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ABSTRACT
Multicollinearity is a significant problem in regression analysis and occurs in any situation
where at least two of the explanatory variables in a model are related to one another. The presence
of multicollinearity is problematic, as changes in the dependent variable cannot be accurately
attributed to individual explanatory variables. It can cause estimated coefficients to be
unstable and have high variances, and thus be potentially inaccurate and inappropriate to
take decisions or make policies. Due to this problem, many alternative methods have been
developed to solve the multicollinearity problem. The main objective of this study is to do a
comparative study experimentally between the ridge regression and staged logistic regression to
find the best method to remedy the multicollinearity problem. In this study, the two methods were
applied on the categorical data, and the data have been taken from the 2010 Armenia demographic
and health survey for 824 people about their knowledge on Human Immunodeficiency Virus /
Acquired Immune Deficiency Syndrome, the target group was the age group (15- 49) years for
both sexes. To confirm the results of the previous data we used quantitative data that were taken
from a national crime victimization survey in the United States of America, that administered to
persons age 12 or older from a nationally representative sample of households from 1973 to 2008.
We tested a set of hypothesis by using SPSS and R statistical software to determine significant
variables to construct and find the best model to remedy the multicollinearity problem. In
analyzing the categorical data about the knowledge of people on HIV/AIDS data, the results
showed that the staged logistic regression and ridge regression models removed the correlated
variables from the model. Thus we could not remedy the multicollinearity problem. In the analysis
of the quantitative crime data, the results showed that the staged logistic regression and ridge
regression methods can be used to remedy the multicollinearity problem, without deleting the
independent correlated variables of the model.
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الملخص
تعتبر مشكلة االرتباط المتعدد احدى المشاكل البارزة في تحليل االنحدار ,حيث يوجد ارتباط بين اثنين أو أكثر
من المتغيرات المستقلة في النموذج .هناك اشكالية في ظل وجود االرتباط المتعدد ,حيث أن أي تغيرات في
المتغير التابع ال يمكن أن تنسب بشكل دقيق للمتغيرات المستقلة الفردية ,فتصبح المعامالت المقدرة غير
مستقرة وذات تباين عال ,ولذلك تكون غير دقيقة وغير مناسبة التخاذ الق اررات واتخاذ السياسات .ونظ ار لوجود
هذه المشكلة تم تطوير العديد من الطرق البديلة لعالج مشكلة االرتباط المتعدد .ويتمثل الهدف الرئيسي من
هذه الدراسة في اجراء دراسة مقارنة بين انحدار ريدج واالنحدار اللوجستي المرحلي إليجاد أفضل طريقة لحل
مشكلة االرتباط المتعدد .وفي هذه الدراسة تم تطبيق طريقتين على البيانات الفئوية وقد تم أخذ البيانات من
المسح الديمغرافي والصحي لعام  2010في أرمينيا على  824شخصا بخصوص معرفتهم بفيروس نقص
المناعة البشرية  /االيدز ,وكانت الفئة العمرية المستهدفة ( )49 – 15سنة لكال الجنسين .للتأكد من نتائج
البيانات السابقة ,استخدمنا بيانات كمية تم أخذها من المسح الوطني لضحايا الجريمة في الواليات المتحدة
األمريكية على أشخاص أعمارهم  12سنة فأكثر ما بين عامي  .2008 – 1973تم اختبار مجموعة من
الفرضيات باستخدام البرامج االحصائية  SPSSو  ,Rلتحديد المتغيرات المعنوية ,لبناء وايجاد أفضل طريقة
لعالج مشكلة االرتباط المتعدد .وفي تحليل البيانات الفئوية حول معرفة الناس بفيروس نقص المناعة البشرية /
االيدز .أظهرت النتائج أن انحدار ريدج واالنحدار اللوجستي المرحلي حذفا المتغيرات المترابطة من النموذج,
وبالتالي فإننا لم نتوصل الى عالج لمشكلة االرتباط المتعدد ,وقد أظهرت نتائج تحليل بيانات الجريمة الكمية
أن طريقة انحدار ريدج واالنحدار اللوجستي المرحلي يمكن استخدامهما لعالج مشكلة االرتباط المتعدد ,دون
حذف المتغيرات المستقلة المترابطة في النموذج.
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Chapter 1
Introduction

1.1 General Background
One of the main problems in multiple regression models is two or more of the explanatory
variables in the sample are overlapping, and this overlapping indicates a multicollinearity
problem, Allison (2012) said that multicollinearity is a common problem when estimating linear
or generalized linear models, including LR and Cox regression. It occurs when there are high
correlations among predictor variables, leading to unreliable and unstable estimates of regression
coefficients, inaccurate effects on the least squares estimators, the regression coefficients, nonsignificant P-values and degrading the predictability of the multiple regression models. When
multicollinearity occurs, least squares estimates are unbiased, but their variances are large so they
may be far from the true value. Multicollinearity is a serious problem when we need to make
inferences or look for predictive models, so it is very important for us to find a better method to
deal with multicollinearity. There are many methods used to remedy multicollinearity, such as
model respecification, use of additional or new data, staged logistic regression (SLR) and ridge
regression (RR). The main objective of this study is to do a comparative experimental study
between the RR and SLR to find the best method to remedy the multicollinearity problem. Abd
El-Salam (2013) showed that RR is a technique to remedy multiple regression data that suffer
from multicollinearity by adding a degree of bias to the regression estimates, RR reduces the
standard errors. Adnan et al. (2006) said that RR is the modification of the least squares method
that allows biased estimators of the regression coefficients. Although the estimators are biased, the
bias is small enough for these estimators to be substantially more precise than unbiased estimators.
Therefore, these biased estimators are preferred over unbiased ones since they have a larger
probability of being close to the true parameter values. RR is a method by which one can
systematically introduce a small amount of bias and obtain more precise estimates. Pai (2009)
showed that LR is a statistical modeling technique for categorical data analysis that allows one to
predict dichotomous outcome. Chen (2009) considered that SLR involves separating the original
regression that is suffering from the multicollinearity into two or more distinct ones with each one
being free of the problem, instead of the usual way of performing the regression in one stage. We
did a comparison study between RR and SLR by using real data

from the 2010 Armenia

demographic and health survey regarding the knowledge of people about acquired immune
1

deficiency syndrome (AIDS) caused by a human immunodeficiency virus (HIV). To confirm the
results of the study of people knowledge on HIV/AIDS, we used another set of quantitative data
from a national crime victimization survey in the United States of America, that was administered
to persons age 12 or older from a nationally representative sample of households from 1973 to
2008.
1.2 Problem of the Study
Multicollinearity is a serious problem in many researches and studies when we need to make
inferences or look for predictive models. It produces undesirable and inaccurate effects on the
least squares estimators, the regression coefficients, non-significant P-values and degrading the
predictability of the multiple regression models. So the problem will be: How to find the best
method to remedy the multicollinearity?.

1.3 Objectives of the Study
It is important for us to find a better method to remedy the multicollinearity problem.
Therefore, the objectives of this study can be summarized as follows:


Compare and make deep discussions between the RR and SLR models .



Determine which model is appropriate to remedy the multicollinearity problem.

1.4 Importance of the Study
The importance of the study is to find the best model to remedy the multicollinearity
problem, whether RR or SLR. By solving the multicollinearity problem we can avoid the
following effects of multicollinearity:


High variance of coefficients which may reduce the precision of estimation.



The wrong sign that coefficients appear to have.



Estimates of coefficients may be sensitive to particular sets of sample data.



Some variables which may be dropped from the model although, they are important in the
population.



The coefficients which are sensitive to the presence of small number of inaccurate data
values.

1.5 Data of the Study
The 2010 Armenia demographic and health survey is a nationally representative survey
of 5,922 women and 1,584 men age 15-49. It was undertaken to provide estimates for key
population indicators and trends including knowledge of people on HIV/AIDS, for the period from
2

January 2005 to December 2010 in Armenia. We collected and analyzed data for 824 people about
knowledge of people on HIV/AIDS, with no missing value. Data included the following variables:
X1 : Can a person become infected by sharing food with a person who has HIV/AIDS.
X 2 : A healthy looking person can have HIV/AIDS.
X 3 : Can get HIV/AIDS transmitted by mosquito bites.
X 4 : Reduce risk of getting HIV/AIDS: have 1 sex partner only, who has no other partners.
X 5 : Reduce risk of getting HIV/AIDS: always use condoms during sex.
X 6 : HIV/AIDS transmitted during pregnancy.
X 7 : HIV/AIDS transmitted during delivery.
X 8 : HIV/AIDS transmitted by breastfeeding.
X 9 : Have heard of a Sexually Transmitted Infection (STI).
X10 : Toilet facilities shared with other households.
X11 : Type of cooking fuel.
X12 : Drugs to avoid HIV/AIDS transmission to baby during pregnancy.
Y : Have heard of HIV/AIDS.
Where X , s are independent variables and Y is dependent variable, it involves two categories (yes
or no).
To confirm the results of the study for people knowledge on HIV/AIDS, we used another set
of quantitative data from a survey of national crime victimization violent crime trends which
published by FBI's 2008, as crime report for the United States of America since 1973 to 2008. Our
data set is the number of victimization per 1,000 population age 12 years or older. Data include the
following variables:
Y : Total Violent Crime.
X1 : Rape.
X 2 : Robbery.
X 3 : Aggravated Assault.
X 4 : Simple Assault.

3

1.6 Methodology of the Study
The methodology of the study will be divided into two parts:
 Part I: This part will cover the theoretical aspect of the methods used in the analysis, SLR
and RR.
 Part II: This part will serve as a case study for application of SLR and RR models on the
data available to document and choose the best model from which to solve the
multicollinearity problem, using statistical package for social sciences (SPSS) and R
statistical software.
1.7 Literature Review
In this section, we will discuss briefly some previous studies that had been conducted to use
of the RR model and SLR model as a remedy of multicollinearity problem.

Abrams (2007) said in his article about regression, that regression analysis is used to predict a
continuous dependent variable from a number of independent variables. If the dependent variable
is dichotomous, then LR should be used, where LR is a popular method to binary model data. The
independent variables used in regression can be either continuous or dichotomous. Independent
variables with more than two levels can also be used in regression analyses, but they first must be
converted into variables that have only two levels. This is called dummy coding. One point to
keep in mind with regression analysis is that causal relationships among the variables cannot be
determined. While the terminology is such that we say that X "predicts" Y, we cannot say that X
"causes" Y.
O’BRIEN (2007) said in his study named "A Caution Regarding Rules of Thumb for Variance
Inflation Factors", that the Variance Inflation Factor (VIF) and tolerance are both widely used
measures of the degree of multicollinearity of the ith independent variable with the other
independent variables in a regression model. Unfortunately, several rules of thumb – most
commonly the rule of 10 – associated with VIF are regarded by many practitioners as a sign of
severe or serious multi-collinearity (this rule appears in both scholarly articles and advanced
statistical textbooks). When VIF reaches these threshold values researchers often attempt to reduce
the collinearity by eliminating one or more variables from their analysis; using RR to analyze their
data; or combining two or more independent variables into a single index. Not uncommonly a VIF
of 10 or even one as low as 4 (equivalent to a tolerance level of 0.10 or 0.25) have been used as
rules of thumb to indicate excessive or serious multicollinearity.
4

Shen and Gao (2008) said in their study named "A Solution to Separation and Multicollinearity in
Multiple Logistic Regression", that multicollinearity can cause unstable estimates and inaccurate
variances which affects confidence intervals and hypothesis tests and separation in LR frequently
occurs when the binary outcome variable can be perfectly separated by a single covariate or by
combination of the covariates. They added the RR method to LR for improving parameter
estimates and decreasing prediction errors. They demonstrated with simulation results that the
double penalized estimator achieves minimum mean squared error (MSE) at the expense of
tolerable amount of bias in small to moderate samples. Most importantly, the double penalized
estimation approach yields viable estimates in cases which maximum likelihood estimates do not,
therefore providing an attractive alternative to maximum likelihood estimator in LR when a large
number of covariates have to be considered. Also they acknowledged that the double penalized
approach can be applied to any generalized linear interactive modeling though they focused on
their discussion in LR model.
Chen (2009) considered in his study named "Staged Regressions as a Remedy to the
Multicollinearity Problem", that multicollinearity is a long-standing and common difficulty in
regression. He proposed a remedy by separating the original regression that is suffering from the
multicollinearity into two or more distinct ones with each one being free of the problem. Since in
each stage multicollinearity doesn’t exist, the problem is solved. As a justification and a side
contribution, he showed that the true coefficients are not unique under multicollinearity and hence
the “variable-omission bias” is not really a bias. Additionally, he developed a three-stage approach
to apply the staged regression method in logistic models, which can also serve as a means to
transform a LR into a linear one. He found that the staged regression approach makes a decisive
contribution by providing a set of precisely estimated coefficients that are interpretable under
multicollinearity.
El-Dereny and Rashwan (2011) referred in their study named "Solving Multicollinearity Problem
Using Ridge Regression Models", to the multicollinearity problem, methods of detecting of this
problem and effect on a result of multiple regression model. Also, they employed many RR
methods including ordinary ridge regression, generalized ridge regression, and directed ridge
regression. They discussed the properties of RR estimators and methods of selecting biased RR
parameter. They performed data simulation so as to compare between methods of RR and ordinary
least squares Method. According to a results of their study, they found that all methods of RR are
better than ordinary least squares method when the multicollinearity is exist. In addition, the study
developed a number of RR models on the basis of standard deviation, Mean Squared Error
5

and R2 for each model’s estimators to tackle this problem. The RR models were then compared
with OLS methods based on simulations of data. When multicollinearity exists and the finest
model is the GRR model, all RR models proved to outperform the OLS model owing to the
smaller MSE values of estimators, smaller standard deviations for most estimators and
greater R2 values of the former than the latter models
EL-Habil and Almghari (2011) considered in their article about "Remedy of Multicollinearity
Using Ridge Regression", that the multicollinearity as the extreme problem for a regression
models, because it violates the assumptions of the model that is the explanatory variables should
be independent. Multicollinearity can cause a serious problem in estimation and prediction,
increasing the variance of least squares of the regression coefficients and tending to produce least
squares estimates that are too large in absolute value. Theoretically, they considered that there are
two types of multicollinearity; these types are partial multicollinearity and perfect
multicollinearity or full multicollinearity. They used a RR and R package on real data to solve the
multicollinearity problem, they showed that by using the RR, they got the new estimates of the
new model without omitting any of the explanatory variables.
Midi et al. (2013) said in their article named "Collinearity Diagnostics of

