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Abstract: Lawton and Sylvestre (1971) consider a fixed sample
size estimation procedure for a nonlinear regression model. In this
paper we propose a stochastic approximation — iterative least
squares procedure. Our Procedure leads to a significant reduction

in the sample size.

1. INTRODUCTION AND SUMMARY
Consider the following nonlinear regression model:

Y()f)zg Q)§ +e (1.1)

Where g: R° xR" >R, with R® and R being Euclidean
spaces, € is an unobservable random error, with E (e): 0, var (e):
o®;0” is a constant that may depend on )5Y()§) is an Jpservable
random response that can be observed at each level X eR"; and

QeSRP is the parameters of interest. Based on the observations
Y,,Y,,...Y .. it has been known, [3], [4], [5], and [7], via classical
procedures, how to estimate 6 = (6,,---,65). Our interest will be in

the class of models which contain a component linear in some
parameters but nonlinear in the remaining parameters. The objective
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will be to estimate 4? sequentially using a technique in which the

optimal stochastic approximation method [1], is combined with the
approach of eliminating linear parameters proposed by [4]. The
sequential procedure is also compared with the fixed sample size
procedure based fully on the Lawton and Sylvestre method.

Now to achieve our objective, i.e. to estimate & sequentially,

we can then use the following optimal stochastic approximation
procedure [1]: Choose

(1)
N
6 asan arbitrary initial estimate of l? then define the estimating

A(n)
sequence [9 jby:

(n41) . (n) (1.2)

@ =6 -a,h(Y,) ,n=12..
where
ho(Yn):[—Qn(Q))l grjldf(Yn,Q)/f(Yn,Q) Lo nEL2e

- 0=0

and @, is sequence satisfying

i a, =oo,i a’ <o,(e.ga,=a/na>0) and | (49) is (PxP) —
n=1 n=1 ~n ‘\~
Fisher information matrix.

The Lawton and Sylvestre method (1971) of estimation may
be applied when the nonlinear regression model (1.1) has the special
form

(36)
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q
ix)=3 6,0,(0,% < w9

where 6,,,6,,,....,6,, enter linearly into the model (1.3), 4?(2)

represents the vector of nonlinear parameters in (1.3), and the
g,—(@(z); >§j are functions only of the nonlinear parameters and the
predictor variables, i.e. g,—:SR(p‘q) xR —> R, j=12,....,0. their

method is used for the fixed sample size case when observations
Y1, Y50, Y, are available.

A

Using their procedure, we take & ,, 8 an initial value t?(z) of

and then determine the companion set of "best" values for ‘? " by the

ordinary least squares procedure.

!

Let 0 (6’ j: ((91,1((9)(2), él,z(lg j, ----- ,g’l,q(g )j
~O\ @ ~ =2 =2

represent the vector of least squares estimates of the ¢, ;'s associated

4
with a given set of Q(Z)'S; namely, ‘?(2) = (92,1’---’ HZ,P—q)

Let Y__ denote the (nx1) column vector of observed response

values associated with the n observed values of the predictor vector,
X,i=12..,n,
~1

37)
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Let G, denote the (nxq) matrix with elementsgj(é’(z);xij,

(2)

i=1,2,--,n,j=1,2,---,Q- It then follows that, the vector

A r -1
??(2 » provided that |G’y G, } exists; is given
~(2)

) ~(2)

N -1
by: 0 (9 j:[G'Q G, G Y.

~OH\~-©? -2 - | 0

The reduced "model" associated with (1.3) is then given by:

Y(g):i@ij(e )gj(e ;>§j+ e 19

J- - (2) - (2)

Since 0 (9 )) are strictly functions 0f9(2) 's, the model in
Lj ~

(1.4) is a nonlinear regression model with only (p-q) parameters rather
than the p parameters in the original model. Lawton and Sylvestre
(1971) proposed an iterative method like the linearization method, and
steepest descent method, [4] to estimate the remaining unknown
nonlinear parameters. This procedure of Lawton and Sylvestre
estimates the nonlinear parameters in an inconsequent fashion, that is
the whole data must be used to find values of the estimators. If the
data is drawn sequentially, then these procedures will not be suitable
to use. However the stochastic approximation procedures have been
shown to be "optimal” [1] in the sense that the estimating sequence

