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Abstract: The classes of near open sets can be considered as rich sources for elementary concepts in
information systems. These classes have been used extensively in abstract topological results. The purpose of
this paper is to spotlight on using these classes as tools for finding near rough cluster points. Basic notions
of near rough cluster points are introduced. The topology induced by binary relations is used to generalize
the basic near rough concepts. Moreover, proved results, examples and counter examples are provided. The
topological structure which suggested in this paper opens up the way for applying rich amount of topological

facts and methods in the process of granular computing.
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1. Introduction

One of the most powerful notions in system
analysis is the concept of topological structures [1]
and their generalizations. Many works have
appeared recently for example in structural analysis
[2], in chemistry [3], and physics [4]. The purpose of
the present work is to put a starting point for the
applications of abstract topological theory into rough
set analysis. Rough set theory, introduced by Pawlak
in 1982 [5], is a mathematical tool that supports also
the uncertainty reasoning but qualitatively. In this
paper, we shall integrate some ideas in terms of
concepts in topology. Topology is a branch of
mathematics, whose concepts exist not only in
almost all branches of mathematics, but also in many
real life applications.
2. Preliminaries
This section presents a review of some fundamental
notions of topological spaces and rough set theory.

A topological space [1] is a pair (X ,r) consisting of
aset X and a family 7 of subsets of X satisfying
the following conditions:

(T perand X e,

(T2) 7 is closed under arbitrary union.

(T3) 7 is closed under finite intersection.
Throughout this paper (X ,r) denotes a topological

space, the elements of X are called points of the

space, the subsets of X belonging to 7 are called
open sets in the space, the complement of the

subsets of X belonging to 7 are called closed sets
in the space, and the family of all 7 —closed subsets
of X is denoted by 7. The family 7 of open
subsets of X is also called a topology for X .

A family BC 7 is called a base for (X,T) iff

every nonempty open subset of X can be

represented as a union of subfamily of B . Clearly,
a topological space can have many bases. A family
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S c 7 is called a subbase iff the family of all finite
intersections of Sis a base for (X ,r).

The 7 -closure of a subset A< X is denoted by
A and is given by
A =~{FcX:AcFand Fer'}.
Evidently, A~ is the smallest closed subset of X
which contains A. Note that A is closed iff
A=A".

The 7 -interior of a subset A< X is denoted by
A’ and is given by
A =G c X:Gc Aand G er}. Evidently,

A’ is the union of all open subsets of X which
contained in A . Note that A is open iff A= A’.

Motivation for rough set theory has come from the
need to represent subsets of a universe in terms of
equivalence classes of a partition of that universe.
The partition characterizes a topological space,

called approximation space K =(X,R), where

X is a set called the universe and R is an
equivalence relation [6, 7]. The equivalence classes

of R are also known as the granules, elementary
sets or blocks; we shall use R, < X to denote the

equivalence class containing X € X ,and X /R to

denote the set of all elementary sets of R. In the
approximation space, we consider two operators, the
upper and lower approximations of subsets: Let

A c X, then the lower approximation (resp. the
upper approximation) of A is given by

RA={xe X:R, c A}
(resp. RA={xeX: RXmA;tqﬁ}).
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Pawlak noted that [7] the approximation space
K= (X : R) with equivalence relation R defines
a uniquely topological space (X , rK) where 7, is
the family of all clopen sets and X /R is a base of
Ty - Moreover the lower ( resp. upper )
approximation of any subset A < X is exactly the

interior ( resp. closure ) of the subset A. In this
section we shall generalize Pawlak’s concepts in the
case of general relations. Hence the approximation

space K = (X, R) with general relation R defines
a uniquely topological space (X , TK) where 7, is
the topology associated to K (i.e. 7, is the family
open (X,z) and
X /R={xR:xe X} is a subbase of 7, , where
XR = {y e X xR y}). We shall give this
hypothesis in the following definition.