Binary Logistic

Regression Model", that the multicollinearity as a statistical phenomenon in which predictor
variables in a LR model are highly correlated. They said that multicollinearity can cause unstable
estimates and inaccurate variances which affects confidence intervals and hypothesis tests. The
existence of collinearity inflates the variances of the parameter estimates, and consequently
incorrect inferences about relationships between explanatory and response variables. Beside
examining the correlation matrix to detect multicollinearity, they proposed that much better
diagnostics are produced by linear regression with the option tolerance, VIF, condition indices and
variance proportions. For moderate to large sample sizes, the approach to drop one of the
correlated variables was established entirely satisfactory to reduce multicollinearity. On the light
of different collinearity diagnostics, they concluded that without increasing sample size, the
second choice to omit one of the correlated variables can reduce multicollinearity to a great extent.
Abd El-Salam (2013) focused in his article named "The Efficiency of Some Robust Ridge
Regression for Handling Multicollinearity and Non-Normal Errors Problems", on problems in
multiple regression models as; multicollinearity and non-normal errors, which produce undesirable
effects on the least squares estimators. So, it would seem important to combine methods of
estimation designed to deal with these problems. He did a comparative investigation
experimentally for some different estimation methods, which namely the ordinary least squares,
6

RR, ridge least absolute deviation, weighted ridge, Robust M and robust RR based on Mestimation. From a simulation study, the resulting robust RR estimator is efficient than other
estimators, using the MSE criterion for many combinations of error distribution and degree of
multicollinearity.
Adeboye et al. (2014) said in their research named "Estimation of the Effect of Multicollinearity
on the Standard Error for Regression Coefficients ", that in multiple regressions, the VIF is used as
an indicator of multicollinearity. Computationally, it is defined as the reciprocal of tolerance: 1/(1R2 ). Researchers desire lower levels of VIF, as higher levels of VIF are known to affect adversely
the result associated with a multiple regression analyses. In fact, the utility of VIF, as distinct from
tolerance is that VIF specifically indicates the magnitude of the inflation in the standard errors
associated with a particular beta weight that is due to multicollinearity. VIF of over 2.50 start to
indicate relatively high levels of multicollinearity.
Crossman (2015) considered in his article about LR, that the LR is a common statistical technique
used in sociological studies. It provides a method for modeling a binary response variable, which
takes values 0 and 1. LR is very similar to linear regression, however linear regression uses a
continuous variable as the dependent variable in the model. In LR, the dependent variable is
binary. He gave an example, if you were interested in looking at how race/ethnicity, education,
and gender predicted respondents’ answers to a yes/no survey question, LR would be a great
method to use. Keep in mind that while the dependent variable is always binary, the independent,
or predictor variables can be either numerical or categorical.
Through the previous literature review we concluded that, regression analysis is used to
predict of dependent variable from a number of independent variables. We use LR when the
dependent variable is dichotomous. The multicollinearity as the extreme problem for a regression
models, it can cause unstable estimates and inaccurate variances which affects confidence
intervals and hypothesis tests, and to remedy this problem we can use the RR and SLR method,
where RR gives the new estimates of the new model without multicollinearity or omitting any of
the explanatory variables, and SLR works on separation the original regression that is suffering
from the multicollinearity into two or more distinct ones with each one being free of the problem.
We Diagnose the multicollinearity problem through indices VIF and tolerance, where VIF of over
2.50 and tolerance under 0.10 start to indicate relatively high levels of multicollinearity.

From the previous literature Abrams (2007) and Crossman (2015) they agreed to in the LR
the dependent variable is binary or dichotomous and the independent variables are continuous or
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dichotomous, O’BRIEN (2007), Midi et al. (2013) and Adeboye et al. (2014) they agreed to that
the VIF and the tolerance are both widely used measures of the degree of multicollinearity of the
ith independent variable with the other independent variables in a regression model, Shen and Gao
(2008), Chen (2009), EL-Habil and Almghari (2011), Midi et al. (2013), and Abd El-Salam
(2013), all of them agreed that the multicollinearity is a long-standing and common difficulty in
regression, multicollinearity can cause a serious problem in estimation and prediction, increasing
the variance of least squares of the regression coefficients and tending to produce least squares
estimates that are too large in absolute value, and they said that multicollinearity can cause
unstable estimates and inaccurate variances which affects confidence intervals and hypothesis
tests, finally EL-Habil and Almghari (2011) and Abd El-Salam (2013) they agreed to use the RR
in a remedy of multicollinearity problem. Chen (2009) said that we can use SLR to remedy the
multicollinearity problem.

1.8 Organization of the Study
The study is divided into five chapters:
In chapter 1, we started with a general background, problem, objectives, the data, methodology,
Literature review and organization of the study have been clarified.

In chapter 2, we will give introduction about regression analysis, types of regression, assumptions
of regression, estimation of regression parameters, problems of regression, types of
multicollinearity, how to detect multicollinearity, effects of multicollinearity, and multicollinearity
in categorical variables.

In chapter 3, we will discuss the LR, SLR, and RR, as well as their uses, statistical testing for
regression, methods of remedies multicollinearity problem, and comparison between RR and SLR.

In chapter 4, we will apply SPSS and R program on real data, and discuss the results to find the
best model to remedy the multicollinearity problem.

In Chapter 5, we will present the conclusion and recommendations.
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Chapter 2

Regression and Multicollinearity
2.1 Introduction
Regression analysis examines the relationship between a dependent variable Y and one or
more independent variables X1 ,X2 ,X3 ,…,Xp . Such an analysis assumes the use of a model with a
specified set of independent variables. But in many cases we do not know exactly what variables
should be included in a model. Hence, one may propose an initial model, often containing a large
number of independent variables, and proceed with a statistical analysis aiming at revealing the
correct model. The inclusion of a large number of variables in a regression model often results in
multicollinearity. The term multicollinearity refers to high correlation among the independent
variables. This occurs when too many variables have been put into the model and a number of
different variables measure similar phenomena. The existence of multicollinearity affects the
estimation of the model as well as the interpretation of the results (Web1). In this chapter we are
going to give a brief description, the types, assumptions, and problems in regression.

2.2 Regression
Regression models are statistical techniques to determine the relationship between two or
more variables in the equation to estimate its parameters and widely used in various fields of
sciences. Regression models are primarily used for prediction and causal inference and its provide
the scientist with a powerful tool, allowing predictions about past, present, or future events to be
made with information about past or present events. The scientist employs these models either
because it is less expensive in terms of time and/or money to collect the information to make the
predictions than to collect the information about the event itself, or, more likely, because the event
to be predicted will occur in some future time Stockburger (1996).

Numerous forms of regression have been developed to predict the values of a wide variety
of outcome measures. Since the focus of regression modeling is on the response variable, the type
of regression you use will be dictated by the type of response variable you are analyzing and by
your eventual analytic goal. Zulkifli et al. (2012) mentioned that there are many types of
regression models such as linear regression, and nonlinear regression.
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2.2.1 Linear Regression
Linear regression model may be simple (when the model contains only one independent
variable, Xi ) or multiple (when the model contains two or more explanatory variables
X1 ,X2 ,X3 ,…,Xn ). Simple linear regression is the most commonly used technique for determining
how one variable of interest (the response variable) is affected by changes in another variable (the
explanatory variable), where simple linear regression uses only one independent variable, and it
describes the relationship between the independent variable and dependent variable as a straight
line (Web2). Zulkifli et al. (2012) said that the purpose of simple linear regression analysis is to
evaluate the relative impact of a predictor variable on a particular outcome. The term linear means
that the regression parameters βo and β1 enter the model in a linear fashion. Thus the expression
y = a+ b𝑥 2 + ei is a linear model even though the relationship between y and x is quadratic. A
simple linear regression model is expressed as:
y = a + b𝑥+ ei

(2.1)

Where,

b=

∑( y−Y)(x−X)
∑(x−X)2

and

a = y − bx

Where y is dependent variable, a is the intercept (or constant), b is the slope of the regression line,
𝑥 is independent variable, where is variable that we are using to predict y, and the random error
term ei is assumed to be uncorrelated, normally distributed, with a mean of 0 and constant
variance ei ∼N (0,σ2 ).

The other type for linear regression is multiple linear regression, where Tranmer and Elliot
(2008) showed that in multiple linear regression, there are p explanatory variables, and the
relationship between the dependent variable and the explanatory variables is represented by the
following equation:
Yi = β0 + β1 x1i + β2 x2i + ………… + βp xpi + εi

(2.2)

where β0 is the constant term, β1 to βp are the coefficients relating the p explanatory variables,
and εi is a random error. The general purpose of multiple linear regression is to learn more about
the relationship between several independent or predictor variables and a dependent variable. So,
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multiple linear regression can be thought of an extension of simple linear regression, where there
are p explanatory variables, or simple linear regression can be thought of as a special case of
multiple linear regression, where p=1. The term ‘linear’ is used because in multiple linear
regression we assume that y is directly related to a linear combination of the explanatory variables.
2.2.2 Nonlinear Regression
Smyth (2002) believed that the basic idea of nonlinear regression is the same as that of
linear regression, namely to relate a response Y to a vector of predictor variables x
=(x1 , x2 , … . . , xk )T . Nonlinear regression characterized by the fact that the prediction equation
depends non linearly on one or more unknown parameters. Nonlinear regression usually arises
when there are physical reasons for believing that the relationship between the response and the
predictors follows a particular functional form, where a nonlinear model assumes the relationships
between variables are represented by curved lines. A nonlinear regression model has the form:
Yi = f (xi , θ) + εi ,

i = 1, 2,…, n

(2.3)

where Yi are responses, f is a known function of the covariate vector xi = (xi1 , xi2 , … . . , xik )T and
the parameter vector θ = (θ 1 , θ 2 , … . . , θ p )T , and εi are random errors.

In addition to other types of linear and non-linear regression such that, stepwise regression,
LR, SLR, exponential regression and RR. Where Agresti (2007) explained that LR is the most
important model for categorical response data. It is used increasingly in a wide variety of
applications. Early uses were in biomedical studies but the past 20 years have also seen much use
in social science research and marketing. Recently, LR has become a popular tool in business
applications. Hosmer et al. (2008) said that LR is used to analyze relationships between a
dichotomous dependent variable and metric or dichotomous independent variables. LR combines
the independent variables to estimate the probability that a particular event will occur, i.e. a
subject will be a member of one of the groups defined by the dichotomous dependent variable. LR
doesn’t make any assumptions of normality, linearity, and homogeneity of variance for the
independent variables. Because it doesn’t impose these requirements, it is preferred to
discriminate analysis when the data doesn’t satisfy these assumptions.

Chen (2009) said that the staged regression method remedies the multicollinearity problem
by separating the original regression into two or more distinct stages with each stage being free of
the problem. It can be viewed as a supplementary process to the dropping variable or short11

regression approach. He showed that the true coefficients are not unique under multicollinearity
and hence the “variable-omission bias” is not really a bias. Also, he developed a three stage
approach to apply the staged regression method in logistic models, which can also serve as a
means to transform a logistic regression into a linear one.

Adnan et al. (2006) said that RR is the modification of the least squares method that allow
biased estimators of the regression coefficients. Although they estimators are biased, the biases are
small enough for these estimators to be substantially more precise than unbiased estimators.
Therefore, these biased estimators are preferred over unbiased ones since they will have a larger
probability of being close to the true parameter values. RR is a method by which one can
systematically introduce a small amount of bias and obtain more precise estimates.
2.3 Assumptions of Regression
Regression includes a set of assumptions, including: number of cases, missing data,
normality, linearity, outliers, and homoscedasticity.

Ramana (2014) explained that when doing regression, the cases to independent variables
ratio should ideally be 20:1; that is 20 cases for every independent variable in the model. Also he
mentioned that the lowest and acceptable ratio of cases to independent variable may be 5 cases for
every independent variable. He said that to have accurate data, you should at least check the
minimum and maximum value for each variable to ensure that all values for each variable are
"valid". For example, a variable that is measured using a 1 to 5 scale should not have a value of 8,
so a data values must be the right value and must be represented in a consistent and unambiguous
form.

Khelifa (2013) mentioned that you should look for the missing data from where, if some
variables have a lot of missing values, you may not want to include those variables in the analysis
if possible, if only a few cases have missing values, then delete those cases, he said that if there
are missing values for several cases on different variables, then retain those cases to avoid data
loss, and if there are not too much missing data, and you are satisfied that the missing data are
random (there is no pattern in terms of what is missing), then there should be no worry. Schlomer
et al. (2010) said that experts have not reached a consensus regarding the percentage of missing
data that becomes problematic. One of them recommended 5% as the cutoff. However, another
suggested that when more than 10% of data is missing, statistical analyses are likely to be biased;
and others have used 20%.
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Abrams (2007) clarified that, we can construct histograms, boxplot, normal probability
plot (normal Q-Q plot) to check the data for normally distribution. In addition to a graphic
examination of the data, also we can statistically examine the data's normality. Specifically,
statistical programs such as SPSS will calculate the skewness and kurtosis for each variable. Also
the researcher explained linearity as assumption in regression analysis and defined the linearity as
a straight line relationship between the independent variables and the dependent variable. This
assumption is important because regression analysis only tests for a linear relationship between the
independent variables and the dependent variable. Any nonlinear relationship between the
independent variable and dependent variable is ignored. He discussed that we can test for linearity
between an independent variable and the dependent variable by looking at a bivariate scatterplot,
if the two variables are linearly related, the scatterplot will be oval.

Other assumptions of regression an outliers where are points that fall away from the cloud
of observations points, an outlier may be due to variability in the measurement or it may indicate
experimental error, univariate outliers can simply be identified by considering the distributions of
individual variables by using boxplots, but multivariate outliers can be detected from residual
scatter plots. Where Abdel-Salam (2008) mentioned that outliers can distort the regression results.
When an outlier is included in the analysis, it pulls the regression line towards itself. This can
result in a solution that is more accurate for the outlier, but less accurate for all of the other cases
in the data set, where is removing an outlier or adjusted to minimize the impact, then may improve
the distribution of a variable, or data transformation may reduce an outlier, outliers are important
because they can change the results of our data analysis.

For improving the normality of variables and solving problems about outliers there are a
great variety of possible data transformations including: square root and logarithmic
transformation of the data to be transformed should not be have zeros or negative numbers, and
one can take logarithm with base 10 or e, where square root and logarithmic transformation
reduces positive skew. Inverse or reciprocal transformation is used to normalize absolutely skewed
data. To avoid zeros in the above three operations small constant c may be added to all the
observations of the concerned column before applying the transformation. Power transformation is
the most common type of transformation useful for biological data and it is useful for negative
skewness. The arcsine transformation is useful when data are proportions between 0 and 1 or
percentages between 0% and 100%, which expresses the value of Y in degrees is obtained through
use of the equation Y= arcsin √X, where X will be a proportion between 0 and 1. This means that,
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the arcsine transformation requires two steps, first, obtain the square root of x, and second, by
using calculator, find the angle whose sine equal this value (Web3).