(Q(n)) is a consistent and asymptotically efficient estimator of & such

1
that, the variance of the asymptotic distribution of N2 (Q(”)—Q)

achieves the Cramer-Rao lower bound for the variance of an unbiased

estimator of ‘? . The above results show that it is worthwhile to

consider the use of stochastic approximation procedures to estimate

(38)
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sequentially the nonlinear parameters in (1.4), instead of using any
iterative classical method.

We will illustrate the fixed sample size procedure of [4] using the
following example given by these authors. Let

y(x)= 0, + e (1.5

Where 191 and @, are two unknown parameters to be estimated,
€ is an unobservable random error and (X) is a response variable at the

level X.0, appears linearly in the model (1.5). We seek the least

squares estimators @1, 82 which minimize
L Y
Q(el’ 0, ) = z (yi — Hle(ezx,)) (1.6)
i—1

It follows that the best value of 91 given 6, denoted by 91 (6’2)

i Yiegzxi

0.(0,)= =L @)

2 : e (202x)
i=1

Now substitute (1.7) into (1.5). The linear parameter 91 is

automatically replaced by its best companion value (91(6’2) which is a
function of 92 alone.

One then obtains the reduced "model™, given by:

Y(X)=06:(0,)e )+ & (1)

39)
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The parameter 92 will be estimated iteratively by using any of the
iterative methods mentioned previously in section 1.

2. STOCHASTIC APPROXIMATION - ITERATIVE
LEAST SQUARES PROCEDURE

In this section, we describe a new sequential procedure for
estimating the parameters in the model given by (1.3), which
combines the stochastic approximation technique, with the iterative
least squares technique. For abbreviation this will be referred to, as the
SA-ILS procedure. Clearly, the reduced "model” in (1.8) is a

nonlinear model with a single parameter &, . In order to estimate 6,
sequentially by using optimal stochastic approximation procedure (see

Sec. 1), we shall consider certain probability models for € by using
the reduced "model” in (1.8), and then find the probability density

function for y, f(y;6,) by transformation. Thus by using optimal

stochastic approximation procedure of the form (1.2), in order to
A

estimate 92 sequentially, choose @2 as an arbitrary initial estimate

~ (n)
of (92 , and then define the estimating sequence Le 2 J by:

L) () RONE .
A '{92] [M] nelz. @D
f(y,:6,) 6,-04"

where @, =1/N since the optimal value of (a) that minimizes the

17,
variance of the asymptotic distribution of n? (92 - 92} [1] is given

by 1. For notational convenience we set

(n) NOYSNW: A (M)
fnLYnié’l ,492j=f (Yn:6,) and denote‘?()(e be@

n{~-@ -
Then (2.1) becomes

(40)
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L) A (n) RONE )
0, =0- +1|:|n92 :| |:df(yn’92)/d02} n=1,2,... (2.2)

n f(yn’ez)

RO

6,=6>

A() A(n) A(n) '

Let € (6’ )= 011 (0 ),....0uq (6’ j represent the vector of
~( ) ~(2) ~(2)

iterative least squares estimates.

Let Y1 be the first observation, Y~2 be the vector of the first

two observations, and so on, Y~n denoting the vector of the first n
observed response values which have associated observed values of
the predictor vector, X ,i=12,...,n. Let Gg("’ denote the

~i
~(2)
A (M)

(N xQ) matrix with elementsgj(‘?

y X i=
@ ~‘j' 1=12,...,n,

AN (A ()
J=212,....,9q It then follows that the sequence ‘? (‘9 ] ,

om{-~®
—--1
. GA(n) G A(N) . . .
provided that P P exists, is given by:
~(2) ~(2)
-1
A (n) A (n) A (n_l) A (n_l) (n) (n) A (n_l) A (n_l)
o |6 |=60 |6 |+||G"c."]| G,y -6 |0
~(1 ~(2 ~(1 ~(2 0 4 0 ~ ~(1 ~(2
W -@© 1) (2) 0 %@ Oy =0~ (2)
,n=12,....
i.e.

