variable selection criterion for linear Discriminant Function
There are a number of statistical criteria for determining the addition or the removal of
variables from the discriminant function. The most common ones are:
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1- Wilk's Lambda

(Λ)

Wilk's lambda is the ratio of the within-group sum of squares to the total sum of squares.
At each step, the variable that is included in the function is the one with the smallest Wilk's
lambda (Λ) after the effect of variables already in the discriminant function is removed. Since
the Wilk's lambda can be approximated by the F-ratio, Wilk's lambda (Λ) is equal to entering
the variable that has the highest partial F-ratio. Wilk's lambda (Λ) is thus given by
𝜦=

𝑺𝑺𝒘
𝑺𝑺𝒕

=

𝑺𝑺𝒘

(2.3)

𝑺𝑺𝒘 + 𝑺𝑺𝒃

where 𝑆𝑆𝑤 is the sum of squares within groups, 𝑆𝑆𝑡 is the total sum of squares, and 𝑆𝑆𝑏 is the
sum of squares between groups.
Wilk's Lambda varies from 0 to 1, with 0 meaning group means differ (thus the variable
highly differentiates the groups), and 1 meaning all group means are the same.
The assessment of the Wilk's lambda is done by converting to F- ratio with the transformation
𝑭=[

𝟏− 𝜦 𝒏𝟏 +𝒏𝟐 −𝒑−𝟏
][
]
𝜦
𝒑

(2.4)

Where 𝑛1 and 𝑛2 are the number of cases in group one and two respectively, p is number
of variables for which the statistic is computed and Λ is the Wilk's lambda of the distribution.
F-ratio follows an F-distribution with (p-1) and ( 𝑛1 + 𝑛2 − 𝑝 − 1) degrees of freedom.
Wilk's lambda tests the significance of each discriminant function in DA specifically, the
significance of the eigenvalue for a given function. Minimizing Wilk's lambda is an indication
that the within-group sum of squares is minimized and the between-group sum of squares is
maximized. That is, the Wilk's lambda selection criterion considers between-groups
separation and within-group homogeneity. The larger the lambda, the more likely it is
significant.
A significant lambda means one can reject the null hypothesis that the two groups have
the same mean discriminant function scores and conclude that the model is discriminating. It i
a measure of the difference between groups of the centroid (vector) of means on the
independent variables.
The Bartlett's V transformation of lambda is used to compute the significance of lambda.
Wilk's lambda is used in conjunction with Bartlett's V, as a multivariate significance test of
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mean differences in MDA, for the case of multiple interval independents and multiple,
(Prempeh, 2009).
2- Mahalanobis Distances
Mahalanobis distance is another technique that is used in analyzing cases in discriminant
analysis. For instance, one might wish to analyze a new and unknown set of cases in
comparison to an existing set of known cases.
Mahalanobis distance is the distance between a case and the centroid for each group
(of the dependent) in attribute space (n-dimensional space defined by n variables). A case will
have one Mahalanobis distance for each group, and it will be classified as belonging to the
group for which its Mahalanobis distance is smallest. Thus, the smaller the Mahalanobis
distance, the closer the case is to the group centroid and the more likely it is to be classified as
a member of that group. Mahalanobis distance for two group discriminant analysis is related
to the squared multiple correlation coefficient (𝑅 2 ) as given
𝑫𝟐 =

(𝐧𝟏 +𝐧𝟐 )(𝐧𝟏 +𝐧𝟐 −𝟐)𝐑𝟐
𝐧𝟏 𝐧𝟐 (𝟏−𝐑𝟐 )

(2.5)

where 𝑛1 is the number of cases in group one and 𝑛2 is the number of cases in group two,(
Prempeh , 2009).
3- Rao’s V
Rao’s V is based on the Mahalanobis distance and concentrates on the separation between
the groups, as measured by the distance of the centroid of each group from the centroid of the
total sample.
Rao’s V is used to determine the extent to which the discriminant functions
discriminate between criteria groups. A measure from this group is mostly used in stepwise
discriminant analysis to determine if adding an independent variable to the model will
significantly improve classification of the dependent variable.
Rao’s V and the change in it while adding or deleting a variable is approximately
statistic and thus follows a 𝑋 2 distribution.
Although Rao’s V provides information about between-groups separation, it does not take
into consideration group homogeneity. Therefore, the use of Rao’s V may produce a

21

discriminant function that does not have maximum within-group homogeneity, (Statgun,
N.D).
2.2.9 Interpretation of Discriminant Function
There is a close correspondence between interpreting discriminant functions and
determining the contribution of each variable, and we shall not always make a distinction. In
interpretation, the signs of the coefficients are taken into account; in ascertaining the
contribution, the signs are ignored, and the coefficients are ranked in absolute value . We are
more commonly interested in assessing the contribution of the variables than in interpreting
the function.

We cover three common approaches to assessing the contribution of each variable (in the
presence of the other variables) to separating the groups. The three methods are (1)examine
the standardized discriminant function coefficients, (2) calculate a partial F-test for each
variable, and (3) calculate a correlation between each variable and the discriminant function.
The third method is the most widely recommended

1- Standardized Coefficients
To offset differing scales among the variables, the discriminant function coefficients can
be standardized using the equation 2.6
𝒁𝟏𝒊 = 𝒂∗𝟏

̅ 𝟏𝟏
𝒀𝟏𝒊𝟏 − 𝒀
𝑺𝟏

+ 𝒂∗𝟐

̅ 𝟏𝟐
𝒀𝟏𝒊𝟐 − 𝒀
𝑺𝟐

+ ⋯ + 𝒂∗𝒑

̅ 𝟏𝒑
𝒀𝟏𝒊𝒑 − 𝒀
𝑺𝒑

i=1,2,...,n

(2.6)

The standardized variables (𝑌1𝑖𝑟 − 𝑌̅1𝑟 )/𝑆𝑟 are scale free, and the standardized
coefficients ar  s r ar , r = 1, 2, . . . , p, therefore correctly reflect the joint contribution of the
*

variables to the discriminant function z as it maximally separates the groups. For the case of
several groups, each discriminant function coefficient vector a  (a1 , a2 ,......., a p ) is an
1
eigenvector of E H , and as such, it takes into account the sample correlations among the

variables as well as the influence of each variable in the presence of the others.
The discriminant function is subject to the same limitations as other linear combinations
such as a regression equation: for example, (1) the coefficient for a variable may changed
notably if variables are added or deleted, and (2) the coefficients may not be stable from
sample to sample unless the sample size is large relative to the number of variables. With
regard to limitation (1) we note that the coefficients reflect the contribution of each variable in
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the presence of the particular variables at hand. This is, in fact, what we want the coefficients
to do. As to limitation (2) the processing of a substantial number of variables is not “free.”
More stable estimates will be obtained from 50 observations on 2 variables than from 50
observations on 20 variables. In other words, if N/p is too small, the variables that rank high
in one sample may emerge as less important in another sample, (Prempeh, 2009).

2- Partial F-Values
For any variable 𝑋𝑟 , we can calculate a partial F-test showing the significance of 𝑋𝑟 after
adjusting for the other variables, that is, the separation provided by 𝑋𝑟 in addition to that due
to the other variables. After computing the partial F for each variable, the variables can then
be ranked. the partial F is given by

𝑭 = (𝒗 − 𝒑 + 𝟏)

𝑻𝟐 𝒑 − 𝑻𝟐 𝒑−𝟏

(2.7)

𝒗+ 𝑻𝟐 𝒑−𝟏

where T P2 is the two-sample Hotelling T2 with all p variables,T P21 is the T 2 -statistic
with all variables except 𝑋𝑟 , and ν = n1 + n2 − 2. The F-statistic in (2.9) is distributed as
F1,ν−p+1 , For the several-group case, the partial Λ for 𝑋𝑟 adjusted for the other p − 1 variables
is given by
𝚲(𝑿𝒓 |𝑿𝟏 , … 𝑿𝒓−𝟏 , 𝑿𝒓+𝟏 , … , 𝑿𝒑) =

𝚲𝒑

(2.8)

𝚲𝒑−𝟏

where  p is Wilk's  for all p variables and  p 1 involves all variables except 𝑋𝑟
.The corresponding partial F is given by
𝑭=

𝟏−𝚲 𝒗𝑬 −𝒑+𝟏
𝚲
𝒗𝑯

(2.9)

where  is defined in (2.8), νE = N − k, and νH = k − 1. The partial  -statistic in (2.8) is
distributed as  1,νH ,νE−p+1, and the partial F in (2.9) is distributed as FνH ,νE−p+1.The partial Fvalues in (2.9) and (2.10) are not associated with a single dimension of group separation, as
are the standardized discriminant function coefficients. A partial index of association for 𝑋𝑟
similar to the overall measure for all X’s given in 2  1   , can be defined by
𝑹𝒓 𝟐 = 𝟏 − 𝚲𝒓

r=1,2,…,p

(2.10)

where  r is the partial  in (2.10) for 𝑋𝑟 . This partial R2 is a measure of association
between the grouping variables and Xi after adjusting for the other (p – 1) X’s, (Kachigan ,
1991).
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3- Correlations Between Variables and Discriminant Functions
Many textbooks and research papers assert that the best measure of variable importance is
the correlation between each variable (𝑋𝑖 ) and a discriminant function (𝑍𝑖 , 𝑟𝑥𝑖 𝑧𝑗 . It is claimed
that these correlations are more informative than standardized coefficients with respect to the
joint contribution of the variables to the discriminant functions. The correlations are often
referred to as loadings or structure coefficients and are routinely provided in many major
programs. Rencher and William (2012) has shown that the correlations in question show the
contribution of each variable in a univariate context rather than in a multivariate one. The
correlations actually reproduce the t or F for each variable, and consequently they show only
how each variable by itself separates the groups, ignoring the presence of the other variables.
Hence these correlations provide no information about how the variables contribute jointly to
separation of the groups. They become misleading if used for interpretation of discriminant
functions. Upon reflection, we could have anticipated this failure of the correlations to
provide multivariate information. The objection to standardized coefficients is based on the
argument that they are “unstable” because they change if some variables are deleted and
others added. However, we actually want them to behave this way, so as to reflect the mutual
influence of the variables on each other. In a multivariate analysis, interest is centered on the
joint performance of the set of variables at hand. To ask for the contribution of each variable
independent of all other variables is to request a univariate index that ignores the other
variables. The correlations 𝑟𝑥𝑖 𝑧𝑗 are stable and do not change when variables are added or
deleted; this should be a clear signal that they are univariate in nature. There is no middle
ground between the univariate and multivariate realms.
2.2.10 Wilk's Lambda Significance Tests
 Models Wilk's Lambda
Model Wilk's lambda is used to test the significance of the discriminant function as a
whole. The larger the lambda, the more likely it is significant. A significant lambda means
one can reject the null hypothesis that the two groups have the same mean discriminant
function scores and conclude the model is discriminating.
 Model Wilk's Lambda Difference Tests
This is also used in a second context to assess the improvement in classification when
using sequential discriminant analysis. There is an F-test of significance of the ratio of two
Wilk's lambdas, such as between a first one for a set of control variables as predictors and a
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second one for a model including both control variables and independent variables of interest.
The second lambda is divided by the first (where the first is the model with fewer predictors).
(Statgun, n.d)
2.2.11 Validation of Discriminant Function
The generalised distance functions are based on the Mahalanobis distance, D-square of
each case to each of the group but other methods such as the holdout method can also be used
for validation. The holdout sample method is a split halves test, where a portion of the cases
are assigned to the analysis sample for purposes of training the discriminant function, then it
is validated by assessing its performance on the remaining cases in the hold-out sample.
Another method that is also used for validating the discriminant function is the Umethod. The U-method was proposed by Lachenbruch in 1967. This method holds one
observation from n samples at a time, estimates the discriminant function using the remaining
n-1 observations, and classifies the held-out observation. (Johnson and Wichern , 2007)
2.2.12 Assessing Independent Variables in the Discriminant Function
The discriminant score, also called the DA score, is the value resulting from applying
a discriminant function formula to the data for a given case. If the discriminant score of the
function is less than or equal to cutoff (the mean of the centroids of two groups), the case is
classed as 0, or if above it is classed as 1, (Kachigan , 1991).
2.2.13 Problems in Discriminant Analysis
Ogum (2002) stated that discrimination and classification deal with problems of
differentiating between two or more objects. It thus has a descriptive or a predictive objective.
Populations on the basis of multivariate measurement. There are three distinct classes of
problems. (Prempeh, 2009)
1- Discrimination: we are given the existence of two populations and a sample of
individuals from each. The problem is to set up a rule, based on measurements from
these individuals, which will enable us to allot some new individuals to the correct
population when we do not know from which of the two it emanates.
2- Classification: we are given a sample of individuals, or the whole population, and the
problem is to classify them into groups which shall be as distinct as possible.
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3- Dissection: we are given a sample or population and we wish to divide it into
groups, whether the boarder lines of sub-division are natural or not.

For

example, given aset of students with observed performance on an examination,
one may wish to divide their standard of success into class A, B and C. In
dissection the points where we effect these divisions are entirely arbitrary. The
problem of dissection presents itself even when a given population is homogenous.
Onyeagu (2003) stated that discriminant analysis is concerned with the problem of
classification. The problem of classification arises when an investigator makes a number
of measurements on an individual and wishes to classify the individual into one of
several categories or population groups on the basis of these measurements. This implies
that the basic problem of discriminant analysis is to assign an observation X, of unknown
origin to one of two

(or more) distinct groups on the basis of the value of the

observation.
Lachenbruch (1975) viewed the problem of discriminant analysis as that of assigning an
unknown observation to a group with a low error rate. The function or functions used for
the assignment may be identical to those used in the multivariate analysis of variance.
Anderson (2003) viewed the problem of classification as a problem of “statistical
decision functions”.

