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Abstract: In this paper a new subclass of p-valent uniformly convex
functions with negative coefficients defined by a certain linear
operator is introduced. Coefficient estimate, distortion theorems
associated with fractional derivative operator are investigated for
this class. Further class preserving integral operator, extreme
points, radii of p-valently starlikely and convexity and other
interesting properties for the said class have been determined.
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Introduction:
Let S ) denote the class of functions of the form

W)  f@=2"+Yaz",

n=p+1
which are analytic and p-valent in the unit diskU ={z: |z| <1}. Also
denote by T, the class of functions the form
(1.2) f(z)=2"- > a,z" (zeVU) (a,>0),
n=p+1

which are analytic and p-valent in U.
A function f(z) €S is to be starlike of ordera (0 < < p),

denoted by S, («), if and only if
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(1.3) Re{%ﬁ?} > a (zeU),

and it is called convex of order o (0 <« < p), denoted by K(«), if
and only if

zf"(2)
(14) Re{1+ f’—(z)} >a (Z € U) .
If f(z) givenby (1.1) and g(z) €S, is defined by

15  f@)=2"+ 32",

n=p+1
then the convolution or Hadamard product of f(z) and g(z) is given

by
(1.6) (f*xg)(2)=2"+ ibnanz".

n=p+1
Afunction f(z)e S, issaid to be 2 — uniformly starlike
function of order « denoted by S-S () if and only if
(L.7) Re{—z ' _ a} > g2l @
f(2) f(2)
for some a(-1<a < p) andallzeU and is said to be
, /# — uniformly convex of order « denoted by 5 —K () ifand
only if
(1.8) Re{1+—z @) —a} > p2 @ ‘ ,
f'(2) f'(2)
forsome a(-1<a < p) andall (zeU).
Theclass S, (o) and K, («) are introduced by Patil and Thakar [3],
while the classes S(«) and K(«) were first studied by Reborston [8],
Schild [1] , , and others .The classes S-S (a) and B—K (a) were

introduced and studied by Goodman [2] , R@nning [5] , and others.
Let

(1.9) S*p(a):Sp(a)ﬂTP, K;(a):Kp(a)ﬂTp ,
B-S"s(@)=[B~S,(@)]NT,, and
L-Kv(@)=[f-K p(2)INT,.

(10)
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The classes S *, (e)and K7y (cr) have been studied by Silverman

[6] and Silvia [7], and others.
The incomplete beta function ¢, (a,c;z) is defined by

» (a Zn+1
(1.10) ¢,(a,c;z) :Z()"L
n=0 (C)n7p+1

For ¢ #0,-1-2,..., a#-1-2,-3,..., where (a), is the Pochhammer

symbol defined by

(1.11)
@) :F(a+n):{1, n=0
" TI(a) a(a+)(@+2)..(a+n-1), neN=12,.
The linear operator L, (a,c), onthe class S is defined by
(1.12) L,(@c) f(2)= ¢,(a,c;z) * f(2)
z”+m%az”, zeU .

n=p+1 (C) n-p "
The Linear operator L(a,c) is defined by Carlson and Shaffer [4].
It may be noted that
L,(@a) f(z)="f(z)andL (2,1 f(z)=21'(2),also

113) Lym+im) f(2)= 2"+ Y % n

Definition 1. For (-1<a < p)and >0 ,welet S (a, B) be the

z", zeU.

subclass of S consisting of function f(z) of the form (1.1) and

satisfying the following

(1.14) pL, (m+11)(L, (a,c) f(z))_a N ‘Lp(m +l,1)(Lp(a,c)f(z))_ .y
L, (m(L, (2,0 (2) | L)L, (a0 (2)

Also letT ! (a,B) =S, (a,B) NT, .

It may be noted that the class T, («, B) extends the class of starlike,

convex, prestarlike, g - uniformly starlike and g -uniformly convex
by giving specific values of «, £,n, p,a,andc.