(41)
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-1

(n) A (n_l) A (n_l)
+ G:(n)GA(n) G:(n) Y - 9( )
~ 1

) 5 AR
~(2) ~(2) ~(2)

(2.3)

1 Q>
Il
S

n=1,2,...

N (l) A (n)
Where ¢ | is an arbitrary initial value for the sequence [9 )} and

=
A @

N
(9(1) =1G',G G'm Yiis an initial value for the sequence[‘?(l)]
- 6 0 5

@ -@ )

The reduced model associated with (1.3) is then given by:
a. A
Y(>§)=Z¢91,j[€(2)jg,-(€(2);>§)+e (2.4)
j=1

Since the 491,,-(4?(2)) are strictly functions of the Q(Z)'S; the model
(2.4) is a nonlinear regression model with only (p-q) parameters, and
we will estimate them by using the optimal stochastic approximation
procedure of the form (2.2). The main idea of SA- ILS procedure is to
estimate the parameters which enter the model linearly, by using an
iterative form of least squares estimator, sequentially, and then use a
proper optimal stochastic approximation procedure to sequentially
estimate nonlinear parameters. Therefore, we will use iterative least

squares procedure in order to estimate 91(9 2) sequentially.

Now, we illustrate the use of the iterative least squares procedure
using the example discussed by [4]. From (1.7) we have

n

>y e
(92)_ i=1

. o (20:x1)

»—i%>

(42)
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A

Given an initial guess ‘92 , we then have:

N ONEN )
0: [92 J:—}(';
@

A @) A(2)
Substitute @ in (2.2), we will get @  and so
1 2

(o)
2 02 X;
NOYING) Zl e
_ i=
01 | O = { = J
2 202 Xi
> e

i=1

A (n-1) A (M)
In general, at stage n, by substituting 0 in (2.2), we get 0 and
1 2

then

A (n) A (n,l)

1 n g(n) S A1) n (Zg(ﬂ) )
— 2 A 2 Aj
6 =60 +—— Zyie 6 lee =12,
i=

i [/\(n) I:1
e 207 xiJ
i=1

Therefore the SA_ILS procedure is given by the following two
consecutive procedures:

:(2.5)

(43)
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-1
/\(n+1) /\(n) /\(n) -
o —or v (o, df (y,;6,)/dg,

n - ()
n f (yn ? 92) 0,=0>
,n=1,2,... and
A(N)
A (N) A (n-1) 1 n g(n) A1) n (26’2 xiJ
— 2 X
o —0 L3y o S
N [202 xij i—1 i1
2.
i=1
,n=1,2,...

A @

A
Where € is an arbitrary initial value for the sequence (‘92 j and
2

RO
A (1) [62 X]_ A (n) R o)
01 = Yi /e is an initial estimate of| @1 |based on(ez j

The following algorithm illustrates the computation of the first three

estimates for 91 and 92 in the previous example using the SA_ILS
procedure:

A
Step 1: (Initialization): let @2 be an arbitrary initial estimate of (92.

A @)
Step 2: (First approximation): For &, = 8, and data (X1 , yl), the

N& 2
. e % . .
value of 6, which minimizes [yl — 6l Xl)j is obtained as

AQ AD

Hl — yl/892 X

(44)
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N
0
1

Step 3: (Improvement): Treating as if it was the known true

value of (91 , the second estimate of ‘92 is obtained from

A(KHD) A (K) RN .
0> =02 +i |K(92 j |:df(yK’6?)/d02:| .
K f(yx:0,) 0,02

, K=1,2,...
A (2)
Step 4: For 8,=602 and data

(X1, y1)1 (Xz » Yo ), e (yK » X ) the least squares estimate for
6, is easily seen to be in the form

A (K) A(K)
/\(K) /\(K 1) ( Xn) /\(K,l) K [292 Xn]
0, =6 — Zyn -1 e i
zezez X)) | n=1 n=1
n=1

i)

Step 5: Repeat the above steps until ~ o) =9,
02"

where O is a small specified positive number.