We have a number of hypotheses; each hypothesis is that the

distribution of the observation is a given one. If only two populations are admitted, we have
an elementary problem of testing one hypothesis of a specified distribution against another.
Cooley and Lohnes (1962) viewed discriminate analysis as a technique for
description and testing of between group differences. The tests involved are identical to that
multivariate analysis of variance.
2.3 Multinomial Logistic Regression
In this section, we'll talk about the method of multinomial logistic regression, their
assumptions, multinomial logistic regression model, methods for including variables in the
multinomial logistic regression analysis, estimate the parameters of multinomial logistic
regression model and goodness of Fit Tests.
2.3.1 Introduction to Multinomial Logistic Regression
Logistic regression analysis (or simply logistic regression) is part of a category of
generalized linear models. It is a type of multivariate regression that has a predictive model
that can be used when the target variable is a categorical variable. The technique aims to
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modele the relationship between a set of independent variables and the probability that a case
is a member of one of the categories of the dependent variables. (Hosmer and Lemeshow,
2007)
Logistic regression has many uses- it is used to predict a dependent variable on the
basis of continuous and/or categorical independents, to determine the percentage of variance
in the dependent variable explained by the independents; to rank the relative importance of
independents, to assess interaction effects, and to understand the impact of covariate control
variable. (Kutner , 2004)
There are two types of logistic regression, Binary logistic regression which is used for
two groups, and Multinomial Logistic Regression that can be used with more than two
groups.
Generally, the dependent or response variable in logistic regression is dichotomous,
such as presence/absence or success/failure but the multinomial logistic regression also exists
to handle situations with more than two categories such as low, medium, and high.
(McCullagh and Nelder, 1989)
Binary Logistic Regression is a predictive model that can be used when the target
variable is a categorical variable with two categories (dichotomous) – for example live/die,
has disease/doesn’t have disease, purchases product/doesn’t purchase, wins race/doesn’t win,
etc., and the independents variables are of any type. Binary logistic regression has other
application of combining the independent variables to estimate the probability that a particular
event will occur, i.e. a subject will be a member of one of the groups defined by the
dichotomous dependent variable. The variate or value produced by binary logistic regression
is a probability value between 0 and 1. If the probability for group membership in the
modeled category is above some cut point (usually 0.5), the subject is predicted to be a
member of the modelled group. If the probability is below the cut point, the subject is
predicted to be a member of the other group. (Prempeh, 2009),(Hosmer and Lemeshow,
2000).
Multinomial logistic regression is used to predict categorical placement in or the
probability of category membership on a dependent variable based on multiple independent
variables. The independent variables can be either dichotomous (i.e., binary) or continuous
(i.e., interval or ratio in scale). Multinomial logistic regression is a simple extension of binary
logistic regression that allows for more than two categories of the dependent or outcome
variable. Like binary logistic regression, multinomial logistic regression uses maximum
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likelihood

estimation

to

evaluate

the

probability of

categorical

member

ship.(

Hoffmann,2003)
For example, if we wanted to study differences in Bachelor of Social Work (BSW),
Master of Social Work (MSW), and Philosophiae Doctor (PhD) students using multinomial
logistic regression, the analysis would compare BSW students to PhD students and MSW
students to PhD students. For each independent variable, there would be two comparisons.
Multinomial logistic regression is often considered an attractive analysis because, it
does not assume normality, linearity, or homoscedasticity. A more powerful alternative to
multinomial logistic regression is discriminant function analysis which requires these
assumptions to be met.
The relationship between the predictor and response variables is not a linear function in
logistic regression.

Probability

A plot of 𝑓(𝜃𝑖 ) against 𝜃𝑖 is given in Figure (2-1):

Inputs
Figure (2-1) : The Logistic Regression Curve

The logistic regression function is useful because it can take as an input, any value
from negative infinity to positive infinity, whereas the output is confined to values between 0
and 1. The variable 𝜃𝑖 is the exposure to some set of risk factors, while 𝑓(𝜃𝑖 ) represents the
probability of a particular outcome, given that set of risk factors. The variable 𝜃𝑖 is a measure
of the contribution of all the risk factors used in the model. (Park,2013)
Multinomial logistic regression does have assumptions, such as the assumption of
independence among the dependent variable choices. This assumption states that the choice of
or membership in one category is not related to the choice or membership of another category
(i.e., the dependent variable). The assumption of independence can be tested with the
Hausman-McFadden test. Furthermore, multinomial logistic regression also assumes nonperfect separation. If the groups of the outcome variable are perfectly separated by the
predictor(s), then unrealistic coefficients will be estimated and effect sizes will be greatly
exaggerated. There are different parameter estimation techniques based on the inferential
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goals of multinomial logistic regression analysis. One might think of these as ways of
applying multinomial logistic regression when strata or clusters are apparent in the data.(
Mertler and Vannatta ,2002)
2.3.2 Assumptions of Multinomial logistic regression.
Many authors showed that there are many assumptions which must be verified applying
logistic regression model which is based on the following items. ( Kutner, 2004)


Multinomial Logistic regression does not assume a linear relationship between the
dependent and independent variables.



The dependent variable must be more than two categories .



The independent variables need not be interval, nor normally distributed, nor linearly
related, nor of equal variance within each group.



The categories (groups) must be mutually exclusive and exhaustive; a case can only be
in one group and every case must be a member of one of the groups.



Larger samples are needed than for linear regression because maximum likelihood
coefficients are large sample estimates. A minimum of 50 cases per predictor is
recommended.

2.3.3 The Multinomial Logistic Regression (MLR) Model
Logistic Regression can be binomial or multinomial. Binomial or binary logistic
regression deals with situations in which the observed outcome for a dependent variable can
have only two possible types. In binary logistic regression, the outcome is usually coded as
"0" or "1". MLR is used to analyze relationships between a dependent variable and continuous
or discrete independent variables. MLR does not make any assumptions of normality,
linearity, and homogeneity of variance for the independent variable. It deals with situations
where the outcome can have three or more possible types. Many of statisticians believe that
the Logistic Regression Model (LRM) is one of the important models can be applied
to analyze a categorical data, this

model is our interest (Agrestic,1990). MLR was

chosen to answer the research question for two reasons; first, MLR provides an effective and
reliable way to obtain the estimated probability of belonging to a specific population and the
estimate of odds ratio; second, MLR is a procedure by which estimates of the net effects
of a set of explanatory variables on the response variable can be obtained. MLR can be
used to predict a response variable on the basis of

continuous

and/or

categorical

explanatory variables to determine the percent of variance in the response variable
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explained by the explanatory variables; to rank the relative importance of independents to
assess interaction effects; and to understand the impact of covariate control variables.
MLR allows the simultaneous comparison of more than one contrast, which is the log odds of
three or more contrasts are estimated simultaneously (Garson, 2009).
If the response variable has two categories , 1 for success and 0 for failure
called binary logistic regression
𝝅

𝑳𝒐𝒈𝒊𝒕 [𝟏− 𝝅] = 𝜷𝟎 + 𝜷𝟏 𝑿𝟏 + 𝜷𝟐 𝑿𝟐 + ⋯ + 𝜷𝒑 𝑿𝒑

(2.11)

where π is the success probability P(Y=1) = 𝜋, 𝛽0 is an intercept term and 𝛽𝑖 is the
coefficient for explanatory variables 𝑋𝑖 ,
i=1,2, … , p

X = (1 , 𝑋1 , 𝑋2 , … , 𝑋𝑛 ) , and 𝛽 = (𝛽0 , 𝛽1 , 𝛽2 , … , 𝛽𝑝 )
𝜋

𝑜𝑑𝑑𝑠

the term [1− 𝜋] is defined as odds and has another formula π = 1+𝑜𝑑𝑑𝑠
Hence, in logistic regression, one estimates the log of probability odds also known as the logit
by a linear combination of the predictor variables. The logit takes on values from − ∞ to
+ ∞. Taking exponential of both sides of equation ( 2.11 )
𝝅 = 𝒆𝜷𝑿 − 𝝅𝒆𝜷𝑿

(2.12)

𝝅 (𝟏 + 𝒆𝜷𝑿 ) = 𝒆𝜷𝑿

(2.13)

𝝅=

𝒆𝜷𝑿
𝟏+ 𝒆𝜷𝑿

(2.14)

Where Exponent constant ( e ) is about 2.72, (Tabachnick ,1996).
If the response variable has more than two values, and there is no natural ordering of
the categories, it called Multinomial Logistic Regression. Suppose we have P independent
variable has k categories, to construct the logits in the multinomial case, one

of

the

categories must be considered the base level and all the logits are constructed relative
to it. Any category can be taken as the base level, so we will choose any category k
as the base level.
Let 𝜋𝑗 denote the multinomial probability of
category, to

an

observation falling in the 𝑗 𝑡ℎ

find the relationship between this probability and the p explanatory

variables 𝑋1 , 𝑋2 , … , 𝑋𝑝 the MLR model is
𝝅 (𝑿 )

𝑳𝒐𝒈 [𝝅 𝒋 (𝑿𝒊 )] = 𝜶𝟎𝒊 + 𝜷𝟏𝒋 𝑿𝟏𝒊 + 𝜷𝟐𝒋 𝑿𝟐𝒊 + ⋯ + 𝜷𝒑𝒋 𝑿𝒑𝒊
𝒌

(2.15)

𝒊

Where j = 1 , 2 , … , (k-1) .
𝑳𝒐𝒈 (𝝅𝒋 𝑿𝒊 ) =

i = 1 , 2 , … , n.

𝒆𝒙𝒑 (𝜶𝟎𝒊 + 𝜷𝟏𝒋 𝑿𝟏𝒊 +𝜷𝟐𝒋 𝑿𝟐𝒊 +⋯+ 𝜷𝒑𝒋𝑿𝒑𝒊 )
𝟏+ ∑𝒌−𝟏
𝒋=𝟏 𝐞𝐱𝐩 (𝜶𝟎𝒊 + 𝜷𝟏𝒋 𝑿𝟏𝒊 +𝜷𝟐𝒋 𝑿𝟐𝒊 +⋯+ 𝜷𝒑𝒋 𝑿𝒑𝒊 )
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This equation reduces to
(2.16)

for j = 1,2, . . ,(k-1), the model parameters are estimated by the method of MLE.
Practically, we use statistical softwares to do this fitting (Chatterjee and Hadi, 2006).
2.3.4 Methods for Including Variables in the Multinomial Logistic Regression Analysis
The goal of logistic regression is to correctly predict the category of outcome for
individual cases using the most parsimonious parameters. To accomplish this goal, a model is
created that includes all predictor variables that are useful in predicting the response variable.
Several different options are available for variables selection during model creation but the
three most commonly used methods for selecting variables into the logistic regression
equation are:
1. The standard or simultaneous method
2. The hierarchical method.
3. The stepwise method.
 Standard or Simultaneous Regression Method
It helps to evaluate the relationship between a set of independent variables and a
dependent variable. This method enters all the independent variables into the logistic
regression equation at the same time. Multiple R (coefficient of determination) or R²
(coefficient of regression) is employed to measure the strength of the relationship between the
set of independent variables and the dependent variable. An F-test is used to determine if the
relationship can be generalized to the population represented by the sample. A t-test is used to
evaluate the individual relationship between each independent variable and the dependent
variable.
 Hierarchical Method
Hierarchical method requires that the control variables are entered in the analysis before
the predictors whose effects are the primary concern. In hierarchical method, the independent
variables are entered in two stages. In the first stage, the independent variables that one wants
to control for are entered into the regression equation. In the second stage, the independent
variables whose relationship we want to examine, after the controls, are entered. A statistical
test of the change in R² from the first stage is used to evaluate the importance of the variables
entered in the second stage.