Steyn (2013) suggested that the dependent variable has an equal level of variability around
the regression line for each of the values of the independent variables, and homoscedasticity is
facilitates analysis because most methods are based on the assumption of equal variance, this
assumption is checked using residual diagnostic plots, it applies to independent variables at all
three measurement levels, the methods that we will use to evaluation homoscedasticity requires
that the independent variable be non-metric (nominal or ordinal) and the dependent variable be
metric (scale or ratio/interval).

2.4 Estimation of Regression Parameters
Kutner et al. (2005) showed that estimation of the parameters of a nonlinear regression
model is usually carried out by the method of least squares or the method of maximum likelihood,
just as for linear regression models. However, it is generally not possible to find analytical
expressions for the least squares and maximum likelihood estimators for nonlinear regression
models. Instead, numerical search procedures must be used with both of these estimation
procedures, requiring intensive computations. The analysis of nonlinear regression models is
therefore usually carried out by utilizing standard computer software programs. But according to
Kramarz and Visser (2012). We can estimate coefficients of linear regression model by computing
β1 and β0 :
n

̅

̅

̂1 = ∑i=1n(Yi − Y)(Xi −2 X)
B
̅)
∑ (X − X
i=1

i

̂0 = ̅
̂1 ̅
B
Y− B
X

(2.4)

(2.5)

2.5 Problems of Regression
The researchers may face a range of problems in the construction of the regression model,
that may affect the results of estimates and tests may render the regression result uselessly
incorrect such as: multicollinearity, heteroscedasticity and autocorrelation. Where the occurrence
of several independent variables in a multiple regression model are closely correlated to one
another. Multicollinearity can cause strange results when attempting to study how well individual
independent variables contribute to an understanding of the dependent variable. In general,
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multicollinearity can cause wide confidence intervals and strange P-values for independent
variables (Web4).

Heteroscedasticity is having different variances, where is not having any variable whose
variance is the same for all values of the other or others, and is also having different variances for
different values of the others in a multivariate distribution. Ayyangar (2007) showed that
heteroscedasticity occurs when the error variance is not homogenous. Winters (2014) confirmed
that heteroscedasticity is uneven distribution of the errors around the regression line, when there is
heteroscedasticity ordinary least squares (OLS) estimates no longer offer the minimum variance in
the estimated error, and OLS underestimates the variance and the standard errors of the
coefficients, this leads to erroneously high t ratios. Put simply, is detected heterogeneity through
plot the residuals against the predicted value and look for patterns in the graph.

Vogiatzi (2002) showed that if the OLS assumption the variance of the error term is constant for
all values of the independent variables doesn’t hold, we face the problem of heteroscedasticity.
This leads to unbiased but inefficient (ie, larger than minimum variance) estimates of the standard
errors (and thus, incorrect statistical tests confidence intervals), it also indicates heteroscedasticity
to the case in which the variance of the error term is not constant for all values of the independent
variable. BIRĂU (2012) showed that sometimes the researcher wish to verify if more than one
variable is proportionality factor in the heteroscedasticity process, in these situations it is
preferable to consider the Breusch Pagan test or the White’s general heteroscedasticity test, there
are also multiple econometric tests to detect the problem of heteroscedasticity such as: Glesjer LM
test, Harvey-Godfrey LM test, Park LM test and Goldfeld-Quand test.

Pimentel and Lima (2010) said that autocorrelation problem is the tendency for
observations made at adjacent time points to be related to one another in the past. According to
Lee and Brodziak (2011) opinion that autocorrelation refers to the correlation of a time series with
its own past and future values, where the problem begins autocorrelation in time series data.
Autocorrelation is also sometimes called “lagged correlation” or “serial correlation”, which refers
to the correlation between members of a series of numbers arranged in time. There are two types
for autocorrelation: positive and negative autocorrelation, where Simon (2010) said that negative
autocorrelation is a violation of independence but it is generally less worrisome because (a) it
seems to appear less frequently than positive autocorrelation, and (b) it actually produces greater
precision in the average than an independent series would.
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2.6 Multicollinearity
Multicollinearity (or collinearity) is the undesirable situation where the correlations among
the independent variables are strong. Vogiatzi (2002) and Pedace (2014) showed that
multicollinearity problem refer to the existence of linear relationships between two or more
explanatory variables in the regression model are highly correlated. Multicollinearity can cause
unstable estimates and inaccurate variances which affects confidence intervals and hypothesis
tests. The existence of collinearity inflates the variances of the parameter estimates, and
consequently incorrect inferences about relationships between explanatory variables. Voss (2004)
indicated that when conducting researches and studies that require the use of multiple regression
model, the researchers must review the model in terms the existence of a case of linear relations
multiplicity between the independent variables, whether the multiplicity partially or fully.

Gorgees and Ali (2013) said that we have two sources of multicollinearity, one of them
data collection, where in this case the data have been collected from a narrow subspace of the
explanatory variable. The multicollinearity has been created by the sampling methodology and
doesn’t exist in the population. Obtaining more data on an expanded range would cure this
multicollinearity problem. And the other one physical constraints on the linear model or
population. This source will exist no matter what sampling technique is used. Many
manufacturing or service processes have constraints on explanatory variables (as to their
range),either physically, politically, or legally which will create multicollinearity moreover
extreme values or outliers in the X space can cause multicollinearity.
2.6.1 Types of Multicollinearity
Theoretically, Pedace (2014) said that there is two types of multicollinearity exist, perfect
multicollinearity and high multicollinearity. Where perfect multicollinearity occurs when two or
more independent variables in a regression model exhibit a deterministic (perfectly predictable or
containing no randomness) linear relationship. When perfectly collinear variables are included as
independent variables, you can’t use the OLS technique to estimate the value of the parameters.
But in high multicollinearity results from a linear relationship between your independent variables
with a high degree of correlation but aren’t completely deterministic (in other words, they don’t
have perfect correlation). It’s much more common than its perfect counterpart.

In practice, perfect multicollinearity is uncommon and can be avoided with careful
attention to the model’s independent variables. However, high multicollinearity is quite common
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and can create severe estimation problems, they’re typically referring to high multicollinearity
rather than perfect multicollinearity.
2.6.2 Detection of Multicollinearity
El-Dereny and Rashwan (2011) said that there are many methods used to detect
multicollinearity, among these methods; compute the correlation matrix of predictors variables,
Eigen structure, VIF and tolerance. They mentioned that the compute the correlation matrix of
predictors variables method is easy, but it cannot produce a clear estimate of the rate (degree) of
multicollinearity, also correlation coefficient between these two variables will be near to unity,
thus remove one of the two correlated predictors from the model. Whereas Eigen structure of x ′ x,
let λ1 , λ2 , λ3 , ………. , λp be the Eigenvalues of x ′ x (in correlation form). When one or more of
the Eigenvalues will be small (near to zero), then multicollinearity is exist.

Adeboye et al. (2014) said that VIF is an index which measures how much variance of an
estimated regression coefficient is increased because of multicollinearity, if any of the VIF values
over 2.50 start to indicate relatively high levels of multicollinearity. Heckman (2015) said that we
can interpret VIF values on a scale 1 is not correlated, 1 to 5 is moderately correlated, and 5-10 is
starting to show strong correlation . According to opinion Joshi et al. (2012) we can be calculated
the VIF for each predictor xj as follows:
1

VIFj = 1− R2

,

j

for j = 1,2, ….. ,p-1

(2.6)

where R2j is the coefficient of determination of the model that includes all predictors except the jth
predictor, p is the number of predictor variables, where VIF = 1 when R2j = o, i.e. when jth
variable is not linearly related to the other predictor variables. But VIF →∞ when R2j →1, i.e.
when jth variable is linearly related to the other predictor variables. EL-Habil and Almghari
(2011) said that we detect the multicollinearity by examining a quality called tolerance which
1

equals VIF = 1 − R j 2 and the tolerance in multicollinearity should be small.
Also Rabayah (2014) showed that R2j is one of the most important tools in statistics which
is widely used in data analysis in economics, physics, chemistry and many more fields. R2j allows
us to forecast or predict the possible outcomes and possible variability in data. Coefficient of
determination is denoted by r 2 or sometimes by R2 . It is simply explained as the square of r which
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is correlation coefficient. The value of R2 lies between 0 and 1. The higher the value of r 2 , the
better the prediction becomes.
When R2 equals 0, it means that the dependent variable cannot be predicted from the
independent variable, and the estimated regression line is perfectly horizontal. When R2 equals 1,
it means the dependent variable can be predicted without error from the independent variable, and
all of the data points fall perfectly on the regression line. When R2 between 0 and 1 indicates the
extent to which the dependent variable is predictable. When R2 equals 0.10, it means that 10
percent of the variance in Y is predictable from X; and when R2 equals 0.20, it means that 20
percent is predictable; and so on (Web 5).
Kramarz and Visser (2012) said that the formula for R2 is given below :
R2 =

SSR

SSE

= 1 − SST
SST

(2.7)

Where SSR is the sum of squared regression and equals ∑i(ŷi − y̅)2 , SSE is the sum of
squared error and equals ∑i(yi − ŷi )2 , and SST is the sum of squared total and equals ∑i(yi −
y̅)2 . Whereas yi is individual observations of y, ŷi is the predicted y, y̅ the mean of y.
2.6.3 Multicollinearity Problem in Categorical Variables
Categorical variable is also known as qualitative variable in which data falls into categories
(sometimes called a nominal variable) is one that has two or more categories, but there is no
intrinsic ordering to the categories. For example, gender is a categorical variable having two
categories (male and female) and there is no intrinsic ordering to the categories. Hair color is also
a categorical variable having a number of categories (blonde, brown, brunette, red, etc.), where
there is no agreed way to order these from highest to lowest. A purely categorical variable is one
that simply allows you to assign categories but you cannot clearly order the variables (Web 6).

Wissmann et al. (2007) said that the problem of multicollinearity has remain the center of
attraction in the literature of linear regression analysis for a long time. The presence of
multicollinearity in the data is a numerical issue as well as a statistical issue, It is a statistical issue
because it inflates the variance of ordinary least squares estimator and a numerical issue in the
sense that the small errors in input may cause large errors in the output. Regression analysis is
used when the independent variables are associated with the dependent variable. Independent
variables may be either continuous or categorical. In the latter case symbolizes these variables as a
dummy variable. In contrast, the dependent variable should be quantitative variable. Use of
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categorical variable as explanatory variable is a popular strategy in regression analysis in many
applications when the data is qualitative in nature as in the study data. The tools of regression
analysis are applied by indicating the categories of qualitative categorical variable through dummy
variables. In linear regression analysis, the dummy variables can also play an important role as a
possible source for multicollinearity. The tools of regression analysis are applied by indicating the
categories of qualitative categorical variable through dummy variables. Use of dummy variables in
regression analysis has its own advantages but the outcome and interpretation may not be exactly
same as in the case of quantitative continuous explanatory variable.

Allison (2012) said that, the variables with high VIFs are indicator (dummy) variables that
represent a categorical variable with three or more categories. If the proportion of cases in the
reference category is small, the indicator variables will necessarily have high VIFs, even if the
categorical variable is not associated with other variables in the regression model.
2.6.4 Effects of Multicollinearity
El-Dereny and Rashwan (2011) showed that many of the effects resulting from the
multicollinearity and described as follow:


High variance of coefficients may reduce the precision of estimation.



Multicollinearity can result in coefficients appearing to have the wrong sign.



Estimates of coefficients may be sensitive to particular sets of sample data.



Some variables may be dropped from the model although they are important in the
population.



The coefficients are sensitive of to the presence of small number inaccurate data values.
Belaal (2011) and Konasani (2013) listed the effects multicollinearity as the following:



A high degree of multicollinearity can make it difficult to detect significant relationships.



Multicollinearity does not affect the consistency of the estimates of the regression
coefficients but estimates become extremely imprecise and unreliable.



It does not affect F-statistic.



The multicollinearity problem does not result in biased coefficient estimates; however,
standard errors of regression coefficients can increase, causing insignificant t-tests and
wide confidence intervals i.e. Type-II error increases.



Standard errors of the estimates tend to be large, this means large confidence intervals,
small observed test statistics.
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2.7 Summary
Chapter Two has provided a general description about regression models and
multicollinerity. Regression models are statistical techniques to determine the relationship
between two or more variables in the equation to estimate its parameters and is widely used in
various fields of science, and they are primarily used for prediction and causal inference. We
discussed linear and nonlinear regressions. Several assumptions for the data should be met in
order to apply a valid regression model including number of cases, missing data, normality,
linearity, outliers, and homoscedasticity. Estimation of the parameters of a nonlinear regression
model is usually carried out by the method of least squares or the method of maximum likelihood,
just as for linear regression models. We may face a range of problems in the construction of the
regression

model

such

as

multicollinearity,

heteroscedasticity

and

autocorrelation.

Multicollinearity is the undesirable situation where the correlations among the independent
variables are strong. Multicollinearity problem refers to the existence of linear relationships
between two or more explanatory variables in the regression model that are highly correlated. We
explained the two types of multicollinearity; perfect multicollinearity and high multicollinearity.
Multicollinearity is a matter of degree, not a matter of presence or absence. The higher the degree
of multicollinearity, the greater the likelihood of the disturbing consequences of multicollinearity.
Several techniques have been proposed for detecting multicollinearity including computing the
correlation matrix of predictors variables, Eigen structure, VIF and tolerance. VIF is the most
widely-used diagnostic method for multicollinearity. VIFs over 2.50 start to indicate relatively
high levels of multicollinearity. The presence of multicollinearity has a number of potentially
serious effects on the least-squares estimates of the regression coefficients. Multicollinearity can
create inaccurate estimates of the regression coefficients, inflate the standard errors of the
regression coefficients, deflate the partial t-tests for the regression coefficients, give false,
nonsignificant, p-values, and degrade the predictability of the model.

In the next chapter , we will clarify and discuss LR, SLR, and RR and describe the roles of
SLR and RR in the remedy of the multicollinearity.
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Chapter 3

Ridge and Staged Logistic Regression as Remedies for Multicollinearity Problem

3.1 Introduction
Multicollinearity is the extreme problem for a regression models, because it violates the
assumptions of the model where the explanatory variables should be independent, and it can cause
strange results when attempting to study how well individual independent variables contribute to
an understanding of the dependent variable. In general, multicollinearity can cause wide
confidence intervals and strange P-values for independent variables. When multicollinearity
occurs, least squares estimates are unbiased, but their variances are large so they may be far from
the true value. SLR and RR are methods to remedy the multicollinearity problem because they are
enables us to keep the independence of the explanatory variables.