3. EXAMPLE OF THE USE OF THE SA- ILS
PROCEDURE UNDER DIFFERENT ERROR
DISTRIBUTIONS

We shall consider the following nonlinear regression function;
3.1 Example: [2] Let

Y(X)=8,sin(g,X }+e

(45)
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Also, assume the following two probability models for € :

3.2 € is assumed to be normally distributed with mean zero and
variance 1,

3.3 € isassumed to have a T- distribution with r degrees of freedom
(r=1)

Which includes the Cauchy distribution (r =1).

First of all we will explain in an analytical form the steps of the
procedure for this sample.

Under 3.2 It follows that Y is also distributed as
N (&,Sin(&, X );1). Treating 0, as known initially; and
differentiating the log of the density of Y with respect to 0 > We get:
dinf (Y ;6,6,)
do,

=X 6,cos(6,X )Y —@sin(6,X)) ,—o<y <

The Fisher information, | (92 ) IS seen to be equal to

1(6,)=(x6,cos(6,x)y’ (3.1)

From Section 2 the optimal transformation for the stochastic
approximation procedure is

din f(yn;él,ezj
hy (y,)=~(1,(6,))" 00, n=12,..

>
I

(46)
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) _[yn —61(0,)sin(6,x, )j
- (91(6’2 )x,, cos(6,x, ))

X, & {0 U%—FVﬂ',V = 0,1,2,...}

The optimal value of @ that minimizes the variance of the

EYNQ)
asymptotic distribution of N2 (92 — 02} [1] is given by 1, thus

%=
NG

Now choose &  as an arbitrary initial estimate of &,, then define the
2

A (M)
estimating sequence (92 j by:

AM [ () AN)
Yn—(91 (02 }Siﬂ(@z Xn)
A (n+1) A () 1
0

=0, +—

2 n (MM A () ,n=12,..
01 | 02 |X,cos| 02 X,

T
X, {0 E) +V7,V=012,...} and the estimating sequence

N (n—l)
of [91 J is given by:

(47)
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n N 2
G e PTE LG BRI SCUCE
i=1

2 (sin(@;X ) -
i=1
n=1,2,...;

X1 # vmr, v=0,1,2,..., where (91(1) =Yy, /Siﬂ(@z(l)xl), and X1 # vm, v
=0,1,2,...

Under 3.3 it follows that the density of y is

: _I'((r+1)/2) e , (1%0
f(y,el,ez)—r(rlz)ﬂ[n(y 6,5in(6,X))* 1|

,—00 <y < 0,

Treating 91as known initially, we obtain, after some tedious
manipulations, that

3/2 7l2

1(6,) = cos"(9)da,
(6:)=-"— j 6)
where
2(6,X cos(6,X )1+ r))zr[rzﬂj
R =
C(r/2)r?Jar

It is straight forward to show that an alternative representation for |
(0;)is

5/2 wl2

' j cos" ™ (0)do (3.2)
0

)=

which has the advantage of a smaller power in the integrant. Using
(3.2), we get the following: let (6’2(1) ) be an arbitrary initial estimate

of 192 , then it follows, after some simplifications, that the estimating

(48)
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sequence (éz(”)) is given by:

72 -1
R, (r +3)N7(y, — 0" (O)sin(OMX n)){ [ cos?(6)d 9}
. . )

0 =0 + )
A(n) ¢ A(n Aln 1 Ay { Atn . A 2

’ * on [6’1( Y(OSM)X |, cos(MX n}r[%}[r +(yn — 6! )(62< ))sm(ez‘ X n)) }

(3.3

X, g{Ou%+Vﬂ,v=0,1,2,..} n=12,...,r >1 and, the

estimating sequence
(él(”_l)) is given by:
oM =0 + — 1A {Zn: y, sin(8™x.) —él(”’l)zn:(sin(é’z(”)xi ))2};
P CLICIRS) =
i=1
N=12,...,%X # AV for i=1,2,...,n,v=0,1,2,..., where
Y =y, Isin(6Px,).

