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Abstract
Observed variables often contain outliers that have unusually large or small
values when compared with others in a data set. Some data sets may come from
homogeneous groups; others from heterogeneous groups. Outliers can be caused by
incorrect measurements, including data entry errors, or by coming from a different
population than the rest of the data. The Appearance of the outlier Values in the set
of data may effect on the result of the statistical Analysis of data, from this point of
view appears the Importance of detecting the outlier values in any set of data before
study. To detect the mentioned outliers, we have used formal and informal
methods.
Whatever, this study aimed at making a comparison among the detection
outliers methods (formal and informal methods) to discover the best in detecting
outliers.
To achieve this goal, we have simulated 4 samples with different size which
follow the normal distribution N(0,1). The sizes of these samples are: 20, 100, 500
and 1000. Another elements which follow the normal distribution N(0,1.5) had
been added to the previous samples with a percentage of 20% for each one. The
new sizes became 24, 120, 600 and 1200.
After applying these methods (formal and informal) on the samples to detect
the outliers, we have noticed that: Tukey which is an informal method had the
highest sensitivity in detecting outliers, next one is MAD and then the modified Zscore. Z and SD methods were of low sensitivity in detecting outliers.
For formal methods, Quartile and Hample methods were the most effective
in detecting outliers, next one is ESD. Dixon is not appropriate in detecting outliers
in samples more than 30 elements. Grubbs was of low sensitivity in detecting
outliers.
We have applied the mentioned methods on a medical data set of body mass
index (BMI) with a sample of 309, this sample was of patients of UN sanitation
center in Khanyounis, their ages were ranging between 25- 50 years old.
Results were the same of simulation study as Hample and Quartile as formal
methods were the most effective in detecting outliers and Tukey as informal
method was the most effective then MAD.
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الملخص
ارا ي بواة غاا قاا ا

غالبا ماا حتحا ا ملمحراا مل ملمةتعاى قيا ااا وااتي ملحاب حةا و ةباا ي ش
ً
قن مقا نحها بالقا مألخ ى فب مجم قى ملباانال .بعض ملباانال اا حايحب ماو مجم قاال محجان اى ب ملابعض
مالخ ا حيحب مو ملمجم قال غا محجان ى .ج
بمااا فااب تلااء شخ اااخ فااب ا خااا ملباانااال
بالحااالب مااو ملي ا
ملرا

ااايم

هته ملقا ملوااتي اا اةا و ب ابق ااا اال غاا
جا

اتاتى

هااته ملقااا قيا نحااات ملحتياا م ت اااتب ليباانااال

مل ااماى

ا مةحواااا ملقااا ملواااتي فااب مجم قااى ملباانااال اب ا مل م ااى .ح ا م ااحخ م مل ا

ماى( )Formal and Informalليةوا قو ملقا ملواتي.
حها ا هاته مل م اى ملاب ملمقا ناى بااو ا

فاب هاتم مل ااا

ألفي مل

 Informal methodsلي

حت اا ملقاا ملوااتي ( ( Formal and

ملحب اامل بحت ا ملقا ملواتي بوة فعا .

ااماال ملباتمااى بح لاااا  4قانااال تمل متجااا مخحيتااى ححبااط ح ياااط باعااب ) N(0,1ةاناال متجااا هااته

ملعانال  1000 / 500 / 100 / 20اامل ملباتمى بحي اث هاته ملعاناال بعنا ا مخا ى ححباط ح يااط باعاب
) N(0,1.5بن بى %20
ح ا ملح

ةانل متجا ملعانال ملناحجى ةالحالب . 1200 / 600 / 120 / 24 :

ا مل ا مو مل اقااى

حتاال

 Tukeyةاناال مالفي ا فااب حت ا ا ملقااا ملواااتي ملحااب حن ا

 Informal Methodsحياهاا ماو تااث مالفياياى مل اقاى  MADما مل اقاى  Modified Z-Scoreمماا
مل اقحاو Z

 SDفق ةانحا تمل ت ا اى يعاتى حجاه ملقا ملواتي.

ممااا بخ ا

 Formal Methodفقا ةانحااا مل اقحاااو

ت حا ملقا ملواتي بوة فعا
مت

Hample

اقحاااو

 Quartileمفيا

اياه مو تااث مالفياياى مل اقاى  ESDمماا مل اقاى  Dixonفهاب

اقا

ي ال ح ب مال قيا ملعاناال مل ارا ي تمل ملتجا ماا ماو  30مل اقاى  Grubbsةانال تمل ت ا ااى

يعاتى حجاه ملقا ملواتي.
اامل ملباتمى بح با مل

مل اب تة ها قي ااق ي باانال با خا ى بت اق مع

(  ) BMIقيا ا قانا ا تجمه ااا  309م ااو ملما ا مجعاو تا ا ى قا ااا مل مال نا ا م بم انا ا خ ااانا ن
مقما ه باو  50-25ن تة

 Methodsةانل مل اقحاو Hample
بالحالب مل

ملح ااب ححا ا م

مناث.

ةانل ملنحات م ابقى لحيء ملحب ح ملت
مل اقى  Tukeyملحب حن

ةحياى ملج ا

قياها مو ملبااناال ملحاب حا ح لاتهاا ماو ملتا

 Quartileمفيا مل ا

حتل  Informal Methodsمفي

Formal

ملحاب اامال بحت اا ملقاا ملوااتي

اق حت ا حياها مل اقى . MAD

 Tukey , Hample , Quartileةان م تمل ت ا اى قالاى حجاه ملقا ملواتي.
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Chapter 1
Introduction

Chapter 1
Introduction

1.1 Background
Observed variables often contain outliers that have unusually large or small
values when compared with others in a data set. Some data sets may come from
homogeneous groups; others from heterogeneous groups that have different
characteristics regarding a specific variable.
Outliers can be caused by incorrect measurements, including data entry
errors, or by coming from a different population than the rest of the data.
Osborne and Overbay (2004) briefly categorized the effects of outliers on
statistical analyses:
1) Outliers generally serve to increase error variance and reduce the power of
statistical tests.
2) If non-randomly distributed, they can decrease normality.
3) They can seriously bias or influence estimates that may be of substantive
interest.
There are two reasons for detecting outliers. The first reason is to find
outliers which influence assumptions of a statistical test, for example, outliers
violating the normal distribution assumption in an ANOVA test. This could be
considered as a preliminary step for data analysis.
The second reason is to use the outliers themselves for the purpose of
obtaining certain critical information about the data.
There are two kinds of outlier detection methods : formal tests and informal
tests. Formal and informal tests are usually called tests of discordancy and outlier
labeling methods, respectively.
Most formal tests need test statistics for hypothesis testing. They are usually
based on assuming some well-behaving distribution, and test if the target extreme
value is an outlier of the distribution, i.e., whether or not it deviates from the
assumed distribution. Some tests are for a single outlier and others for multiple
outliers.
Many various tests according to the choice of distributions are discussed in
Barnett and Lewis (1994) and Iglewicz and Hoaglin (1993).
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1.2 Thesis Problem
This study is about the comparison between statistical methods which use to
detect the outliers from a data set, therefore answering this major question : Which
is the most accurate statistical method for detecting outliers from the data?

1.3 Thesis Objectives
This study aims at comparing among outliers detecting methods and
recommending the most effective method for detecting outliers according to the
characteristics of the used samples of the study.
Thus, the main objectives of the study are:
1.
2.
3.
4.

Understanding outliers.
Discussing the methods for detecting outliers .
Comparing among the methods for detecting outliers .
Recommending of using the best method for detecting outliers .

1.4 Thesis Methodology
In this study, finding outliers with discordancy and labeling methods applied
with performing comparisons of the performance of outliers detections on medical
data sets by using R software, then some recommendations of choosing the most
appropriate method were noticed in terms of detecting outliers.
Thus, the methodology which had been followed in this thesis was divided
into three parts:
Part 1 : We simulated data with different sizes, which follow certain distribution
and then we added new data with certain percentage. Finally, the researcher applied
the different detecting methods and discussing the results.
Part 2 : We succeeded in obtained medical data from UNRWA sanitation center in
Khanyounis city. We applied the different detecting methods on this data and
discussing the results.
Part 3 : From the above, We discussed the final results of the study and determined
some recommendations.

1.5 Literature Review
Various studies have been conducted on detected outliers , some of which
depend on the use of discordancy and outlier labeling methods ,and others used
other methods. In this section we will present a review of some of those studies.
K. Senthamarai Kannan, K. Manoj and S. Arumugam (2015) On their paper
deals the informal methods also called as labeling methods. Identification of outliers
3

in real time medical data using outlier labeling methods was studied. There are
several labeling methods applying in practical situation in the dataset are computed.
Finally the estimated results of the outliers are more appropriate way to resolving
the large populations.
Manoj K, Senthamarai Kannan K (2013): The researchers have considered
the medical diagnosis data set finding outlier with discordancy test and comparing
the performance of outlier detection. Most of the outlier detection methods
considered as extreme value is an outlier. In some cases of outlier detection
methods no need to use statistical table. The suggested outlier detection methods
using the context of detection sensitivity and difficulties of analyzing performance
for outlier detections are compared
Juliano Gaspar, Emanuel Catumbela, Bernardo Marques (2011), provide a
better comprehension about the techniques used to detect outliers in healthcare data,
for creates automatisms for those methods in the order to facilitate the access to
information with quality in healthcare.
Kornel Chrominski, Magdalena Tkacz (2010), The use of outlier detection
methods is discussed. This analysis is an introduction to the use of various methods
of outlier detection in medical diagnoses (screening). The authors investigated the
usefulness of selected outlier detection methods in the context of detection
sensitivity, speed performance analysis and the difficulty of automating the
performance analysis by using the test methods for outlier detection.
Abu Bakar, Mohemad, Mat Deris (2006) describes the performance of
control chart, linear regression, and Manhattan distance techniques for outlier
detection in data mining. Experimental studies show that outlier detection technique
using control chart is better than the technique modeled from linear regression
because the number of outlier data detected by control chart is smaller than linear
regression. Further, experimental studies shows that Manhattan distance technique
outperformed compared with the other techniques when the threshold values
increased
Songwon Seo (2006 ) reviews and compares several common and less
common outlier labeling methods and presents information that shows how the
percent of outliers changes in each method according to the skewness and sample
size of lognormal distributions through simulations and application to real data sets.
These results may help establish guidelines for the choice of outlier detection
methods in skewed data, which are often seen in the public health field.
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1.6 Organization of the Thesis
This thesis is outlined as follows:
In Chapter 1 reveals introduction to the study, in which the researcher discussed
the problem of the study, its objectives, its methodology and its literature review.
In Chapter 2 deals with some theoretical topics of outliers: definition, causes, types,
effects, treatment and how to deal with outliers.
In Chapter 3 deals with methods of outliers detection: difficulties in outliers
detection, and applications of outliers detection.
In Chapter 4 discusses the simulation study and the results.
In Chapter 5 discusses the real data results.
Chapter 6 deals with the conclusions and the recommendations of the study.
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Chapter 2
Outliers

Chapter 2
Outliers

2.1 Introduction
Observed variables often contain outliers that have unusually large or small
values when compared with others in a data set. Some data sets may come from
homogeneous groups; others from heterogeneous groups that have different
characteristics regarding a specific variable. Outliers can be caused by incorrect
measurements, including data entry errors, or by coming from a different population
than the rest of the data. So that it is important to identify outliers for two reasons:
they may represent an error in the data that needs to be fixed or they may represent
the first indication of an important new trend .