31

 Stepwise Multiple Regression
Stepwise method attempts to identify the subset of independent variables that has the
strongest relationship to a dependent variable. In this method, variables are selected in the
order in which they maximize the statistically significant contribution to the model. Stepwise
regression attempts to find the most parsimonious set of predictors that are most effective in
predicting the dependent variable. Variables are added to the regression equation one at a
time, using the statistical criterion of maximizing the R² of the included variables. The process
is completed when none of the possible addition can make a statistically significant
improvement in R². (Jacob and Cohen,1975)
2.3.5 Estimate the Parameters of Multinomial Logistic Regression Model
In the multinomial logistic regression models parameters can be estimated using
Maximum Likelihood Estimation method (MLE) , the mathematical formula for the
Likelihood function in binary data, is given as the following :
𝐋(𝐁𝐢 ) = ∏𝒏𝒊=𝟏 𝑷𝒊 𝒀𝒊 (𝟏 − 𝑷𝒊 )𝟏−𝒚𝒊

(2.17)

And Compensation for 𝑃𝑖 as their equivalent in equation (2.13 ) , and take the natural
logarithm of both parties and simplification , we get the objective function
𝒍𝒏 (𝑳(𝑩𝒊 )) = ∑𝒏𝒊=𝟏 𝒀𝒊 (𝑩𝟎 + ⋯ + 𝑩𝒌 𝑿𝒌 ) − ∑𝒏𝒊=𝟏 𝐥𝐧(𝟏 + 𝒆(𝑩𝟎+ ...+ 𝑩𝒌 𝑿𝒌 ) )

(2.18)

In order to obtain the parameters that inflation objective function, we derive the
objective function for the parameters want to be estimated and equating to zero yields (k + 1)
of non-linear equations that can be solved only through an iterative algorithm.(Beer , 2001)
2.3.6 Goodness of Fit Tests
As in linear regression, goodness of fit in logistic regression attempts to get at how
well a model fits the data. It is usually applied after a “final model” has been selected .As we
have seen, often in selecting a model no single “final model” is selected, as a series of models
are fit, each contributing towards final inferences and conclusions. In that case, one may wish
to see how well more than one model fits, although it is common to just check the fit of one
model. This is not necessarily bad practice, because if there are a series of “good” models
being fit, often the fit from each will be similar.
It is not clear how to judge the fit of a model that we know is in fact wrong. Much of
the goodness of fit literature is based on hypothesis testing of the following type:
𝐻0 : Model is exactly correct
𝐻𝑎 : Model is not exactly correct
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This type of testing provides no useful information. If the null hypothesis is rejected, then we
have learned nothing, because we already knew that it is impossible for any model to be
“exactly correct”.
On the other hand, if we do not reject the model, it is almost surely because of a lack
of statistical power, and as the sample size grows larger, we will eventually surely reject
𝐻0 .These tests can be seen not only as not useful, but as harmful if non-rejection of a null
hypothesis is misinterpreted as proof that the model “fits well”, which is of course can be far
from the truth. Therefore, the goodness of fit test or calibration of a model measures how well
the model describes the response variable. Assessing goodness of fit involves investigating
how close the values predicted by the model are to the observed values. (Maxwell , 2009)
This study uses more than one scalar measures of model fit as Deviance , Akaike
information criterion, The Bayesian information criterion, McFadden's 𝑅 2 , and others. There
is no convincing evidence that selection of a model that maximizes the value of a given
measure necessarily results in a model that is optimal in any sense other than the model
having a larger (or smaller value) of that measure (Long and Freese 2001, p.80). However, it
is still helpful to see any differences in their level of goodness of fit, and hence provide us
some guidelines in choosing an appropriate model.
Hosmer and Lemshaw( 2000 ) stated that once we have documented the logistic
regression model, begin the process of assessing the model, There are two ways to verify the
suitability of the models can be classified as follows, (King, 2002, Scott, 2002).
Firstly : Make sure of suitability of the model completely.
There are several important measures

help to evaluate the final model, which was to

reconciled the data are: Pearson's Chi-Squared 𝑋 2 and Deviance D , classification tables ,
ROC curve , Hosmer and lemeshow test for goodness of fit , statistics 𝑅 2 .

1- Pearson's Chi-Squared 𝑋 2 and Deviance D:
Suppose we have just fitted a model and want to assess how well it fits the data. A measure of
discrepancy between observed and fitted values is the deviance statistic, which is given by :
𝒚

𝒏 −𝒚

𝒊
𝑫 = 𝟐 ∑𝑵
) + (𝒏𝒊 − 𝒚𝒊 ) 𝐥𝐨𝐠 (𝒏𝒊 −𝒚̂𝒊 )]
𝒊=𝟏[𝒚𝒊 𝐥𝐨𝐠 (𝒚
̂
𝒊

𝒊

(2.19)

𝒊

where 𝑦𝐼 is the observed value and 𝑦̂𝑖 is the fitted value for the i-th observation. Note that
this statistic is twice the sum of the observed times log of observed over expected', where the
sum is over both successes and failures (i.e. we compare both 𝑦𝑖 and 𝑛𝑖 − 𝑦𝑖 with their
expected values).
And last equation has the form:
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𝑶

D = 𝟐 ∑ 𝒐𝒊 𝒍𝒐𝒈 𝒆 𝒊

(2.20)

𝒊

where O𝑖 denotes the observed frequencies 𝑦𝑖 , and 𝑒𝑖 denotes the corresponding estimate
expected observed frequencies or fitted values 𝑦̂𝑖 = 𝑛𝑖 𝜋̂𝑖
In a perfect fit the ratio observed over expected is one and its logarithm is zero, so the
deviances zero (Dobson, 2002). With grouped data, the distribution of the deviance statistic as
the group sizes 𝑛𝑖 → ∞ for all i , converges to a chi squared distribution with n-p degrees of
freedom, where n is the number of groups and p is the number of parameters in the model,
including the constant. Thus, for reasonably large groups, the deviance provides a goodness of
t test for the model. With individual data the distribution of the deviance does not converge to
a chi-squared (or any other known) distribution, and cannot be used as a goodness of fit test
(Rodriguez, 2007). We will, however, consider other diagnostic tools that can be used with
individual data. An alternative measure of goodness of fit is Pearson's chi-squared statistic,
which for binomial data can be written as:
𝐧 (𝐲 − 𝛍
̂)

𝑿𝒑 𝟐 = ∑𝐧𝐢 𝛍̂𝐢 (𝐧 𝐢− 𝛍̂ 𝐢)
𝐢

𝐢

(2.21)

𝐢

Note that each term in the sum is the squared deference between observed and fitted
values 𝑦𝑖 and 𝜇̂ 𝑖 , divided by the variance of 𝑦𝑖 , which is 𝜇̂ 𝑖 ( 𝑛𝑖 − 𝜇𝑖 )⁄𝑛𝑖 estimated using
𝜇̂ 𝑖 for 𝜇𝑖 .
This statistic can also be derived as a sum of "observed minus expected squared over
expected", where the sum is over both successes and failures. With grouped data Pearson's
statistic has approximately in large samples a chi-squared distribution with n-p degree of
freedom, and is asymptotically equivalent to the deviance or likelihood-ratio chi-squared
statistic.
The statistic cannot be used as a goodness of it test with individual data, but provides a
basis for calculating residuals, as we shall see when we discuss logistic regression
diagnostics.

2- Classification Table
The classification table, is simply a table in which the rows are the observed categories of
the dependent and the columns are the predicted categories. When prediction is perfect all
cases will lie on the diagonal. The percentage of cases on the diagonal is the percentage of
correct classifications:

34

Table (2-1) : Classification Table For Logistic Regression

Expected
Classification

Total
P

N

PP

PN

(TP)

(FN)

NP

NN

(FP)

(TN)

Q

Q'

Observed

P

P

N

Total

P'

1

As we see from the above table , we have the results of classification :
PP : actually positive and classified as positive.
PN : actually positive, but classified as negative.
NP: actually negative, but classified as positive.
NN: actually negative, and classified as negative.

Classification table uses several statistics are: (Cizek and Fitzgeral,1999, Fraas and
Newman,2003)
 Sensitivity: it is denoted by SEN , which defined as the probability that the
classification is expected to positively for state that are actually positive .
It is calculated from the equation:
𝑻𝑷

SEN = 𝑻𝑷+𝑭𝑵 =

𝑻𝑷
𝑷

(2.22)

 Specifity: it denoted by SPE, which defined as the probability that the classification is
expected to negatively for state that are actually negative .
It is calculated from the equation :
𝑻𝑵

SPE= 𝑭𝑷+𝑻𝑵 =

𝑻𝑵
𝑷′

(2.23)

 Ratio of correct classification (Hit Ratio) : Is defined as the probability value of the
correct classification, or Efficiency ratio, such that if Efficiency (EF) calculated from
the equation : EF = TP + TN
Then Ratio of correct classification is obtained as follow :
𝑬𝑭

Hit Ratio = 𝑻𝒐𝒕𝒂𝒍 =

𝑻𝑷+𝑻𝑵
𝑻𝑷+𝑻𝑵
= 𝑸+𝑸′
𝑷+𝑷′

(2.24)
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3- ROC Curve :
Sensitivity and specificity as well as other measures of classification performance
computed from a 2 × 2 table depend on the single cut point used to classify a test result as
positive. A better and more complete description of classification accuracy is the area under
the Receiver Operating Characteristic (ROC) curve.
The area under the ROC curve, which ranges from 0.5 to 1.0 provides a measure of the
model’s ability to discriminate between those subjects who experience the outcome of interest
versus those who do not.

4- Hosmer And Lemeshow Test :
This test is used to determine if the model represents the data well or not. As Chi-square test
is used to evaluate the difference between the expected and observed values, and test the
following hypotheses:
𝐻0 ∶ 𝑌𝑘 = 𝑌̂𝑘
𝐻𝑎 ∶ 𝑌𝑘 ≠ 𝑌̂𝑘
The decision to accept the null hypothesis if the probabilities value of the 𝑋 2 statistic biggest
significance level determined by researcher.(Hosmer and Lemeshow,2013 ,P. 158 )
̂𝟐 :
5- Cox & Snell 𝑹𝟐 , Nagelkerke 𝑹
Al Rawi (1978) and Cook(2008 ) expounding that the coefficient of determination in
linear regression replaces by the statistics (Cox & Snell 𝑅 2 , Nagelkerke 𝑅̂ 2 ). In logistic
regression models , which is used to determine the suitability of suggested regression models
to study data that's have the same aims of statistics 𝑅 2 in multiple linear regression models
where the
𝑳 𝟐⁄ )
𝒏
𝑳𝟏

𝑹𝟐 = 𝟏 − [ 𝟎](
̃𝟐 =
𝑹

(2.25)

𝑹𝟐

(2.26)

𝑹𝒛 𝟐

𝑹𝒛 𝟐 = 𝟏 − (𝑳𝟎 )(𝒏⁄𝟐)

(2.27)

where 𝐿0 is Maximum likelihood function if the model contains only constant , 𝐿1 is

Maximum likelihood function if the model contains all independent variables and n is a
sample size .

6- McFadden’s 𝑹𝟐
As a last measure of fit, This study uses McFadden’s adjusted 𝑅 2 . This measure is also
known as the “likelihood-ratio index,” which compares a full model with all parameters
(𝑀𝐹𝑢𝑙𝑙 ) with the model just with intercept (𝑀Intercept ) and defined as:
̅ 𝟐 𝑴𝑪𝑭 = 𝟏 −
𝑹

𝐥𝐧 𝑳̂(𝑴𝑭𝒖𝒍𝒍 )−𝑲∗
𝐥𝐧 𝑳̂(𝑴𝐈𝐧𝐭𝐞𝐫𝐜𝐞𝐩𝐭 )

(2.28)

where 𝐾 ∗ is the number of parameters
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Secondly : check the statistical significance of each independent variable separately.
1- Wald-test
Wald statistics usually used to test the statistical significance for each coefficient of logistic
regression (Lea,1997 and Garson,2006) , The Wald test is used to test the null hypothesis that
the logistic regression coefficient associated with the independent variable X equal zero
(Cizek and Fitzgerald, 1999) .
𝐻0 ∶ 𝛽0 = 0
The Wald statistic is the ratio of the square of the regression coefficient to the square of the
standard error of the coefficient and is asymptotically distributed as a chi-square distribution
(Scott ,2002) .
𝑾𝒋 =

𝑩𝒋 𝟐

(2.29)

𝑺𝑬𝑩𝒋 𝟐

Where :
β is value of Logistic regression coefficient for the variable X , SE is The value of the
standard error of the logistic regression coefficient for the variable X.
Which the wald statistics follows Chi-square ( 𝑋 2 ) test (Babtain and Taha , 2009) . But if
Wald (W) statistics were calculated instead of 𝑊 2 from the equation:
𝑾=

̂
𝒃
𝑺𝑬𝒃̂

(2.30)

Then it follows the Z distribution .
If the Wald statistic had statistically significant, means that the regression coefficient for
the independent variable X would be different from zero .Thus, the independent variable X
will have an effect in the prediction for the value of dependent variable Y. But if the Wald
statistic had non statistically significant ,that means the value of the regression coefficient is
zero , means that the independent variable X has no effect in predicting for the value of
dependent variable Y, which means the possibility deleted from the model (Scott , 2002) .
2- Partial 𝑹𝟐 statistics :
That partial 𝑹𝟐 statistic is the best alternative method to assessing the relative importance of
the independent variables in logistic regression models (Garson,2006) , where it is a
corresponding test to the F-test in linear regression analysis .
Which is a comparison of the constrained models

(which includes certain independent

variables)with unconstrained models (which not include those independent variables) using
the corresponding 𝑋 2 statistic Corresponding to partial F (Poston,2004), and the difference
between the constrained models and unconstrained models follows the Chi-square 𝑋 2
distribution with degree of freedom equals the number of constraints (ie, the difference in the
number of independent variables between the two models) .
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𝑳𝟐 = 𝑫𝐜𝐨𝐧𝐬𝐭𝐫𝐚𝐢𝐧𝐞𝐝 − 𝑫𝒖𝒏𝐜𝐨𝐧𝐬𝐭𝐫𝐚𝐢𝐧𝐞𝐝

(2.31)

If the value of 𝑋 2 is statistically significant, it means that the independent variables entered in
constrained model have statistically significant , but if it not statistically significant, then the
variables entered in constrained model does not have statistically significant effects ( Babtain
and Taha , 2009, p. 117) .
2.3.7 Link Function
The link function provides the relationship between the linear predictor and the mean
of the distribution function. When the response variables 𝑓(𝜃𝑖 ) are binary, taking on only
values 0 and 1, (as in the case of the logistic regression), the distribution function is generally
chosen to be the binomial distribution and the interpretation of ( 𝜇𝑖 )is then the probability (𝜋)
of 𝑓(𝜃𝑖 ) being in the modeled group.
2.3.8 Loss Function
A loss function is a measure of fit between a mathematical model of data and the actual
data. The parameters chosen for models are to minimize the badness-of-fit or to maximize the
goodness-of-fit of the model to the data. With least squares method, parameters are chosen
such that the sum of squares of residual (SSres) is minimal or the sum of squares due to
regression (SSreg) is maximum. For logistic model, there is no mathematical solution that
will produce least squares estimates of the parameters. The loss function chosen is maximumlikelihood.( Prempeh , 2009)
2.3.9 Advantages and disadvantages of Multinomial Logistic Regression (MLR).
Multinomial Logistic regression has several advantages over discriminant analysis:


it is more robust: the independent variables don't have to be normally distributed, or
have equal variance in each group .



It may handle nonlinear effects .



You can add explicit interaction and power terms .



There is no homogeneity of variance assumption .