Taking different cases of degrees of freedom r, the integral in (3.3)
can be shown to be n/2, 1, 2/3, 384/945... for r=1,2,4,10, respectively.

The estimating sequence éz(”)) in each case has the form
éz(n+1) — éz(n) + /lr (yn — él(n) (éZ(n) )Sin(éZ(n)xn))
n[él(”) (é;”)xn cos(é?z(”’xn )[r + (yn — oM (éz(”))sin@”)xn)ﬂ

n=1,2,..., X(n) € {Ou%+v;z,v = 0,1,2,...} where
A, =4,5,713 for r =1,2,4,10 respectively. In each case the
estimating sequence (él(n_l) ) is given by (3.4) .The above coefficient

values for /1r suggest that the general formis A, = I + 3, but we
have not proved this analytically.

(49)
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4. NUMERICAL SOLUTION USING THE LAWTON AND
SYLVESTRE PROCEDURE

Lawton and sylvestre considered the special case when the model
has a linear and nonlinear component (see equation (1.3)). They
introduce a modification based on the idea of reducing the number of
parameters that must be estimated by the iterative methods. For a
sample Y1, Y2,...,Yn, the linear parameters are estimated at each stage
by ordinary least squares and the estimates are then substituted
into(1.3).

A general outline of the procedure was given is Section 1. We will
discuss now the previous example in some detail.

Example:
We consider the model given in Section 3, that is

Y(X)=6,sin(0,X)+¢
In Section 2 we have found that the least squares estimate of 6, given

Z Yi sin(@zxi)
by: 6,(0,) = =2 ,

> (sin(8,%,))?

i=1

and, the reduced " model " will be

Y (X) = 6,(6,)sin(@, X) + &>,
Where this "model”, is treated as a nonlinear model with a single
parameter 6’2 . We have used a linearization method as an iterative

method for estimating the nonlinear parameter 192 . This method has

been explained previously [4]. We will apply it directly as follows:
Let

(50)
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Ty A (DY sin(oDx Y]
X160,(65”) cos(0:" X)) ;(l — gl Egz(ﬂgz:zgzz(n il))
" X,0,(657) cos(65V X ,) Yo g 2 —0,(0; : 27X |
2 - : Yo

X,0,(047) cos(07 X, Y, —0,(6{7)sin(0 X ) |
J=1.2,... .

A~ (D)
Then, define an estimating sequence [9 2 J by:

H :éz(j)Jr(Zf_(J) ij))l(z'_”)(\f—g(j)j) =12,

: DI 40N R
Provided that(z'_m% T exists, i.e.
" n [Xiél(éz(”)cos(éz(”xi]x

2 -1
é“*“=9‘”+{2 X 6,0 cos(@X :l >
’ i i:ll: o ’ } = [Yi —91(02(”)5in(92“)xi}

~

) @ . _ .
j=1,2,..., where 92 is an initial estimate of 92.

. A(j+1 . . . .
The above estimates, 6’5 I+ , will be iteratively computed, in

each iteration the "best" companion value of &, (4929) ) will be
computed by the least squares method.

5- ASIMULATION STUDY

In this section we report the findings of a simulation study to
compare the properties of the SA-ILS procedure and Lawton and
Sylvestre fixed sample size procedure. The model used that we
discussed in Section 3 where ¥ = g, sin(&,X) + &

Where, the error term is assumed to have e€ ~ N(0,1) and T-
distribution with

(91)
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r =1,10. Different Dseeds are taken as 1234.0D0, 123457.0DO,
17.0D0, 12.0D0 generate four samples each of size 100 from the T-
distribution mentioned above, using the IMSL routine name GGAMR.

Values of (491,492) are taken as (0.25,0.65), (0.45,0.85),(0.55,0.95)
and (0.45,0.95) were used to give different pattern for the estimates
and number of observations needed for convergence. For the fixed
sample size n-1000 was used, we get the same results as if the sample
size n=100.