(11)
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Here we mention the following important subclasses of the class

T (@) -

(i) Fora=c=m=p=1theclassT; (e, p) reduces to the class S -
uniformly starlike functions.

(i) Fora=2, c=m= p =1, we obtain the class £ - uniformly convex
function.

(iii) The class of starlike function can be obtained by choosing
a=c=m= p=1and g =0, further the class of convex function can

be obtained by choosinga=2,c=m=p=1,and §=0.

(iv) For c=m= p =1, and a=2- 2« we obtain the class pre-starlike
function. Several other classes studied by various research workers
can be obtained from the classT,' (a, B) .

A class of fractional derivative operator

Following Raina and Nahar [10] (see also [9]), the fractional
derivative operation Djj{"” of a function f(z)is defined as follows.

Definition 2. For m—1<A<m;meNand i#,7€R

/1#77 _ z
(2.1) f2)= r(m )5 I (2

ZFl(,u — A m-mm=A1-4f t)dt},

m A—pu z

t)m/ll

where the function f(z) is analytic in a simple connected region of
the z-plane containing the region, with order

(2.2) f(z)=0(|z]"), z—>0,

where r >max{0, z—n}-1 and the multiplicity of (z-t)

removed by requiring log(z—t) to be real when (z—t) >0 and is

well defined in the unit disk.
The operator defined by (2.1) includes the known Riemann-

Liouville fractional derivative operator D]' T £ (2). Indeed we have
(2.3) D" f(z)=Dg, f(2),

m-A-1

(12)
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It is convenient to introduce here the fractional operatorJg ;"
which is defined in term of D" as follows .

@4) 3 1= RHITRIZAED 0 s 1(g)
’ F(p+1-u+n) ’

(A20;u< p+1im7>max{A, u}—(p+1))
It may noted that if A = in (2.4), then by virtue of (2.3) we have

(2.5) I f(z)=r(2-2)z* Dy, f(2)
andfor A=u=0
(26) 1 t(»)= (2)

alsofor A=u=1
(2.7) Joi" f(2)=z f'(2)

Before starting and proving our main theorems, we need the
following lemma to be used in the sequel (cf.Raina and Nahar [10]).

Lemma 1. If (1>0;n>max{0, z—n}-1) , then

(2.8) Dz - LD = p+n+1)
| F(n—p+Yr(n-2+n+1)

n—u

Coefficient estimates

Theorem 1: A function f(z)defined by (1.2) belongs to the class
T)(a,p), -1<a<p,and >0 ifand only if

61 i(p(”‘p)(“ﬂ)—(a—p)]Bmm)aHS(p—a),

n=p+1 m

where

(M) p (@)
3.2 B =" "~
(32) T

and the result is sharp .

a>c>0 , m=>1

Proof. It is clear from (1.12) and (1.13) that

(13)
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= (m+1),_ .
B3 L, (m+1)L, (a,c) f(z2)=2"- > ——"a,z
n=p+1 (1)n—p(c)n—p

A Subclass of P-valent Uniformly

= m+n-p

:zp_z

n=p+1
where B, (n) is given by (3.2).
Assuming that (3.1) holds , then it suffices to show that

R pL,(m+1(L,(a,c)f(2))
e L, (m+11)(L, (a,c) f(2)) P

B,(n)a,z" .

pL,(m+11)(L,(a,c)f(2))
L,(m+10(L,(@c)f(2)

<(p-a)

We have

pL,(m+11)(L,(a,c)f(z)
L,(m+10(L,(@c)f(2)

R pL,(m+11)(L,(a,c)f(z))
T LML, @of@)

Ly (m+10)(L, @,c)f(2))
<p@+ ﬂ)‘ L, (m+11)(L, (a,c)f (2))

pa+p) Y. " PB,ma,

n=p+1

1- i B, (n)a,

<

n=p+1

This expression is bounded above by (p—«) if

> n—p)1+
> (PR o), 3, < (p-0).
n=p+1 m

Conversely, assume that f(z) is in the classT (a,f) , and z is real

then we have from (1.14) and (3.3)