Normally distributed error terms are not assumed.



It does not require that the independents be interval.



It does not require that the independents be unbounded.

With all this flexibility, you might wonder why anyone would ever use discriminant analysis
or any other method of analysis, (Nassar , 2013).
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But the disadvantages of Logistic regression are: ( Hilbe , 2009 ).
a) Restrictions on the Dependent Variable
Unlike linear regression, Multinomial logistic regression can only be used to predict
discrete functions. Therefore, the dependent variable of logistic regression is restricted to the
discrete number set. This restriction itself is problematic, as it is prohibitive to the prediction
of continuous data. An addition problem with this trait of logistic regression is that because
the logit function itself is continuous, some users of logistic regression may misunderstand,
believing that logistic regression can be applied to continuous variables.
b) Large Sample Size
Multinomial Logistic regression can accept a large number of independent variables. While
this may seem like an advantage, there are many situations when it is not. Because the
parameter estimation procedure of logistic regression relies heavily on having an adequate
number of samples for each combination of independent variables, small sample sizes can
lead to widely inaccurate estimates of parameters. Thus, users of Multinomial logistic
regression should first make sure they can obtain a sample of large size before deciding on
logistic regression as the analysis method.
c) Assumption of Linearity
A researcher discarding linear regression models in favor of logistic regression models is
likely doing so because the assumption of linearity between the dependent variable and the
independent variables is unreasonable. However, many researchers do not realize is that
logistic regression also has an implicit assumption of linearity in terms of the logit function
versus the independent variables. This assumption is fairly unreasonable as well.
2.4 Summary.
In this chapter we have discussed two classification methods that can be
implement to predict the Standard of living for Palestinian household .
The first method is the discriminant analysis which aim to a discriminant analysis (or
DA) is to classify objects, using a set of independent variables, into one of two or
more mutually exclusive and exhaustive categories.
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The second method is multinomial logistic regression ,In this method we have
discussed and covered the theoretical aspects and the main ideas of MLR classifier and
predictive model .The multinomial logistic regression model provides a powerful technique
for analysing unordered categorical data. The technique allows numeric and categorical
explanatory variables to be entered into the models with parameters and model-fit statistics
interpreted in much the same way as for a standard logistic regression model. Similar to other
generalized linear models, there are a number of diagnostic tools available with the added
advantage that the models may be applied using a number of common statistical packages.

The following chapter discusses the validation and evaluation of classification models.
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CHAPTER THREE
Validation and Evaluation of Classification
Models
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CHAPTER THREE
Validation and Evaluation of Classification Models
3.1 Introduction
Validation and Evaluation of a data classification model is one of the most important
steps at building models` steps. The purpose of validation is to estimate the level of
performance we may expect from models generated by our modeling process.
The objective of building a classification rule is to correctly classify as many future
units as possible. There are several criteria available to evaluate a set of classification rules
There are many methods of validation such that cross validation, k- fold cross
validation, Hold out validation, leave one out cross validation, Bootstrap. ROC curve is
used for evaluation of classification model
The simplest and the most frequently used criterion for comparison between two
methods is error rate or misclassification rate (Harrell, 1997).
This is simply the proportion of units misclassified by the rule. On the other side, the
hit rate is the proportion of units classified correctly by the rule. There are three types of
probabilities of correct classification: The first is the optimal hit rate obtained when a
classification rule is based on known parameter. The second is the conditional

which

obtained by applying a rule based on a particular sample to future samples taken from the
same population. The third is the unconditional or expected error rate, which is the
expected value of actual conditional hit rates over all possible samples of the given size.
In practice population parameters are unknown. Therefore, most research on the error rate
estimation focused on the actual hit rate (Hussain, 2002). Probably the simplest and most
widely used method for estimating prediction error is cross-validation. This method directly
estimates well the expected prediction error (Hastie et al, 2009).
3.2 Methods of validation
One way to avoid bias is to split the sample into two parts, The “training”
sample and the “validation” sample. Then, the classification rule is created using the
training sample and the apparent error rate is determined using the validation sample,
following are few methods of validation.
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3.2.1 Hold-Out Method
The hold out method, sometimes called test sample estimation (Kohavi, 1995).
Suppose the total number of available observations is n. One portion of the set of observations
(the training set containing observations) is used to design the classification rule, and the
remaining ( N- n) test sample (the validation set) is used to estimate the error rate and
validating the classification rule. It is common to designate 2/3 of the data as the training set
and the remaining 1/3 as the test set. There are problems associated with hold out method
(Hussain, 2002). Firstly, this method requires a large sample size, but in applications large
sample is not always available. Secondly, the classification rule that is validated is not the one
that would actually be used. Lastly, there is a problem associated with the appropriate
relative size of the training sample to the testing sample.
The hold out method has two basic drawbacks (Anthony and Holden ,1998)
1- In problems where we have a sparse dataset we may not be able to afford the “luxury”
of setting aside a portion of the dataset for testing .
2- Since it is a single train-and-test experiment, the holdout estimate of error rate will be
misleading if we happen to get an “unfortunate” split .
3.2.2 Cross-Validation Method
Schneider (1997) indicates that Cross validation is a model evaluation method which
do not give an indication of how well the learner will do when it is asked to make new
predictions for data it has not already seen. Cross-validation, sometimes called rotation
estimation, is a technique for assessing how the results of a statistical analysis will generalize
to an independent data set. It is mainly used in settings where the goal is prediction, and one
wants to estimate how accurately a predictive model will perform in practice. Training an
algorithm and evaluating its statistical performance on the same data yields an overoptimistic
result. In most real applications, only a limited amount of data is available, which leads to the
idea of splitting the data: Part of data (the training sample) is used for training the algorithm,
and the remaining data (the validation sample) are used for evaluating the performance of the
algorithm. The validation sample can play the role of new data (Arlot and Celisse,
2010).

The ideal procedure of Cross Validation:

1- Divide data into three sets, training, validation and test sets.
2- Find the optimal model on the training set, and use the test set to check its predictive
capability.
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3- See how well the model can predict the test set.
The validation error gives an unbiased estimate of the predictive power of a model .This
type of validation is, of course, more expensive computationally, but useful when the
most accurate estimate of a classifier's error rate is required. A popular choice for the
value of k is , yielding the well-known leave-one-out method.
3.2.3 K-fold cross validation
The basic form of cross-validation is k-fold cross-validation, if we had enough data,
we would set aside a validation set and use it to assess the performance of our
prediction model. Since data are often scarce, this is usually not possible. To finesse the
problem, K-fold cross validation uses part of the available data to fit the model, and a
different part to test it,(Hastie et al, 2009).
The advantage of this method is that every data point gets to be in a test set exactly
once, and gets to be in a training set k-1 times. The variance of the resulting estimate is
reduced as k is increased. The disadvantage of this method is that the training algorithm has
to be rerun from scratch k times, which means it takes k times as much computation to make
an evaluation. A variant of this method is to randomly divide the data into a test and training
set k different times. The advantage of doing this is that you can independently choose how
large each test set is and how many trials you average over.
For a dataset with N examples, perform N experiments n for each experiment use N-1
examples for training and the remaining example for testing As usual, the true error is
estimated as the average error rate on test examples
𝑬=

𝟏 𝑵
∑ 𝑬
𝑵 𝒊=𝟏 𝒊

(3.1)

where E is the average error for all examples, and 𝐸𝑖 is the average error in example i.
The choice of the number of folds: firstly, With a large number of folds, The bias of
the true error rate estimator will be small (the estimator will be very accurate).

The

variance of the true error rate estimator will be large and the computational time will
be very large as well (many experiments) Secondly, With a small number of folds, the
computation time are reduced. The variance of the estimator will be small. The bias of the
estimator will be large (conservative or higher than the true error rate).
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In practice, the choice of the number of folds depends on the size of the dataset. For
large datasets, even 3-Fold Cross Validation will be quite accurate n For very sparse datasets,
we may have to use leave-one-out in order (as explained in 3.2.4) to train on as many
examples as possible. A common choice for K-Fold Cross Validation is K=10, (Gutierrez,
2014).
Two fold cross-validation
The simplest variation of k-fold cross-validation is two fold-cross-validations. For
each fold, we randomly assign data points to two sets 𝑑0 and 𝑑1 , so that both sets are equal
size (this is usually implemented as shuffling the data array and then splitting in two).
We then train on 𝑑0 and test on 𝑑1 , followed by training on 𝑑1 and testing on 𝑑0 .This
has the advantage that our training and test sets are both large, and each data point is used for
both training and validation on each fold, (Devijver , 1982).
3.2.4 Leave-One-Out Cross-Validation
As the name suggests, leave-one-out cross-validation (LOOCV) involves using a
single observation from the original sample as the validation data, and the remaining
observations as the training data. This is repeated such that each observation in the
sample is used once as the validation data. This is the same as a K-fold cross validation
with K being equal to the number of observations in the original sample. The function
approximator is trained on all the data except for one point and a prediction is made for
that point as does the resubstitution method with less bias than other

cross-validation

methods in the estimated classification error rate (Lesaffre et al, 1989). The fitting
process optimizes the model parameters to make the model fit the training data as good as
possible This is called over fitting , and is particularly likely to happen when the size of
the training data set is small, or when a confusion matrix shows the number of correct and
incorrect predictions made by the classification model compared to the actual outcomes
(target value) in the data. The matrix is N×N, where N is the number of target values
(classes). Performance of such models is commonly evaluated using the data in the matrix.
The following table displays a 2×2.
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Table (3-1): Confusion matrix for two classes (Positive and Negative).

Target
Confusion Matrix
Positive

Negative

Positive

A

B

Negative

C

D

Model

 Accuracy : the proportion of the total number of predictions that were correct.
𝒂+𝒅

Accuracy = 𝒂+𝒃+𝒄+𝒅

(3.2)

 Positive Predictive Value or Precision : the proportion of positive cases that were
correctly identified.
𝒂

Positive Predictive Value = 𝒂+𝒃

(3.3)

 Negative Predictive Value: the proportion of negative cases that were correctly
identified.
𝒅

Negative Predictive Value = 𝒄+𝒅

(3.4)

 Sensitivity or Recall : the proportion of actual positive cases which are correctly
identified.
𝒂

Sensitivity = 𝒂+𝒄

(3.5)

 Specificity : the proportion of actual negative cases which are correctly
identified.
𝒅

Specificity = 𝒃+𝒅

(3.6)

3.2.5 Akaika Information Criteria (AIC) and Bayesian Information Criteria (BIC)
To measure of model fit, we can use Akaike (1973) information criterion that is
defined as follows:
𝑨𝑰𝑪 =

−𝟐 𝐥𝐧 𝑳̂(𝑴𝒌 )+𝟐𝑷
𝑵

(3.7)
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where 𝐿̂(𝑀𝑘 ) is the maximum likelihood of the model (𝑀𝑘 ), N is the sample size, and P is
the number of parameters in the model. A model having smaller AIC is considered the better
fitting model.
Also to measure of model fit, we can use Bayesian Information Criterion (BIC)
(Raftery1995a) as a simple and accurate large-sample approximation, especially if there are as
few as about 40 observations (Raftery1993). BIC is defined as follows:
𝑩𝑰𝑪𝒌 = 𝑫(𝑴𝒌 ) − 𝒅𝒇𝒌 𝐥𝐧 𝑵

(3.8)

where 𝐷(𝑀𝑘 ) is deviance for model 𝑀𝑘 , N is the sample size , and 𝑑𝑓𝑘 is the degrees of
freedom associated with the deviance. The more negative 𝐵𝐼𝐶𝑘 is the better the fit. Raftery
(1995) also provides guidelines for the strength of evidence favoring 𝑀2 against 𝑀1 based on
a difference in BIC as in table (3-2) which describe the model based on BIC
Table (3-2): Validation the model based on BIC.

|𝑩𝑰𝑪𝟏 − 𝑩𝑰𝑪𝟐 |

Evidence

[0-2]

Weak

(2-6]

Moderate

)6-10]

Strong

> 10

Very Strong

3.3 Evaluation of a Classification Model
Some classification models produce continuous scores as final results. For two
classes' problems, there is an important graphical techniques for evaluating classification
models that produce continuous scores.
3.3.1 ROC Curve
The Receiver Operating Characteristics (ROC) curve graph is a technique for
visualizing, organizing, improving and selecting classifiers based on their performance
Receiver

Operating

Characteristics (ROC) curve is a graphical representation of the

performance of classification model (Classifiers), ROC curves were originally designed as
tools in communication theory to visually determine optimal operating points for signal
discriminators. Recently it is widely used by the medical decision making community, by
plotting them together in the same graph (Fawcett, 2004). It provides a powerful
alternative to traditional model performance assessment using confusion matrices. We have
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seen that in traditional scalar performance metrics such as accuracy, sensitivity, and
specificity derived from the confusion matrix, in contrast ROC analysis provides a highly
visual account of a model's performance over a range of possible scenarios.
The ROC curve plots the sensitivity or “hits” (e.g., true positives) of a model on
the

vertical

axis

against 1-specificity or “false alarms” (e.g., false positives) on the

horizontal axis. The result is a bowed curve rising from the 45 degree line to the upper left
corner – the sharper the bend and the closer to the upper left corner, the greater the accuracy
of the model. The area under the ROC curve is a convenient way to compare different
predictive binary classification models when the analyst or decision maker has no information
regarding the costs or severity of classification errors.
3.3.2 Area under the curve (AUC)
Typically and especially when the models are not nested, the ranking of the
ROC curves from different models will be less clear cut. It is normal for the ROC curves from
different models to cross repeatedly making it difficult to say which model is best. A
partial resolution of this difficulty lies in the following observation: better models have
ROC curves that are closer to the left and top edges of the unit square . Said differently the
area under a ROC curve for a good model should be close to 1 (the area of the unit square).
This suggests that the area under the ROC curve (AUC) might be a reasonable single number
summary to use to compare the ROC curves of different models. Although their ROC curves
two models may cross each other, the ROC curve of the better model will on average enclose
a greater area.
ROC graph is defined by a parametric definition
x=FPrate(t) , y=TPrate(t)