2.2 Definition
An Outlier is any observation in a set of data that is inconsistent with the
remainder of the observations in that data set. The outlier is inconsistent in the sense
that it is not indicative of possible future behavior of data sets coming from the
same source. Outliers sometimes go by the name of contaminants, spurious or rogue
observations, or discordant values , Moore and McCabe (1999) defines an outlier
as observation that lies outside the overall pattern of a distribution.
Outliers are also referred to as abnormalities, discordant, deviants, or
anomalies in data mining and statistics literature, Aggarwal (2005).
An exact definition of an outliers often depends on hidden assumptions
regarding the data structure and the applied detection method. Yet, some definition
are regarded general enough to cope with various type of data and methods,
Hawkins (1980, p.1) defines an outliers as an observation that deviates so much
from other observation as to arouse suspicion that it was generated by a different
mechanism.
Barnet and Lewis (1994) indicate that an outlying observation, or outliers,
is one that appears to deviate markedly from other members of the sample in which
it occur.
Barnet and Lewis (1994) sited in Adaku C. Obikee et.al ( 2014) Outliers
can also be defined in a closed bound: For example, if Q1 and Q3 are the lower
and upper quartiles of a sample, then one can define an outlier to be any observation
outside the range:

[ Q1 – K ( Q3 – Q1) , Q3 + K (Q3 – Q1 ) ]
for some constant k > 0
7

2.3 Causes of Outliers
Outliers can arise from several different mechanisms or causes, Anscombe
(1960) sorts outliers into two major categories: those arising from errors in the data,
and those arising from the inherent variability of the data.
Not all outliers are illegitimate contaminants, and not all illegitimate scores
show up as outliers , Barnett & Lewis (1994). It is therefore important to consider
the range of causes that may be responsible for outliers in a given data set. What
should be done about an outlying data point is at least partly a function of the
inferred cause. Whenever we come across outliers, the ideal way to tackle them is to
find out the reason of having these outliers. The method to deal with them would
then depend on the reason of their occurrence.
Causes of outliers can be classified as : Data entry errors, Measurement
error, Experimental error, Intentional outlier or motivated miss-reporting, Data
processing error, Sampling error, Outliers from faulty distributional assumptions,
Outliers as legitimate cases sampled from the correct population.
Data entry errors: Human errors such as errors caused during data
collection, recording, or entry can cause outliers in data. Errors of this nature can
often be corrected by returning to the original documents or even the subjects if
necessary and possible and entering the correct value. another option is available
recalculation or re-estimation of the correct answer.
Measurement error: It is the most common source of outliers. This is caused
when the measurement instrument used turns out to be faulty. For example: There
are 10 weighing machines. 9 of them are correct, 1 is faulty. Weight measured by
people on the faulty machine will be higher / lower than the rest of people in the
group. The weights measured on faulty machine can lead to outliers.
Experimental error: Another cause of outliers is experimental error. For
example: In a 100m sprint of 7 runners, one runner missed out on concentrating on
the ‘Go’ call which caused him to start late. Hence, this caused the runner’s run
time to be more than other runners. His total run time can be an outlier.
Intentional outlier or motivated miss-reporting: This is commonly found in
self-reported measures that involves sensitive data. For example: Teens would
typically under report the amount of alcohol that they consume. Only a fraction of
them would report actual value. Here actual values might look like outliers because
rest of the teens are under reporting the consumption.
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Data processing error: Whenever we perform data mining, we extract data
from multiple sources. It is possible that some manipulation or extraction errors
may lead to outliers in the dataset.
Sampling error: For instance, we have to measure the height of athletes. By
mistake, we include a few basketball players in the sample. This inclusion is likely
to cause outliers in the dataset.
Outliers from faulty distributional assumptions: Incorrect assumptions about
the distribution of the data can also lead to the presence of suspected outliers ,
Iglewicz and Hoaglin (1993). blood sugar levels, disciplinary referrals, scores on
classroom tests where students are well-prepared, and self-reports of low-frequency
behaviors (e.g., number of times a student has been suspended or held back a grade)
may give rise to bimodal, skewed, asymptotic, or flat distributions, depending upon
the sampling design. Similarly, the data may have a different structure than the
researcher originally assumed, and long or short-term trends may affect the data in
unanticipated ways. For example, a study of college library usage rates during the
month of September may find outlying values at the beginning and end of the
month, with exceptionally low rates at the beginning of the month when students
have just returned to campus or are on break for labor day weekend (in the USA),
and exceptionally high rates at the end of the month, when mid-term exams have
begun. depending upon the goal of the research, these extreme values may or may
not represent an aspect of the inherent variability of the data, and may have a
legitimate place in the data set .
Outliers as legitimate cases sampled from the correct population: Finally, it
is possible that an outlier can come from the population being sampled legitimately
through random chance. It is important to note that sample size plays a role in the
probability of outlying values. Within a normally distributed population, it is more
probable that a given data point will be drawn from the most densely concentrated
area of the distribution, rather than one of the tails, Evans (1999). In the case that
outliers occur as a function of the inherent variability of the data, opinions differ
widely on what to do. Due to the deleterious effects on power, accuracy, and error
rates that outliers and fringe liers can have, it might be desirable to use a
transformation or recoding truncation strategy to both keep the individual in the
data set and at the same time minimize the harm to statistical inference .

2.4 Types of Outliers
Outliers can be classified in to the following three categories: Point outliers,
Contextual outliers, Collective outliers.
9

2.4.1 Point Outliers
If an individual data instance can be considered as anomalous with respect to
the rest of data, then the instance is termed as a point outlier. This is the simplest
type of outlier and is the focus of majority of research on outlier detection. As a real
life example, if we consider credit card fraud detection with data set corresponding
to an individual's credit card transactions assuming data definition by only one
feature: amount spent. A transaction for which the amount spent is very high
compared to the normal range of expenditure for that person will be a point outlier.

1 Figure (2.1) : Example of two-dimensional outliers.

Point labeled O1 and points labeled O2 deviate significantly from regions
labeled G1 and G2.

2.4.2 Contextual Outliers
If a data instance is anomalous in a specific con-text (but not otherwise), then
it is termed as a contextual outlier . The notion of a context is induced by the
structure in the data set and has to be specified as a part of the problem formulation.
Each data instance is defined using two sets of attributes: Contextual attributes,
Behavioral attributes.
Contextual attributes: The contextual attributes are used to determine the
context (or neighborhood) for that instance. For example, in spatial data sets, the
longitude and latitude of a location are the contextual attributes. In time series data,
time is a contextual attribute which determines the position of an instance on the
entire sequence.
Behavioral attributes: The behavioral attributes define the non-contextual
characteristics of an instance. For example, in a spatial data set describing the
average rainfall of the entire world, the amount of rainfall at any location is a
behavioral attribute.
The anomalous behavior is determined using the values for the behavioral
attributes within a specific context. A data instance might be a contextual outlier in
a given context, but an identical data instance (in terms of behavioral attributes)
could be considered normal in a different context. This property is key in
10

identifying contextual and behavioral attributes for a contextual . For example: in
the credit card fraud detection with contextual as time of purchase. Suppose an
individual usually has a weekly shopping bill of $100 except during the Christmas
week, when it reaches $1000. A new purchase of $1000 in a week in July will be
considered a contextual outlier, since it does not conform to the normal behavior of
the individual in the context of time (even though the same amount spent during
Christmas week will be considered normal).The choice of applying a contextual
outlier detection technique is determined by the meaningfulness of the contextual
outliers in the target application domain. Applying a contextual outlier detection
technique makes sense if contextual attributes are readily available and therefore
defining a context is straightforward. But it becomes difficult to apply such
techniques if defining a context is not easy.

2Figure( 2.2): Example of a contextual outlier.

Points labeled t1 and t2 represent the same temperature value. Though, point

t2 is considered an outlier, while point t1 is not.
2.4.3 Collective Outliers
If a collection of related data instances is anomalous with respect to the
entire data set, it is termed as a collective outlier. The individual data instances in a
collective outlier may not be outliers by themselves, but their occurrence together as
a collection is anomalous. It may be noted that low value by itself is not an outlier
but its successive occurrence for long time is an outlier. It should be noted that
while point outliers can occur in any data set, collective outliers can occur only in
data sets in which data instances are related. In contrast, occurrence of contextual
outliers depends on the availability of context attributes in the data. A point outlier
or a collective outlier can also be a contextual outlier if analyzed with respect to a
context. Thus a point outlier detection problem or collective outlier detection
problem can be transformed to a contextual outlier detection problem by
incorporating the context information.
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Figure (2.3) illustrates an example which shows a human electrocardiogram
output [4]. The highlighted region denotes an outlier because the same low value
exists for an abnormally long time (corresponding to an Atrial Premature
Contraction). It may be noted that low value by itself is not an outlier but its
successive occurrence for long time is an outlier.

3Figure (2.3): Collective outlier in an human ECG output corresponding to an
Atrial Premature Contraction

2.5 Outlier Types in Time Series
Shifts in the level of a time series that cannot be explained are referred to
as outliers. These observations are inconsistent with the remainder of the series and
can dramatically influence the analysis and, consequently, affect the forecasting
ability of the time series model.
The following figure displays several types of outliers commonly occurring
in time series. The blue lines represent a series without outliers. The red lines
suggest a pattern that might be present if the series contained outliers. These outliers
are all classified as deterministic because they affect only the mean level of the
series.
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4Figure (2.4): Types of outliers in time series

2.5.1 Additive Outlier (AO)
An additive outlier appears as a surprisingly large or small value occurring
for a single observation. Subsequent observations are unaffected by an additive
outlier. Consecutive additive outliers are typically referred to additive outlier
patches.
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2.5.2 Innovational Outlier (IO)
An innovational outlier is characterized by an initial impact with effects
lingering over subsequent observations. The influence of the outliers may increase
as time proceeds.

2.5.3 Level Shift Outlier (LS )
For a level shift, all observations appearing after the outlier move to a new
level. In contrast to additive outliers, a level shift outlier affects many observations
and has a permanent effect.

2.5.4 Transient Change Outlier (TC)
Transient change outliers are similar to level shift outliers, but the effect of
the outlier diminishes exponentially over the subsequent observations. Eventually,
the series returns to its normal level.

2.5.5 Seasonal Additive Outlier (SA)
A seasonal additive outlier appears as a surprisingly large or small value
occurring repeatedly at regular intervals.

2.5.6 Local Trend Outlier (LT)
A local trend outlier yields a general drift in the series caused by a pattern in
the outliers after the onset of the initial outlier.
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2.6 Outlier Types in Linear Regression
There are six plots with the least squares line and residual plots

5Figure( 2.5) : Six plots, each with a least squares line and residual plot. Each data set has at
least one outlier

1. There is one outlier far from the other points, though it only appears to
slightly influence the line.
2. There is one outlier on the right, though it is quite close to the least squares
line, which suggests it wasn't very influential.
3. There is one point far away from the cloud, and this outlier appears to pull
the least squares line up on the right; examine how the line around the
primary cloud doesn't appear to t very well.
4. There is a primary cloud and then a small secondary cloud of four outliers.
The secondary cloud appears to be influencing the line somewhat strongly,
making the least square line t poorly almost everywhere. There might be an
interesting explanation for the dual clouds, which is something that could be
investigated.

15

5. There is no obvious trend in the main cloud of points and the outlier on the
right appears to largely control the slope of the least squares line.
6. There is one outlier far from the cloud, however, it falls quite close to the
least squares line and does not appear to be very influential.

2.7 Outliers: the good, the bad and the ugly
To start with the good news about outliers is that sometimes they can be
helpful. Once outliers have been identified they can be looked at more closely and
can lead to some unexpected knowledge, and can show more about individuals that
do not fit the ‘norm’. They can also be used to reveal errors within the research
model. For example, if there is a form of measurement error, such as the data being
recorded incorrectly, or a participant has not understood instructions then these are
possible causes of outliers that the researcher could modify their study to exclude in
the future.
However now we come to the bad news. Outliers are more often than not
seen as a problem rather than a help. Not only do they suggest that the data was
taken from a different population than the intended population, thus effecting
external validity, but it can also cause problems with analysis. An outlier can
distort results, such as dragging the mean in a certain direction, and can lead to
faulty conclusions being made.
we come to the ugly part of working out what to do with these outliers.
There are many methods of doing this, which include both leaving them in the data
and taking them out. An important thing to do before modifying your research is to
work out how influential a data point is on the data as a whole. This can be done by
using the adjusted predicted value. This involves removing the suspected point
from the data to create a new model and to analyses this. By using the results of
this analysis you can then predict what the data point should be, and if the
difference between the predicted value and the actual value is large then it’s
influential and can affect our data.

2.8 Effects of Outliers
Outliers can drastically change the results of the data analysis and statistical
modeling. There are numerous unfavorable impacts of outliers in the data set:


It increases the error variance and reduces the power of statistical tests



If the outliers are non-randomly distributed, they can decrease normality



They can bias or influence estimates that may be of substantive interest

16



They can also impact the basic assumption of Regression, ANOVA and other
statistical model assumptions.