3.2 Ridge Regression
The RR is the most common model in solving the multicollinearity problem, and it’s an
alternative to OLS. Abd El-Salam (2013) showed that RR is a technique for analyzing multiple
regression data that suffer from multicollinearity, where a common problems in multiple
regression models are multicollinearity and non-normal errors, which produce undesirable effects
on the least squares estimators. When multicollinearity occurs, least squares estimates are
unbiased, but their variances are large so they may be far from the true value. By adding a degree
of bias to the regression estimates, RR reduces the standard errors, it is hoped that the net effect
will be to give estimates that are more reliable.
Polhemus (2005) showed that RR is a method by which one can systematically introduce a
small amount of bias and obtain more precise estimates, but in this study, we take the initiative to
develop a more robust technique to remedy multicollinearity problem, we proposed combining the
RR and SLR.
Where Adnan et al. (2006) and Abd El-Salam (2013) suggested to use the MSE criterion for
many combinations of error distribution and degree of multicollinearity.

The assumptions are the same as those used in regular multiple regression: linearity,
constant variance (no outliers), and independence. Since RR doesn’t provide confidence limits,
normality need not be assumed (Web 7).
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3.2.1 Ridge Regression Estimators
Adnan et al. (2006) said that RR is developed by Hoerl and Kennard and this method is the
modification of the least squares method that allow biased estimators of the regression
coefficients. Although the estimators are biased, the biases are small enough for these estimators
to be substantially more precise than unbiased estimators. Therefore, these biased estimators are
preferred over unbiased ones since they will have a larger probability of being close to the true
parameter values. Akdeniz and Kaciranlar (2001) and Abd El-Salam (2013) considered the
following linear regression model:

Y = Xβ + e

(3.1)

where Y is an (n×1) vector of observations on the response (or dependent) variable, X is an (n×p)
model matrix of observations on p non-stochastic explanatory (or independent) variables, β is a
(p×1)vector of regression coefficients to be estimated, e is an (n×1) vector of disturbances with
expectation E(e)= 0 and dispersion matrix D(e)= σ2 In . Where Abd El-Salam (2013) showed that
the least squares estimator of β can be written as:
β̂LS = (X ′ X)−1 X ′ Y

(3.2)

This method gives unbiased and minimum variance among all unbiased linear estimators
provided that the errors are independent, identically and normally distributed. However, in the
presence of multicollinearity, the singularities present in (X ′ X) matrix and this ill-conditioned X
matrix can result in very poor estimates. The degree of multicollinearity is often indicated by
conditioned number (CN) of the matrix X or (X ′ X). CN is defined as the ratio of the largest
singular values of X to the smallest,
λ

CN (X) = λmax ≥ 1
min

(3.3)

where λ are the Eigenvalues of the matrix (X ′ X). Belsley et al. (1980) have empirically shown that
weak dependencies are linked to CN around 5 to 10, whereas moderate to strong relations are
linked to CN of 30 to 100. Hoerl and Kennard (1970) and El-Dereny and Rashwan (2011) showed
that adding a small constant to the diagonal of a matrix, will improve the conditioning of a matrix
as this would dramatically reduce its CN. The RR is defined as follows:
β̂ (K) = (X ′ X + KI)−1 X ′ y , K ≥0
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(3.4)

where I is the (p × p) identity matrix and K is the biasing constant (ridge parameter), note that if
K=0, the ridge estimator become as the OLS, and if all K , s are the same, the resulting estimators
are called the ordinary ridge estimators. Various methods for determining K value been introduced
in the literature such as described by Hoerl and Kennard (1970) and Gibbons (1981) as:
2

LS
̂ H = PS
K
̂
β′ β

(3.5)

LS LS

where
2
SLS
=

̂LS )′ (Y−Xβ
̂ LS )
(Y−Xβ
n−p

(3.6)

when K= 0, β̂ (k)= β̂LS , when K> 0, β̂ (k) is biased but more stable and precise, than least
squares estimator and when K→ ∞, β̂ (k) → 0.

3.2.2 Properties of Ordinary Ridge Regression Estimator
El-Dereny and Rashwan (2011) said that the RR estimator has several properties, which can
be summarized as follow:
- From equation (3.4), by taking expectation on both sides, then E(β̂ (K))= Ak β, where Ak =
[1 + K(X ′ X)−1 ]−1 and var (β̂ (K))= ̂
σ2 Ak (X ′ X)−1 A′k , so β̂ (K) is a biased estimator but
reduce the variance of the estimate.
- β̂ (K) is the coefficient vector with minimum length, this means that K> 0 always exists,
for which the squares length of β̂ from β on average. Thus the ridge estimate shrinks the
OLS estimate.
- Because β̂ (K)= [1 + K(X ′ X)−1 ]−1 β̂, the ridge estimator is a linear transformation of the
OLS.
- The sum of the squared residuals is an increasing function of K.
- The MSE of β̂ (K) is given by: MSE β̂ (K)= E[ (β̂ (K) − β)′ (β̂ (K) - β)]
=σ
̂2 trace[Ak (X ′ X)−1 A′k ] + β̂′ (I − Ak )′ (I - Ak )β̂
p

λ

i
=σ
̂2 ∑i=1 λ +k
+ K 2 β̂′ ( X ′ X + KI)−2 β̂

(3.7)

i

Note that, the first term of the right hand in equation (3.7) is the trace of the dispersion
matrix of the β̂ (K) and the second term is the square length of the bias vector.
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- From the previous property, we find that, for K> 0, the variance term is monotone
decreasing function of K and the squares bias is monotone increasing function of K.
Therefore the suitable choice if K is determined by striking a balance between two terms,
so we select K which achieved reduce in variance larger than the increase is bias.
- There always exists a K> 0, such that β̂ (K) has smaller MSE than β̂ , this means that
MSE(β̂ (K)) < MSE(β̂ ).
3.2.3 Choice of Ridge Parameter (K)
El-Dereny and Rashwan (2011) mentioned that the RR estimator doesn’t provide a unique
solution to the problem of multicollinearity but provides a family of solution. These solutions
depend on the value of K (the ridge biasing parameter). So there are many suggestions for
computing K can be summarized as follow:
- Ridge trace: A graphical method called ridge trace to select the value of the ridge
parameter K. This is a plot of the values of individual components of β̂ (K) against a range
of values of K (0 <K< 1). They select the minimum value of K for which all β̂ (K) become
stable and the wrong signs of same coefficients become the correct and also the residual
sum of square is not too large compared to its minimum at subjective way because
different persons can select different values of K even if are looking at the same ridge
trace. So, there are many other objective ways to calculate the ridge parameter.
- To select a single K value of all K i , this method is called the ordinary ridge estimator. The
2

̂ (HKB) = Pσ̂′ , where P is the number
K value by using this method can be computed by: K
̂ β
β
of predictor variables, σ
̂2 is the MSE by OLS, and ̂β is the vector of estimators by OLS.
̂2
Pσ

̂ (LW) = ′ ′
- Another method to compute the value of K: K
̂ X Xβ
̂
β
- K be selected as the solution to the following equation: β̂′ (k) ̂β(k) = β̂′ ̂β - σ
̂2 (X ′ X)−1
C2

- To select K by the solution of K in the equation: P = ∑Pi=1 (σ̂2 K−1 +i σ2 λ ) , where Ci is the ith
i

element of unstandardized uncorrelated components of β̂(K).
- Directed method with assumption that C= 2 in the case of the directed RR model.
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3.3 Staged Logistic Regression
Chen (2009) said that, The staged regression method remedies the multicollinearity
problem by separating the original regression into two or more distinct stages with each stage
being free of the problem. It can be viewed as a supplementary process to the dropping-variable or
short-regression approach: it first conducts a short regression as its primary regression, and then
re-captures the lost information with a secondary regression. The usual notion that a short
regression suffers the “variable-omission bias” is not really true because the true model has more
than one expression under multicollinearity, and the short regression generates unbiased
estimators for one of the expressions.

It is worth noting that while the staged regression is not new either as a concept or as a
technique its potential application on multicollinearity has been conventionally ignored which, in
turn, is likely because of the widely noted “variable-omission bias” that it undergoes. Chen (2009)
investigated the issue and show that the expression for the true model is not unique under
multicollinearity, and the “variable-omission bias” is in fact the difference between two alternative
true coefficients, rather than a bias. This analysis justifies the approach and provides meaningful
interpretation of the new estimators.

While it is known that linear combinations of the original coefficients can be estimated
with precision under multicollinearity (the Principle Component Analysis is an example),
meaningful interpretation of those linear combinations was, however, not available in all other
existing remedies. In this regard, the Staged Regression approach makes a decisive contribution by
providing a set of precisely estimated coefficients that are interpretable under multicollinearity.
3.4 Logistic Regression
Binomial (or binary) LR is a form of regression which is used when the dependent variable
is nominal and dichotomous and the independent variables are of any type. LR also called the
logistic model or logit model, where LR allows one to predict dichotomous outcome such as
presence/absence, success/failure, buy/don’t buy, and survive/die. Agresti (2007) considered the
most popular model for binary data is LR model. Pai (2009) showed that LR has expanded from
its origins in biomedical research to fields such as business and finance, engineering, marketing,
economics, and health planning. Also he said that the availability of sophisticated statistical
software and high speed computing facilities has further increased the utility of LR as an
important statistical tool. The focus of this chapter is on situations in which the outcome variable
is dichotomous, although extension of the techniques of LR analysis to outcomes with three or
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more categories (e.g., improved, same, or worse) is possible. Garson (2011) explored that the
logistic curve, illustrated below, is better for modeling binary dependent variables coded 0 or 1
because it comes closer to hugging the y=0 and y=1 points on the y axis. Even more, the logistic
function is bounded by 0 and 1, whereas the OLS regression function may predict values above 1
and below 0.

Figure(3.1): Logistic and linear regression model
Basic assumptions that must be met for LR include, according to Stoltzfus (2011) opinion
that a linear relationship between the logit of the independent variables and the dependent
variable, however, it doesn’t assume a liner relationship between the actual dependent and
independent variables, independence of errors, absence of multicollinearity, lack of strongly
influential outliers, additionally, there should be an adequate number of events per independent
variable to avoid an over fit model. Reliability of estimation declines when there are only a few
cases in a class, independent variables are not linear functions of each other, normal distribution is
not necessary or assumed for the dependent variable, homoscedasticity is not necessary for each
level of the independent variables, normally distributed errors is not assumed and the independent
variables need not be interval level.

According to Agresti (1996) the LR is part of a category of statistical models called
generalized linear models. This broad class of models includes ordinary regression and analysis of
variance, as well as multivariate statistics such as analysis of covariance and log linear regression.
Tabachnick and Fidell (1996) showed that the dependent variable in LR is usually dichotomous, in
binary LR models, is usually dichotomous, that is, the dependent variable can take the value 1
with a probability of success θ, or failure with the value 0 with probability 1-θ, this type of
variable is called a Bernoulli (or binary) variable, although not common, applications of LR have
also been extended to cases where the dependent variable is of more than two categories, known
as multinomial or polytomous LR. As mentioned previously, the independent or predictor
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variables in LR can take any form, that is, LR makes no assumption about the distribution of the
independent variables, they do not have to be normally distributed, linearly related or of equal
variance within each group, the relationship between the predictor and response variables is not a
linear function in LR, instead, the LR function is used, which is the logit transformation of θ:

θ(x) =

e(α+ β1 x1 + β2 x2 +⋯+βixi)
1+ e(α+ β1 x1 + β2 x2 +⋯+βixi)

0< θ < 1

(3.8)

where α is the constant of the equation, β is the coefficient of the predictor variables. An
alternative form of the LR equation is :
logit[θ (x)] = log [

θ (x)

] = α + β1 x1 + β2 x2 + ⋯ + βi xi

1− θ (x)

(3.9)

Agresti (2007) explained that LR is a statistical modeling technique designed for binary
response variables, for which the response outcome of each subject is a “success” or “failure”,
outcome has a binomial distribution. Binary data are the most common form of categorical data,
and the most popular model for binary data is LR model, and he emphasized that the LR Models
special case of generalized linear models, and called on these models sometimes models Logit,
used when we want to predict the existence of a particular trait or a particular phenomenon,
depending on the values of a variable or a set of independent variables related to the dependent
variable, where the dependent variable is a dichotomous and the independent variables are of any
type. Shen and Gao (2008) said that applied the RR method to LR to improve parameter estimates
and decrease prediction errors.
3.5 Goodness Of Fit Tests
The GOF measure the compatibility of a random sample with a theoretical probability
distribution function. In other words, these tests show how well the distribution you selected fits to
your data. Assessing GOF involves investigating how close the values predicted by the model are
to the observed values. Liu (2007) showed that the GOF or lack of fit tests are designed to
determine formally the adequacy or inadequacy of the fitted LR model. A poorly fitted model can
give biased or invalid conclusions on the statistical inference based on the fitted model. Therefore,
we must test the lack of fit of a model before we can use it to make statistic inferences.