Definition 2.1. Let K= (X, R) be an
approximation space with general relation R and
T, is the topology associated to K. Then the triple
K'=(X, R,z‘K) is
approximation space.

of all sets in

called a topologized

The following definition introduces lower
and upper approximations in a topologized

approximation space kK = (X R, 7 )
Definition 2.2. Let k= (X, R, Z'K) be a

topologized approximation space. If A< X, then
the lower approximation (resp. upper approximation
) of A is defined by

RA=A" (resp. RA=A").
3. Near rough cluster points in topologized
approximation spaces
The present section is devoted to introduce the near
rough cluster points by applying the concepts of near
open sets. We study approximation spaces from
topological view and obtain some rules to find lower
and upper approximations in several ways in
approximation spaces with general relations. We
shall recall some definitions about some classes of
near open sets which are essential for our present
study. Some forms of near open sets are introduced
in the following definition.

Definition 3.1. Let (X,r) be a topological space,
then the subset A< X is called:

i) Regular open [8] (briefly r —open)if A=A"".
ii) Semi-open [9] (briefly S—open)if AC A" .
i) Pre-open [10] (briefly p—open)if AC A™".
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iv) y -open [11] (b —open [12] ) if
AcA UA”.

v) @ -open [13] if AcA ",

vi) [ -open [14] ( semi-pre-open [15] ) if

AcCcA .
Notice 3.1.
i) The complement of an r —open ( resp. S —open,

p —open, ¥ -open, & -open and /3 -open ) set is
called r —closed ( resp. S—closed, p—closed ,
y -closed, & -closed and f3 -closed ) set .

ii) The family of all r —open (resp. S —open, p—
open, y-open, «-open and J3-open) sets of
(X,7) is denoted by RO(X) ( resp. SO(X),
PO(X), yO(X), aO(X) and SO(X) ).

iii) The family of all r —closed ( resp. S —closed,
p —closed, ¥ - closed, & - closed and /3 -closed )
sets of (X,z') is denoted by RC(X) (resp.
SC(X), PC(X), yC(X), aC(X) and
PC(X)).

The aim of the following example is to illustrate the
existence of spaces in which the above classes of
near open sets and near closed sets are not coincided
and do not have the discrete structure.

Example 3.1. Let X ={a,b,c,d} and
r={X,¢,{a,b},{d}{a,b,d}}. Then the

classes of near open sets are

RO(X) = {X, ¢,{d},{a,b}}
SO(X) = {X,¢.{d}.{a b} {c.d}{a.b.c}.{a.b,d}}

PO(X) = {X,¢.{a}{b}.{d} {a,b}.{a d}.{b.d}.{a,b,d},

{a,c,d}.{b,c,d}}

7O(X) = {X, ¢,{a}, {0}, {d}{a,b},{a, d}{b, d}.{c, d} {a,b,c},

{a,b,d}{a,c,d}{b,c,d}}

a0(X) = {X,¢4,{d}.{a,b} {a,b,d}}
BO(X) = {X. ¢4} {b}.{d} {a. b} {a. ¢} {a. d}.{b. .

{b,d},{c,d}.{a,b,c}{a,b,d}.{a,c,d}{b,c,d}}.

The following definition is given to introduce the
near interior of a subset A of X in a topological
space (X ,r).

Definition 3.2. Let (X,z‘) be a topological space
and Ac X, then the near interior (briefly |-
interior) of A is denoted by A!° for all
jed{r,s, p,y,a, f} and is defined by

A*=U{GcX:GcA, Gisa j—openset }.
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The aim of the following definition is to introduce
the near closure of a subset A of X in a
topological space (X ,r).

Definition 3.3. Let (X,T) be a topological space
and Ac X, then the near closure (briefly |-
closure) of A is denoted by Al™ for all
jed{r,s, p,y, , f} and is defined by

Al"=n{HcX:AcH, Hisa j—closed set }

Near lower and near upper approximations
in a topologized approximation space

K= (X, R, 7« ) are introduced in the following
two definitions.