Outliers increase the standard deviation.
1Table (2.1): Effects of outliers

If we have...
A really low outlier

A really high outlier

The range increases
significantly

The range increases
significantly

The median decreases a little
bit

The median increases a little
bit

The mean decreases
significantly

The mean increases
significantly

The mode will not change

The mode will not change

2.8.1 Effect of Outlier on Mean
An outlier can affect the mean of a data set by skewing the results so that the
mean is no longer representative of the data set. There are solutions to this
problem.in some data sets there may be a point or two that can be out of context
with the bulk of the data. These are referred to as outliers, which are out of line with
the normal data set. The outlier can push the mean of the data out of its usual
position.
For example, the data set 3,4,5,6,7 has a mean of 5, found by dividing the sum of
the data by the number of data elements:
mean=

3+4+5+6+7
5

=5

If the 4 was mistakenly recorded as a 14, the 14 would be unusual for the
data set and it would be an outlier.
mean=

3+14+5+6+7
5

=7

and we can see the outlier has moved the mean of the data set.
To solve this problem the unusual data element can either be re-investigated and
corrected, or removed from the data set with an explanation.
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The former solution may bring back our original 4 after error checking is
completed. The latter will return our mean closer to a representative evaluation of
the data.
mean(no14)=

3+5+6+7
4

= 5.25

2.8.2 Effect of Outlier on Standard Deviation
Outliers increase the standard deviation. mean is most affected by outliers,
since all values in a sample are given the same weight when calculating mean. A
value that is far removed from the mean is going to likely skew the results and
increase the standard deviation.
Say we have five values: 2, 1, 2, 1.5, and 2.1. our mean would be 1.72 and
our standard deviation would be 0.47. All of our values are pretty close to each
other in their distribution, thus our standard deviation is small.
Then say we have five values: 2, 1, 2, 1.5, and 10. our mean would be 3.3 and our
standard deviation would be 3.77. That one outlier (10) makes our standard
deviation much greater when compared to the earlier set of numbers. The effect
would be less though if our sample size was larger and we only had one outlier

2.8.3 Effect of Outlier on Correlations
According to Osborne paper (Osborne,2004) about the power of outliers ,
The goal was to see the effect of outliers on two different types of correlations:
correlations close to zero (to demonstrate the effects of outliers on Type I error
rates), and correlations that were moderately strong (to demonstrate the effects of
outliers on Type II error rates). Toward this end, two different correlations were
identified for study in the NELS data set (National Education Longitudinal Study of
1988 (NELS:88) Features) : the correlation between locus of control and family size
(r = -.06), and the correlation between composite achievement test scores and
socioeconomic status (r = .46). Variable distributions were examined and found to
be reasonably normal. Correlations were then calculated in each sample, both before
removal of outliers and after. For our purposes, r = -.06 was not significant at any of
the sample sizes, and r = .46 was significant at all sample sizes. Thus, if a sample
correlation led to a decision that deviated from the “correct” state of affairs, it was
considered an error or inference.
As Table (2.2) demonstrates, outliers had adverse effects upon correlations.
In all cases, removal of the outliers had significant effects upon the magnitude of
the correlations, and the cleaned correlations were more accurate (i.e., closer to the
known population correlation) 70 - 100% of the time. Further, in most cases the
incidence of errors of inference was lower with cleaned than uncleaned data.
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2Table (2.2) : The effects of outliers on correlations
Population
r:

N

r = -.06

Average
initial r

Average
cleaned r

% more
accurate

T

% errors
before
cleaning

% errors
after
cleaning

t

52

.01

-.08

2.5**

95%

78%

8%

13.40***

104

-.54

-.06

75.44***

100%

100%

6%

39.38***

416

0

-.06

16.09***

70%

0%

21%

5.13***

r = .46

52

.27

.52

8.1***

89%

53%

0%

10.57***

104

.15

.50

26.78***

90%

73%

0%

16.36***

416

30

.50

54.77***

95%

0%

0%

----

2.8.4 Effect of Outliers on t-tests and ANOV
The results in Table (2.3) illustrate the effects of outliers on t-tests and
ANOV. Removal of outliers produced a significant change in the mean differences
between the two groups when the groups were equal in the population, but tended
not to when there were strong group differences. Removal of outliers produced
significant change in the t statistics primarily when there were strong group
differences. In both cases the tendency was for both group differences and t
statistics to become more accurate in a majority of the samples. Interestingly, there
was little evidence that outliers produced Type I errors when group means were
equal, and thus removal had little discernable effect. But when there were strong
group differences, outlier removal tended to have a significant beneficial effect on
error rates, although not as substantial an effect as seen in the correlation analyses.
3Table (2.3): The effects of outliers on t-test and ANOVA

N

Initial
mean
differen
ce

Cleaned
mean
difference

t

% more
accurate
mean
differen
ce

Average
Initial

Average
t
cleaned

% Type I
or II
errors
before
cleaning

% Type I
or II
errors
after
cleaning

t

OUTLIERS

52

.34

.18

3.70**

66.0%

-.20

-.12

1.02

2%

1%

<1

Equal
group
means ,outliers

104

.22

.14

5.36**

67.0%

-.05

-.08

1.27

3%

3%

<1

In one cell

416

.09

.04

4.15**

61.0%

.14

.05

.98

2%

3%

<1

Equal group

52

.27

.19

3.21**

53%

.08

-.02

1.15

2%

4%

<1

Means, outliers
in both cells

104

.20

.14

3.98**

54%

.02

.07

.93

3%

3%

<1

416

.15

.11

2.28

68%

.26

.09

2.14

3%

2%

<1
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Unequal group

52

4.72

4.5

1.64

52%

.99

1.44

-4.7**

82%

72%

2.41**

Means, outliers

104

4.11

4.03

.42

57%

1.61

2.06

-2.78**

68%

45%

4.7**

in one cell

416

4.11

4.21

-.30

62%

2.98

3.91

12.97**

16%

0%

4.34**

Unequal group

52

4.51

4.09

1.67

56%

1.01

1.36

-4.57**

81%

75%

1.37

In both cells

416

1.17

4.07

1.16

61%

3.06

4.12

17.55**

71%

47%

5.06**

Means, outliers

104

4.15

4.08

.36

51%

1.43

2.01

-7.44**

10%

0%

3.13**

2.9 Dealing with Outliers
It is not acceptable to drop an observation just because it is an outlier. They
can be legitimate observations and are sometimes the most interesting ones. There
is a great deal of debate as to what to do with identified outliers. its correctly to
believe that what to do depends in large part on why an outlier is in the data in the
first place. Where outliers are illegitimately included in the data, it is only common
sense that those data points should be removed , Barnett and Lewis (1994).but few
should disagree with that statement.
When the outlier is either a legitimate part of the data or the cause is unclear,
the issue becomes murkier , Judd and McClelland (1989 ) make several strong
points for removal even in these cases in order to get the most honest estimate of
population parameters possible , Barnett and Lewis (1994). However, not all
researchers feel that way , Orr et.al (1991). This is a case where researchers must
use their training, intuition ,reasoned argument, and thoughtful consideration in
making decisions.
To keep legitimate outliers and still not violating our assumptions , One
means of accommodating outliers is the use of transformations , Osborne (2004). by
using transformations, extreme scores can be kept in the data set, and the relative
ranking of scores remains, yet the skew and error variance present in the
variable(s)can be reduced , Hamilton (1992).However, transformations may not be
appropriate for the model being tested, or may affect its interpretation in
undesirable ways. Taking the log of a variable makes a distribution less skewed, but
it also alters the relationship between the original variables in the model. For
example, if the raw scores originally related to a meaningful scale, the transformed
scores can be difficult to interpret , Newton and Rudestam ( 1999) ; Osborne (
2002). Also problematic is the fact that many commonly used transformations
require non-negative data, which limits their applications. For this reason ,many
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researchers turn to other methods to accommodate outlying values. One alternative
to transformation is truncation, where in extreme scores are recoded to the highest
(or lowest) reasonable score. For example, a researcher might decide that in reality,
it is impossible for a teenager to have more than 15 close friends. Thus, all teens
reporting more than this value (even 100) would be re-coded to 15. Through
truncation the relative ordering of the data is maintained, and the highest or lowest
scores remain the highest or lowest scores, yet the distributional problems are
reduced.
Instead of transformations or truncation ,researchers sometimes use various
robust procedures to protect their data from being distorted by the presence of
outliers. These techniques “accommodate the outliers at no serious inconvenience
or are robust against the presence of outliers” , Barnett and Lewis (1994, p. 35).
Certain parameter estimates, especially the mean and Least Squares estimations, are
particularly vulnerable to outliers, or have “low breakdown” values. For this reason
,researchers turn to robust or “high breakdown” methods to provide alternative
estimates for these important aspects of the data.
A common robust estimation method for univariate distributions involves the
use of a trimmed mean, which is calculated by temporarily eliminating extreme
observations at both ends of the sample , Anscombe (1960). Alternatively
,researchers may choose to compute a Windsorized mean , for which the highest
and lowest observations are temporarily censored, and replaced with adjacent
values from the remaining data , Barnett and Lewis (1994). Assuming that the
distribution of prediction errors is close to normal, several common robust
regression techniques can help reduce the influence of outlying data points. The
least trimmed squares (LTS) and the least median of squares (LMS) estimators are
conceptually similar to the trimmed mean, helping to minimize the scatter of the
prediction errors by eliminating a specific percentage of the largest positive and
negative outliers , Rousseeuw and Leroy (1987) , while Windsorized regression
smoothes the Y-data by replacing extreme residuals with the next closest value in
the dataset , Lane ( 2002).
Many options exist for analysis of non-ideal variables. In addition to the
above-mentioned options like Univariate method ,Multivariate method, Murkowski
error, analysts can choose from non-parametric analyses, as these types of analyses
have few if any distributional assumptions, although research by Zimmerman and
others (1995) do point out that even non-parametric analyses suffer from outlier
cases.
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Univariate method: This method looks for data points with extreme values
on one variable.
Multivariate method: Here we look for unusual combinations on all the
variables.
Murkowski error: This method reduces the contribution of potential outliers
in the training process.
To illustrate the last three methods, we will use a data set obtained from the
following function.

y = sin(π·x)
Once we have our data set, we replace two y values for other ones that are far
from our function. The next graph depicts this data set.

6Figure( 2.6 ):The variable y curve

The points A=(-0.5,-1.5) and B=(0.5,0.5) are outliers. Point A is outside the
range defined by the y data, while Point B is inside that range. As we will see, that
makes them of different nature, and we will need different methods to detect and
treat them.
Univariate method : One of the simplest methods for detecting outliers is the
use of box plots. A box plot is a graphical display for describing the distribution of
the data. Box plots use the median and the lower and upper quartiles.
The Tukey’s method defines an outlier as those values of the data set that fall
far from the central point, the median. The maximum distance to the center of the
data that is going to be allowed is called the cleaning parameter. Id the cleaning
parameter is very large, the test becomes less sensitive to outliers. On the contrary,
if it is too small, a lot of values will be detected as outliers.
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The following chart shows the box plot for the variable y. The minimum of
the variable is -1.5, the first quartile is -0.707, the second quartile or median is 0,
the third quartile is 0.588 and the maximum is 0.988.

7Figure (2.7): The box plot for the variable y

However, this univariate method has not detected Point B, and therefore we
are not finished.
Multivariate method : Outliers do not need to be extreme values. Therefore,
as we have seen with Point B, the univariate method does not always work well.
The multivariate method tries to solve that by building a model using all the data
available, and then cleaning those instances with errors above a given value. In this
case, we have trained a neural network using all the available data ( but Point B,
which was excluded by the univariate method) . Once we have our predictive
model, we perform a linear regression analysis in order to obtain the next graph.
The predicted values are plotted versus the actual ones as squares. The colored line
indicates the best linear fit. The grey line would indicate a perfect fit.

8Figure (2.8) : linear regression graph (a)
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As we can see, there is a point that falls too far from the model. This point is
spoiling the model, so we can think that it is another outlier. To find that point
quantitatively, we can calculate the maximum errors between the outputs from the
model and the targets in the data. The following table lists the 5 instances with
maximum errors.
4Table (2.4): The maximum errors between the outputs

We can notice that instance 11 stands out for having a large error in
comparison with the others (0.430 versus 0.069,…). If we look at the linear
regression graph, we can see that this instance matches the point that is far away
from the model. If we select 20% of maximum error, this method identifies Point B
as an outlier and cleans it from the data set. We can see that by performing again a
linear regression analysis.

9Figure (2.9) : linear regression graph (b)

There are no more outliers in our data set so the generalization capabilities of
our model will improve notably.
Murkowski error: Now, we are going to talk about a different method for
dealing with outliers. Unlike the univariate and multivariate methods, it doesn’t
detect and clean the outliers. Instead, it reduces the impact that outliers will have in
the model.
The Murkowski error is a loss index that is more insensitive to outliers than
the standard sum squared error. The sum squared error raises each instance error to
the square, making a too big contribution of outliers to the total error. The
Murkowski error solves that by raising each instance error to a number smaller than
2, for instance 1.5. This reduces the contribution of outliers to the total error. For
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instance, if an outlier has an error of 10, the squared error for that instance will be
100, while the Murkowski error will be 31.62.To illustrate this method, we are
going to build two different neural network models from our data set containing two
outliers (A and B). The architecture selected for this network is 1:24:1. The first one
will be created with the sum squared error, and the second one with the Murkowski
error. The model trained with sum squared error is plotted in the next figure. As we
can see, two outliers are spoiling the model.

10Figure (2.10) : Neural network model with sum squared error

Now, we are going to train the same neural network with the Murkowski
error. The resulting model is depicted next. As we can see, the Murkowski error has
made the training process more insensitive to outliers than the sum squared error.