Each binary classifier (for a given test set of examples) is represented by a point
(FPrate, TPrate) on the graph. By varying the threshold of the probabilistic classifier, we get a
set of binary classifiers, represented with a set of points on the graph. The ROC curve is
independent of the P : N ratio and is therefore suitable for comparing classifiers when this
ratio may vary
𝟏 𝑻𝑷

𝑨𝑹𝑶𝑪 = ∫𝟎

𝑷

𝒅

𝑭𝑷
𝑵

=

𝟏
𝑵𝑷

𝑵

∫𝟎 𝑻𝑷 𝒅𝑭𝑷

(3.9)
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A random classifier has an area under curve 0.5, while a perfect classifier has
1. Classifiers used in practice should therefore be somewhere in between, preferably
close to 1.
The positive predictive value (PPV) and negative predictive value (NPV) can also be
calculated from Bayes' theorem using the estimates of sensitivity and specificity and the prior
probability of standard of living before the test is applied. PPV is the proportion of positive
test results that are true positive responders, PPV can be defined to be a function of the overall
probability of true response. The NPV is the proportion of negative test results that are true
negative responders. PPV and NPV are calculated through the posterior probability of the
standard of living after the test results are known. Let p denotes the prevalence of the standard
of living in population and Sen. and Spe. in the sensitivity and specificity of diagnostic test,
then the PPV and NPV are formulated using Bayes' theorem as follows:
PPV = p . Sen / [p.Sen + (1-p).Spe]

(3.10)

NPV = (1-p) . Spe / [p.(1-Sen) + (1-p).Spe]

(3.11)

Testing of accuracy index (AUC) of a single diagnostic test Suppose a test the
accuracy (AUC) of a single diagnostic test as unknown parameter with a pre-specified value
of AUC0 . Thus, the null and alternative hypotheses are:𝐻0 : AUC=AUC0 versus 𝐻𝑎 : AUC ≠
AUC0 . With normal approximation of asymptotic properties of AUC, the Z-score under 𝐻0 is
as follows:
̂ − 𝑨𝑼𝑪
̂𝟎
𝒁 = 𝑨𝑼𝑪

̂ − 𝑨𝑼𝑪
̂𝟎
𝑨𝑼𝑪
̂
𝑺𝑬(𝑨𝑼𝑪𝟎 )

(3.12)

̂ and its standard error can be estimated either parametric (binomial model) or
where 𝐴𝑈𝐶
purely nonparametric approaches.
The accuracy of these two diagnostic tests are usually calculated on the same subjects
(i.e. each subject undergoing two alternative diagnostic tasks) for the purpose of the efficiency
of design. Let us suppose 𝐴𝑈𝐶1 and 𝐴𝑈𝐶2 are the accuracy of MRI and CT respectively. The
null and alternative hypothesis H0: AUC1 =AUC2 versus H1: AUC1 ≠AUC2 .
Using the normal approximation under the null hypothesis, the Z-score is as follows
̂ 𝟏 − 𝑨𝑼𝑪
̂ 𝟐 )/𝑺𝑬(𝑨𝑼𝑪
̂ 𝟏 − 𝑨𝑼𝑪
̂ 𝟐)
𝒁 = ((𝑨𝑼𝑪

(3.13)

Where
̂ 𝟏 − 𝑨𝑼𝑪
̂ 𝟐 ) = √𝑽𝒂𝒓𝑨𝑼𝑪
̂ 𝟏 + 𝑽𝒂𝒓𝑨𝑼𝑪
̂ 𝟐 − 𝟐𝑪𝑶𝑽(𝑨𝑼𝑪
̂ 𝟏 , 𝑨𝑼𝑪
̂ 𝟐)
𝑺𝑬(𝑨𝑼𝑪
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̂ 𝟏 , 𝑨𝑼𝑪
̂ 𝟐 ) = r 𝑺𝑬(𝑨𝑼𝑪
̂ 𝟏 ) 𝑺𝑬(𝑨𝑼𝑪
̂ 𝟐)
𝑪𝑶𝑽(𝑨𝑼𝑪

Where r and SE denote the correlation between two AUC's and standard error of each
AUC. If the two diagnostic tests are not examined on the same subjects, obviously the two
estimated AUC's are independent and the covariance term would be zero.(Tilaki ,2013)
Finally, we use the following rule to describes good discrimination by area under the
ROC curve: (Hosmer and Lemeshow ,2013).
If
1. 𝑅𝑂𝐶 = 0.5

This suggest no discrimination, so we might as well flip acoin.

2. 0.5 < 𝑅𝑂𝐶 < 0.7

We consider this poor discrimination.

3. 0.7 ≤ 𝑅𝑂𝐶 < 0.8

We consider this acceptable discrimination.

4. 0.8 ≤ 𝑅𝑂𝐶 < 0.9

We consider this excellent discrimination.

5. 𝑅𝑂𝐶 ≥ 0.9

We consider this outstanding discrimination.

3.4 Summary
There are several criteria available to evaluate a set of classification rules, we
discussed methods of validation such as hold out method, k –fold cross validation method and
leave one out cross validation. Error on the training data is not a good indicator of
performance on future data. The classifier was computed from the

same training data,

any estimate based that data will be optimistic. In addition, new data will probably not be
exactly the same as the training data. 10-fold cross-validation is commonly used. If k equals
the sample size, this is called "leave-one-out" cross-validation. In Leave One Out Cross
Validation (LOOCV), each of the training sets look very similar to each other, differing
in only one observation. That average has a high variance. The ROC curve is a fundamental
tool for diagnostic test evaluation. ROC graphs are able to provide a richer measure of
classification performance than accuracy or error rate can, and they have advantages over
other evaluation measures.
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CHAPTER FOUR
Data Analysis and Discussion of Results
4.1 Introduction
In this chapter we present the data which will be studied and analyzed in detail ,
and describe the variables that determine the standard of living for Palestinian households .
We will talk about the application of each of the two classification methods (Linear
Discriminant Analysis and Multinomial Logistic Regression ) that we described in Chapter
two on the data of Palestinian Expenditure and Consumption Survey (PECS) 2011 and
conduct a comparison to identify the best classifying and prediction method to classify the
Standard of living for Palestinian households. We compare the classification models using
methods of testing the accuracy; namely cross- validation and ROC curves.
Finally, we will discuss the most effective variables in the data that can predict
and classify the Palestinian households According to the categories of the standard of living.
In the next section we present the results of fitting each of the

two classification

methods on the data of PECS .
4.2 The Data
Real data of PECS, 2011 where conducting by Palestinian Center Bureau of Statistics
(PCBS) used for application of the MLR and LDA. The data were used for the purposes of
scientific research according to special agreement between PCBS and Al–Azhar
University- Gaza.
The sample is composed of 4317 households of whom 4317 is valid and no missing
value. 2,909 households residing in the West Bank of a percentage 67.4 % , and 1,408
households residing in Gaza Strip of a percentage 32.6 % .
4.2.1 Description of the Data
The data consists of 12 variables (standard of living , monthly income , assistances,
Animals holdings , agricultural land ,imputed rent , total expenditure , total consumption ,
non-consumption expenditure , remittances , taxes and children number).The dependent
variable is the standard of living which takes the values (1 for high Standard of living , 2
for Middle standard of living , and 3 for Low standard of living) . such that:
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Monthly Income: Cash or in kind revenues for individual or household within a period of
month
Assistances: Includes data about cash and in kind assistances (assistance value, assistance
source), also collecting data about household situation, and the procedures to cover expenses.
Animal Holdings: The household have animal holdings (Cattle, Sheep and Goats, Poultry,
Horses and Mules, Beehives).
Agricultural Land : The household have agricural land.
Imputed Rent : Value of imputed rent for house hold in Isrealian Shekel .
Total Expenditure : It refers to the amount of Cash spent on purchase of goods and services
for living purposes, and the value of goods and services payments or part of payments
received from the employer, and Cash expenditure spent as taxes (non-commercial or nonindustrial), gifts, contributions, interests on debts and other non-consumption items.
Total Consumption : It refers to the amount of Cash spent on purchase of goods and
services for living purposes, and The value of goods and service payments or part of
payments received from the employer, and own-produced goods and food, including
consumed quantities during the recording period, and Imputed rent for own housing.
Non-Consumption Expenditure: Interests on loans , fees and taxes.
Remittances: Includes data about cash and in kind remittances (remittances value,
remittances source), also collecting data about household situation, and the procedures to
cover expenses.
Taxes : Includes data about cash and in kind taxes which paid from household .
Children Number : Represents the number of male and female childrens in the household .
Table (4-1) summaries all the variables that are believed to have an impact on standard of
living and which entered in the analysis.
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Table (4-1) : Description of the available variables in the Data.

Variable name

Description

Categories

Level

Standard of living

High – Middle – Low

MONTH_INCOME

Month Income

Numeric

I03-B

Assistances

Numeric

h32

Animals holding

Yes – No

h24

Agricultural land

Yes – No

Tot_Exp

Total expenditure

Numeric

Tot_Cons

Total consumption

Numeric

grp 26

Imputed runt

Numeric

grp 27

Remittances

Numeric

grp 28

Taxes

Numeric

grp 29

non-consumption expenditure

Numeric

child number

Children Number

Numeric

4.2.2 Standard of living for Palestinian household Preliminary Analysis
Investigating the Standard of living for Palestinian household, we now illustrate some
descriptive statistics for the important variables in the study.
Table (4-2) illustrates that (16.28 %) of household in the sample belong to a high
standard of living, (51.1 %) of household belong to a Middle standard of living, and (32.62%)
household belong to a Low standard of living.
Table (4-2) : Frequencies for Standard of living

Categories of Living Standard

Frequency

Valid Percent

High standard of living

703

16.28 %

Middle standard of living

2206

51.10 %

Low standard of living

1408

32.62 %

Total

4317

100.00
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Table (4-3) contains some descriptive statistics of the numeric variables and shows
that the average rate of monthly income for the high standard of living is (4939.9) Shekel
(NIS), While for the Middle standard of living is (4353.9) NIS, and for the low standard of
living is (2656.5) NIS.
The average of assistances for the high standard of living is (98.6) NIS and for the
Middle standard of living is (217.7) NIS, and for the low standard of living (417.2) NIS.
The average of total expenditure for the high standard of living is (6306.4) NIS and for
the Middle standard of living is (4930.4) NIS, and for the low standard of living (3613.5) NIS.
The average rate of total consumption for the high standard of living is (6777.8) NIS,
While for the Middle standard of living is (5143.5) NIS, and for the low standard of living is
(3772.6) NIS.
Average of remittances for the high standard of living is (181.4) NIS and for the
Middle standard of living is (172.2) NIS, and for the low standard of living (65.3) NIS.
Average of taxes for the high standard of living is (78.2) NIS and for the Middle
standard of living is (13.6) NIS, and for the low standard of living (1.7) NIS.
Average of non-consumption expenditure for the high standard of living is (204.2)
NIS, and for the Middle standard of living is (184.3) NIS, and for the low standard of living
(316.4) NIS.
The average of imputed rent for the high standard of living is (918.18) NIS and for the
Middle standard of living is (462.71) NIS, and for the low standard of living (499.38) NIS.
Average of children number for the high standard of living is (5) children and for the
Middle standard of living is (6) children, and for the low standard of living (7) children. Also
is clear that all Palestinian households have at least one child in the household.
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Table (4-3) : Descriptive statistics of the Data (Numerical Variables)

Variable name

Month Income

Assistances

Total Expenditure

Total Consumption

Imputed Rent

Remittances

Taxes

non-consumption
expenditure

Children Number

Level

Minimum Maximum

Mean

Std. Deviation

High

0.0

38995.7

4939.87

3966.95

Middle

0.0

45645.17

4353.94

3832.56

Low

0.0

18010.2

2656.48

1945.44

High

0.0

105000

98.58

534.87

Middle

0.0

47500

217.66

1900.17

Low

0.0

31963

417.15

1116.27

High

341.17

73219.3

6306.39

5402.82

Middle

298.5

56036.17

4930.35

4336.14

Low

351.5

28826

3613.47

2600.53

High

555

71329.9

6777.80

4927.68

Middle

383

55971.3

5143.54

4168.65

Low

651.5

21841.5

3772.58

2146.54

High

0.0

9100

918.18

936.34

Middle

0.0

4160

462.71

309.43

Low

0.0

5100

499.38

265.11

High

0.0

4000

181.35

402.32

Middle

0.0

13632.5

172.24

540.63

Low

0.0

2750

65.34

209.09

High

0.0

1000

78.21

130.08

Middle

0.0

702.5

13.63

30.65

Low

0.0

962.5

1.66

26.81

High

0.0

38293

204.19

1471.03

Middle

0.0

11237

184.25

454.27

Low

0.0

21160

316.41

1139.28

High

1

17

5.26

2.43

Middle

1

22

5.83

2.71

Low

1

28

6.67

2.79
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Table (4-4) show that the ANOVA test results that testing the presence of differences between
the means of dependent variable categories when the independent variable is numeric.
Table (4-4) : ANOVA Tables for Numeric Independent Variable

Variable

Month Income

Assistances

Total Expenditure

Total Consumption

Imputed Rent

Remittances

Taxes

Non- Consumption
Expenditure

Children Number

Source of variation

Sum of squares

df

Mean square

Between Groups

2.39 × 109

2

1.69× 109

Within Groups

4.77 × 1010

4314

1.13 × 107

Total

5.13 × 1010

4316

Between Groups

5.7 × 107

2

2.85 × 107

Within Groups

9.92 × 109

4314

2.3 × 106

Total

9.97 × 109

4316

Between Groups

3.59 × 109

2

1.795 × 109

Within Groups

7.15 × 1010

4314

1.66 × 106

Total

7.51 × 1010

4316

Between Groups

4.38 × 109

2

3.19 × 109

Within Groups

6.19 × 1010

4314

1.43 × 106

Total

6.62 × 1010

4316

Between Groups

1.157 × 108

2

5.79

Within Groups

9.26 × 108

4314

2.14 × 105

Total

1.04 × 109

4316

Between Groups

1.13 × 107

2

5.67 × 106

Within Groups

8.19 × 108

4314

1.89 × 105

Total

8.31 × 108

4316

Between Groups

2.94 × 106

2

1.47 × 106

Within Groups

1.496 × 107

4314

3468.01

Total

1.79 × 107

4316

Between Groups

1.56 × 107

2

7.79 × 106

Within Groups

3.8 × 109

4314

8.8 × 105

Total

3.82 × 109

4316

Between Groups

1083.87

2

541.94

Within Groups

3.14 × 104

4314

7.275

Total

3.2× 104

4316
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F

sig.