(14)
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o0

m+n—p n-p
p- > ™Pa,z

> B, (Ma, 2"

n;p+1 —a> ﬂ n=p+1 _
1- > B,(n)a,z"" 1- > B,(n)a,z""
n=p+1 n=p+1

Letting z —1 along the real axis, we obtain the desire inequality
(3.1).
The equality in (3.1) is attained for the function

34)  f(2)=z"- m(p—a) 2",
[p(n—p)A+B)—-m(a - p)]B,(n)

Corollary 1. Let the function f(z) defined by (1.2) be in the class
T, (0,) —1<a<pand f>0.Then

- c(p-a)
2 pma ]

Distortion theorem

Theorem 2. Let A, 1,17 € Rsuch that
A>20;u<p+ln>max{Ai, ut—(p+1), and let the function f(z)
defined be in be class T («, ) .Then

41) D) |2 [(p+1=p+n) 2" X
' C(p+1-w)T(p+1-2+n)

{1_ 2c(p—a)(P+1+1-4) M}
a[p+B)-m(a—pl(p+1-w)(p+1l+n-2) ']
and

(15)
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(4.2) i (2| < LRHLZAAI) e
’ C(p+1-u)T(p+1-2A+n)

{1+ 2c(p-a)(P+1+n-4) IZI]
a[pd+p)-m(a—pl(p+1-u)(p+1+17-4)

forzeUand u<1.

ForzeU \{0} and x >1the equalities in (4.1) and (4.2) are attained

by the function given by (3.4).

Proof. Using the definition of fractional operator J(f';"” f (z) defined
in (2.4), and Lemma 1 we have
(4.3) I f(z)=zP - Zé(n)an A

n=p+1

where
(44) 5(”)2 (p+1)n—p(p+1_/u+77)n—p

(n>p+1)
(p+1_:u)n—p (p+1_2’+77)n—p

Under the conditions stated in the theorem, we observe that the
function &(n) is non-increasing, that is , it satisfies the inequality

o(n+1)<o(n) forall n> p+1, and thus we have
(p+1) (p+1-p+n)
(p+1-p )(p+1-2A+n)

(4.5) 0<8()<S(p+1) =

Making use of (4.5) and corollary 1 in (4.3), we see that
| 36m1@) 2] 2"~ 2|™ Ya, 8(n)

n=p+1
| 30176@) 2] 2| -[2]" 8(n) Sa,
n=p+1
pi M(p—a)d(p+1)

2|2l 2 s Aome— B,

(16)
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pi M(p—a) 5(p+1)
a[p@+B)-m(a-p)l

>|Z|p 1- m(p-a)s(p+1) |Z|

- al[p@+p)-m@-pl' ']’

2[z[" [z

Hence,
‘Dééﬂ'nf(z)‘ > C(p+1-pu+n) |Z|P—/t X
’ I'(p+1-)T(p+1-1+n)

{1_ 2¢(p-a)(p+1+7—4) M}
a[p(+ ) —m(a - p)l(p+1-w)(p+1+7-1)

This is the assertion (4.1).

The assertion (4.2) can be proved similarly.

Corollary 2. Let the function f(z) defined by (1.2) be in the class
T (o, B) . Then

plq_ C(p_a)
@6 [f@l=]z {1 a[p(1+ﬂ)—m(a—p)]|z|]

and

p C(p_a)
(4.7) 1f(2) <|z| {1+a[p(1+,8)—m(a—p)]|z|}

Proof. Setting A=ux=0,andn=p+1 in theorem 2, using the
relation in (2.6) we get the result.