Definition 3.4. Let k= (X, R,TK) be a
topologized approximation space. If A X, then
the near lower approximation (briefly ] —lower
approximation) of A is denoted by R; A and is
defined by

R, A= Al°, where je{r, p,s,y,a, f}.

Definition 3.5. Let k= (X, R,TK) be a
topologized approximation space. If A< X, then
the near upper approximation (briefly j —upper

approximation) of A is denoted by ﬁj A and is
defined by

ﬁj A=Al where jed{r,p,s, v, a S}

Next, we introduce the definition of rough cluster
points of a subset A of X in a topologized

approximation space K = (X R, 7 )

Definition 3.6. Let K:(X, R,Z’K) be a
topologized approximation space. The point
p e X is said to be a rough cluster point of a

subset A of X if
VB < X such that pe RB, then
(RB—{p})nA=4.

The set of all rough cluster points of A is denoted
by R"A and is called the rough derived set of A.

Theorem 3.1. Let k= (X, R, TK) be a
topologized approximation space. Then a subset A
of X isa 7, —closed ifand only if R"AC A.

Proof.
Suppose that A isa 7, —closed subset of

X and let pgA (ie. peX—A). Then
X —Aisa 7, —open set. Thus
peR(X-A)=(X-A)" =(X-A)and
R(X-=A)nA=¢.
Hence pg R"A. Therefore R"AC A.
Conversely, let R"Ac A, need to show
that A is a 7, —closed subset of X . Now, let
peX—A then pgR’'A, hence there exists a
subset Bc< X such that peRB  and
(RB—{p})nA=¢. But pgA,
RBNA=¢.So peRBc X—-Aand
X—AzpekXJ_A{p}guBB:u B°cX-A.

hence

Thus X — A is a union of 7, —open sets, which is

T —open. Hence A is a 7, —closed subset of

X. o
Example 3.2. Let K=(X,R,Z’K) be a
topologized approximation space such that

X ={a,b,c,d}, X /R ={{d},{a,b}}. Then
S={p{dr{ab}l, B={X,4{d}{ab}},

and

r={X,4,{d}{a,b}.{a,b,d}},

" ={¢, X {a,b,c}.{c,d}.{c}}.

If A={ab,c} then R'A={a,b,c}. Thus
R'"Ac A and A is 7, —closed subset of X .

The following definition introduces the definition of
near rough (briefly j —rough) cluster points of a

subset A of X in a topologized approximation
space K= (X, R, 7« ) for all
je{r,p,s,7,a, B}

Definition 3.7. Let K:(X, R,TK) be a

topologized approximation space. The point
p € X issaid to be a J—rough cluster point of a

subset A of X forall je{r,p,s, 7, «, S}, if
vBc X suchthat peR; B, then

(R, B—{p})nA=g.

The set of all j—rough cluster points of A is
denoted by R A and is called the j—rough
derived setof A forall j e{r,p,s,y,a, S}
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Theorem 3.2. Let K‘I(X,R,TK) be a

topologized approximation space. Then a subset A
of X isa j—closed forall je{p,s,7,a,f} if

and only if R; AcCA.

Proof.
We shall prove this theorem in the case of

j= /3 and the other cases can be proved similarly.
Suppose that A is a [ —closed subset of X and
let peA (e pe X—A). Then
X —Ae S0O(X).Thus
peR,(X-A)=(X-A)""=(X-A) and
R,(X-A)NA=¢.
Hence p R} A.Therefore Rj AC A.
Conversely, let R/} Ac A need to show
that A is a [ —closed subset of X . Now, let
peX—A then pgRj;A; hence there exists a
Bc X that pPeR;Band
(R,B—{p})nA=g. But peA,
R;,BNA=¢.50 peR;Bc X—-Aand
X—A=p€\X{A{p}§UBﬂB=U B’ = X-A.

subset such

hence

Thus X — A is a union of /5 —open sets, which is
S —open. Hence A is a 3 — closed subset of X .
O

Example 3.3. Let k= (X, R,TK) be the
topologized approximation space which is given in
Example 3.2 and A={a,b}. Then R A={a,b},

thus R, Ac A and A is S —closed subset of X .