11Figure( 2.11): Neural network model with Murkowski error

As a result, Murkowski error has improved the quality of our model notably.
Outliers can significantly distort data, and therefore when we remove them
we are significantly altering what the data is showing. However when an outlier has
occurred from an error, the outlier is altering the data in false way, and can actually
be beneficial to remove it. Although some authors argue that removal of extreme
scores produces undesirable outcomes, they are in the minority, especially when the
outliers are illegitimate. When the data points are suspected of being legitimate,
some authors , Orr et.al ( 1991) argue that data are more likely to be representative
of the population as a whole if outliers are not removed . However, if an outlier has
occurred because of a sampling error, then it may be deemed as more dishonest to
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remove the anomaly result. The issue of removing outliers is that some may feel it
is just a way for the researcher to manipulate the results to make sure the data
suggests what their hypothesis stated. Researchers have to be cautious to remove
data for the right reasons, and not just because it doesn’t fit in with the pattern of the
results, as sometimes, it may simply be because there is not a constant pattern in the
data – not because of any external or internal errors in the investigation.
The treatment of outlier values can be achieved by the following categories of
actions that can be taken: Transformation of data , Deletion of values and
Accommodation of values
2.9.1 Transformation of Data: Transformation data is one way to soften the
impact of outliers since the most commonly used expressions, square root and
logarithms, affect larger numbers to a much greater extent than they do the
smaller ones. Transformations may not fit into the theory of the model all the
time as they may affect its interpretation. Transforming a variable does more
than make a distribution less skewed; it changes the relationship between the
variables in the model.
2.9.2 Deletion of Values: When there are legitimate errors and cannot be
corrected, or lie so far outside the range of the data that they distort statistical
inferences the outliers should be deleted. When in doubt, we can report model
results both with and without outliers to see how much they change. Data
transformation and deletion are important tools, but they should not be viewed
as an all-out for distributional problems associated with outliers.
Transformations and/or outlier elimination should be an informed choice, not a
routine task. In some cases, the removal of an outlier value can also induce
incorrect inferences made about the data. In such cases, replacing the
observation with a measure of central tendency (Mean, Median or Mode),
depending on the situation.
2.9.3 Accommodation of Values: One very effective plan is to use methods
that are robust in the presence of outliers. Nonparametric statistical methods fit
into this category and should be more widely applied to continuous or interval
data. When outliers are not a problem, simulation studies have indicated their
ability to detect significant differences is only slightly smaller than
corresponding parametric methods. There are also various forms of robust
regression models and computer-intensive approaches that deserve further
consideration.

2.10 Summary
We have seen that outliers are one of the main problems when building a predictive
model. Indeed, they cause data scientists to achieve poorer results than they could. To
solve that, we need effective methods deal with that spurious points . In the next chapter,
we will present a different methods for detecting outliers .
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Chapter 3
Outliers Detection Methods

Chapter 3
Outliers Detection Methods
3.1 Introduction
In many data analysis tasks a large number of variables are being recorded or
sampled, one of the first steps towards obtaining a coherent analysis is the detection
of outlaying observations , Ben-Gal (2005).
Identification of potential outliers is important for the following reasons :
An outlier may indicate bad data. For example, the data may have been coded
incorrectly or an experiment may not have been run correctly. If it can be
determined that an outlying point is in fact erroneous, then the outlying value
should be deleted from the analysis (or corrected if possible).
In some cases, it may not be possible to determine if an outlying point is bad data.
Outliers may be due to random variation or may indicate something scientifically
interesting. In any event, we typically do not want to simply delete the outlying
observation.

3.2 Difficulties in Outlier Detection
Abstractly speaking outliers are patterns that deviate from expected normal
behavior, which in its simplest form could be represented by a region and visualize
all normal observations to belong to this normal region and consider the rest as
outliers This approach looks simple but is highly challenging due to following
reasons :
Encompassing of every possible normal behavior in the region.
Imprecise boundary between normal and outlier behavior since at times
outlier observation lying close to the boundary could actually be normal, and viceversa.
Adaptation of malicious adversaries to make the outlier observations appear
like normal when outliers result from malicious actions.
In many domains normal behavior keeps evolving and may not be current to
be are presentative in the future.
Differing notion of outliers in different application domains makes it
difficult to apply technique developed in one domain to another. For example, in the
medical domain a small deviation from normal body temperature might be an
outlier, while similar value deviation in the stock market domain might be
considered as normal.
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Availability of labeled data for training validation of models used by outlier
detection techniques.
Noise in the data which tends to be similar to the actual outliers and hence
difficult to distinguish and remove.

12Figure ( 3.1) : Key components associated with outlier detection technique

Due to the above challenges, the outlier detection problem, in its most
general form, is not easy to solve. In fact, most of the existing outlier detection
techniques solve a specific problem formulation which is induced by various factors
such as nature of the data, availability of labeled data, type of outliers to be detected
. Often, these factors are determined by the application domain in which the outliers
need to be detected.

3.3 Example of Outlier Detection
3.3.1 Intrusion Detection
Intrusion detection refers to detection of malicious activity (break-ins,
penetrations, and other forms of computer abuse) in a computer related system
interesting from a computer security perspective. Being different from normal
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system behavior, intrusion detection is a perfect candidate for applying outlier
detection techniques. The key challenges for outlier detection are :
Huge data volume: this calls for computationally efficient techniques.
Streaming data: this requires on-line analysis.
False alarm rate: smallest percentage of false alarms among millions of data
objects can make be overwhelming for an analyst.
Labeled data not usually available for intrusions: this gives preference to semisupervised and unsupervised outlier detection techniques.
The examples of outlier detection techniques for Intrusion detection are :
Host based intrusion detection systems : Statistical Profiling Using Histograms ,
Mixture of Models , Neural Networks , Support Vector Machines , Rule Based
Systems .
Network based intrusion detection systems : Statistical Profiling using
Histograms , Parametric Statistical Modeling , Non-parametric Statistical Modeling,
Bayesian Networks , Support Vector Machines , Rule Based Systems , Neural
Networks

3.3.2 Fraud Detection
Fraud refers to criminal activities occurring in commercial organizations
such as banks, credit card companies insurance agencies, cell phone companies,
stock market. Malicious users could be actual customers of the organization or
resorting to identity theft . The detection activity aims at detection of unauthorized
consumption of resources provided by the organization to prevent economic losses.
A general approach to outlier detection here would involve maintaining a usage
profile for each customer and monitor the profiles to detect any deviations termed
as activity monitoring .
Some specific applications of fraud detection are discussed below:
3.3.2.1 Credit Card Fraud Detection
outlier detection techniques are applied to detect :
Fraudulent applications for credit card: This is similar to detecting insurance fraud
.
Fraudulent usage of credit card: Associated with credit card thefts.
The data records are defined over several dimensions such as the user ID,
spent amount, time between consecutive card usage, etc. The frauds are typically
reflected in transactional records (point outliers) and correspond to high payments,
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high rate of purchase, purchase of items never purchased by the user before, etc.
Availability of labeled records is no problem since credit companies have complete
data available. Moreover, the data falls into distinct profiles based on the credit card
user. Hence profiling and clustering based techniques are typically used in this
domain. Online detection of fraud as soon as fraudulent transaction occurs is a
challenge in detecting unauthorized credit card usage.
Some outlier detection techniques used in fraud detection are : Neural
Networks , Rule-based Systems , Clustering.

3.3.3 Mobile Phone Fraud Detection
Calling activity is usually represented with call records. Each call record is a
vector of continuous and discrete features. However, there is no inherent primitive
representation in this domain. Calls are aggregated by time, for example into callhours or call-days or user or area depending on the granularity desired. The outliers
correspond to high volume of calls or calls made to unlikely destinations.
Some techniques applied to cell phone fraud detection are : Statistical
Profiling using Histograms , Parametric Statistical Modelling , Neural Networks ,
Rule based Systems .

3.3.4 Insurance Claim Fraud Detection
An important problem in the property-casualty insurance industry is claims
fraud, automobile insurance fraud. Individuals and conspiratorial rings of claimants
and providers manipulate the claim processing system for unauthorized and illegal
claims.
The data in this domain for fraud detection comes from the documents
submitted by the claimants. The techniques extract different features (both
categorical as well as continuous) from these documents. Typically, claim adjusters
and investigators assess
these claims for frauds. These manually investigated cases are used as
labeled instances by supervised and semi-supervised techniques for insurance fraud
detection.
Insurance claim fraud detection is quite often handled as a generic activity
monitoring problem . Neural network based techniques have also been applied to
identify anomalous insurance claims.

3.3.5 Insider Trading Detection
Insider trading is a phenomenon found in stock markets, where people make
illegal profits by acting on (or leaking) inside information before the information is
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made public. The inside information can be of different forms generally referring to
any information which would affect the stock prices in a particular industry. It could
be knowledge about a pending merger/acquisition, a terrorist attack affecting a
particular industry, a pending legislation affecting a particular industry.
Fraud has to be detected in an online manner and as early as possible, to prevent
people/organizations from making illegal profits. The available data comes from
heterogeneous sources such as option trading data, stock trading data, news.
The data has temporal associations since the data is collected continuously. The
temporal and streaming nature has also been exploited in certain techniques.
Some outlier detection techniques used in this domain are :
Statistical profiling using Histograms , Information Theoretic .

3.3.6 Medical and Public Health Outlier Detection
The data typically consists of patient records which may have several
different types of features such as patient age, blood group, weight. The data might
also have temporal as well as spatial aspect to it. The data can have outliers due to
several reasons such as abnormal patient condition or instrumentation errors or
recording errors. Most of the current outlier detection techniques in this domain aim
at detecting
anomalous records (point outliers). Typically the labeled data belongs to the
healthy patients, hence most of the techniques adopt semi-supervised approach.
Another form of data handled by outlier detection techniques in this domain is time
series data, such as Electrocardiograms (ECG) and Electroencephalograms (EEG).
Collective outlier detection techniques have been applied to detect outliers in such
data . Several techniques have also focused on detecting disease outbreaks in a
specific area . Thus the outlier detection is a very critical problem in this domain
and requires high degree of accuracy. The most challenging aspect of the outlier
detection problem in this domain is that the cost of classifying an outlier as normal
can be very high.
Some outlier detection techniques used in this domain are :
Parametric Statistical Modelling , Neural Networks , Bayesian Networks ,
Rule-based Systems , Nearest Neighbor based techniques .

3.3.7 Industrial Damage Detection
Industrial units suffer damage due to continuous usage and the normal wear
and tear. Such damages need to be detected early to prevent further escalation and
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losses. The data in this domain is usually sensor data recorded using different
sensors and collected for analysis.
Examples of outlier detection techniques used for fault detection in mechanical
units :
Parametric Statistical Modelling , Non-Parametric Statistical Modelling
,Neural Networks , Spectral ,Rule Based Systems.
Examples of outlier detection techniques used for structural damage detection :
Statistical profiling using Histograms , Parametric Statistical Modelling , Mixture of
Models , Neural Networks .

3.3.8 Image Processing
Outlier detection here aims to detect changes in an image over time (motion
detection) or in regions which appear abnormal on the static image. This domain
includes satellite imagery, digit recognition, spectroscopy, mammographic image,
and video surveillance. The outliers are caused by motion or insertion of foreign
object or instrumentation errors. The data has spatial a swell as temporal
characteristics. Each data point has a few continuous attributes such as color,
lightness, texture .The interesting outliers are either anomalous points or regions in
the images (point and contextual outliers). One of the key challenges in this domain
is the large size of the input. The challenge is greater when dealing with video data
and, online detection techniques are required.
Some outlier detection techniques used in this domain are :
Mixture of Models , Regression , Bayesian Networks , Support Vector
Machines ,
Neural Networks , Clustering , Nearest Neighbour Techniques .

3.3.9 Outlier Detection in Text Data
Outlier detection techniques in this domain primarily detect novel topics or
events or news stories in a collection of documents or news articles. The outliers are
caused due to a new interesting event or an anomalous topic. The data in this
domain is typically
high dimensional and very sparse. The data also has a temporal aspect since
the documents are collected over time. A challenge for outlier detection techniques
in this
domain is to handle the large variations in documents belonging to one
category or topic.
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Some outlier detection techniques used in this domain are :
Statistical Profiling ,using Histograms , Mixture of Models , Neural
Networks , Support Vector , Machines, Clustering Based .