Once a GOF model has been fitted to a given set of data, the adequacy of the model is examined
by overall GOF, area under the receiver operating characteristic curve, and examination of
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influential observations. The purpose of any overall GOF test is to determine whether the fitted
model adequately describes the observed outcome experience in the data Hosmer and Lemeshow
(2000). One concludes that a model fits if the differences between the observed and fitted values
are small and if there is no systematic contribution of the differences to the error structure of the
model. The current GOF can be roughly categorized into eight types: Pearson's Chi-Squared χ2 , Ttest statistics, Confidence Interval, Hosmer and Lemeshow tests, Akaike Information Criterion,
relation between R2 and AIC, Wald statistic test, and Deviance D.
3.5.1 Pearson's Chi-Squared 𝛘𝟐
In LR, there are various possible measures to compare the overall difference between the
observed and fitted values. Two of the most commonly used GOF measures, which are readily
available in commercial software, are the deviance and Pearson's chi-squared χ2 GOF test
statistics, a brief description of each both. Archer And Lemeshow (2006) said that pearson’s chisquared test is one such GOF test that examines the sum of the squared differences between the
observed and expected number of cases per covariate pattern divided by its standard error. In
traditional LR where n observations are independently sampled (i.e., there are no clusters), a
covariate pattern is defined to be a unique set of the xi ’s, where i = 1, . . . , n, and mk will represent
the number of subjects with the same covariate pattern where k= 1,....,K. Therefore, K represents
the number of unique covariate patterns. Let θ̂(xi ) (or expressed as θ̂i for the ith subject) be the
estimated probabilities, which are the same for all mk subjects in the same covariate pattern.
Likewise, yi represents the outcome for the ith subject, and yk represents the sum of the observed
outcomes in the k th covariate pattern. Then Pearson’s chi-squared GOF test for LR is expressed as
the sum of the squared Pearson’s residuals:
̂k )
(y − mk θ

χ2 = ∑Kk=1 m kθ̂

k k

(1− θk )

(3.10)

This test statistic is distributed approximately as χ2 with K− (p+1) degrees of freedom when mk π
̂k
is large for every k, where K is the number of covariate patterns and p is the number of
independent covariates in the model. Obviously, once some continuous variables are incorporated
into a LR model, the number of distinct covariate patterns can be approximately n, the total
sample size. Hence, Pearson's chi-squared test is not effective since mk θ̂k may be small for every
k when K ∼ n.
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3.5.2 T- test Statistics
The independent t-test, also called the two sample t-test or student's t-test, is an inferential
statistical test that determines whether there is a statistically significant difference between the
means in two unrelated groups. Every hypothesis test requires the analyst to state a null hypothesis
and an alternative hypothesis. The hypotheses are stated in such a way that they are mutually
exclusive. That is, if one is true, the other must be false; and vice versa.
Kutner et al. (2005) said that we are interested in drawing inferences about B1 , the slope of
regression line in model (2.1). At times, tests concerning B1 are of interest, particularly one of the
form:
H0 : B1 = 0
Ha : B1 ≠ 0
The reason for interest in testing whether or not B1 = 0 is that, when B1 = 0, there is no linear
association between Y and X, and the regression line is horizontal and that the means of the
probability distributions of Y are therefore all equal, namely:
E (Y) = B0 + (0) X = B0
For normal error regression model (2.1), the condition B1 =0 implies even more than no linear
association between Y and X. Since for this model all probability distributions of Y are normal
with constant variance, and since the means are equal when B1 =0, it follows that the probability
distributions of Y are identical when B1 =0. Thus, B1 =0 for the normal error model (2.1) implies
not only that there is no linear association between Y and X but also that there is no relation of any
type between Y and X, since the probability distributions of Y are then identical at all levels of X.
3.5.3 Confidence Interval
Easton and McColl (2013) mentioned that a confidence interval gives an estimated range
of values which is likely to include an unknown population parameter, the estimated range being
calculated from a given set of sample data. If independent samples are taken repeatedly from the
same population, and a confidence interval calculated for each sample, then a certain percentage
(confidence level) of the intervals will include the unknown population parameter. Confidence
intervals are usually calculated so that this percentage is 95%, but we can produce 90%, 99%,
99.9% (or whatever) confidence intervals for the unknown parameter.
The width of the confidence interval gives us some idea about how uncertain we are about
the unknown parameter. A very wide interval may indicate that more data should be collected
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before anything very definite can be said about the parameter. Confidence intervals are more
informative than the simple results of hypothesis tests (where we decide "reject H0 " or "don't
reject H0 ") since they provide a range of plausible values for the unknown parameter, where we
will reject H0 when zero doesn’t fall in the interval.
According to Kutner et al. (2005) that since ( b1 − B1 ) / s{b1 } follows a t distribution, we
can make the following probability statement:
α

P{t(2 ; n − 2 ) ≤ ( b1 − B1 ) / s{b1 } ≤ t(1 −

α
2

; n − 2)} = 1 – α

(3.11)

α

Here, t( ; n − 2 ) denotes the (α /2) 100 percentile of the t distribution with n − 2 degrees
2

of freedom. Because of the symmetry of the t distribution around its mean 0, it follows that:
α

t (2 ; n − 2 ) = − t(1 −

α
2

; n − 2)

(3.12)

Rearranging the inequalities in (3.11) and using (3.12), we obtain:
α

P{b1 − t (1 − 2 ; n − 2 ) s{b1 } ≤ B1 ≤ b1 + t(1 −

α
2

; n − 2)s{b1 } } = 1 – α

(3.13)

Since (3.13) holds for all possible values of B1 , the 1 – α confidence limits for B1 are:
α

b1 ± t (1 − 2 ; n − 2) s{b1 }
Where s2 {b1 } = ∑n

MSE

i=1(Xi −

SSE

, MSE = n−2 =
̅ )2
X

(3.14)

∑i(yi − y
̂i )2
n−2

To test the accept or reject H0 , we compare the tabulated t-test value (t) with the calculated
t-test value (t ∗ ), where (t ∗ ) =

b1

. If |t ∗ | ≤ t (1−α;n−2) , then we accept H0 , but |t ∗ | > 𝑡(1−α;n−2) ,

s{b1 }

2

2

then we reject H0 .
Types of regression coefficient tests: two-sided test and one-sided test, differs two-sided
test from one-sided test in hypothesis and confidence interval, where all of the above about twosided test, while one-sided test hypothesis is:
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H0 : B1 ≤ 0
Ha : B1 > 0
And one-sided test hypothesis confidence interval is:
b1 ± t (1 − α; n − 2) s{b1 }

(3.15)

b0 is Analogous b1 , while confidence interval is:
α

b0 ± t (1 − 2 ; n − 2) s{b0 }
1

Where s2 {b0 } = MSE (𝑛 +

𝑥̅ 2
∑n
i=1(Xi −

̅ )2
X

(3.16)

).

3.5.4 The Hosmer and Lemeshow Tests
The Hosmer-Lemeshow statistic is another measure of lack of fit. Hosmer and Lemeshow
(2000) said that the Hosmer–Lemeshow GOF statistic is estimated by grouping observations into
“deciles of risk”, in which observations are partitioned into g= 10 equal-sized groups based on
their ordered estimated probabilities, and then compares the number actually in each group
(observed) to the number predicted by the LR model (predicted). Thus, the test statistic is a chisquare statistic with a desirable outcome of non-significance, indicating that the model prediction
doesn’t significantly differ from the observed. The 10 ordered groups are created based on their
estimated probability; those with estimated probability below 0.1 form one group, and so on, up to
those with probability 0.9 to 1.0. Each of these categories is further divided into two groups based
on the actual observed outcome variable (success, failure). The expected frequencies for each of
the cells are obtained from the model. If the model is good, then most of the subjects with success
are classified in the higher deciles of risk and those with failure in the lower deciles of risk.
3.5.5 The Akaike Information Criterion (AIC)
Akaike (1973) mentioned that AIC is a measure of the relative quality of statistical models
for a given set of data. Given a collection of models for the data, AIC estimates the quality of each
model, relative to each of the other models. Hence, AIC was used for selecting the best model.
The computation of AIC is remarkably simple and the model with lowest AIC value is selected.

Klein and Moeschberger (1997) explained that one way to compare the parametric and
semi parametric models is to base the decision on minimum AIC. The AIC can be a measure of
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the GOF of an estimated statistical model. AIC provides an attractive basis for model selection
and is defined as:
AIC = -2 log (likelihood) + 2 (p + K)

(3.17)

The term -2 log (L) is well known among statistician as the “deviance”, p and k are the
number of parameters and covariates respectively in the model, k = 1 for the exponential model, k
= 2 for the Weibull, log logistic, and log normal models and k =3 for generalized gamma. The
model with the smallest (AIC) value is preferred in other words.
3.5.6 Relation between 𝐑𝟐 and AIC
R2 is a statistic that will give some information about the GOF of a model, and it’s a useful
and intuitive tool for ascertaining whether a model describes the data well: it’s simply the
“variance explained” by the model. AIC can be a measure of the GOF of an estimated statistical
model. AIC is a useful criterion for indicating the amount of information contained within
variables, and deciding whether to omit certain variables, but R2 value gives the amount of change
in the y value explained by change in the x value. The higher the value of R2 , the better the
prediction becomes, but the model that gives the smallest value of AIC statistic is the preferred
one. The AIC is not used to test the model in the sense of hypothesis testing, but for model
selection.
R2 is also dimensionless, which makes it ideal for comparing fits across different datasets,
although we should note that it's a poor tool for model selection, since it almost always favors the
most complex models. If the goal is to select among the best models, an information criterion
approach such as AIC is preferred, since these indicators penalize for the number of predictors.
The best model as determined by AIC is not synonymous with a good model. In other words, AIC
provides a great test of relative model fit, but not absolute model fit. AIC values are also not
comparable across models using different data. Thus, a combination of the two approaches
provides the greatest insight (Web 8).
3.5.7 Wald Statistic Test
Wald test is a statistical test used to verify the true values of different parameters such that
the statistical relationship between these parameters is to be modeled and the values under
verification are derived from samples of a population of these parameters. Garson (2011) said that
the Wald statistic is commonly used to test the significance of individual LR coefficients for each
independent variable (that is, to test the null hypothesis in LR that a particular logit (effect)
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coefficient is zero). The Wald statistic is the squared ratio of the unstandardized logistic
coefficient to its standard error. Bewick et al. (2005) showed that the Wald statistic is
asymptotically distributed as a chi-square distribution. It takes the form:
β2

W = SE2

(3.18)

β

Each Wald statistic is compared with the Chi-square distribution with 1 degree of freedom. Wald
statistics are easy to calculate but their reliability is questionable, particularly for small samples.
For data that produce large estimates of the coefficient, the standard error is often inflated,
resulting in a lower Wald statistic, and therefore the explanatory variable may be incorrectly
assumed to be unimportant in the model. Likelihood ratio tests are generally considered to be
superior. Menard (2002) warns that for large logit coefficients, standard error is inflated, lowering
the Wald statistic and leading to type II errors (false negatives: thinking the effect is not
significant when it is). That is, there is a flaw in the Wald statistic such that very large effects may
lead to large standard errors and small Wald chi-square values. For models with large logit
coefficients or when dummy variables are involved, it is better to test the difference using the
likelihood ratio test of the difference of models with and without the parameter. Also note that the
Wald statistic is sensitive to violations of the large-sample assumption of LR. Put another way,
the likelihood ratio test is considered more reliable for small samples Agresti (1996). For these
reasons, the likelihood ratio test of individual model parameters is generally preferred.
3.5.8 The Deviance D
The deviance GOF test is based on the likelihood ratio test of the current model against a
full or saturated model. The statistic has an asymptotic χ2 distribution with degrees of freedom
equal to the number of observations minus the number of parameters estimated. Dobson (2002)
explained that the deviance statistic, which is given by:
𝑦

𝑛 −𝑦

D = 2 ∑ {𝑦𝑖 log (𝑦̂𝑖 ) + (𝑛𝑖 − 𝑦𝑖 ) log( 𝑛𝑖 −𝑦̂𝑖 )}
𝑖

𝑖

𝑖

(3.19)

where yi is the observed value and 𝑦̂𝑖 is the fitted value for 𝑖 𝑡ℎ observation. Note that this statistic
is twice the sum of the observed times log of observed over expected, where the sum is over both
successes and failures (i.e. we compare both 𝑦𝑖 and ni − yi with their expected values). In a perfect
fit the ratio observed over expected is one and its logarithm is zero, so the deviance zero. Also he
said that with grouped data, the distribution of the deviance statistic as the group sizes ni →∞ for
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all i, converges to a chi-squared distribution with n–p degree of freedom, where n is the number of
groups and p is the number of parameters in the model, including the constant.

Thus, for reasonably large groups, the deviance provides a GOF for the model. With
individual data the distribution of the deviance doesn’t converge to a chi-squared (or any other
known) distribution, and cannot be used as a GOF test. Usually, the deviance test is preferred to
the Pearson chi-square test according to Liu (2007) for the following reasons, the first one the LR
model is fitted by the maximum likelihood method, and the maximum likelihood estimates of the
success probabilities minimize the test statistic D, and the other one the deviance test can be used
to compare a sequence of hierarchical logistic models, but the Pearson chi-square test cannot be
used in this way.
There are two types from deviance, null deviance and residual deviance. If null deviance is
really small, it means that the null model explains the data pretty well. Likewise with your residual
deviance. The null deviance shows how well the response is predicted by the model with nothing
but an intercept, but the residual deviance shows how well the response is predicted by the model
when the predictors are included. We can also use the residual deviance to test whether the null
hypothesis is true (i.e. LR model provides an adequate fit for the data). This is possible because
the deviance is given by the chi-squared value at a certain degrees of freedom (Web 9).

3.6 Remedies for Multicollinearity Problem
Multicollinearity is a matter of degree, not a matter of presence or absence. The higher the
degree of multicollinearity, the greater the likelihood of the disturbing consequences of
multicollinearity. Paul (2006) showed that several techniques have been proposed for remedies of
multicollinearity problem, such as: model respecification, use Additional or new data, and RR, and
Chen (2009) said that the SLR is another method to remedy multicollinearity problem. Polhemus
(2005), and EL-Habil and Almghari (2011),said that RR is one of the methods to remedy the
multicollinerity.

Paul (2006) said that Multicollinearity is often caused by the choice of model, such as
when two highly correlated regressors are used in the regression equation. In these situations some
respecification of the regression equation may lessen the impact of multicollinearity. One
approach to model respecification is to redefine the regressors. For example, if x1 , x2 , and x3 , are
nearly linearly dependent, it may be possible to find some function such as x = (x1 + x2 )/ x3 or x
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= x1 , x2 , x3 that preserves the information content in the original regressors but reduces the ill
conditioning. Another widely used approach to model respecification is variable elimination. That
is, if x1 , x2 , and x3 are nearly linearly dependent, eliminating one regressor may be helpful in
combating multicollinearity. Variable elimination is often a highly effective technique. However,
it may not provide a satisfactory solution if the regressors dropped from the model have significant
explanatory power relative to the response y, that is eliminating regressors to reduce
multicollinearity may damage the predictive power of the model. Care must be exercised in
variables selection because many of the selection procedures are seriously distorted by the
multicollinearity, and there is no assurance that the final model will exhibit any lesser degree of
multicollinearity than was present in the original data.
Paul (2006) added that since multicollinearity is a sample feature, it is possible that in
another sample involving the same variables collinearity may not be so serious as in the first
sample. Sometimes simply increasing the size of the sample may reduce the collinearity problem.
If one uses more data, or increase the sample size, the effects of multicollinearity on the standard
errors will decrease. This is because the standard errors are based on both the correlation between
variables and the sample size. The larger the sample size, the smaller is the standard errors.
Unfortunately, collecting additional data is not always possible because of economic constraints or
because the process being studied is no longer available for sampling. Even when the additional
data are available it may be inappropriate to use if the new data extend the range of the regressor
variables far beyond the analyst’s region of interest. Of course collecting additional data is not
possible solution to the multicollinearity problem when the multicollinearity is due to constraints
on the model or in the population.