150.047

0.00

12.399

0.00

108.374

0.00

152.847

0.00

269.669

0.00

29.838

0.00

424.58

0.00

8.853

0.00

74.497

0.00

It shows that there are significant differences between the mean of the dependent
variable categories, this means that the numeric independent variables which used in the
analysis can be distinguish and differentiate between categories of the dependent.
Table (4-5) shows that the 1.08 % of sample have animals holding and high standard
of living , 9.66 % of sample have animals holding and a middle standard of living , and 6.88
% of sample have animals holding and low standard of living ,
The table also shows that 1.32% of sample have agricultural land and high standard of
living, 14.55% of sample have agricultural land have a middle standard of living, and 2.52%
of sample have agricultural land have Low standard of living.
Table (4-5) : Descriptive statistics of the Data (Categorical Variables)

Standard of living
variable Name

Animals holding

Agricultural land

Total

Categories

High

Middle

Low

Yes

47

417

297

761

(%)

(1.08)

(9.66)

(6.88)

(17.62)

No

656

1789

1111

3556

(%)

(15.2)

(51.1)

(32.62)

(82.38)

Total %

16.28%

51.1%

32.62%

100 %

Yes

57

628

109

794

(%)

(1.32)

(14.55)

(2.52/0

(18.39)

No

646

1578

1299

3523

(%)

(14.96)

(36.55)

(30.1)

(81.61)

Total %

16.28%

51.1%

32.62

100 %

The relationship between the type of standard of living and agricultural Land can be
tested using test of independence. Results of the Chi-Square test in table (4-6) show that the
variable Agricultural Land is independent of standard of living as the p-value is close to
(0.00). This result indicates that there is a significant difference between types of standard of
living of household which have Agricultural Land and have not. Also table (4-6) shows the
Results of the Chi-Square test that show the variable animals holding is independent of
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standard of living as the p-value is close to (0.00). This result indicates that there is a
significant difference between types of standard of living of household which have animals
holding and have not.
Table (4-6) : Pearson Chi-Square Test of Independence

Variable

Test

Value

df

Sig

Pearson Chi-Square

305.152

2

0.00

Agricultural

Likelihood Ratio

322.816

2

0.00

Land

Linear-By-Linear Association

20.131

1

0.00

N of Valid Cases

4317

Pearson Chi-Square

72.086

2

0.00

Animals

Likelihood Ratio

86.036

2

0.00

Holding

Linear-By-Linear Association

54.527

1

0.00

N of Valid Cases

4317

4.3 Statistical Analysis of Standard of living Using Discriminant Analysis
4.3.1 Testing LDA assumptions.
It is important to examine the group and data characteristics that may affect
the performance of LDA method. Since real-world data are usually contaminated. The
main assumptions of LDA are tested here. The first is that the multivariate normality of the (p
= 12) variables within each group. This means that each variable must be (approximately)
normally distributed within each group. Since real-world data are rarely multivariate
normally distributed, we also wish to test the performance of the selected classification
procedures when allowing departures from normality .Therefore, before carrying out the
classification, we perform the Shapiro-Wilk test for testing multivariate normality.
Another procedure to evaluate multivariate normality graphically programmed by
Thompson (1990) is used to explore multivariate normality by plotting Mahalanobis
distances against derived chi-square values in a scatterplot, if the data are multivariate
normal, the plotted pairs should be close to a straight line.
The second is that the covariance matrices are equal. Box's M test is used to
see if another assumption of LDA holds: are the covariance matrices equal or not?
The null hypothesis is that they are, the alternative hypothesis is that they are not .
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Another assumption is that the variables should not be highly correlated. The
correlation coefficient between each pair of variables should be calculated.
Here, we want to make it clear that it was removal of 424 observations of the study
sample as outliers were the linear discriminant analysis and multinomial logistic regression
was applied on 2893 observations .
a) Test of Multivariate Normality
Often, before doing any statistical modeling, it is crucial to verify whether the data at
hand satisfy the underlying distribution assumptions. Multivariate normal distribution is
one of the most frequently made distributional assumptions when using multivariate statistical
techniques Also, from an important property of multivariate normal distribution, we know
that if X = ( X1 , X 2 , X3 , . . . , Xp ) follow the multivariate normal distribution, then its
individual Components X1 , X2 , X3 , . . . , Xp are all normally distributed. Therefore, we need
to examine normality of each 𝑋𝑖 to guarantee that X= X1 , X2 , X3 , . . . , Xp is multivariate
normal distributed. Here, we use quantile- quantile plot (QQ plot) to assess normality of data
though there are more formal mathematical assessment methods. The reason is that with a
large dataset, formal test can detect even mild deviations from normality which actually we
may accept due to the large sample size. However, a graphical method is easier to
interpret and also have the benefit to easily identify the outliers. In QQ plot, we
compare the real standardized values of the variables against the standard normal
distribution. The correlation between the sample data and normal quantiles will
measure how well the data is modeled by a normal distribution.
For normal data, the points plotted should fall approximately on a straight line in the
QQ plot. If not, data transformation like logarithm and square root transformation can be
applied to make the data appear to more closely normally distributed.
We try different forms of transformation on the numerical variables to obtain
the substitute variables which perform better on normality, such as log(log(Assistance)),
log(Monthly Income), log(TOT_Cons), log(Tot_Exp)), log(Non-consumption expenditure),
log(log(Taxes)) ,sqrt(log (Remittances)) , log(log(Imputed rent)) , but the variable ( child
number ) remained without transformation.
Figure (4-1) show the QQ plot of ( TOT_Cons. and TOT-Exp. ) in terms of both after
transformation. We can see the effectiveness of data trans formation method because data
tends to be normally distribution after transformation.
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Normal Q-Q Plot
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Figure (4-1) : Normality check samples (log (TOT_Cons)), log(TOT-EXP))

The following figure (4-2), shows the QQ plot of standard of living organized
into a matrix, making it easy to look at all pairwise correlations in one place to
investigate the possible relationship between each pair of variables and to visualize how
variables related to one another.
The function mshapiro.test in the mvnorm test package produces the Shapiro
Wilk test for multivariate normality. Shapiro test statistic for the multivariate normality
of standard of living data had a value of 0.7231 with a probability of p-value < 2.3 ×
10−2. Since the p value is less than 0.05 (the level of significance for the test), there
is a sufficient evidence to reject the null hypothesis and conclude that the data are not
multivariate normally distributed. To evaluate the data further, we investigate the multivariate
Q-Q plot shown in Figure (4-2).

Figure (4-2) : Multivariate Normality plot
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According to the multivariate chi-square plot shown in Figure (4-2) the points
appear to had not a linear tend , thus indicating that the data are not normally distributed.
b) Test For Covariance Matrix Equality
The second is that the covariance matrices are equal. Box's M test is used to see if
another assumption of LDA holds: are the covariance matrices equal or not? The null
hypothesis is that they are equal; the alternative hypothesis is that they are not. Another
assumption is that the variables should not be highly correlated. The correlation
coefficient between each pair of variables should be calculated Box's M test testing the
assumption of equal covariance for equality of the group covariance matrices . In this
case, Box's M statistic had a value of 3719.341 with a probability of 0.00. Since the result
is significant (p < 0.05) so there is sufficient evidence that we reject the hypothesis that
the groups covariance matrices are not equal.
But (Tangen , 2008) indicate that when group sample size are equal or large ,
discriminant analysis is robust to violation of this assumption, and he give further advise
when sample sizes are small or unequal.
Table(4-7) : Box's M Test Result

3719.341

Box's M
Approx.

28.027

df1

132

df2

9.9 × 106

Sig.

0.000

F

Table (4-8) demonstrates that the larger the log determinant in the table means
the more the group's covariance matrix differ , Middle living standard group is the largest Log
determinant (-31.935) , High living standard group and low living standard group are
relatively equal with values -33.037 and -37.287 respectively ,the "Rank" column indicates
the number of independent variables . In this case we have (11) independent variables.
Table(4-8) : Log Determinants for Standard of living

Standard of living

Rank

Log Determinant

Low Standard of living

11

-37.287

Middle Standard of living

11

-31.935

High Standard of living

11

-33.037

Pooled within-groups

12

-24.110
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For this assumption to hold, the log determinants should be equal. When tested by Box's
M, we are looking for a non-significant M to show similarity and lack of significant
differences. In this case the log determinants appear similar and Box's M is 3719.341with F =
28.027 which is significant at p < 0.05 . so there is sufficient evidence that we reject the
hypothesis that the groups covariance matrices are equal.
c) Exploratory Data Analysis
Preliminary exploration of the data is an important for multivariate analysis and it
is good practice to begin by examining relevant scatterplot matrices, this may draw attention
to errors in the data, reveals relationships or association between two variables. Exploring
correlation between variables is an important part of exploratory data analysis. Before you
start to model data, it is a good idea to visualize how variables related to one
another. These scatter plots can be organized into a matrix shown in Figure 4-3 making
it easy to look at all pairwise correlations in one place The following Figure 4-3, shows the
scatter plot of data organized into a matrix, making it easy to look at all pairwise
correlations in one place to investigate the possible relationship between each pair of
variables and to visualize how variables related to one another. Figure (4-3) shows the
scatter plot of dataset shows the correlation between the given pair of numeric variables
which illustrates that the highest correlation between expenditure and consumption variable.

Figure (4-3) : Scatter plot of dataset
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4.3.2 The Results of Discriminant Analysis
4.3.2.1 Test the Significance of the Model
Wilk's lambda is a test statistic used in multivariate analysis of variance (MANOVA)
to test whether there are differences between the means of identified groups of
subjects on a combination of independent variables.
Significance tests and strength of relationship statistics for each discriminant
function for the diabetes grouping are presented in the Wilk's Lambda Table (4-9).
The Wilk's Lambda provided chi-square tests of significance for the function. The
associated chi-square statistic tests the hypothesis that the means of the functions listed
are equal across groups.
The small significance value means that the discriminant function is good
because it does at separating the groups well.

Table (4-9) shows that the value of Wilk's' lambda statistic for the test of function 1
through 2 functions (chi-square =3153.643) has probability of 0.000 which is less than
or equal to the level of significance of 0.05.
After removing function 1, the Wilk's' lambda statistic for the test of function 2 (chi
square = 783.476) has a probability of 0.000 which is less than the level of
significance of 0.05. The significance of the maximum possible number of discriminant
functions supports the interpretation of a solution using two discriminant functions. That is
the null hypothesis is rejected and the model differentiates scores among the groups
significantly.

Table (4-9) : Wilk's Lambda Table

Test of

Wilk's Lambda

Chi-square

df

Sig.

1 through 2

0.444

3153.643

22

0.000

2

0.817

783.476

10

0.000

Function(s)

4.3.2.2 Tests of Equality of Group Means
The Wilk‘s lambda and the F ratio are used to test the equality of means of the groups
for the same variable. The Wilk‘s lambda for the each predictor is equal to the ratio of the
within group sum of squares to the total sum of squares. It is estimated from one way
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analysis of variance by considering status variable as independent variable and the
predictor variable as dependent variable. The Wilk‘s lambda is also known as U statistic.
The range of Wilk‘s lambda value is 0 to 1. If a variable‘s Wilk's is less 0.95, it is
revealed that the group means are significantly different. The larger the value, the smaller
significance and the smaller the value, the larger significance is ensured. The Wilk‘s lambda
and the transformation of its value to F is done as under and presented in the Table (4-10).
Table (4-10) shows that all of the means of the variables have very significant
differences between the groups. The lowest Wilk‘s lambda presents highest importance in
the discriminant function. Hence, the most important variable in discriminant function is
(Assistances) and the lowest important variable is the (Remittances) is exactly supported by
the p-value of the F-test.
Table (4-10) : Tests of equality of group means

Variables

Wilk's Lambda

F

Sig.