The residuals € were generated using the random normal deviate
generator available in the IMSL routine name GGNML. We are
interested in comparing the SA-ILS procedure and the fixed sample
size Lawton and Sylvestre procedure from the point of view of the
number of observations needed for convergence.

The following tables give the sample numbers of observations needed
for convergence for the Lawton and sylvestre, and SA-ILS procedure,
where & is taken to be 1072,

Table 5.1: Model: Y; = & SiN(6,X;) + & , where {s,} ~ N(0,)

SA-ILS Lawton and

Procedure Sylvestre

Procedure

Dseed (6,,6,) Initial no. of No. of

oY observations | iteration s
123457.0D0 | (0.25,0.65) 0.75 51
12.0D0 (0.45,0.95) 0.75 nc.*
12.0D0 (0.45,0.95) 0.65 4 nc.*

e nc. Means no convergence

(52)
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Table 5.2: Model: Yi zé?lsln(é?z)(i)+gi , Where {gi}~T-
distribution with d.f.=1

SA-ILS Lawton and

Procedure Sylvestre

Procedure
Dseed (9 9) Initial no. of No. of iteration s
12 AW | observations
2

1234.0D0 | (0.25,0.65) | 0.55 nc.*
1234.0D0 | (0.25,0.65) | 0.65 nc.*
123457.0D0 | (0.45,0.85) | 0.75 11 108
123457.0D0 | (0.45,0.95) | 0.05 11 nc.*

Table 5.3: Model: Y, =6, sin(6,X,) + &, , where {Ei } ~T-
distribution with d.f.=10

SA-ILS Lawton and Sylvestre
Procedure Procedure
Dseed (91 , 92 ) Injtial no. 01_‘ no. 01_‘
02(1) observations observations
17.0D0 | (0.55,0.95) 0.05 11 266
17.0D0 | (0.55,0.95) 0.15 6 201
17.0D0 | (0.55,0.95) 0.25 7 nc.*
17.0D0 | (0.55,0.95) 0.02 11 nc.*
17.0D0 | (0.25,0.65) 0.55 9 323
17.0D0 | (0.25,0.65) 0.75 7 160
17.0D0 | (0.25,0.65) 0.45 6 333
17.0D0 | (0.25,0.65) 0.60 6 174

(93)
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6. Discussion and conclusions

We observe from the above tables that the SA-ILS procedure is
more superior than the Lawton and sylvestre procedure, in the sense
that the SA-ILS procedure requires numbers of observations ranging
from 4 to 11, while the Lawton and Sylvestre procedure requires many
iterations each using all available 100 observations, the number of the
iterations is very large in most cases. Thus the SA-I L S procedure
leads to a significant reduction in the amount of observations and
calculations required.

References

1. Abdelhamid, Sami N. On estimation via optimal stochastic
approximation procedures, Statistical Theory, and Data Analysis, K.
Matusita (Editor) Elsevier Science Publishers B.V. (North Holland).
(1985).

2. Albert, A. E. and Gardner, L.A. Stochastic approximation and nonlinear
regression, Research Monograph No.42, M. |.T. Press, (1967).

3. Cognez P.; Page D.; Burgot G.; Allain H.; Burgot J.-L (1995)
Elimination of linear parameters in non-linear regression: a fast and
effective method for the determination of binding parameters.
International Journal of Pharmaceuties, 123(1), 137-142.

4. Draper, N.R. and Smith, H. Applied Regression Analysis, John Wiley
and Sons, Inc., New York. (1966).

5. Huang, M. N. L. and Huang, M. K, (1991). A Parameter-Elimination
Method for Nonlinear Regression with Linear Parameters and
Autocorrelation Errors Biometrical Journal 33(8), 937-950.

6. Lawton, W.H. and Sylvestre, E.A. Elimination of linear parameters in
nonlinear regression, Technometrics, 13, (1971). 461-467; Discussion,
477-481.

7. McCullagh, P. and Nelder, J.A. Generalized Linear Models, chapman-
Hall London. (1983).

(54)