3.6.1 Ridge Regression
Adnan et al. (2006) said that RR is the modification of the least squares method that allow
biased estimators of the regression coefficients. Although the estimators are biased, the biases are
small enough for these estimators to be substantially more precise than unbiased estimators.
Therefore, these biased estimators are preferred over unbiased ones since they will have a larger
probability of being close to the true parameter values.
Polhemus (2005) explained that in cases of high multicollinearity, there are often biased
estimators with considerably less variance than those obtained via least squares. RR is a method
by which one can systematically introduce a small amount of bias and obtain more precise
estimates.
35

EL-Habil and Almghari (2011) said that one of the remedial methods of multicollinearity
is a RR, this regression enables us to obtain such an estimate by minimizing MSE risk, and the
RR enables us to inference on values of predictor variables that follow the same pattern of
multicollinearity and this aspect is very important. One of the goals of RR is to produce a
regression equation with stable coefficients, and these coefficients are stable and not affected by
slight variations in the estimation data. From equation (2.1), we can get:
j
̂
Y = βo + ∑i=1 βj Xj = βo + X T β

(3.20)

where ̂
Y is the estimated output, βo , βj are coefficients and we can estimate β as: β̂ =
(X T X)−1 X TY, the out correlation (X T X) could have some Eigenvalues close to zero, that is in
multicollinearity problems but in RR it is one of the shrinking methods to penalize strong
deviations of the parameters from zero. Therefore the errors function to be minimized as:
Eridge (β, K) = (y − Xβ)T(y – X β) + KβT β

(3.21)

Where K ≥ 0, which determines the strength of the ridge constraint. The solution of equation
(3.21) is given by:
β̂ridge = (X T X + KI)−1 X Ty

(3.22)

3.6.1.1 Singular Value Decomposition (SVD)
RR is the developed methods of least square, OLS and SVD is highly related to the least
square solution of the below equation:
β̂j = (X T X)−1 X Ty

(3.23)

And the RR is the solution for the below equation:
β̂ridge = (X T X + KI)−1 X Ty
Then the SVD is of an n×p matrix X has the form:
X = USV T
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(3.24)

where U is an n × p orthogonal matrix whose columns Uj , span the column space of X, and V is a
p×p orthogonal matrix whose columns span the column space of X T ,S is the p×p diagonal matrix
of singular values s1 ≥ s2 ≥ … ≥ sp ≥ 0. Using SVD and solving the equations (3.22) and (3.23)
1

then the solving result as: (X T X)−1X = (VS 2 V T )−1 (USV T )T = VS −1 U T , where (s ,

1

1 s2

1

, .…,s ) are
p

on the diagonal of S −1. The least square of equation (3.23) can be written as: β̂= VS −1 U T y, the
RR solution for equation (3.22) is given as: β̂ridge = V(S 2 + KI)−1 SU Ty, where the (i,i) elements
of the diagonal matrix: (S 2 + KI)−1S is

s1

s2i +K

. From equations (3.22), (3.23), and (3.24) the

estimated 𝑦̂= Xβ̂ for the least squares and the RR can be expressed as:
ŷ = X(X T X)−1 X Ty = UU T y 5

(3.25)

3.6.1.2 Generalized Cross Validation (GCV)
Cross-validation is a technique for assessing how the results of a statistical analysis will
generalize to an independent data set. It is mainly used in settings where the goal is prediction, and
one wants to estimate how accurately a predictive model will perform in practice. One round of
cross-validation involves partitioning a sample of data into complementary subsets, performing
the analysis on one subset (called the training set), and validating the analysis on the other subset
(called the validation set or testing set). To reduce variability, multiple rounds of cross-validation
are performed using different partitions, and the validation results are averaged over the rounds.

GCV =

2l

(3.26)

df
n

(1− )2

where 𝑙 is the loss function (usually log likelihood estimator), df is the effective number of model
parameters at the chosen value of K and n is the sample size.
3.6.1.3 Lawless and Wang (L_W) method
They are used Bayesian prospective to estimate K as:
2

̂ = ρσT̂
K
̂ β
̂
β

(3.27)

where β̂ = (X T X + KI)−1 X −1y, β is a p×1 vector of unknown coefficients, X is a n×p full rank
matrix of explanatory variables, and y is a n×1 vector of observations of the dependent variable.
37

Then we note all the above three methods are omitted the intercept from the ridge model therefore
the alternative names of RR is the shrink regression.

3.7 Staged Logistic Regression
Multicollinearity is a long-standing and common difficulty in regression. Chen (2009)
proposed a remedy to this problem. He said that instead of the usual way of performing the
regression in one stage, the method separates the original regression into two or more stages, with
each one being free of the problem. In each stage only one (or one group) of the correlated
regressors (or groups of regressor) is present. Since in each regression the other correlated
regressors (or groups of regressors) are absent, collinearity no longer exists. Thus, the variance
inflation and its subsequent results exclusion of relevant variables, unstable parameter estimates,
and implausible magnitudes and signs of coefficients are avoided. He developed a three-stage
approach to apply the staged regression method in logistic models, which can also serve as a
means to transform a LR into a linear one to remedy multicollinearity problem.
While the staged regression is straight forward in a linear model, it takes a little more effort
to make it work in a logistic one. First consider the following three examples where the staged
regression approach does not work in a logistic setting.
Example 1. Logistic-Logistic approach
First perform the primary LR:
𝑒 𝑥1 𝑏1

y = 1+𝑒 𝑥1𝑏1 + 𝑟1

And then perform the LR of the residual from the Primary regression:
𝑒 𝑥2 𝑏2

𝑟1= 1+𝑒 𝑥2𝑏2 + 𝑟2
These two stages sum up to the final model of:
𝑒 𝑥1 𝑏1

𝑒 𝑥2 𝑏2

y = 1+𝑒 𝑥1𝑏1 + 1+𝑒 𝑥2𝑏2 + 𝑟2
The problem with this approach is that the predicted probability may fall out of interval [0,1],
since the sum of two logistic functions is no longer constrained by the interval.

38

Example 2. Logistic-linear approach
The primary LR is:
𝑒 𝑥1 𝑏1

y = 1+𝑒 𝑥1𝑏1 + 𝑟1
Perform the secondary regression in a linear manner:
r1 = X2 b2 + r2
And the sum up the final model:
e x 1 b1

y = 1+ex1b1 + X2 b2 + r2
The problems of this example are: First, the predicted probability may fall out of interval [0, 1].
Second, the model structure is internally inconsistent: X1 is in the component whereas X2 is in
level.
Example 3. Linear-linear approach
To conduct the LR in a linear manner it is necessary to transform the logistic form into a log-odd
form.
The primary regression is:
y

ln(1−y) = X1 b1 + r1
The secondary regression is:
r1 = X2 b2 + r2

Summing these up to the final model:
y

ln(1−y) = X1 b1 + X2 b2 + r2

The problem with this example is that the observed probability y is either 1 or 0, whose log-odd is
positive or negative infinity. So the regression cannot be performed. The preceding examples
show that the 2-stage method doesn’t work on the logistic model.

Chen (2009) showed how this can be done through a 3-stage approach. First, he showed
the fact that the 2-stage and the 3-stage approaches formulated below are equivalent in yielding
the identical coefficient estimates in a linear model.
39

Regular Full Regression:

y = X 1 a1 + X 2 a 2 + r

(3.28)

Primary Regression:

y = X1 b1 + r1

(3.29)

Secondary Regression:

r1 = X2 b2 + r2

(3.30)

r1 − r = X2 b∗2 + r2∗

Alternative Secondary Regression:

(3.31)

where all regressions are OLS estimation; the terms on the left-hand-side of the equation are
regressands and those on the right-hand-side are regressors and residuals; all r’s are residuals.
Note that regression (3.29) and (3.30) constitute the two-stage approach, whereas regression
(3.28), (3.29) and (3.31) constitute the three-stage approach are equivalent in delivering the same
final model. Specifically, b∗2 = b2 and r2∗ = r2 – r .
Substitute all residual terms in the three-stage approach with the fitted y:
Regular Regression (3.28): y = X1 a1 + X2 a2 + r
ŷ = X1 a1 + X2 a2 = y – r

, r = y – ŷ

Primary Regression (3.29): y = X1 b1 + r1
ŷ1 = X1 b1 = y – r1
r1 = y – ŷ1
r1 – r = ŷ – ŷ1

(3.32)

Secondary regression (3.31) then can be re-expressed as:
(ŷ – ŷ1 ) = X2 b2 + (r2 – r)

(3.33)
𝑦̂

Now apply this 3-stage approach to the logistic model where 𝑦̂ terms are substituted by ln (1−𝑦̂)
terms.
Regression stage (1): regular LR to obtain 𝑦̂:
ex1 a1 +x2 b2

̂
y

y = 1+ ex1a1+x2b2 + r => ln(1−ŷ) = X1 b1 + X2 b2

(3.34)

Regression stage (2): primary LR to obtain 𝑦̂1 and 𝑏1 :
e x 1 b1

̂
y

y = 1+ex1b1 + r1 => ln(1−y1̂ ) = X1 b1
1
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(3.35)

After stage (2), calculate the difference of log-odds from the previous two stages:
𝑦̂

𝑦̂

ln(1−𝑦̂) – ln(1−𝑦1̂ )
1

Regression stage (3): secondary (linear) regression to obtain 𝑏2 :
𝑦̂

𝑦̂

ln(1−𝑦̂) – ln(1−𝑦1̂ ) = 𝑋2 𝑏2 + 𝑟2

(3.36)

1

The following algebra shows how the three stages sum up to the final model: First move the
second term on the left-hand-side of equation (3.36) to the right-hand-side:
̂
y

̂
y

ln(1−ŷ) = ln(1−y1̂ ) + X2 b2 + r2
1

And then substitute this moved term by equation (3.35):
̂
y

ln(1−ŷ) = X1 b1 + X 2 b2 + r2

Now transform this equation back to the logistic function form:
ex1 b1 +x2 b2 +r2

ŷ = 1+ ex1b1+x2b2+r2
And substitute the left-hand-side with y – r and re-arrange terms to yield the final model
expression:
ex1 b1 +x2 b2 +r2

y = 1+ ex1b1+x2b2+r2 + r

(3.37)

The predicted y is:
ex1 b1 +x2 b2

ŷSR = 1+ ex1b1+x2b2

(3.38)

where the subscript SR denotes staged regression, and X1 and X2 terms are in the component of
the exponential function. This 3-stage approach yields an estimated logistic model where (1): it
has consistent structure, (2): the predicted probability is within interval (0, 1), (3): coefficient
vector b1 and b2 are obtained from two separate regressions such that multicollinearity is avoided,
(4): it is the best-fitted model given the previous three constraints. The intuition behind the SLR
̂
y

method is: ln(1−ŷ) = X1 a1 +X2 a2 from stage 1 contains the total effect of both X1 and X2 ,
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̂
y

including their overlapping effect. ln(1−ŷ) = X1 b1 from stage 2 contains the total effect of only
𝑦̂

𝑦̂

X1 , ln (1−𝑦̂) – ln (1−𝑦1̂ ) thus contains the remaining effect of X2 (net of the effect of X1 ). Regress
1

this difference in logs on X2 and we capture the remaining effect of X2 .
Chen (2009) mentioned that while the first stage (Regular Regression) and the second
stage (Primary Regression) are logistic, the third stage (Secondary Regression) is linear. This
special feature gives rise to a potential application of the SLR technique-transforming a LR into a
linear one. To do this, specify the primary regressor to be some external variable orthogonal to all
the original regressors, and the secondary regressors to be all the original regressors. And then
proceed with the 3-stage procedure. Since the secondary regression is a linear regression on all the
original regressors, the LR is virtually implemented by this linear regression. There are also
another category of remedies that have been developed to cope with multicollinearity problem
such as principal component regression, partial least squares regression and continuum regression
and other.
Practically, Norušis (2003) explained that in the SPSS we have instrumental and
explanatory variables, where instrumental these are the variables used to compute the predicted
values for the endogenous variables in the first stage of two-stage least squares analysis. The same
variables may appear in both the explanatory and instrumental list boxes. The number of
instrumental variables must be at least as many as the number of explanatory variables. If all
explanatory and instrumental variables listed are the same, the results are the same as results from
the linear regression procedure. Whereas explanatory variables not specified as instrumental are
considered endogenous. Normally, all of the exogenous variables in the explanatory list are also
specified as instrumental variables.
3.8 Comparison Between Ridge Regression and Staged Logistic Regression
In current study, we compared RR with staged regression method, to handle the problem of
multicollinearity. The main goal of the ridge method is to minimize the MSE of the estimates, to
compromise bias and variance, and remedy of multicollinearity problem. While the SLR main
goal is separating the original regression that is suffering from the multicollinearity into two or
more distinct ones with each one being free of the problem, instead of the usual way of performing
the regression in one stage. We concluded that the common goal between the RR and SLR is
remedy of multicollinearity problem in two different ways.
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From the previous discussions, we concluded that the RR is similar to normal linear
regression where there is dependent variable and one or more explanatory variables. RR is often
used when the independent variables are collinear. One issue with collinearity is that the variance
of the parameter estimate is huge. RR reduces this variance at the price of introducing bias to the
estimates. In RR, the first step is to standardize the variables (both dependent and independent) by
subtracting their means and dividing by their standard deviations. We must somehow indicate
whether the variables in a particular formula are standardized or not. All RR calculations are based
on standardized variables. RR produces coefficients which predict and extrapolate better than least
squares and is a safe procedure for selecting variables.
The RR is the modification of the least squares method, where it is a method by which one
can systematically introduce a small amount of bias and obtain more precise estimates, this
regression enables us to obtain such an estimate by minimizing MSE risk. We obtained RR
equation by estimating the linear regression equation, the RR estimator doesn’t provide a unique
solution to the problem of multicollinearity but provides many solutions. These solutions depend
on the value of K (the ridge biasing parameter). The alternative names of RR is the shrink
regression because the intercept was omitted from the ridge model.