3.3.10 Sensor Networks
Sensor networks have lately become an important topic of research from data
analysis perspective, since the data collected from various wireless sensors has
several unique characteristics. Outliers in such data collected can either imply one
or more faulty sensors (sensor fault detection applications), or the sensors are
detecting events (intrusion detection applications) that are interesting for analysts. A
single sensor network might comprise a mix of sensors that collecting different
types of data, such as binary, discrete, continuous, audio, video . The data is
generated in a streaming mode and the collected data often contains noise and
missing values due to limitations imposed by deployment environment and
communication channel. This poses a set of unique challenges. The streaming data
calls for outlier detection techniques to operate in an online approach. The severe
resource constraints call for light-weight detection techniques. The data collected in
a distributed fashion calls for a distributed data mining approach to analyze the data.
Lastly the presence of noise in sensor data
makes outlier detection more challenging, since it has to now distinguish
between interesting outliers and the unwanted values (noise/missing values).
some outlier detection techniques used in this domain :
Bayesian Networks , Rule-based Systems , Parametric Statistical , Modelling,
Nearest Neighbor Based , Techniques , Spectral Techniques

3.4 Outliers Detection Methods
Outlier detection methods can be divided between univariate methods, and
multivariate methods , in univariate methods, observations are examined
individually and in multivariate methods, associations between variables in the
same dataset are taken into account .
Classical outlier detection methods are powerful when the data contain only
one outlier. However, these methods decrease drastically if more than one outliers
are present in the data (Hadi, 1992).
Another fundamental taxonomy of outlier detection methods is between
parametric (statistical) methods and nonparametric methods that are model free ,
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Williams et. al ( 2002) . Statistical parametric methods either assume a known
underlying distribution of the observations , Hawkins (1980) , Rousseeuw and
Leory (1987) , Barnett and Lewis (1994) or, at least, they are based on statistical
estimates of unknown distribution parameters , Hadi (1992) , Caussinus and Roiz
(1990) . These methods flag as outliers those observations that deviate from the
model assumptions .They are often unsuitable for high-dimensional data sets and
for arbitrary data sets without prior knowledge of the underlying data distribution ,
Papadimitriou et. al , (2002). Within the class of non-parametric outlier detection
methods one can set apart the data-mining methods, also called distance-based
methods.These methods are usually based on local distance measures and are
capable of handling large databases Williams et al. (2002) , Hawkins et al., ( 2002),
Schwabacher , (2003) . Another class of outlier detection methods is founded on
clustering techniques, where a cluster of small sizes can be considered as clustered
outliers , Acuna and Rodriguez ( 2004) . Hu and Sung (2003), whom proposed a
method to identify both high and low density pattern clustering, further partition
this class to hard classifiers and soft classifiers. The former partition the data into
two non-overlapping sets: outliers and non-outliers. The latter offers a ranking by
assigning each datum an outlier classification factor reflecting its degree of
outlyingness. Another related class of methods consists of detection techniques for
spatial outliers. These methods search for extrem observations or local instabilities
with respect to neighboring values, although these observations may not be
significantly different from the entire population , Shekhar and Chawla ( 2002) , Lu
et al.( 2003).
In this research we will study two kinds of outlier detection methods: formal
tests and informal tests. Formal and informal tests are usually called tests of
discordancy and outlier labeling methods, respectively.
Most formal tests need test statistics for hypothesis testing. They are usually
based on assuming some well-behaving distribution, and test if the target extreme
value is an outlier of the distribution, i.e., whether or not it deviates from the
assumed distribution. Some tests are for a single outlier and others for multiple
outliers. Selection of these tests mainly depends on numbers and type of target
outliers, and type of data distribution , Acuna and E.Rodriguez (2004). Many
various tests according to the choice of distributions are discussed in Barnett and
Lewis (1994) and Iglewicz and Hoaglin (1993).
Iglewicz and Hoaglin (1993) reviewed and compared five selected formal
tests which are applicable to the normal distribution, such as the Generalized ESD,
Kurtosis statistics , Shapiro-Wilk , the Boxplot rule , and the Dixon test , through
simulations.
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Even though formal tests are quite powerful under well-behaving statistical
assumptions such as a distribution assumption, most distributions of real-world data
may be unknown or may not follow specific distributions such as the normal,
gamma, or exponential. Another limitation is that they are susceptible to masking or
swamping problems.Acuna and Rodriguez (2004)define these problems as :
Masking effect, Swamping effect.
Masking effect: It is said that one outlier masks a second outlier if the second
outlier can be considered as an outlier only by itself, but not in the presence of the
first outlier. Thus, after the deletion of the first outlier the second instance is
emerged as an outlier.
Swamping effect: It is said that one outlier swamps a second observation if
the latter can be considered as an outlier only under the presence of the first one. In
other words, after the deletion of the first outlier the second observation becomes a
non-outlying observation. On the other hand, most outlier labeling methods,
informal tests, generate an interval or criterion for outlier detection instead of
hypothesis testing, and any observations beyond the interval or criterion is
considered as an outlier. Various location and scale parameters are mostly
employed in each labeling method to define a reasonable interval or criterion for
outlier detection.
There are two reasons for using an outlier labeling method, One is to find
possible outliers as a screening device before conducting a formal test. The other is
to find the extreme values away from the majority of the data regardless of the
distribution. While the formal tests usually require test statistics based on the
distribution assumptions and a hypothesis to determine if the target extreme value is
a true outlier of the distribution, most outlier labeling methods present the interval
using the location and scale parameters of the data. Although the labeling method is
usually simple to use, some observations outside the interval may turn out to be
falsely identified outliers after a formal test when the outliers are defined as only
observations that deviate from the assuming distribution. However, if the purpose of
the outlier detection is not a preliminary step to find the extreme values violating
the distribution assumptions of the main statistical analyses such as the t-test,
ANOVA, and regression, but mainly to find the extreme values away from the
majority of the data regardless of the distribution, the outlier labeling methods may
be applicable. In addition, for a large data set that is statistically problematic, e.g.,
when it is difficult to identify the distribution of the data or transform it into a
proper distribution such as the normal distribution, labeling methods can be used to
detect outliers.
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3.4.1 Outlier labeling (informal) method
3.4.1.1 Z-Scores
The Z-score, or standard score, is a way of describing a data point in terms of its
relationship to the mean and standard deviation of a group of points
The Z-score of an observation is defined as

where Xi ~ N (μ, 𝜎 2 ), and sd is the standard deviation
The goal of taking Z-scores is to remove the effects of the location and scale
of the data, allowing different datasets to be compared directly. The intuition behind
the Z-score method of outlier detection is that, once we’ve centred and rescaled the
data, anything that is too far from zero (the threshold is usually a Z-score of 3 or -3)
should be considered an outlier.
The Z-score can be misleading as its maximum is (𝑛 − 1)/√𝑛 , Seo (2006) ,
provides a proof) and thus up to n ≤ 10 the Z-score will never find an outlier . The
Z-score method relies on the mean and standard deviation of a group of data to
measure central tendency and dispersion. This is troublesome, because the mean
and standard deviation are highly affected by outliers – they are not robust. In fact,
the skewing that outliers bring is one of the biggest reasons for finding and
removing outliers from a dataset!
3.4.1.2 Standard Deviation Method (SD)
It is defined as
2 SD Method: x ± 2 SD
3 SD Method: x ± 3 SD, where the mean is the sample mean and SD is the sample
standard deviation.
For this outlier detection method, the mean and standard deviation of the
residuals are calculated and compared. If a value is a certain number of standard
deviations away from the mean, that data point is identified as an outlier. The
specified number of standard deviations is called the threshold. The default value
is3.

37

3.4.1.3

The Modified Z-Scores

the Z-score method will never detect an outlier if the dataset has fewer than
12 items in it. This motivated the development of a modified Z-score method,
which does not suffer from the same limitation.
The previous problem of Z-Scores was used two estimators the sample mean
and sample standard deviation(s), can be affected by a few extreme values or by
even a single extreme value. To resolve this problem the median and the median of
the absolute deviation (MAD) are employed in the modified Z-Scores instead of the
mean and standard deviation of the sample, respectively (Iglewicz and Hoaglin,
1993).
MAD = median |𝑥 − 𝑚| , where m is the sample median.
The modified Z-Score ( M ) is compute as

M=

0.6745(𝑥−𝑚)
𝑀𝐴𝐷

, where E(MAD) = 0.675 σ for large normal data.

Iglewicz and Hoaglin, (1993) suggested that observations are labeled outliers when
|𝑀| >3.5

3.4.1.4

Tukeys Method (Box Plot)
One of the most frequently used graphical techniques for analyzing a univa-

riate data set is the boxplot ,proposed by Tukey , Vanderviere and Huber ( 2004)
This method is simple graphical tool to display information about continuous
univariate data, such as the median, lower quartile, upper quartile, lower extreme
and upper extreme of a data set. This method for finding outliers uses the
interquartile range to filter out very large or very small numbers. The formulas are:

Low outliers = Q1-1.5Q3-Q1
High outliers =Q1 + 1.5Q3 -Q1 ,
OR
Low outliers = Q1-1.5 IQR
High outliers =Q1 + 1.5 IQR
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Where: Q1 = first quartile, Q3 = third quartile, IQR = Interquartile range
These equations gives two values, or “fences”. A fence that cordons off the
outliers from all of the values that are contained in the bulk of the data. The given
following steps for finding outliers using IQR,
Step 1: Find the Interquartile Range and Median.
Step 2: Find Q1 and Q3. Q1 can be thought of as a median in the lower half of the
data. Q3 can be thought of as a median for the upper half of data. Subtract Q1 from
Q3 .
Step 3: Calculate 1.5 * IQR and subtract from Q1 to get lower fence
Step 4: Add to Q3 to get upper fences
Step 5: Add fences to the data to identify outliers.
3.4.1.5

Median Absolute Deviation (MAD)

This method is one of the basic robust methods which are largely unaffected
by the presence of extreme values of the data set. This approach is similar to the SD
method. However, the median and MAD are employed in this method instead of the
mean and standard deviation. It is defined as follows,

2MAD Method: Median ± 2MAD
3MAD Method: Median ±3MAD
Where MAD =1.483× MAD for large normal data and is an estimator of the spread
in a data, similar to the standard deviation

3.4.2 Outlier Discordancy (Formal) Method
3.4.2.1 Quartile Method
Quartile method is no need to use in statistical tables. To find the outlier
using the quartile method it is necessary to carry out the following steps:
Step 1: Calculate the upper quartile: Q3 – 75% of the data in
the data set are lower than this.
Step 2: Calculate the lower quartile: Q1 – 25% of the data in the data set are higher
than this.
Step 3 : Calculate the gap between the quartiles:

H =Q3 – Q1
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A value lower than
mild outlier.

Q1 – 1.5.H and higher than Q3+1. 5. H is considered to be a

A value lower than Q1-3.H and higher than Q3+3.H is considered to be an extreme
outlier.
3.4.2.2

Dixon’s Test

The test developed by Dixon (1950) and used to the test is appropriate for
small sample size. The test has some limitations to n ≤ 30, were later on extended to
n ≤ 40.
The test first step for organizing the data in an ascending order, and then the
next step is to count parameter Q.
To check if the first element of the data set is an outlier we use the formula:
Q1 = (X3 - X1)/(Xn-2 - X3)
To check if the last element of the data set is an outlier we use the formula :
Qn = ( Xn - Xn-2)/(Xn - X3)
Where : x1,x2,x3,..,xn-1,xn are data from the data set
We compared The calculated value of parameter Q with the Dixon’s Test
critical value for the chosen statistical significance. When the critical value is
smaller than the calculated value of parameter Q , then it is possible to accept the
data from the data set as an outlier .
3.4.2.3

Hampel’s Test

To calculate Hampel’s test statistical tables are not necessary. Theoretically,
this method is resistant, which means that it is not sensitive to outliers (the quantity
and value of the outliers should not affect the Hampel’s Test effectiveness) , it also
has no restrictions as to the abundance of the data set.
Hampel’s test performs the steps for data sets are as the following:
1. Compute the median (Me) for the total data set. The median is described as the
numeric value and separating the higher half of a data set from the lower half.
2. Compute the value of the deviation 𝑟𝑖 from the median value; this calculation
should be done for all elements from the data set:

r𝒊 = (X𝒊 − Me)
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Where:
𝑥i: simple data from the data set, : belongs to the set for 1 to n, 𝑛: number of all
element of the set, 𝑀e: median
3. Calculate the median for deviation 𝑀e|𝑟𝑖|
4. Check the conditions: |𝑟𝑖|≥4.5𝑀e|𝑟𝑖|
The value from the data set can be accepted as an outlier , If the condition is
executed.
3.4.2.4 Generalized ESD Test for Outliers
The generalized ESD test (Rosner 1983) only requires that an upper bound
for the suspected number of outliers be specified.
Given the upper bound, r, the generalized ESD test essentially performs r separate
tests: a test for single outlier, a test for two outliers, and so on up to r outliers. The
generalized ESD test is defined for the hypothesis:
H0: There is no outlier found in the data set
Ha: There are up to r outliers in the data set
Test Statistic : Compute
Ri = (maxi |𝑥𝑖−𝑥̅ | )/s
Remove the observation that maximizes |𝑥𝑖−𝑥̅ | and then compute the above
statistic with 𝑛−1 observations. Repeat and continues the process until r
observations have been removed. Then the results in r test statistics R1, R2, ..., Rr.
Significance Level: 𝛼
Critical Region: Corresponding test statistics r to calculate the following r critical
values

where 𝑖=1,2,….,𝑟,𝑡 𝑝,𝑣 is the 100p percentage point from the t distribution with ν
degrees of freedom and
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3.4.2.5

Grubb’s Test

Grubbs' test , Grubbs (1969) and Stefansky (1972) is used to detect a single
outlier in a univariate data set that follows an approximately normal distribution.
T0he effects of which are that the data analyzed with this method should
have normal distribution. This test should be performed as long as all outliers will
be detected.