Assistances

0.686

888.307

0.00

Remittances

0.991

17.530

0.00

Taxes

0.954

93.453

0.00

Non Consumption. Expenditure

0.893

232.289

0.00

Total Consumption

0.923

161.828

0.00

Imputed Rent

0.887

247.946

0.00

Total Expenditure

0.943

116.468

0.00

Monthly Income

0.931

143.219

0.00

Agriculture land

0.932

142.126

0.00

Animals Holding

0.987

24.689

0.00

Child Number

0.967

67.031

0.00

4.3.2.3 The standardized canonical discriminant function coefficients
Table (4-11) gives the standardized canonical discriminant function coefficients,
provides two functions, which measure the relative importance of the selected
variables, and the sign indicates the direction of the relationship the larger absolute value
of the coefficient corresponds to greater discriminating ability.
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In function one, variable "Total Consumption" (0.651) was the most powerful
discriminating variable, followed by "Assistances" (0.649) , and

the last variable is "

Remittences " (0.007) .
In function two the strongest predictor is "Total Consumption" variable with value
(1.607), The second one is "Total Expenditure" variable with value (1.359), To the last
variable "Animals holding" with value (0.041) .The discriminant function coefficients b or
standardized form β both indicate the partial contribution of each variable to the discriminate
function controlling for all other variables in the table (4-11).
Table (4-11) : Standardized Canonical Discriminant Function Coefficients

Function
Variables
1

2

Assistances

0.649

0.118

Remittences

-0.007

0.111

Taxes

-0.037

0.348

Non Consumption. Expenditure

0.584

-0.123

Total Consumption

-0.651

1.607

Imputed Rent

0.464

0.1255

Total Expenditure

0.222

-1.359

Monthly Income

-0.247

-0.198

Agriculture land

0.155

0.380

Animals Holding

-0.139

0.041

Child Number

0.311

-0.193
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4.3.2.4 Structure Matrix
It is obvious from Table (4-12) that the independent variables (Assistances ,
Non-Consumption-Expenditure , Consumption ,Monthly Income , Expenditure , Children
Number , Remittances , Imputed Rent ) are more correlated with the first function. Whereas,
the independent variables (Taxes, Agricultural land, Monthly Rent, Animals Holding) are
more correlated with the second function.
Table (4-12) : Structure Matrix

Function
1

2

Assistances

0.737*

0.052

Non Consumption. Expenditure

0.373*

-0.104

Total Consumption

-0.282*

.270

Month Income

-0.296*

0.011

Total Expenditure

-0.254*

0.159

Children Number

0.194*

-0.110

Remittances

-0.081

0.124*

Imputed Rent

0.012

0.755*

Taxes

-0.048

0.454*

Agricultural Land

0.214

0.393*

Animals Holding

-0.074

.191*

Results of table (4-12) Structure Matrix supports the results of table (4-11)
Standardized Canonical Discriminant Function Coefficients, where it is clear that the variable
total consumption and variable assistances are powerful discriminating variables and most
closely associated with the first function.
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4.3.2.5 Canonical Discriminant Function Coefficients
The main objective of this study is to estimate a discriminant function to
estimate the expected family according to standard of living for Palestinian households .
Table (4-13) Contains the Unstandardized discriminant coefficients, these would be
used like unstandardized b which is 9.504 for function one and 0.298 for function two , they
are used to construct the actual prediction equation which can be used to classify new cases.
𝐷1 = 9.504 + 4.050 Log(log(Assistances)) – 0.044 Sqrt(log(Remittances)) – 0.374
Log (log (Taxes)) + 0.567 Log(Non Consumption. Expenditure) – 2.828 Log(Total
Consumption) + 5.957 Log(Log (Imputed Rent)) + 0.852 (log(Total Expenditure)) – 0.731
Log (Monthly Income) + 0.410 (Agriculture Land) - 0.319 (Animals Holding) + 0.115
(Children Number)
𝐷2 = 0.298 + 0.737 Log (log(Assistances)) – 0.702 Sqrt(log(Remittances)) + 3.533
Log (log (Taxes)) - 0.120 Log (Non Consumption. Expenditure) + 6.977 Log (Total
Consumption) + 13.158 Log (Log (Imputed Rent)) - 5.223 log (Total Expenditure)) – 0.585
Log (Monthly Income) + 1.001 (Agriculture Land) + 0.108 (Animals Holding) - 0.071
(Children Number)
Table(4-13) : Canonical Discriminant Function Coefficients

Function
Variables
1

2

Assistances

4.050

0.737

Remittances

-0.044

-0.702

Taxes

-0.374

3.533

non consumption Expenditure

0.567

-0.120

Total Consumption

-2.828

6.977

Imputed Rent

5.957

13.158

Total Expenditure

0.852

-5.223

Monthly Income

-0.731

-0.585

Agricultural Land

0.410

1.001

Animals Holding

-0.361

0.108

Children Number

0.115

-0.071

Constant

9.504

0.298
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4.3.2.6 Relation Between Dependent and Independent Variables
Table (4-14) below shows the eigenvalues, 𝜆1 and 𝜆2 , which verify the relation
between dependent and independent variables. The larger the eigenvalue, the more of the
variance in the dependent variable is explained by that function. Since the dependent in
this application has three groups, we have two discriminant functions. Table ( 4-14 ) lists the
eigenvalues of the estimated discriminant functions in descending order of importance.
The third column lists the percent of variance explained by each function. The fourth column
is the cumulative percentage of variance explained. The last column is canonical correlation,
where the squared canonical correlation is the percent of variation in the dependent
discriminated by the independents in DA.
Function 1 is more important than function two because:
 79 % of variance among the three groups can be explained by function one whereas
only 21.9 % of this variance can be explained by function two, that’s because the
number of independent variables associated with the first function more than in the
second function as shown in structure matrix table.
 The degree of relationship between the predictors and groups (canonical correlation)
due to function 1is (0.676) which is more than that due to function two (0.427). The
canonical correlation which is denoted by η can be obtained for each function (Ashor
and Salem,2005) as follows :

𝜆1
0.841
𝜂1 = √
= √
= 0.676
1 + 𝜆1
1 + 0.841
𝜆2
0.223
𝜂2 = √
= √
= 0.427
1 + 𝜆2
1 + 0.223

Table (4-14) : Eigen values

Function

Eigenvalue % of Variance

Cumulative %

Canonical
Correlation

1

0.841

79

79

0.676

2

0.223

21

100

0.427
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4.3.2.7 Classification Table
According to the results shown in Table (4-15) it is seen that 70.1 % of respondents
were classified correctly into High, Medium, or Low of standard of living.
The discriminant function could be able to classify 80.2 % of households which
belong to the low standard of living as the best percentage categorization .This means that it
succeeded in classification 1055 of households and failed in 260 of households.
The discriminant function could be able to classify 67.5 % of households which
belong to the high standard of living, this means that it succeeded in classification 378 of
households and failed in 182 of households.
The discriminant function could be able to classify 64.2 % of households which
belong to the Middle standard of living as the least percentage classification , this means that
it succeeded in classification in 1295 households and failed in classification 723 of
households.
Table (4-15) : 𝐂𝐥𝐚𝐬𝐬𝐢𝐟𝐢𝐜𝐚𝐭𝐢𝐨𝐧 𝐑𝐞𝐬𝐮𝐥𝐭𝐬 By Using LDA Method

Predicted Group Membership
Standard of living

Total
High

Middle

Low

378

136

46

(67.5)

(24.3)

(8.2)

421

1295

302

(20.9)

(64.2)

(15)

83

177

1055

(6.3)

(13.5)

(80.2)

377

137

46

(67.3)

(24.5)

(8.2)

421

1295

302

(20.9)

(64.2)

(15)

84

178

1053

(6.4)

(13.5)

(80.1)

High
Count

560

Middle

Original
(%)

2018

Low

1315

High

Crossvalidated

Count

560

Middle
(%)

2018

Low

1315
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Table (4-15) also shows the classification accuracy of discriminant analysis using
the cross-validation with one random observation omitted at each time is estimated at 70% ,
and the misclassification rate at 30% .
It means that the discriminant function using the cross-validation with one random
observation omitted at each time could be able to classify 80.1% of households which belong
to the low standard of living as the best percentage categorization .This means that it
succeeded in classification 1053 of households and failed in 262 of households. The
discriminant function could be able to classify 67.3 % of households which belong to the high
standard of living, this means that it succeeded in classification 377 of households and failed
in 183 of households. The discriminant function could be able to classify 64.2 % of
households which belong to the Middle standard of living as the least percentage
classification , this means that it succeeded in classification in 1295 households and failed in
classification 723 of households.
4.4 Statistical Analysis of Standard of living Using Multinomial Logistic Regression
4.4.1 Testing MLR Assumptions
Multinomial logistic regression is often considered an attractive analysis because; it
does not assume normality, linearity, or homoscedasticity.
4.4.2 Building MLR Model
In this subsection multinomial logistic regression analysis was performed on the
standard of living data set. The presence of a relationship between the dependent variable and
combination of independent variables is based on the statistical significance of the final
model chi-square.
According to the results shown in Table (4-16 ), it is seen that -2 log likelihood
value of basic model only with intercept term was 7678, this value decreased to 4796
with the independent variables appearance in the model. In this analysis, the
probability of the model chi-square (2882) was (0.00) less than the level of
significance (0.05). The null hypothesis was no difference between the model without
independent variables and the model with independent variables was rejected. That is an
evidence of existence of a relationship between the independent variables and the dependent
variable.
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Table( 4-16) : Model Fitting Information

Model Fitting Criteria

Liklehood Ratio Tests

Model
AIC

BIC

-2Log Liklehood

Intercept Only

7682

7695

7678

Final

4844

4994

4796

Chi-Square

df

Sig.

2882

22

0.00

Goodness-of-fit tests are often used in business decision making. In order to calculate
a chi-square goodness-of-fit, it is necessary to first state the null hypothesis and the
alternative hypothesis, choose a significance level (such as α = 0.05) and determine the
critical value.
In Table (4-17), we test the goodness of fit of the final model. The results of the test
are given in Table (4-17). This shows that the model provides a significant fit to the data as
the p-value of Pearson goodness of fit test less than 0.05.
Table (4-17) : Goodness-of-Fit

Chi-Square

df

Sig.

Pearson

6.56× 104

7762

0.000

Deviance

4795.685

7762

1.000

As Pseudo R2 values presented in Table (4-18) are examined, explanation ratios
of dependent variables upon independent variables are given. Nagelkerke R2 value is the
modified form of Cox and Snell coefficient. According to the results shown in Table (418), it is seen that independent variables define 60.8 % of the variance in dependent
variables

(the proportion of variance of the response variable explained by the

predictors) according to Cox &Snell 𝑅 2 value, 52.3 % according to Nagelkerke 𝑅 2 value,
and 37.5 % according to McFadden value.
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Table (4-18) : Pseudo R-Square Measurements

Measurements

𝐑𝟐 values

Cox and Snell

0.523

Nagelkerke

0.608

McFadden

0.375

Table (4-19) demonstrates the likelihood ratio test evaluates the overall
relationship between an independent variable and the dependent variable. we checked the
same point with all explanatory variables used to build model separately. The result
was referred that the existence of a relationship between each of the explanatory variables
and the response variable was supported. According to the results shown in Table (4-19),
it is seen that there is a statistically significant relationship between all the
independent variables and the dependent variable . Since the dependent variable has three
categories, we have two models.
Table (4-19) : Likelihood Ratio Tests

Model Fitting Criteria
Effect

Likelihood Ratio Tests

-2 Log Likelihood of Reduced
Model

Chi-Square

df

Sig.

Intercept

4769

0.00

0

.

Monthly Income

4870

74.359

2

0.00

Assistances

5319

523.377

2

0.00

Total Expenditure

4807

1.571

2

0.003

Total Consumption

4818

22.444

2

0.00

Imputed Rent

4983

187.228

2

0.00

Remittances

4805

8.835

2

0.01

Taxes

4828

32.539

2

0.012

Non Consumption Expenditure

5245

449.606

2

0.00

Children Number

4888

91.84

2

0.00

Agricultural Land

4892

96.782

2

0.00

Animals Holding

4824

28.183

2

0.00
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4.4.3 Estimates MLR Models
Table (4-20) shows the odds ratios (OR) for each of the significant variables. The odds
ratio is ‘the increase (or decrease) in odds of being in one outcome category when the value
of the predictor increases by one unit, using the first categories (High standard of living) as
reference categories.
As we can see in the Table (4-20) the variable Monthly Income is the first variable in
the model with a p-value equal ( 0.00 ), and odds ratio equals (2.505) .This means the more
the Monthly Income increases by one Shekel with firmness other factors , the more the
chance of household transfer of Low standard living to Middle increases in 12 times.
The second significant variable in the model is the Total Expenditure with a p-value
equal (0.001), and odds ratio equals (146.479) .This means the more the Assistances
increases by one Shekel with firmness other factors , the more the chance of household
transfer of Low standard living to Middle increase in 146.5 times.
The third significant variable in the model is the Total Consumption with a p-value equal
(0.00), and odds ratio equals (0.001). This means the more the Monthly Rent increases by
one Shekel with firmness other factors , the more the chance of household transfer of Middle
standard living to Low decreases in 1 times.
The fourth variable is Imputed Rent with a p-value equal (0.000), and odds ratio equals
(1.5 × 10−10). This means the more the Imputed Rent increases by one Shekel with firmness
other factors , the more the chance of household transfer of Middle standard living to Low
decreases in 2.7 times. Next variable is Remittances with a p-value equal (0.004), and odds
ratio equals (0.237), Next variable is Taxes with a p-value equal (0.00), and odds ratio
(0.046), Next variable is Non Consumption Expenditure with a p-value equal (0.00), and
odds ratio (1.325) , Next variable is Children Number with a p-value equal (0.001), and
odds ratio as (1.091), Other significant variables include Agricultural Land = 1 with a pvalue equal (0.00), and odds ratio equals (2.924) , which means that the household that
have Agricultural Land have the chance to be classified as Middle standard of living
approximately 3 chance as much as household haven't Agricultural Land.
But the Intercept and the variable Assistances, Animals Holding = 1 are not significant
because its probability are larger than ( α = 0.05 ).
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Table ( 4-20 ) : MLR Model (1) Middle standard of living Data and their standard errors, odds
ratios, and p-values.

Variable / Effect

Estimate(β)

Std.
Error

Wald(Z
value)

Sig.

EXP(Odds
ratio)

Intercept

-2.458

2.457

1.389

0.239

.