Corollary 3. Let the function f(z) defined by (1.2) be in the class
T, (o, B) .Then

2c(p-a) |Z|]

48 P'@)|=|z] |1-
(4.8) 1f'(2)] 2| z| { a[p@+B)-m(a-p)]

and

17)
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' p-1 2c(p-a)
(4.9) 1f'(2)] <| z| {1+a[p(1+ﬂ)—m(a—p)]|z|]

Proof. Setting A= =1 in theorem 2, using the relation in (2.7) we
get the result.

Radius of convexity for the classT; («,p) .

Theorem 3. Let the function f(z) defined by (1.2) be in the
classT, (&, B) . Then f(z) is convex in the disk|z|<r=r (e, ) ,
where

P’ Lp(n—p)+B)-m(a—p)l 5 ") "
mn® (p — ) "
The result is sharp for the function f (z) defined by (3.4).

G.1)  r(ap)= inf

n>p+1

Proof.. To establish the required result it is sufficient to show that
N zf"(2)
f'(z)

- p‘s p, for|z|<r
or equivalently

2.n(n-pa,|z[""

n=p+1

<p,

p— Sna |2

n=p+1
which is equivalent to show that

o4 > (?TJ a,|4""<1
as f(z) €T, (a, p) , we have from Theorem 1
(53) 3 [PO=p)+ A =m(a = pB, (Va, ;.

n=p+1 m( p- 0()

(18)
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Thus (5.2) is true if
2 J— p— —
p m(p-a)
Setting | z|=r, in (5.4) and simplify we get the result.

Integral transforms

Theorem 4. Let the function f(z) defined by (1.2) be the
classT ' (a, B) . Then the integral transform

6.1) F@)="P ettt c>-1
z 0

belong to T («x, ) .
Proof. Using (1.2) and (6.1) we get

F(z)=z"- i wan z"

n=p+1 n+c
Therefore
Z [p(n— 2(1+ B) (a- p)J B (n) (%)an
< 3 (HO=PED oy, ma,
<(p-a).

which implies F(z) €T (a,f) .
Closure properties

Theorem 5. Let the functions

fi(z)=2"- > a,,; 2" ,(j=1,23..,m) beinthe classT ' (a, ) .

n=p+1

Then the function h(z) defined

(19)
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byh(z)=z- ) d, z" ,belongsto T} (a, B) . Where

n=p+1

1 o0
d = - Da, (a,; =0)

n=p+1
. n .
Proof. Since f;(z) €T, («, B) . itfollows from Theorem 1, that

D) i(p(”_p)(“ﬁ)—(a—p)ijm)anS(p—a),

n=p+1 m
Therefore
> (p(”‘ PELA) (- p)ij(n) d,
-3 (PP o B,mE a,)

<(p-a)
by (7.1) , which shows that h(z) e T (ax, ).

Theorem 6. Let f,(z)=2z" and

n1([)——cx) n
7.2 f =zP - ,(n> 1
72 L O= G A -ma—pB.m P

Then f(z) eT ) (a, p). iff it can be expressed in the form
(73)  f@=4HL@)+ X2, f,(2),

n=p+1

where 4,>0and > 2, =1.
n=p

Proof . Let (7.3) hold, then by (7.2) we have

< m(p-a) n
f =z A .
@=2"= 2 s p s f)-mia - pIB.) "

Now

o0

> Z[p(n-p)L+A)-m(a - p)IB, (M),

n=p+1

(20)
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= i %[p(n— p)A+ p)—m(a-p)IB,(n) X

rn(lj —'Cl) ){
[p(n—p)(@A+B)-m(a—p)IB,(n) "
= (p'_tl) :E:ﬂm

n=p+1
<(p-a) ) A =(p-a).
n=p

Hence by Theorem 1, f(2) €T, (a, B).

Conversely, suppose f(z) €T, (a, ). Since

. < m(p—a)

" [p(n—p)@+B)—m(a-p)1B, ()
L _Ip(-p)a+p)-m@-p)i,
" m(p-a)

, (n>p+l

Setting

n

and A, =1— > A, ,weget(7.3).

n=p+1
This completes the proof of Theorem.
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