Grubbs' test is defined for the hypothesis:
H0: There are no outliers in the data set.
H1: There is at least one outlier in the data set.
Grubb’s Test can be presented as follows:

where:
xi : element of the data set, 𝑥̅ : mean of the data set,  : standard deviation of the
data set.
The calculated value of parameter G is compared with the critical value for
Grubb’s test. When the calculated value higher or lower than the critical value of
choosing statistical significance, then the calculated value can be accepted as and
outlier. The statistical significance (𝛼) describes the maximum mistake level which
a person searching for outlier can accept.

3.5 Classification Function
In medical diagnosis, test sensitivity is the ability of a test to correctly
identify those with the disease (true positive rate), whereas test specificity is the
ability of the test to correctly identify those without the disease (true negative rate).
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13Figure(3.2) Sensitivity and specificity

From Figure(3.2) , Sensitivity refers to the test's ability to correctly detect ill patients
who do have the condition .In the example of a medical test used to identify a
disease, the sensitivity of the test is the proportion of people who test positive for
the disease among those who have the disease. Mathematically, this can be
expressed as:

43

Specificity relates to the test's ability to correctly reject healthy patients
without a condition. Consider the example of a medical test for diagnosing a
disease. Specificity of a test is the proportion of healthy patients known not to have
the disease, who will test negative for it. Mathematically, this can also be written as:

A positive result in a test with high specificity is useful for ruling in disease.
The test rarely gives positive results in healthy patients. A test with 100%
specificity will read negative, and accurately exclude disease from all healthy
patients. A positive result signifies a high probability of the presence of disease. A
test with a higher specificity has a lower type I error rate.
Figure (3.3) and (3.4) are clearing the meaning of sensitivity and specificity.

14Figure (3.3): High sensitivity and low specificity
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15Figure (3.4): Low sensitivity and high specificity

For example, figure(3.5), the box ‘Total Candidates’ contains 4 excellent
candidates represented by 4 +ve squares and 4 poor candidates represented by 4 –ve
circles. Suppose there is an interview, which aims at selecting excellent candidates
into an output box ‘Selected’ and to rejecting poor performers into another output
box ‘Rejected’.
In practice interviews are not perfect, so not all excellent applicants may be
picked up by the interview. Suppose, in this case the interview gives a correct
positive result in 2 out of the 4 who are excellent, therefore 2 are represented as
True Positive in the ‘Correctly Selected’ portion of the output box ‘Selected’ in the
figure. Also, the interview gives a correct negative result in 2 out of 4 who are not
excellent; therefore 2 are represented as True Negative in the ‘Correctly Rejected’
section of the output box ‘Rejected’ in the figure.
At the same time, 2 candidates have a false positive result, even if they are
not excellent. These are therefore represented as False Positive in the ‘Mistakenly
Selected’ section of the output box ‘Selected’ in the figure, as the selection by the
interviewer is incorrect. Similarly 2 candidates have a false negative result, even if
they are excellent. These are therefore represented as False Negative in the
‘Mistakenly Rejected’ Section of the output box ‘Rejected’ in the figure, as the
interviewer is mistaken. Here, A good binary classification test always results with
high values for all the three factors, Sensitivity, Specificity and Accuracy, whereas
a poor binary classification test results with low values for all. If Sensitivity is high
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and Specificity is low then, there is no need to bother about the excellent candidates
but the poor candidates must be reexamined to eliminate false positives (poor
candidates mistakenly selected). But If Sensitivity is low and Specificity is high
then, there is no need to bother about the poor candidates but the excellent
candidates must be reexamined to eliminate false negatives (excellent candidates
mistakenly rejected). An average binary classification test always results with
average values which are almost similar for all the three factors.

16Figure(3.5): A sketch for classification test

In general, Positive = identified and negative = rejected. Therefore:
True positive = correctly identified
False positive = incorrectly identified
True negative = correctly rejected
False negative = incorrectly rejected

In medical diagnosis :
True positive = Sick people correctly identified as sick
False positive = Healthy people incorrectly identified as sick
True negative = Healthy people correctly identified as healthy
False negative = Sick people incorrectly identified as healthy
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3.6 Summary
Outliers should be investigated carefully , unless they are data entry errors,
are always an important part of a data set .As we said , it is important to identify
outliers to avoid many future statistical errors, Methods of outlier detection differ,
so we have to be aware of using the optimum way and this according to the
circumstances and characteristics in relation to the used data.
In the next chapter, We will determine the outliers by using labeling and
discordancy method and the comparison among these methods to know which
method is more accurate and effective in detected of these outliers.
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Chapter 4
Application on a Simulation Data Set

Chapter 4
Application on a Simulation Data Set
4.1 Introduction
In this chapter, we will simulate data and apply the methods of detecting
outliers (the formal and the informal test) on these data and then make some
comparisons in order to discover the best method of all methods used to determine
these outliers.

4.2 Data analysis
Data of normal distribution x ~N(0،1) has been simulate for four samples as
follows :
n1 =
Normal20 = 20 , n2 = Normal100 = 100 , n3 = Normal500 = 500 ,

n4 = Normal1000 = 1000
Another normal data y~ N(5،1.5) has been added to previous one with 20% of
each sample as follows :

m1 = Normaldata1= 24 , m2 = Normaldata2 = 120 , m3 = Normaldata3 = 600 ,
m4 = Normaldata4 = 1200 .
Next figures shows Q-Q plot and histogram for each sample before and after
addition:
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17Figure (4.1): Q-Q plot and histogram for n1 and m1
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18Figure(4.2): Q-Q plot and histogram for n2 and m2
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19Figure(4.3): Q-Q plot and histogram for n3 and m3
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20Figure(4.4) : Q-Q plot and histogram for n4 and m4

Throughout this figure , we can distinguish outliers. Now, we are going to apply the
methods of detecting outliers on this data and make some comparisons in order to
discover the best method of all methods used to determine these outliers.

The researcher will assume that the previous addition are outliers, that is to
say:
4 outliers are in the first sample
20 outliers are in the second sample
100 outliers are in the third sample
200 outliers are in the fourth sample
Now the researcher will apply the mentioned methods of detection to discover the
number of outliers in each sample
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4.3 Outlier discordancy (formal) method

→ Appendix (5)

4.3.1 Quartile test

The researcher applied this test on the mentioned sample. Table (4.1) illustrates the
results:
5Table (4.1): Outliers detected by Quartile test

Number of
outliers
3
17
84
166

Sample size
m1=24
m2=120
m3=600
m4=1200

No. of
addition
4
20
100
200

The researcher noticed that this test has high sensitivity towards outliers, it
has been detected 3 outliers out of 4 elements in the first sample. Also , it has been
detected 17 outliers out of 20 elements in the second sample , and it has been
detected 84 outliers out of 100 in the third sample , finally it has been detected 166
outliers out of 200 elements in the fourth sample.

4.3.2 Dixon test

→ Appendix (6)

This test is limited because it can just be applied on sample of less than 30
element . The researcher applied this test on the mentioned samples , she noticed
that this method was only successful in the first sample and it failed with the three
other ones and that is due to the large size of samples ( more than 30 elements) .
It was detected just one outlier in first sample. Table (4.2) declares the results.
6Table (4.2): Outliers detected by Dixon test

Sample size

Number of outliers

m1=24
m2=120
m3=600
m4=1200

1
__
__
__

4.3.3 Hample test

No. of
addition
4
20
100
200

→ Appendix (7)

The researcher applied this method on the mentioned sample. Table(4.3)
demonstrates the results . It has been detected that 3 outliers in the first sample , 17
52

outliers in the second sample , 80 outliers in the third sample and 163 outliers in the
fourth sample.
7Table (4.3): Outliers detected by Hample test

Sample size

Number of
outliers
3
17
80
163

m1=24
m2=120
m3=600
m4=1200

4.3.4 Generalized ESD test

No. of addition
4
20
100
200

→ Appendix (8)

The researcher applied this method on the mentioned sample. Table(4.4)
demonstrates the results . It has been detected that 3 outliers in the first sample , 17
outliers in the second sample , 77 outliers in the third sample and 153 outliers in the
fourth sample.
8Table (4.4): Outliers detected Generalized ESD test

Sample size
m1=24
m2=120
m3=600
m4=1200

4.3.5 Grubbs test

Number of outliers
3
17
77
153

No. of addition
4
20
100
200

→ Appendix (9)

The researcher applied this method on the mentioned sample. Table(4.5)
demonstrates the results . It has been detected that 10 outliers in the first sample , 10
outliers in the second sample , 10 outliers in the third sample and 10 outliers in the
fourth sample.
9Table (4.5) : Outliers detected by Grubbs test

Sample size
m1=24
m2=120
m3=600
m4=1200

Number of
outliers
10
10
10
10
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No. of addition
4
20
100
200

Throughout the previous results, the researcher noticed that this test has low
sensitivity towards outliers.

4.3.6 conclusions
The next table describes that outlier detected by the formal methods. The three
methods Hample , Quartile and Generalized ESD can find easy and average
detection levels are equal to find the maximum outliers.
10Table (4.6): Outlier detection by Formal test

Outlier tests

m1=24

Quartile
Dixon
Hample
Generalized
ESD
Grubbs

3
1
3

Sample size
m2=120
m3=600
Number of outlier detected
17
84
___
___
17
80

m4=1200
166
___
163

3

17

77

153

10

10

10

10

Grubbs and Dixon test had low sensitivity for outlier detection, because every test
detected single outlier and find only minimum or maximum value.
The result reveals that Hample ,Quartile and ESD are much better than Dixon and
Grubbs test. And we can see that Quartile test is better than Hample and ESD and
Hample is better than ESD .

4.4 Outlier labeling (informal) method
4.4.1 Z- score

→ Appendix (10)

The researcher applied this method on the mentioned sample. Table(4.7)
demonstrates the results . It has been detected that 1 outliers in the first sample , 4
outliers in the second sample , 22 outliers in the third sample and 41 outliers in the
fourth sample.
11Table (4.7): outliers detected by Z-score

Sample size
m1 = 24
m2 =120
m3 =600
m4 =1200

Number of outlier
1
4
22
41
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No. of addition
4
20
100
200

→ Appendix (11)
The researcher applied this method on the mentioned sample. Table(4.8)
demonstrates the results . It has been detected that 1 outliers in the first sample , 4
outliers in the second sample , 22 outliers in the third sample and 41 outliers in the
fourth sample.

4.4.2 Standard deviation method (SD)

12Table (4.8): outliers detected by Standard deviation method (SD)

Sample size

Number of outlier

m1 = 24
m2 =120
m3 =600
m4 =1200

1
4
22
41

4.4.3 The modified Z-score

No. of
addition
4
20
100
200

→ Appendix (12)

The researcher applied this method on the mentioned sample. Table(4.9)
demonstrates the results . It has been detected that 3 outliers in the first sample , 13
outliers in the second sample , 72 outliers in the third sample and 137 outliers in the
fourth sample.
13Table (4.9): outliers detected by The modified Z-score

Sample size

Number of outlier

m1 = 24
m2 =120
m3 =600
m4 =1200

3
13
72
137

4.4.4 Tukeys method (Box plot)

No. of
addition
4
20
100
200

→ Appendix (13)

The researcher applied this method on the mentioned sample. Table(4.10)
demonstrates the results . It has been detected that 3 outliers in the first sample , 17
outliers in the second sample , 83 outliers in the third sample and 171 outliers in the
fourth sample.
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14Table (4.10): outliers detected by Tukeys method

Sample size

Number of outlier

m1 = 24
m2 =120
m3 =600
m4 =1200

3
17
83
171

4.4.5 Median absolute deviation (MAD)

No. of
addition
4
20
100
200

→ Appendix (14)

The researcher applied this method on the mentioned sample. Table(4.11)
demonstrates the results . It has been detected that 3 outliers in the first sample , 17
outliers in the second sample , 80 outliers in the third sample and 163 outliers in the
fourth sample.
15Table (4.11): outliers detected by Median absolute deviation (MAD)

Number of
outlier
3
17
80
163

Sample size
m1 = 24
m2 =120
m3 =600
m4 =1200

No. of
addition
4
20
100
200

4.4.6 conclusions
In Table (4.12), the researcher noticed that Z-score and (SD) have low sensitivity
towards outliers, whereas the modified Z-score, Tukey and MAD have high
sensitivity towards outliers. These three methods can be ordered as best as follows:
- Tukey
- MAD
- Modified Z-score
16Table (4.12): Outlier detection Informal t

Outlier tests

m1=24

Z- score
Standard deviation
method (SD)
The modified Z-score
Tukeys method (Box
plot)
Median absolute
deviation (MAD)

1

Sample size
m2=120
m3=600
Number of outlier detected
4
22

m4=1200
41

1

4

22

41

3

13

72

137

3

17

83

171

3

17

80

163
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Generally, figure (4.5) shows the density distribution for normal data 1 with size 24.
Red curve expresses the density distribution for data set, other curves express the
density distribution for data – which were detected by the mentioned outliers
detected methods- after dropping outliers by the researcher.
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21Figure (4.5) : Density distribution for normal data1

It's clear that the density distribution curves for ESD, Modified Z-score, Hample,
MAD, Quartile and Tukey are identical as these methods detected the same outliers,
one value from the upper and two values from the lower.
Although Dixon method is a small size samples method, it was not good enough
for detecting outliers in this data set. The researcher thinks that may be due to the
data nature.
Figure (4.6) shows the density distribution for normal data 2 with size 120, here
Dixon method was excepted. Z and SD methods had the lowest sensitivity, that was
obvious of their density distribution which were not approaching to normal
distribution.
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22Figure (4.6) : Density distribution for normal data2

The density distribution of Quartile, MAD, Tukey, Hamble and ESD were
approaching to normal distribution which means that those methods had high
sensitivity for detecting outliers. Grubbs method detected outliers from just one side
( the upper) as it is cleared in above figure.
Figure (4.7) shows the density distribution for normal data 3 with size 600. All
methods- except for Grubbs, SD and Z methods- were acceptable in detecting
outliers and their density distribution were approaching to normal distribution with
some difference in numbers of detecting outliers.
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23Figure (4.7) : Density distribution for normal data3
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40

Grubbs method had the same problem mentioned above. SD and Z methods had low
sensitivity in detecting outliers, that was clear in their density distribution.
Figure (4.8) shows density distribution for normal data 4 with size 1200. Grubbs,
SD and Z methods had weakly detected outliers. All other methods had detected
outliers in a good manner.
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24Figure (4.8) : Density distribution for normal data4

4.5 Summary
In this chapter, the researcher applied methods of detection of outliers on the
simulation data and discussed results. The researcher noticed that Tukey, Quartile
and Hample methods had high sensitivity towards outliers. Grubbs had low
sensitivity.
Next chapter the researcher applied the mentioned methods on medical data which
was taken from sanitation center of UNRWA in Khanyounis.
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Chapter 5
Case Study

Chapter 5
Case Study
5.1 Introduction
In this chapter, outlier detecting methods have been applied on medical data set,
some notes have been taken, and a comparison between these methods to discover
the best has been made.