In contrast, SLR method also be used as a solution to the multicollinearity problem by
separating the original regression that is suffering from the multicollinearity into two or more
stages. A three-stage approach were developed to apply the staged regression method in logistic
models, which can also serve as a means to transform a LR into a linear one. This three stage
approach differs than the RR model. Where the first stage is (regular regression), the second stage
(primary regression) is logistic, and the third stage (secondary regression) is linear, where all
regressions are OLS estimation, and the left side of the equation are regressands, and the right side
are regressors and residuals.
The staged regression method has some nice features. First, it is conceptually simple and
intuitive: the primary regression estimates the total effects of the primary regressors and the
secondary regression estimates the remaining effects of the secondary regressors. Second, it is
extremely easy to implement: it only takes one more regular regressions to accomplish the task
without involving any extra complicated computation. Third, it is flexible in treating the
regressors. It can be applied on either individual or grouped regressors or on any number of
regressors in groups; or even on any number of groups by applying the method recursively.
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Fourth, it employs only the real-life observable variables which are easy to understand and their
coefficient easy to interpret. Fifth, it is not necessary to drop any relevant variables, and therefore
all useful information is retained. Last but not least, it makes it possible to have a realistic
interpretation of the coefficient estimators by taking into consideration the correlation among
explanatory variables. Thus the RR and SLR keep all useful information without dropping any
relevant variables.
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3.9 Summary
Multicollinearity is a common problem when estimating linear or generalized linear
models. It occurs when there are high correlations among predictor variables, leading to unreliable
and unstable estimates of regression coefficients. We mentioned in this chapter multicollinearity
problem, and methods to remedy this problem such as RR and SLR as well as their uses. Also, we
introduced many GOF tests and comparison between RR and SLR. In SLR method the researchers
solved multicollinearity problem by separating the original regression into two or more stages,
with each one being free of the problem, instead of the usual way of performing the regression in
RR in one stage. The SLR method has some nice features. It makes it possible to have a realistic
interpretation of the coefficient estimators by taking into consideration the correlation among
explanatory variables. RR is a method by which one can systematically introduce a small amount
of bias and obtain more precise estimates. RR enables us to obtain such an estimate by minimizing
MSE risk, and LR is a statistical modeling technique designed for binary response variables,
where the goal of LR is to find the best fitting model to describe the relationship between the
dichotomous characteristic of the dependent variable and a set of independent variables.

In the next chapter we will discuss the practical part of the available data and determine the
best model in solving the problem of multicollinearity.
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Chapter 4
Data Analysis
4.1 Introduction
In this chapter we will describe the variables and the data using descriptive statistics to
illustrate some of the important features for the data related to knowledge of people on HIV/AIDS
in Armenia. We used a crime data to confirm the previous results of people knowledge on
HIV/AIDS, our data set is a survey of national crime victimization violent crime trends which
published by FBI's 2008, as crime report for the United States of America since 1973 to 2008. We
will use the VIF and tolerance indicators to diagnose the multicollinearity problem, also we will
construct SLR and RR models by testing many hypothesis and compare between the two models,
and determine which one is better to remedy the multicollinearity problem.

4.2 Description of the Data
The 2010 Armenia Demographic and Health Survey is a nationally representative survey
of 5,922 women and 1,584 men age 15-49. It was undertaken to provide estimates for key
population indicators and trends. Data for 824 people about knowledge of people on HIV/AIDS
were collected, and no missing value, for the period January 2005 - December 2010 in Armenia.

The 2010 Armenia Demographic and Health Survey is included data on knowledge of
Armenian people on HIV/AIDS. They included variables, AIDS virus can be transmitted through
by sharing food with someone who has AIDS, a healthy looking person can have AIDS, AIDS
virus can be transmitted by mosquito bites, limiting sex to one uninfected partner, risk of getting
the AIDS virus by using condoms, transmission of AIDS virus during pregnancy, delivery and
breastfeeding, have heard of a sexually transmitted infection, sharing of toilet facilities, the types
of fuel usage and availability of drugs to avoid AIDS transmission to baby during pregnancy.

Descriptive statistics are used to describe the basic features of the data in a study. They
provide simple summaries about the sample and the measures, through a set of tables. The data on
HIV/AIDS 2010 were analyzed as shown in the following tables.
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Table (4.1): Sharing food with person who has HIV/AIDS
can a person become infected by sharing food
with a person who has HIV/AIDS
Frequency
Percent
Yes
108
13.1
No
589
71.5
Don't know
127
15.4
Total
824
100
Table (4.1) demonstrates that 13.1% of persons agreed that the HIV/AIDS can be
transmitted by sharing food with a person who has HIV/AIDS, 71.5% of persons agreed that
AIDS virus can’t transmitted by sharing food with person who has HIV/AIDS, and 15.4% of
persons they don’t know that HIV/AIDS can be transmitted by sharing food with person who has
HIV/AIDS or not.
Table (4.2): Infecting A healthy looking person with HIV/AIDS
A healthy looking person can have HIV/AIDS
Frequency
Percent
Yes
535
64.9
No
125
15.2
Don't know
164
19.9
Total
824
100
Table (4.2) demonstrates that 64.9% of persons agreed that a healthy looking person can
have HIV/AIDS, 15.2% of persons disagreed that a healthy looking person can have HIV/AIDS,
and 19.9% of persons they don’t know that a healthy looking person can have HIV/AIDS or not.
Table (4.3): Transmission of HIV/AIDS by mosquito bites
Can HIV/AIDS transmitted by mosquito bites
Frequency
Percent
Yes
194
23.5
No
457
55.5
Don't know
173
21
Total
824
100
Table (4.3) demonstrates that 23.5% of persons said that people can be infected with
HIV/AIDS by mosquito bites, 55.5% of persons said that people can't get HIV/AIDS from
mosquito bites, and 21% of persons they don’t know that if you get HIV/AIDS from mosquito
bites or not.
47

Table (4.4): Reduce Risk of getting HIV/AIDS: have 1 sex partner only
Reduce risk of getting HIV/AIDS: have 1
sex partner only, who has no other partners
Frequency
Percent
Yes
650
78.9
No
91
11
Don't know
83
10.1
Total
824
100

Table (4.4) demonstrates that 78.9% of persons agreed that they can reduce risk of getting
HIV/AIDS when have 1 sex partner only, who has no other partners, 11% of persons disagreed
that we can reduce risk of getting HIV/AIDS when have 1 sex partner only, who has no other
partners, and 10.1% of persons they don’t know that we can reduce risk of getting HIV/AIDS
when have 1 sex partner only, who has no other partners.

Table (4.5): Reduce Risk of getting HIV/AIDS: use condoms during sex
Reduce risk of getting HIV/AIDS: always
use condoms during sex
Frequency
Percent
Yes
613
74.4
No
104
12.6
Don't know
107
13
Total
824
100
Table (4.5) demonstrates that 74.4% of persons agreed that we can reduce risk of getting
HIV/AIDS by using condoms during sex, 12.6% of persons disagree that we can reduce risk of
getting HIV/AIDS by using condoms during sex, and 13% of persons they don’t know that we can
reduce risk of getting HIV/AIDS by using condoms during sex or not.

Table (4.6): Transmission of HIV/AIDS during pregnancy
HIV/AIDS transmission during
pregnancy
Frequency
Percent
Yes
641
77.8
No
85
10.3
Don't know
98
11.9
Total
824
100
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Table (4.6) demonstrates that 77.8% of persons they said that the HIV/AIDS can be
transmitted during pregnancy, 10.3% of persons said that the HIV/AIDS can't be transmitted
during pregnancy, and 11.9% of persons they don’t know that

if

the HIV/AIDS can be

transmitted during pregnancy or not.

Table (4.7): Transmission of HIV/AIDS during delivery
HIV/AIDS transmission during delivery
Frequency
Percent
Yes
488
59.2
No
180
21.8
Don't know
156
18.9
Total
824
100
Table (4.7) demonstrates that 59.2% of persons they agreed that the HIV/AIDS can be
transmitted during delivery, 21.8% of persons rejected that the HIV/AIDS can be transmitted
during delivery, and 18.9% of persons they don’t know that if the HIV/AIDS can be transmitted
during delivery or not.

Table (4.8): Transmission of HIV/AIDS by breastfeeding
HIV/AIDS transmission by breastfeeding
Frequency
Percent
Yes
381
46.2
No
216
26.2
Don't know
227
27.5
Total
824
100

Table (4.8) demonstrates that 46.2% of persons said that the HIV/AIDS can be transmitted
by breastfeeding, 26.2% of persons said that the HIV/AIDS can't be transmitted by breastfeeding,
and 27.5% of persons they don’t know that if the HIV/AIDS can be transmitted by breastfeeding
or not.
Table (4.9): Hearing about Sexually Transmitted Infection
Have heard of a Sexually Transmitted
Infection (STI)
Frequency
Percent
Yes
813
98.7
No
11
1.3
Total
824
100
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Table (4.9) demonstrates that 98.7% of persons heard about sexually transmitted infection,
and 1.3% of persons did not hear about sexually transmitted infection.

Table (4.10): Transmission of HIV/AIDS by Toilet facilities shared with
other households
Toilet facilities shared with other households
Frequency
Percent
Yes
5
0.6
No
818
99.3
Not available
(NA)
1
0.1
Total
824
100
Table (4.10) demonstrates that 0.6% of persons agreed that HIV/AIDS can be transmitted
by toilet facilities shared with other households, 99.3% of persons disagreed that transmission of
HIV/AIDS by toilet facilities shared with other households, and 0.1% is NA.

Table (4.11): Can get HIV/AIDS from type of cooking fuel
Type of cooking fuel
Frequency Percent
Natural gas
690
83.7
LPG
84
10.2
Electricity
35
4.2
Wood
10
1.2
Animal drug
4
0.5
Not available
(NA)
1
0.1
Total
824
100
Table (4.11) demonstrates that 83.7% of persons use natural gas for cooking, 10.2% of
persons use LPG for cooking, 4.2% of persons use electricity for cooking, 1.2% of persons use
wood for cooking, 0.5% of persons use animal dung for cooking, and 0.1% is NA.
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Table (4.12): Drugs during pregnancy
Drug to avoid HIV/AIDS transmission to
baby during pregnancy
Frequency
Percent
Yes
87
10.6
No
414
50.2
Don't know
323
39.2
Total
824
100
Table (4.12) demonstrates that 10.6% of persons agreed that taking drugs can avoid
HIV/AIDS transmission to baby during pregnancy, 50.2% of persons disagreed that taking the
drugs can avoid HIV/AIDS transmission to baby during pregnancy, and 39.2% they don’t know
that taking drugs can avoid HIV/AIDS transmission to baby during pregnancy or not.

4.3 Multicollinearity Diagnostics
The VIF and tolerance are two collinearity diagnostic factors that can help to identify
multicollinearity. Tolerance is a measure of collinearity reported by most statistical programs such
as SPSS; the variable’s tolerance is 1- R2 . All variables involved in the linear relationship will
have a small tolerance. Some suggest that a tolerance value less than 0.1 should be investigated
further. If a low tolerance value is accompanied by large standard errors and nonsignificance,
multicollinearity may be an issue. VIF of over 2.50 start to indicate relatively high levels of
multicollinearity. In fact, the utility of VIF, as distinct from tolerance is that VIF specifically
indicates the magnitude of the inflation in the standard errors associated with a particular beta
weight that is due to multicollinearity.
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Table (4.13): Multicollinearity Diagnostics
Coefficients
Collinearity
Statistics
Model
Tolerance VIF
Constant
0.841
1.190
𝐗𝟏
0.805
1.242
𝐗𝟐
𝐗𝟑
0.820
1.22
0.667
1.499
𝐗𝟒
0.640
1.563
𝐗𝟓
0.615
1.627
𝐗𝟔
0.445
2.245
𝐗𝟕
0.528
1.892
𝐗𝟖
𝐗𝟗
0.956
1.046
0.160
6.263
𝐗 𝟏𝟎
0.160
6.264
𝐗 𝟏𝟏
0.978
1.023
𝐗 𝟏𝟐
Dependent variable: Y
Table (4.13) showed that we have two variables contain multicollinearity which are
X10 and X11 , where VIF of over 2.50, and this start to indicate relatively high levels of
multicollinearity.

4.4 Remedy of Multicollinearity
In this study we introduced two different methods RR and SLR to remedy of
multicollinearity problem. We will compare between the two methods and choose the best method
to remedy the multicollinearity problem

4.4.1 Construct Staged Logistic Regression Model
Chen (2009) said that for a remedy of multicollinearity problem, instead of the usual way
of performing the regression in one stage, the method separates the original regression into two or
more stages. We have to test the following hypothesis to construct the SLR model:
H0β1 : β1 = 0

H0β : β5 = 0

H0β9 : β9 = 0

H0β2 : β2 = 0

H0β6 : β6 = 0

H0β10 : β10 = 0

H0β3 : β3 = 0

H0β7 : β7 = 0

H0β11 : β11 = 0

H0β4 : β4 = 0

H0β8 : β8 = 0

H0β12 : β12 = 0

5
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, H0β0 : β0 = 0

Table (4.14): Staged Logistic Regression
ANOVA
Sum of square Df
Regression
10.774
12
Residual
7.788
811
Total
18.562
823

Mean Square
0.898
0.010

F
93.497

Sig.
0.000

R Square
0.580

From table (4.14), we notice that sig. = 0.000 < 0.1, this means that the whole model is
high significant, and R2 is equal 0.580, that’s means the independent variables contribute by %58
in the change in the dependent variable

Table (4.15): Two Stages Analysis
Coefficients

Constant
𝐗𝟏
𝐗𝟐
𝐗𝟑
𝐗𝟒
𝐗𝟓
𝐗𝟔
𝐗𝟕
𝐗𝟖
𝐗𝟗
𝐗 𝟏𝟎
𝐗 𝟏𝟏
𝐗 𝟏𝟐

Unstandardized Coefficients
B
Std. Error
-0.0130.032
-0.0010.001
-0.0020.001
0.000
0.001
0.002
0.002
0.002
0.002
0.002
0.002
0.000
0.002
-7.555E-5
0.001
0.990
0.030
-0.0170.033
0.002
0.003
0.002
0.001

Beta
-0.027-0.045-0.0040.022
0.031
0.027
-0.002-0.0020.757
-0.0290.040
0.057

t
-0.399-1.083-1.787-0.1440.801
1.088
0.939
-0.056-0.05332.536
-0.5150.699
2.464

Sig.
0.690
0.279
0.074
0.886
0.424
0.277
0.348
0.955
0.957
0.000
0.607
0.485
0.014

From table (4.15), we can conclude that; β2 ≠ 0, β9 ≠ 0 and β12 ≠ 0, therefore β2 , β9 and
β12 are effective on our model. So our model can be construct as:Y = β0 + ∑βi Xi

, i = 1,…..,12

And therefore
ŷ = - 0.002 x2 + 0.990 x9 + 0.002 x12

, α = 0.1

Then we conclude that the two SLR are an effective in a remedy multicollinearity problem.
Where there is a statistical significant relationship between dependent variable (ŷ) have heard of
HIV/AIDS and three independent variables (X , s), infecting a healthy looking person with
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HIV/AIDS (X2 ), hearing about sexually transmitted infection (X9 ), and drugs during pregnancy
(X12 ). Where sig. for this variables < 0.1.