Monthly Income

0.918

0.229

16.132

0.00

2.505

Assistances

-0.121

0.406

0.088

0.767

0.886

Total Expenditure

4.987

1.472

11.472

0.001

146.479

Total Consumption

-7.164

1.740

16.956

0.00

0.001

Imputed Rent

-22.632

2.574

77.285

0.00

1.5 × 10−10

Remittances

-1.44

0.506

8.096

0.004

0.237

Taxes

-3.090

0.592

27.267

0.00

0.046

Non Consumption Expenditure

0.281

0.058

23.773

0.00

1.325

Children Number

0.087

0.025

11.847

0.001

1.091

Animals Holding = 1

0.315

0.188

2.804

0.094

1.371

Agricultural Land = 1

1.073

0.173

38.494

0.00

2.924

As we can see in the Table (4-21), the variable Monthly Income is the first
variable in the model with a p-value close to ( 0.003 ), and odds ratio equals (0.447) .
This means the more the Monthly Income increases by one Shekel with firmness other
factors , the more the chance of household transfer of High standard living to Middle
decreases in 1.6 times. The second significant variable in the model is the Assistances
with a p-value equals (0.00), and odds ratio equals (245.863) . The third variable is the
Total Expenditure with a p-value equals (0.022), and odds ratio equals (46.335). This means
the more the Expenditure increases by one Shekel with firmness other factors , the more the
chance of household transfer of Middle standard living to High increase in 46 times. The
fourth variable is Total Consumption with a p-value equals (0.00), and odds ratio equals
(0.00). Next variable is Remittances with a p-value equals (0.030), and odds ratio equals
(0.297). Next variable is Taxes with a p-value equals (0.001), and odds ratio (0.095). Next
variable is Non Consumption Expenditure with a p-value equals (0.00), and odds ratio
as (4.232) .Next variable is Children Number with a p-value equals (0.00), and odds ratio
75

equals (1.286), the last significant variables include Animals Holding = 1 with a p-value
equals (0.00), and odds ratio equals (2.582), which means that the household that have
Animals Holding have the chance to be classified as High standard of living approximately
2.6 chance as much as household haven't Animals Holding.
While the variables Imputed Rent and Agricultural Land = 1 are not significant because there
sig are larger than ( α = 0.05 ) .
Table (4-20) and (4-21) there are two models since the dependent variables has three
categories . The form of the model is
𝐏𝐫(𝒚𝒊 = 𝑲 − 𝟏) =

𝒆𝑩 𝑲−𝟏 .𝒙𝒊
𝑩𝑲 . 𝑿𝒊
𝟏+ ∑𝑲−𝟏
𝑲=𝟏 𝒆

(4.1)

where 𝑋𝑖 is the vector of explanatory variables describing observation 𝑖 , 𝐵𝑘 is a vector of
parameters corresponding to outcome k , and K is the number of categories.
Table ( 4-21 ) : MLR Model (2) Low standard of living Data and their standard errors, odds
ratios, and p-values.

Variable / Effect

Estimate(β)

Std. Error

Wald(Z value)

Sig.

EXP(Odds
ratio)

Intercept

17.237

2.857

36.546

0.00

.

Monthly Income

-0.806

0.275

8.601

0.003

0.447

Assistances

5.505

0.424

168.57

0.00

245.863

Total Expenditure

3.836

1.675

5.243

0.022

46.335

Total Consumption

-9.095

1.979

21.129

0.00

0.00

Imputed Rent

-2.708

3.019

0.805

0.370

0.0667

Remittances

-1.213

0.558

4.730

0.030

0.297

Taxes

-2.353

0.737

10.182

0.001

0.095

Non Consumption Expenditure

1.443

0.083

305.705

0.00

4.232

Children Number

0.251

0.029

72.791

0.00

1.286

Agricultural Land = 1

-0.147

0.220

0.444

0.505

0.864

Animals Holding = 1

0.948

0.213

19.851

0.00

2.582
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4.4.4 Classification results of Standard of living Data Set
The initial model (with no independent variables included) can predict of Standard of
living with overall percentage accuracy equals (51.8%). Table (4-22) Presents the
Classification results of applying the final model of Multinomial Logistic Regression.
Table (4-22) : Initial MLR Model

Predicted
Observed

High Standard of

Middle Standard

Low Standard

living

of living

of living

0

599

0

(0.0 %)

(100%)

(0.0 %)

0

2105

0

560

High Standard of living

2018

Middle Standard of living
(0.0 %)

(100%)

(0.0 %)

0

1358

0

(0.0 %)

(100%)

(0.0 %)

0.0 %

100 %

0.0 %

1315

Low Standard of living

Overall Percentage

The

model with

Total

independent variables

is

better than the

51.8 %

model without

independent variables, although the percent correct of cases of model without independent
variable slightly large, because we can see the model with independent variable can
predict elements of all the categories of dependent variable.
Table (4-23) indicates that the model can correctly predict the highest percentage
for Middle Standard of living category (84.6 %) , Then the category Low Standard of living
has percentage accuracy of (77.9 %), and the lowest percentage for High Standard of living
category (43.7 %). The model can predict for Standard of living with overall percentage
accuracy of (76 %)
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Table (4-23) : Classification Using MLR Method

Predicted

Observed

High Standard
of living

Middle Standard
of living

Low Standard
of living

245

273

42

(43.7 %)

(48.8 %)

(7.5 %)

74

1707

237

(3.7 %)

(84.6 %)

(11.7 %)

18

272

1025

(1.4 %)

(20.7 %)

(77.9 %)

8.7 %

50.8 %

33.5 %

560

High Standard of living

2018

Middle Standard of living

1315

Low Standard of living

Overall Percentage

Total

76 %

4.5 Comparison Between Classification Methods
In this section both of multinomial logistic regression and linear discriminant analysis
have been used on expenditure and consumption survey 2011 which aimed to obtained the
final model which studies the classifications of the standard of living for

Palestinian

households and we used several criteria for evaluating both models.
4.5.1 Comparison with Classification Table
The most frequently used criterion for comparison between the two methods is
classification error.

Table (4-24) shows the classification results of the two statistical

methods (MLR and LDA) for dependent variable standard of living.
Table (4-24) indicates that the MLR model can correctly classify the first category
High standard of living with accuracy (40.2 %) compared to (67.5 %) for LDA
At the second category

Middle standard of living ,

model .

Correct classification accuracy of

MLR model (84.6 %) is more than the DA model (64.2 %) , and at the third category
Low standard of living , Correct classification accuracy of MLR model (77.9 %) is less
than the LDA model (80.2 %) .As we can see from the above results, the correct
classification rates for all categories by the MLR model is better than DA model because
there is (76 %) of household have been classified to the correct categories using MLR models
, while (70.1%) of household have been classified to the correct categories using LDA
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models . The classification accuracy of LDA using the cross-validation with one random
observation omitted at each time is estimated at ( 70 % ) , and the misclassification rate
at 30 %.The classification accuracy of MLR using

the cross-validation with one random

observation omitted at each time is estimated to be equal 78.4 % , and the misclassification
rate to be equal 21.6 % .
Table (4-24) : Classification Result of Two Statistical Methods

MLR

LDA

High standard of living

40.2 %

67.5 %

Middle standard of living

84.6 %

64.2 %

Low standard of living

77.9 %

80.2 %

Classification of models

76 %

70.1 %

4.5.2 Comparison with ROC Curves
To compare the two models using the ROC curves, Table (4-25) shows the area under the
ROC curve for all categories for MLR and LDA methods. Moreover the three ROC curves are
displayed in Figure (4-5),(4-6) and (4-7) below to make the comparison easier.
The ROC curve of all the two statistical models have been drawn in the same graph. The
area under the ROC curve has also been computed for each category. Figures ( 4-4 ) to (4-6)
can clearly show that the ROC curve of the MLR is always higher than the other model. This
indicates The MLR model provides classification for all categories with higher accuracy
than LDA model when the two methods are applied at Expenditure and consumption
(2011) data. The areas under the ROC curves are computed and presented in Table ( 425 ). The area under curve for MLR model is 87.2 % compared to that of LDA is 86.3 %.
Results of the MLR proved to be much better than LDA
Table (4-25) : Area under the Curve for Two Models

Area (MLR)

Area (LDA)

High standard of living

85.3 %

84.5 %

Middle standard of living

85.3 %

84 %

Low standard of living

91.1 %

90.5 %

Area of models

87.2 %

86.3 %
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Figure(4-4) : ROC curve for the first category (High Standard of living)

Figure (4-5) : ROC curve for the second category (Middle Standard of living)

Figure(4-6) : ROC curve for the third category (Low Standard of Living)
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4.5.3 Comparison with AIC and BIC Criteria
Akaike Information Criteria (AIC) and Bayesian Information Criterion (BIC) are two
methods used to measure of model fit, A model having smaller AIC and BIC is considered the
better fitting model.
The table (4-26) can clearly show that the AIC and BIC of the MLR is less than the LDA
model. This indicates that the MLR model provides classification for all categories with
much higher accuracy than LDA model when the two methods are applied at Expenditure
and consumption (2011) data.
Table (4-26) : AIC and BIC for Two Models

MLR models

LDA models

AIC

4844

7646

BIC

4994

8215

4.6 Summary
Two of the most widely used statistical methods for analyzing categorical
outcome variables are Multinomial Logistic Regression (MLR) and Linear Discriminant
Analysis (LDA). The effectiveness of the logistic model was shown to be supported by
significance tests and descriptive and inferential goodness-of-fit indices, and predicted
probabilities. LDA was conducted to predict whether a household have High, Middle or Low
Standard of living. The log determinants were quite similar, BOX`S M indicated that
the assumption of equality of covariance matrices was violated. Two methods applied at
Expenditure and Consumption Survey 2011 which has 11 independent variables and one
dependent variable with three categories.
The assessment of two models, researcher should have information about an overall
evaluation of the two models, statistical tests of individual predictors, goodness of fit
statistics and an assessment for the model. So, we assess the overall goodness of fit of this
model and perform model diagnostics . Overall correct classification rate for MLR was
76 % . LDA was conducted to classify and predict. Box's M indicated that the assumption
of equality of covariance matrices was violated. The discriminate function revealed a
significant association between groups and all predictors, The cross validated classification
showed that overall 70.1 % were correctly

classified.

The

ROC

curves

of

the

aforementioned models clearly indicate that MLR model is not similar to the LDA model
(i.e., difference in the area under the curve (AUC 87.2 % versus 86.3 % ).
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5.1 Introduction
In this study we have conducted a Linear Discriminant Analysis and Multinomial Logistic
Regression on data of The Palestinian Expenditure and Consumption Survey, using one
dependent variable with three categories and 11 independent variables ,and we reached a
number of conclusions and recommendations .
5.2 Conclusions
In this study we conducted a comparison between the two statistical models:
Multinomial logistic regression (MLR) and Linear discriminant analysis (LDA), using three
different assessment techniques (classification table, ROC curve and AIC, BIC Criteria) in
order to achieve the best model that represents the dataset of Standard of living for Palestinian
household.
Study concluded through the use of evaluation criteria AIC and BIC to compare
Multinomial logistic Regression and Linear discriminant analysis that Multinomial logistic
regression model best and most suitable for application on this study data. And we'll show the
most important results related to this study as follows:
1- We have tried different forms of transformation on the numerical variables to obtain
the substitute variables

which

perform

better

on

normality, and MLR was

applied to the same variables to comparison between the two models.
2- The application of the correct classification technique to assess the accuracy of the
two classification methods in predicting the standard of living for Palestinian
household

we

found

that Multinomial Logistic Regression gave accuracy in

prediction is (76 %) performs better than Linear Discriminant Analysis (70.1 %).
3- The ROC curve technique was applied to assess the accuracy of the two
classification methods in predicting the standard of living for Palestinian household
we found that Multinomial Logistic Regression gave accuracy in prediction is (78.2
%) performs better than Linear Discriminant Analysis (86.3 %).
4- AIC and BIC technique was used to assess the accuracy of the two classification
methods in predicting the standard of living for Palestinian household we found
that Multinomial Logistic Regression better than Linear Discriminant Analysis .
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5- When we applied the using the cross validation with one random observation
omitted at each time technique to assess the accuracy of the two classification
methods in predicting the standard of living for Palestinian household we found
that Multinomial Logistic Regression gave accuracy in prediction is (78.4 %) performs
better than Linear Discriminant Analysis (70 %).
6- Both LDA and MLR models explained that all 11 independent variables that used in
the analysis are significant.
5.3 Recommendations
According to the conclusion reported above we may recommend the followings:
1- With respect to LDA, the main assumptions of LDA had to be tested. The first
is that the multivariate normality, and homogeneity of covariance matrices,
when these assumptions are met, discriminant function analysis more powerful
and efficient analytic strategy.
2- Regarding the use of MLR,

this

model

seems

suitable

to

be

used

for

classification problem in cases for which the variables do not have multivariate
normal distributions, nor equal variance within each group.
3- If one or more of the independent variables are very highly correlated with
another, you should remove one of them which doesn’t seem essential to your
model, and making sure that this variable is not important in predicting the
target variable, removing it may reduce or eliminate multicollinearity.
4- Using another statistical

models as Artificial Neural Networks (ANN) in

the

analysis of data of Standard of living is important because it contributes to
helping to solve many economic problems, in addition to their ability to provide
good classification and prediction, and identifying the most independent variable
importance on Standard of living for Palestinian household.
5- We recommend to use Multinomial Logistic Regression methods in classifying and
prediction technique in other fields, such as medical research, genetics research
and physics research.
6- Further research should be conducted that take into consideration the inclusion of
additional independent variables related to Standard of living to achieve a model
with higher rate of correct classification and less error rate.
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