5.2 Data Description
The medical data which has been used in this study was taken from UNWRA
sanitation center in Khanyounis. This data is about body mass index(BMI) for
patients who used to visit this sanitation center and which their ages are ranging
from (25 to 50) years old for both: males and females. The size of this sample is
309 patients.
Body mass index: A key index for relating weight to height. Abbreviated BMI. BMI

is a person's weight in kilograms (kg) divided by his or her height in meters
squared. The National Institutes of Health (NIH) now defines normal weight,
overweight, and obesity according to BMI rather than the traditional height/weight
charts. Table (5.1) declares that Normal range is a BMI ranging from 18.5 to 24.9.
Overweight is a BMI ranging from 25 to 29.9. Obesity is a BMI of 30 or more for
either sex .

17Table (5.1): BMI Categories

Figure (5.1) displays the Q-Q plot for BMI. Throughout this figure, the researcher
noticed that obesity ( as a disease) starts from a BMI of 30 (despite this, the
remarkable gap around the BMI of 30 is due to the data nature).
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25Figure 5.1 : Q-Q plot for BMI

Moreover, the researcher noticed that there are 8 values far from the normal line,
and that makes her to deduce that these are the outliers.
Figure 5.2 shows the histogram for BMI, throughout it, the researcher noticed that
the curve is highly skewnessed in its right side and this is a proof of having
outliers.
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26Figure 5.2: Histogram for BMI

The same results can be noticed in the Boxplot for BMI (Fig. 5.3)
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27Figure 5.3: Boxplot for BMI

5.3 Outlier discordancy (formal) methods
5.3.1 Quartile test

→ Appendix (96)

This method was applied on the mentioned data, the researcher noticed that this
method started in detecting outliers from 36.7. It has detected 7 outliers.
18Table (5.2) : Outliers detected by Quartile test

Sample size
309

Number of outlier
7

5.3.2 Dixon test
This test is limited because it can just be applied on sample of less than 30
elements. So this test has not worked.

19 Table (5.3) : Outliers detected by Dixon test
Sample size
309

5.3.3 Hample test

Number of outlier
→ Appendix (96)

This method was applied on the mentioned data, This test has detected the BMI of
37.760 and more outliers. So it has detected 6 outliers.
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20Table (5.4) : Outliers detected by Hample test

Sample size
309

Number of outlier
6
→ Appendix (96)

5.3.4 Generalized ESD test

This method has not succeeded in detecting outliers. It is low sensitivity in detecting
outliers in general.

21 Table (5.5) : Outliers detected by Generalized ESD test

Sample size
309

5.3.5

Number of outlier
__

Grubbs test

→ Appendix (96)

This method was applied on the mentioned data, and it has detected only one
outlier: BMI of 41.9.
22Table (5.6) : Outliers detected by Grubbs test

Sample size
309

Number of outlier
1

5.4 Outlier labeling (informal) method
5.4.1 Z- score

→ Appendix (96)

This method was applied on the mentioned data, it has detected 3 outliers started
from BMI of 40.4.
23Table (5.7) : Outliers detected by Z-score test

Sample size
309

Number of outlier
3
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5.4.2 Standard deviation method (SD)

→ Appendix (96)

This method was applied on the mentioned data, it has detected 3 outliers started
from BMI of 40.4.

24Table (5.8) : Outliers detected by SD test

Sample size
309

Number of outlier
3
→ Appendix (96)

5.4.3 The modified Z-score

This method was applied on the mentioned data, it has not detected any outliers.
25Table (5.9) : Outliers detected by The modified Z-score test

Sample size
309

Number of outlier
__
→ Appendix (96)

5.4.4 Tukeys method (Box plot)

This method was applied on the mentioned data, it has detected 7 outliers started
from BMI of 36.7.

26Table (5.10) : Outliers detected by Tukeys method

Sample size
309

Number of outlier
7

5.4.5 Median absolute deviation (MAD)

→ Appendix (96)

This method was applied on the mentioned data, it has detected 5 outliers started
from BMI of 36.2.

27Table (5.11) : Outliers detected by MAD test

Sample size
309

Number of outlier
5
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5.5 Classification Test
The researcher had applied the classification tests on the outliers detection methods.
Table (5.12) shows the results as follows:
28Table (5.12) : Classification Test

Quartile _method
Hample Test
ESD Test
Grubbs Test
Z score
SD Test
Z score _modified
Tukey Test
MAD Test

accuracy
0.8122977
0.8090615
NA
0.7928803
0.7993528
0.7993528
NA
0.8122977
0.8058252

error rate;
0.1877023
0.1909385
NA
0.2071197
0.2006472
0.2006472
NA
0.1877023
0.1941748

sensitivity
0.1076923
0.09230769
NA
0.01538462
0.04615385
0.04615385
NA
0.1076923
0.07692308

specificity
1
1
NA
1
1
1
NA
1
1

AUC
0.555
0.547
0.500
0.508
0.523
0.523
0.523
0.555
0.539

In general, the highest the accuracy is, the lowest the error rates will be, the highest
sensitivity will be and the highest the area under care (AUC) will be.
From table (5.12), the researcher noticed that Tukey and Quartile methods had the
highest sensitivity in detecting outliers in comparing with the other methods, this
result is similar to the statistical analysis of these two methods. from table ( 5.2)
(5.10), the researcher noticed that each method had detected 7 outliers which was
the highest number of all other methods. Moreover, these two methods had scored
the highest result in the simulation study (See table (4.1) (4.10)).
Hample method was the second best method in detecting outliers – after Quartile
and Tukey methods- for it detected 6 outliers (See table (5.4)) and it was clear that
it had a second high sensitivity of all other methods. This result is similar to the
simulation study (See table (4.3)).
MAD method was the third method in sensitivity to outliers, it scored 5 in detecting
outliers (See table (5.11)) and this result is similar to that of simulation study (See
table (4.11).
Z, SD and Grubbs methods had low sensitivity in detecting outliers as they scored
3,3 and 1 in order (See table (5.7), (5.8) and (5.6) in order). These results were
similar to their simulation study (See tables (4.7), (4.8) and (4.5)).
The rest three methods had not detected any outliers, these methods were: Dixon,
ESD and Modified Z-score.
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Dixon test is a limited method in detecting outliers, it can be only applied on
small samples ( less than 30 elements).
ESD and Modified Z-score had not detected any outlier due to data nature.

5.6 Summary
In this chapter, the researcher applied methods of detection of outliers on the
medical data set and discussed results. The researcher noticed that Tukey, Quartile
and Hample methods had high sensitivity towards outliers. Grubbs had low
sensitivity. ESD and Modified Z-Score failed to detect any outlier.
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Chapter 6
Conclusions and Recommendations
6.1 Conclusions
Throughout the discussion in chapter 4 and 5, the researcher stated the following
results:
1. Tukey and Quartlie methods had very similar results in detecting outliers, in
the simulations study and the case study.
2. Tukey and Quartile were the most effective methods in detecting outliers
among the mentioned methods.
3. Hample method was of high sensitivity in detecting outliers, in fact it was the
second best method after Tukey and Quartile.
4. Also MAD method was effective in detecting outliers. Although its
sensitivity towards outliers decreased when the samples increased.
5. ESD method had not detecting any outliers in the medical data, although it
was effective in the simulation study and that is may due to the data nature.
This result is the same for Modified Z-score.
6. Z and SD were not effective in detecting outliers both in the simulation study
and the case study. Remarkable, Z method is the standard value of SD
method, so they had the same results.
7. Grubbs was not effective in detecting outliers both in the simulation study
and the case study, therefore, this method has low sensitivity towards
outliers.
8. Dixon method was only successful in the first sample in the simulation
study and it failed with the three other ones and in the case study that is due
to the large size of samples.

6.2 Recommendations
Throughout the results of the study, the researcher recommends the following:
1. It is recommended to use Tukey, Quartile and Hample – in order- to detect
outliers, as they were the most sensitive methods in detecting outliers.
2. It is recommended to apply MAD method on samples which have medium
sizes.
3. It is recommended to apply ESD and Modified Z-score on other data sets as
they detected outliers in the simulation study but they had not detected any
outlier in the case study.
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4. It is not recommended to use Dixon method in detecting outliers in small
samples.
5. It is recommended to use any mentioned method on small samples instead
Dixon.
It is recommended to apply SD and Z methods on data sets which have
remarkable outliers; outliers which can be detected through q-q plot.
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Appendix

Application on a Simulation Data Set Output
Appendix (1): noramldata1

76

Appendix (2): noramldata2
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Appendix (3): noramldata3
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Appendix (4): noramldata4
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Appendix (5) : Quartile test
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Appendix (6) : Dixon test
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Appendix (7) : Hample test
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Appendix (8) : Generalized ESD test
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Appendix (9) : Grubbs test
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Appendix (10) : Z-Scores test
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Appendix (11) : Standard deviation method (SD) test
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Appendix (12) : The modified Z- scores test
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Appendix (13) : Tukeys method (box plot)
test
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Appendix (14) : Median absolute deviation (MAD)
test
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Program Code
Appendix (15) : Application on a Simulation Data Set
library(outliers)
library(EnvStats)
##### Normal Distribution Generation
set.seed(35670);Normal20 <- rnorm(20,0,1);CNormal20<- rnorm(20,5,15);norm10 <sample(Normal20,size=20);norm20 <-sample(CNormal20,size=4)
set.seed(35671);Normal100<- rnorm(100,0,1);CNormal100<-rnorm(100,5,15);norm11 <sample(Normal100,size=100);norm21 <-sample(CNormal100,size=20)
set.seed(35672);Normal500<- rnorm(500,0,1);CNormal500<-rnorm(500,5,15);norm12 <sample(Normal500,size=500);norm22 <-sample(CNormal500,size=100)
set.seed(35673);Normal1000<- rnorm(1000,0,1);CNormal1000<rnorm(1000,5,15);norm13 <-sample(Normal1000,size=1000);norm23 <sample(CNormal1000,size=200)
normaldata1<-c(norm10,norm20);normaldata1<-sample(normaldata1,size=24)
normaldata2<-c(norm11,norm21);normaldata2<-sample(normaldata2,size=120)
normaldata3<-c(norm12,norm22);normaldata3<-sample(normaldata3,size=600)
normaldata4<-c(norm13,norm23);normaldata4<-sample(normaldata4,size=1200)
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Program Code For Outlier Informal Methods

Appendix (16): Z-Scores
Z_ScoreTest <- function (x,zs){
##zs represent standard deviation
sd = sqrt(var(x))
Zm = (((x - mean(x))) / sd)
hist(Zm)
return(Zm[abs(Zm) >zs])
}
Z_ScoreTest(normaldata2,3)
zscore_modified(normaldata2,1)

Appendix (17) : SD
SDTest <- function (x,zs){
j=1; n <- length(x);outliersd=NULL
##zs represent standard deviation
y<-sort(x)
sd = sqrt(var(y))
for (i in 1:n) {
tester <- y-mean(y)
if (abs(tester[i])> zs*sd)
{outliersd[j] <- y[i]
j=j+1
}}
print(sd);print(mean(x))
return(outliersd)
}
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Appendix (18): The modified Z-Scores
zscore_modified <- function (x,zs){
#zs M
median(x)
MAD = mad(x)
Zm = ((0.6745*(x - median(x))) / MAD)
hist(Zm)
return(Zm[abs(Zm) > zs])
}