4.4.2 Construct Ridge Regression Model
Table (4.16) showed that 6 out of 12 variable gave the highest possible number of
significant variables.

Table (4.16): Ridge Regression
Coefficients
Std.
Scaled
Error
t value
Estimate
estimate
(scaled) (scaled)
Pr (>|t|)
Intercept -0.0020309
NA
NA
NA
NA
-0.0020011 -0.1744419 0.1055692
1.652
0.0985 .
𝐗𝟏
0.0016962 0.1266010 0.1060526
1.194
0.2326
𝐗𝟓
0.9984092 6.7701114 0.0983026 68.870 <2e-16 ***
𝐗𝟗
𝐗 𝟏𝟎
-0.0015961 -0.0161644 0.1306251
0.124
0.9015
𝐗 𝟏𝟏
0.0005155 0.0504133 0.1307483
0.386
0.6998
-0.0016801 -0.1764536 0.0984051
1.793
0.0730 .
𝐗 𝟏𝟐
Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1
Ridge parameter: 0.001045018, chosen automatically, computed using 5 PCs
Degrees of freedom: model 5.992, variance 5.983, residual 6
From table (4.16), we can conclude that; β1 ≠ 0, β9 ≠ 0 and β12 ≠ 0, therefore β1 , β9 and
β12 are effective on our model. So our model can be construct as:Y = β0 + ∑βi Xi

, i = 1,…..,12

And therefore
ŷ = - 0.0020011 x1 + 0.9984092 x9 - 0.0016801 x12

,α = 0.1

Shen and Gao (2008) said that multicollinearity can cause unstable estimates and
inaccurate variances which affects confidence intervals and hypothesis tests. The amount of
shrinkage is controlled by the ridge parameter, whose size depends on the number of covariates
and the magnitude of collinearity. The MSE is guaranteed to be reduced accordingly by the
introduction of ridge parameter.
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Various methods for determining K value been introduced in the literature such as
described by Hoerl and Kennard (1970) and Gibbons (1981) such that when K= 0, β̂ (k)= β̂LS ,
when K> 0, β̂ (k) is biased but more stable and precise, than least squares estimator and when
K→ ∞, β̂ (k) → 0. In the Previous table (4.16) the ridge parameter is equal 0.001045018 > 0, then
β̂ (k) is biased but more stable and precise than least squares estimator, the variance value is
5.983, where variance is calculated by taking the differences between each number in the set and
the mean, squaring the differences (to make them positive) and dividing the sum of the squares by
the number of values in the set. The difference between the observed value of the dependent
variable (y) and the predicted value (ŷ) is called the residual (e), and equal to 6, and the degree of
freedom is 5.992.

4.4.3 Comparison Between a Remedy Methods
The main objective of this study is to do a comparative study experimentally between the
RR and SLR to find the best method to remedy the multicollinearity problem. It was shown from
the results of the previous tables that the significant variables in RR model respectively are X1 ,
X 9 , and X12 at α= 0.1, but the significant variables in SLR model at α= 0.1 are X 2 , X9 , and X12 .
We concluded that, there is a difference in βp values between the two models, omit the intercept
variable from the two models. The RR model and the SLR model have the same effect in omitting
correlated variables X10 and X11 from the model, then we couldn’t reach to solve the the
multicollinearity problem because the two models refused correlated variables, where they are not
significant. This is illustrated in the table (4.17):

Table (4.17): Comparison Between Two Remedy Methods

Beta values

Sig. values

𝛃𝟐
𝛃𝟗
𝛃𝟏𝟐
𝐗𝟐
𝐗𝟗
𝐗 𝟏𝟐

The study models
Staged logistic regression
-0.002
𝛃𝟏
0.990
𝛃𝟗
0.002
𝛃𝟏𝟐
0.074
𝐗𝟏
0.000
𝐗𝟗
0.014
𝐗 𝟏𝟐
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Ridge regression
-0.0020011
0.9984092
-0.0016801
0.0985 .
<2e-16***
0.0730 .

4.5 Crime Data
It was not confirmed that the multicollinerity problem has been solved, because the RR and
SLR models rejected the two variables that have multicollinerity. Our data set is a survey of
national crime victimization violent crime trends which published by FBI's 2008, as crime report
for the United States of America since 1973 to 2008. Our data set is the number of victimization
per 1,000 population age 12 years or older. They included four independent variables: rape,
robbery, aggravated assault, simple assault, and dependent variable is total violent crime. We will
use in the diagnosis the multicollinearity problem two indicators, the VIF and Tolerance. Also we
will construct SLR model and RR model through group testing by hypothesis and comparative
between the two models, and determine which is better in a remedy the multicollinearity problem.

4.5.1 Descriptive Analysis of the Data
Descriptive statistics are numbers that are used to summarize and describe the data in a
study, through a set of tables. Total violent crime data were analyzed for 35 people in the United
States of America as shown in the following table.
Table (4.18): Descriptive Statistics For Variables
Variable
𝐗𝟏
𝐗𝟐
𝐗𝟑
𝐗𝟒

N
35
35
35
35

Minimum Maximum Mean Std. Deviation
0.4
2.8
1.603
0.7752
2.1
7.4
5.063
1.6409
3.3
12.9
9.25714
3.03841
12.9
31.5
24.651
5.8981

The table (4.18) shows with respect to the rape crime, the minimum value is 0.4, the
maximum value is 2.8, the mean equal to 1.603 and the standard deviation equal to 0.7752, and it
is the lowest rates compared to other variables, also, the minimum value for robbery crime is 2.1,
the maximum value is 7.4, the mean equal to 5.063 and the standard deviation equal to 1.6409, on
the other hand, the table shows that the minimum value for aggravated assault crime is 3.300, the
maximum value is 12.900, the mean equal to 9.25714 and the standard deviation equal to
3.038410, Finally, with respect to simple assault crime, the minimum value in the previous table is
12.9, the maximum value is 31.5, the mean equal to 24.651 and the standard deviation equal to
5.8981, and it is the highest rates compared to other variables.
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4.5.2 Multicollinearity Diagnostics
Table (4.19): Multicollinearity Diagnostics
Coefficients
Collinearity
Statistics
Model
Tolerance VIF
Constant
0.162
6.182
𝐗𝟏
0.050
20.098
𝐗𝟐
0.044
22.616
𝐗𝟑
𝐗𝟒
0.123
8.126
Dependent variable: y
Table (4.19) showed that we have two variables contain multicollinearity which are
X 2 and X3 , where VIF is over 10 and tolerance is under 0.10, and this start to indicate relatively
high levels of multicollinearity. From the figure (4.1) we can conclude that there is a linear
combination between the two variables.

Figure(4.1): Scatterplot Between Robbery 𝐗 𝟐 and Aggravated Assault 𝐗 𝟑

4.5.3 Remedy of Multicollinearity
In this study we introduced two different methods RR and SLR to remedy of
multicollinearity problem. We will compare between the two methods and choose the best method
to remedy the multicollinearity problem.
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4.5.3.1 Construct Staged Logistic Regression Model
Multicollinearity, or high degree of correlation among regressors in a regression, is a
common problem in regression analysis, to solve this problem, we separated the original
regression into two stages, instead of the usual way of performing the regression in one stage. We
have to test the following hypothesis to construct the SLR model:
H0β1 : β1 = 0

H0β3 : β3 = 0

H0β2 : β2 = 0

H0β4 : β4 = 0

, H0β0 : β0 = 0

Table (4.20): Staged Logistic Regression
ANOVA
Regression
Residual
Total

Sum of square
4128.932
0.144
4129.075

df
4
30
34

Mean Square
1032.233
0.005

F
215283.631

Sig.
.000

R Square
.940

From the table (4.20), we notice that sig. = 0.000 < 0.1, this means that the whole model is
high significant, and R2 is equal 0.94, it's a very a suitable value and this means that the model
does describe the data well. Where when R2 equal to 0.94 that’s means the independent variables
contribute by 94% in the change in the dependent variable, also the higher the value of r 2 , the
better the prediction becomes.
Table (4.21): Two Stages Analysis
Coefficients

Constant
𝐗𝟏
𝐗𝟐
𝐗𝟑
𝐗𝟒

Unstandardized Coefficients
B
Std. Error
0.144
0.058
1.015
0.038
1.066
0.032
0.947
0.019
1.003
.006

Beta
0.071
0.159
0.261
0.537

t
2.475
26.650
32.886
50.954
174.795

Sig.
.019
.000
.000
.000
.000

From table (4.21), we can conclude that; β1 ≠ 0, β2 ≠ 0, β3 ≠ 0 and β4 ≠ 0 therefore β1 ,
β2 , β3 and β4 are an effective on our model. So our model can be construct as:Y = β0 + β1 X1+ β2 X 2+ β3 X3 + β4 X4
And therefore
ŷ = 0.144+ 1.015 x1 + 1.066 x2 + 0.947 x3 + 1.003 x4
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, α = 0.1

Then we conclude that the two SLR are an effective in a remedy multicollinearity problem.
Where there is a statistical significant relationship between dependent variable (y) Total violent
crime and independent variables X , s, rape (X1 ), robbery (X2 ), aggravated assault (X3 ), and simple
assault (X4 ). Where all sig. for all variables < 0.1.

4.5.3.2 Construct Ridge Regression Model
The RR is another method to remedy the multicollinearity problem. The table (4.25) is R
outputs for methods which select K:

Table (4.22): Choice of Ridge Parameter (K)

modified HKB estimator
0.0002101473

Methods for selecting K
modified L-W estimator
8.128811e-05

smallest value of GCV
0.002

Using R package, we have three methods for selecting K, therefore we should select the
suitable method and suitable K for extracting the estimate values. By choosing the suitable K we
extract the estimate values of β "coefficients" therefore we can construct our new model with
keeping all the explanatory variables. From table (4.22) we can conclude that the suitable method
is GCV because it is the only value is in the range between 0.001 and 0.1.

The table (4.23) shows that the RR outputs of the extracting estimators of explanatory
variables, where is no intercept value because the above three methods omitted the intercept from
the ridge model, therefore the alternative name of RR is the shrink regression.

Table (4.23): Ridge Regression Outputs
Coefficients of ridge regression when k= 0.002
𝐗𝟏
𝐗𝟐
𝐗𝟑
𝐗𝟒
0.7756401
1.7259922 2.8359071 5.8305703
From above table (4.26) we can conclude the exact model of RR to our data is:
ŷ = 0.7756401 x1 + 1.7259922 x2 + 2.8359071 x3 + 5.8305703 x4
We used scatterplot to test the multicollinearity in RR between X2 and X3 , the figure (4.2)
shows that there is no linear relationship between X2 and X3 , this means that there is no
multicollinearity problem.
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Figure(4.2): Scatterplot Between Robbery 𝐗 𝟐 and Aggravated Assault 𝐗 𝟑

4.5.3.3 Comparison Between a Remedy Methods
It was shown from the results of the previous tables that the significant variables in RR
model is the same in SLR model, but the βp values for the RR model are close to the βp values for
SLR model. Thus we concluded the two models have the same effect in the remedy of
multicollinearity problem, without omitting any independent variable. This is illustrated in the
following table (4.24):
Table (4.24): Comparison Between Two Remedy Methods
The Study Models

Beta values

Sig. values

𝛃𝟏
𝛃𝟐
𝛃𝟑
𝛃𝟒
𝐗𝟏
𝐗𝟐
𝐗𝟑
𝐗𝟒

Staged logistic regression
1.015
1.066
0.947
1.003
.000
.000
.000
.000
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Ridge regression
0.77564
1.725992
2.835907
5.83057
-

Chapter 5
Conclusion and Recommendations
5.1 Conclusion
In this study we referred to multicollinearity problem, we found that, multicollinearity
generally is the undesirable situation, occurs when there are high correlations between two or
more predictor variables. The SLR and RR are methods to remedy the multicollinearity problem,
where the RR is the modification of the least squares method that allow biased estimators of the
regression coefficients. Although the estimators are biased, the biases are small enough for these
estimators to be substantially more precise than unbiased estimators. Therefore, these biased
estimators are preferred over unbiased ones since they will have a larger probability of being close
to the true parameter values. The SLR separates the original regression into two or more stages,
with each one being free of the problem.
We made a comparison between a RR and SLR by using data for 824 people about
knowledge of people on HIV/AIDS from Armenia demographic and health survey 2010, and to
confirm the previous results we used another quantitative data from a survey of national crime
victimization violent for 35 people in the United States of America 2008. We found that:
- In the categorical data about knowledge of people on HIV/AIDS, two variables X10 and
X11 , contained multicollinearity, because VIF for

X10 equal 6.236 > 2.5 and VIF for

X11 equal 6.264 > 2.5. In continuous crime data, two variables X2 and X3 , contained
multicollinearity, because VIF for X2 equal 20.098 > 10 and VIF for X3 equal 22.616 > 10,
and tolerance to X2 equal 0.050 < 0.10, and tolerance for X3 equal 0.044 < 0.10, this
confirmed that the multicollinearity problem is existing.
- In the categorical data about knowledge of people on HIV/AIDS, The RR model and the
SLR model have the same effect in omitting correlated variables X10 and X11 from the
model. we couldn’t reach to solve the the multicollinearity problem because the two models
refused correlated variables, and they are not significant.
- Using R package, we have the modified HKB estimator, modified L-W estimator, and
smallest value of GCV method for selecting K(ridge parameter). When we compared
between the three methods to find the best method which should be between 0.001 and 0.1,
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with keeping all the explanatory variables and omit the intercept variable. We concluded that
GCV is the most suitable method because it is the only value located in the range between
0.001 and 0.1. We concluded that the alternative name of RR is the shrink regression
because the previous three methods omitted the intercept from the ridge model.

-

When we used scatterplot in quantitative data to test the multicollinearity in RR between X2
and X3 , we concluded that there is no linear relationship between X2 and X3 , this means that
there is no multicollinearity problem.

- In the categorical data about knowledge of people on HIV/AIDS, the significant variables in
RR model respectively are X1 , X9 , and X12 , but the significant variables in SLR model are
X2 , X9 , and X12 . We concluded that, there is a difference in βp values between the two
models, and the two models have the same effect in omitting the intercept variable and some
non significant independent variables from the model.

- In the a quantitative crime data, we concluded that the βp values for the RR model are close
the βp values for SLR model, and the significant variables; X1 , X2 , X3 and X 4 , in SLR model
are the same in RR model and without omitting any independent variable, the SLR and RR
models have the same effect in a remedy of multicollinearity problem.

5.2 Recommendations
We recommend:
- To do further research in SLR, and RR model on a real data in Palestine to detect and
remedy the multicollinearity problem.
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