In general Theorem 3.2 can not be satisfied
in the case of j=r, as the following example

illustrates.
Example 3.4. Let K=(X, R,z’K) be the
topologized approximation space which is given in
Example 3.2 and A={c}. Then R; A={c}.
Thus R Ac A; But A is not an r—closed
subset of X, since

RC(X) ={X,#{a,b,c}{c,d}}.
Theorem 3.3. Let A be a subset of X in the
topologized approximation space x = (X, R, TK).
Then XeRA if and only if RBMNA#¢ for
each Bc X and xeRB.
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Proof.

Let XeRA and X € RB for some
B < X . Assume RB M A=¢. This implies that
Ac X—-RB,but X-—RB=X-B" which is
a 7, —closed set. Hence Xe X —RB, since
X € R A and this leads to a contradiction. Therefore
RBNA=¢.

Conversely, suppose that for each B < X ,
XcRB then RBAA%g. Let X¢RA, but
RA=A" which is 7\ —closed, then there exists a
closed set F < X suchthat F > A and X F.
Hence X —F
Thus Xe R(X —F)=(X —=F)" =X —F and
B(X — F)m A=¢; that is there exists a subset
B=X —F of X suchthat RB A=¢, which
leads to a contradiction. Therefore X € ﬁ A o

Theorem 3.4. Let A be a subset of X in the
topologized approximation space x = (X, R, TK).

Then XEE] A forall je{p,s,y,a, [} ifand

iIs T, —open set containing X.

only if R,BNnA=¢ for each
Bc X and xeR;B.
Proof.

We shall prove this theorem in the case of
j = [ and the other cases can be proved similarly.

Let XeﬁpA and XeR ;B for some
Bc X. Assume R;BNA=¢. This implies
that Ac X —R; B, but
X—BﬁB=X—Bﬂ° whichisa £ —closed
set.
Hence Xe X —R; B, since X Ry A and this

leads to a contradiction. Therefore R, BN A= ¢.

Conversely, suppose that for each B < X ,
XeR;B then R;,BNA=#g. Let Xg¢Rs A,
but Ry A=A’ which is [ —closed, then there

exists a ff —closed set F < X suchthat F 2 A

and X¢F. Hence X—-F
containing X, thus

xeR,(X-F)=(X-F)”" =X -F and
Ry (X-F)nA=¢,

is [ —open set
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that is there exists a subset B = X — F of X such
that R ; B A= ¢, which leads to a contradiction.

Therefore X € ﬁﬁ A o
Theorem 3.5. Let A be a subset of X in the
topologized approximation space x = (X, R, 7« )
Then RA= AUR'A.
Proof.

By Theorem 3.1, we get R'AC R A, then

Proof.
We shall prove this theorem in the case of
J =« and the other cases can be proved similarly.

By Theorem 3.2, we get R}, A R. A, then
AUR, Ac AUR. A=R.A.

For the converse inclusion, let X e ﬁa A, then

either X € A and hencex € AUR! A, or x ¢ A

, and hence by Theorem 3.4, for each Bc X,
R,BNA%=¢, then
xe AUR! A, Thus

AUR'Ac AURA=RA.
For the converse inclusion, let X R A, then either
Xe A and hencexe AUR'A, or Xxg A, and
hence by Theorem 3.3, foreach B X, XxeRB,
we get RBMNA=¢, then Xe R"A and hence
xe AUR'A.  Thus RAcCAURA.

Therefore RA= AUR'A. o
Theorem 3.6. Let A be a subset of X in the
topologized approximation space x = (X, R,rK).

xeR,B, we get
XeR! A and hence

Roe AC AUR/A.

R« A=AUR A. o

4. Conclusions

In this paper, we used topological concepts to
introduce definitions to near rough cluster points.
We generalize near rough cluster points in the
frameworks of topologized approximation spaces.
We believe such generalization will be useful in
digital topology as well as biomathematics.

Therefore

Then RjA=AuU Ri A for all
je{p.s.y, e p}
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