Appendix (19) : Tukeys method (Box Plot)
Detect_Outliers_tukeys <- function(x)
## Check if data is numeric in nature
if(!(class(x) %in% c("numeric","integer")))
{
stop("Data provided must be of integer\numeric type")
}
## Calculate lower limit
lower.limit <- as.numeric(quantile(x)[2] - IQR(x)*1.5)
## Calculate upper limit
upper.limit <- as.numeric(quantile(x)[4] + IQR(x)*1.5)
## Retrive index of elements which are outliers
lower.index <- which(x < lower.limit)
upper.index <- which(x > upper.limit)
## to plot before and after boxplots together
par(mfrow = c(1, 2))
y<- x
## Set outliers to NA
109

y[c(lower.index,upper.index)] <- NA
## boxplot with outliers
boxplot(x,xlab = "With Outliers")
## boxplot without outliers
boxplot(y,xlab = "Without Outliers")
## print results
cat(" Lower Limit ",lower.limit ,"\n", "Upper Limit", upper.limit ,"\n",
"Lower range outliers ",x[lower.index] ,"\n", "Upper range outlers", x[upper.index])
}
## Function Output
Detect_Outliers_tukeys(normaldata1)

Appendix (20): MAD
MADTest <- function (x,zs){
j=1; n <- length(x);outliermad=NULL
##zs represent standard deviation
y<-sort(x)
for (i in 1:n) {
tester <- y-median(y)
if (abs(tester[i])> zs*mad(y))
{
outliermad[j] <- y[i]
j=j+1
}}
print(zs*mad(y));print(median(y))
return(outliermad)
}
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Program Code For Outlier Formal Methods

Appendix (21): Quartile method
QuartileTest <- function(x) {
data1<-sort(x);
n<-length(data1)
j=n;outlier1=NULL ;outlier2=NULL
z=1
Y <- quantile(data1);
tshold1 <- quantile(data1)[2]-1.5*IQR(data1);
tshold2 <- quantile(data1)[4]+1.5*IQR(data1);
for (i in 1:n) {
if (data1[i]<=tshold1) {outlier1[i]=data1[i]}
if (data1[length(data1)+1-i]>=tshold2) {outlier2[i]=data1[length(data1)+1-i]}
if ((data1[i] >= tshold1)&(data1[n-i] <=tshold2) ) {break}
}
myoutlier<- c(outlier1,outlier2);myoutlier<-sort(myoutlier)
print (tshold1);print(tshold2)
return(myoutlier)
}

Appendix (22): Dixon tests for outlier
Dixontest <- function(x){
y <- sort(x);m=1;f=1
n<-length(y);j=n;outlier1=NULL ;outlier2=NULL; j=0;z=1
for (i in 1:n) {
testhi1<-dixon.test(y)$p.value;testlo1<-dixon.test(y,opposite=TRUE)$p.value;
if (testlo1 <= 0.05) {
outlier1[m]=y[1]
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y <- y[-1]
m=m+1
}
if (testhi1 <= 0.05) {
outlier2[f]=y[n];
y <- y[-(n-j)];
f=f+1;j=j+1;
}
if ((testlo1 > 0.05) & (testhi1 > 0.05)) {break}
}
outliery <- c(outlier1,outlier2)
print ("Number of outlier = ");print(length(outliery))
return(outliery)
}

Appendix (23): Hampel’s test
HampleTest <- function (x){
j=1;z=0
n <- length(x)
Me <- median(x)
Ri=0
for (i in 1:n) {
Ri[i] = (x[i] - Me)
}
devri <- median(abs(Ri))
for (i in 1:n) {
if (abs(Ri[i]) >= 4.5*devri)
{
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z[j]<-x[i]
j<-j+1
}
}
print (j)
return(z)
}

Appendix (24): Generalized ESD test for outliers
EsdTest <- function(x,m) {
## Generate normal probability plot.
y= x
qqnorm(y)
dataframe1<-data.frame(dd=abs(y),sign=sign(y))
dataframe1 <- dataframe1[order(dataframe1$dd,decreasing=TRUE),]
y<-dataframe1$dd*dataframe1$sign
## Create function to compute the test statistic.
rval = function(y){
ares = abs(y - mean(y))/sd(y)
df = data.frame(y, ares)
r = max(df$ares)
list(r, df)}
## Define values and vectors.
n = length(y)
alpha = 0.05
lam = c(1:m)
R = c(1:m)
## Compute test statistic until r=10 values have been
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## removed from the sample.
for (i in 1:m){
if(i==1){
rt = rval(y)
R[i] = unlist(rt[1])
df = data.frame(rt[2])
newdf = df[df$ares!=max(df$ares),]}
else if(i!=1){
rt = rval(newdf$y)
R[i] = unlist(rt[1])
df = data.frame(rt[2])
newdf = df[df$ares!=max(df$ares),]}
## Compute critical value.
p = 1 - alpha/(2*(n-i+1))
t = qt(p,(n-i-1))
lam[i] = t*(n-i) / sqrt((n-i-1+t**2)*(n-i+1))
}
newdf = data.frame(c(1:m),R,lam,y[1:m],R>=lam)
names(newdf)=c("No. Outliers","Test Stat.", "Critical Val.","Values","Decision")
return(newdf)
}

Appendix (25): Grubb’s test
GrubbsTest <- function(x,nm){
y <- sort(x);m=1;
n<-length(y);j=n;outlier1=NULL ;outlier2=NULL; j=0;z=1
for (i in 1:n) {
testlo1<-grubbs.test(y)$p.value;testhi1<-grubbs.test(y,opposite=TRUE)$p.value;
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if (testlo1<=0.05)
{
outlier1[m]=y[1]
y <- y[-1]
m=m+1
}
if (testhi1<=0.05)
outlier2[(j+1)]=y[n-j];
y <- y[-(n-j)];
j=j+1
}
if ((j > nm) | (m > nm)) break
}
outlierg <- c(outlier1,outlier2)
print ("Number of outlier = ");print(length(outlierg))
return(outlierg)
}
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Case study output
Appendix (26) : BIM Data
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Appendix (27) : Outlier detection methods Output
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Density distribution for simulation data

Appendix (28): Normal data1
x<- sort(normaldata1)
wx<-x[1:22];
mx <-x[10:24]
zx <- x[1:24]
hh <- x[1:22]
ee <- x[1:22]
tt <- x[1:22]
mm <- x[1:24]
hist(x, xlim=c(-40, 40), ylim = c(0,0.2),,main="Distribution", probability=TRUE,
col="gray", border="white")
d1 <- density(x, bw=2)
d2 <- density(wx, bw=2)
d3 <- density(mx, bw=2)
d4 <- density(zx, bw=2)
d6 <- density(hh, bw=2)
d7 <- density(ee, bw=2)
d8 <- density(tt, bw=2)
d9 <- density(mm, bw=2)
lines(d1, col="red")
lines(d2, col="blue")
lines(d3, col=15)
lines(d4, col="green")
lines(d6, col="pink")
lines(d7, col="brown")
lines(d8, col="grey")
lines(d9, col="purple")
legend(0.20, "Data", pch = 21, pt.bg = "red", lty = 1, col = "red")
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legend(20,0.20, "Quartile and Tukey", pch = 21, pt.bg = "blue", lty = 1, col = "blue")
legend(20,0.18, "Hample and MAD", pch = 21, pt.bg = "pink", lty = 1, col = "pink")
legend(0.16, "Grubbs", pch = 21, pt.bg = "yellow", lty = 1, col = "yellow")
legend(20,0.14, "ESD", pch = 21, pt.bg = "brown", lty = 1, col = "brown")
legend(20,0.12, "modified z score", pch = 21, pt.bg = "grey", lty = 1, col = "grey")
legend(20,0.12, "Z and SD", pch = 21, pt.bg = "green", lty = 1, col = "green")
legend(20,0.12, "Dixon", pch = 21, pt.bg = "purple", lty = 1, col = "purple")

Appendix (29): Normal data2
x<- sort(normaldata2)
wx<-x[5:108];
mx <-x[10:120]
zx <- x[1:117]
hh <- x[5:108]
ee <- x[5:108]
tt <- x[2:109]
hist(x, xlim=c(-40, 40), ylim = c(0,0.2),,main="Distribution", probability=TRUE,
col="gray", border="white")
d1 <- density(x, bw=2)
d2 <- density(wx, bw=2)
d3 <- density(mx, bw=2)
d4 <- density(zx, bw=2)
d6 <- density(hh, bw=2)
d7 <- density(ee, bw=2)
d8 <- density(tt, bw=2)
lines(d1, col="red")
lines(d2, col="blue")
lines(d3, col=15)
lines(d4, col="green")
lines(d6, col="pink")
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lines(d7, col="brown")
lines(d8, col="grey"
legend(0.20, "Data", pch = 21, pt.bg = "red", lty = 1, col = "red")
legend(20,0.20, "Quartile and Tukey", pch = 21, pt.bg = "blue", lty = 1, col = "blue")
legend(20,0.18, "Hample and MAD", pch = 21, pt.bg = "pink", lty = 1, col = "pink")
legend(20,0.16, "Grubbs", pch = 21, pt.bg = "yellow", lty = 1, col = "yellow")
legend(20,0.14, "ESD", pch = 21, pt.bg = "brown", lty = 1, col = "brown")
legend(20,0.12, "modified z score", pch = 21, pt.bg = "grey", lty = 1, col = "grey")
legend(20,0.10, "Z and SD", pch = 21, pt.bg = "green", lty = 1, col = "green")

Appendix (30): Normal data3
x<- sort(normaldata3)
wx<-x[36:552];
mx <-x[10:600]
zx <- x[3:581]
hh <- x[33:553]
ee <- x[32:555]
tt <- x[31:541]
hist(x, xlim=c(-40, 40), ylim = c(0,0.2),,main="Distribution", probability=TRUE,
col="gray", border="white")
d1 <- density(x, bw=2)
d2 <- density(wx, bw=2)
d3 <- density(mx, bw=2)
d4 <- density(zx, bw=2)
d6 <- density(hh, bw=2)
d7 <- density(ee, bw=2)
d8 <- density(tt, bw=2)
lines(d1, col="red")
lines(d2, col="blue")
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lines(d3, col=15)
lines(d4, col="green")
lines(d6, col="pink")
lines(d7, col="brown")
lines(d8, col="grey")
legend(0.20, "Data", pch = 21, pt.bg = "red", lty = 1, col = "red")
legend(20,0.20, "Quartile and Tukey", pch = 21, pt.bg = "blue", lty = 1, col = "blue")
legend(20,0.18, "Hample and MAD", pch = 21, pt.bg = "pink", lty = 1, col = "pink")
legend(20,0.16, "Grubbs", pch = 21, pt.bg = "yellow", lty = 1, col = "yellow")
legend(20,0.14, "ESD", pch = 21, pt.bg = "brown", lty = 1, col = "brown")
legend(20,0.12, "modified z score", pch = 21, pt.bg = "grey", lty = 1, col = "grey")
legend(20,0.10, "Z and SD", pch = 21, pt.bg = "green", lty = 1, col = "green")

Appendix (31): Normal data4
x<- sort(normaldata4)
wx<-x[61:1095];
mx <-x[10:1200]
zx <- x[12:1171]
hh <- x[61:1097]
ee <- x[54:1101]
tt <- x[49:1512]
hist(x, xlim=c(-40, 40), ylim = c(0,0.2),,main="Distribution", probability=TRUE,
col="gray", border="white")
d1 <- density(x, bw=2)
d2 <- density(wx, bw=2)
d3 <- density(mx, bw=2)
d4 <- density(zx, bw=2)
d6 <- density(hh, bw=2)
d7 <- density(ee, bw=2)
d8 <- density(tt, bw=2)
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lines(d1, col="red")
lines(d2, col="blue")
lines(d3, col=15)
lines(d4, col="green")
lines(d6, col="pink")
lines(d7, col="brown")
lines(d8, col="grey")
legend(0.20, "Data", pch = 21, pt.bg = "red", lty = 1, col = "red")
legend(20,0.20, "Quartile and Tukey", pch = 21, pt.bg = "blue", lty = 1, col = "blue")
legend(20,0.18, "Hample and MAD", pch = 21, pt.bg = "pink", lty = 1, col = "pink")
legend(20,0.16, "Grubbs", pch = 21, pt.bg = "yellow", lty = 1, col = "yellow")
legend(20,0.14, "ESD", pch = 21, pt.bg = "brown", lty = 1, col = "brown")
legend(20,0.12, "modified z score", pch = 21, pt.bg = "grey", lty = 1, col = "grey")
legend(20,0.10, "Z and SD", pch = 21, pt.bg = "green", lty = 1, col = "green")
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