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Abstract: Let R be a commutative ring with non-zero identity. A proper

submodule N of an R-module M is weakly primary if 0#rmeN(reR,

meM) implies MEN o r'"M c N for some positive integer n. A
number of results concerning weakly primary submodules are given. For
example, we give other characterization of weakly primary submodules.
Also various properties of weakly primary submodules are considered. For
example we show that if N is a weakly primary submodule of an R-module

M which is not primary, then IN = 0 for every ideal I\ (N:M) _

1. Introduction

Weakly primary submodules in a commutative ring with non-zero
identity have been introduced by S. E. Atani and F. Farzalipour in [1].
In [2], the concept of weakly prime submodules was introduced and a
number of results concerning weakly prime submodules were given.
The weakly primary submodules and the weakly prime submodules
are different concepts. These two concepts are extensions of the
concepts of weakly primary and weakly prime ideals that have the
following definitions: A proper ideal P of R is said to be weakly
prime ideal if O#abe P implies ae P or be P, and it is weakly

primary ideal if Oz#abe P implies a€P or b" €P for some
positive integer n. Several authors have studied in details weakly
primary and weakly prime ideals and prove many important results
about these two concepts, see [1],[3],[4],[5].

In this paper, we prove several results concerning the weakly
primary submodules of a commutative ring. Some of our results are
analogous to the results given in [2]. The corresponding results are
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obtained by modification. We also give various properties of weakly
primary submodules.

Before we state some results and properties concerning weakly
primary submodules, let us introduce some notations.

Throughout this paper all rings will be commutative with non-zero
identity. A proper submodule N of an R-module M is said to be
weakly prime if Oz#rmeN(reR, meM) implies meN or
rM < N[2]. If R isaringand N is a submodule of an R-module
M, the ideal {reR:rM < N} will be denoted by (N:M). Then
(0: M) is the annihilator of M.

"2000 Mathematics Subject Classification" : Primary 16D25,
Secondary 16D80, 16N60

It is known that if N is a primary submodule of an R-module M,
then (N:M) is

a primary ideal of R and /((N:M)={reR:r"M < N for some

positive integer n} is a prime ideal of R, [6]. In Section 2, we show
that this is not in general true in the case of a weakly primary
submodule. We investigate the conditions that make these results
satisfied in the case of weakly primary submodules.

In [7] some results were proved concerning weakly primary
submodules that are not primary. In Section 3, we prove that if N is
a weakly primary submodule of an R-module M that is not primary,

then IN = 0 for every ideal <. (N:M). We also give a

characterization of weakly primary submodules. We show that a
submodule N of an R-module M is weakly primary if and only if for
any ideal / of R and any submodule D of M with 0#IDc N,

either / c+/(N:M) or DcN.

Finally, in Section 4, we show that the direct sum of a finite
number of submodules that contain only one weakly primary
submodule is weakly primary, however the direct sum of weakly
primary submodules is not in general weakly primary.
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2. Weakly Primary Submodules

Recall that a proper submodule N of a module M over a
commutative ring R is

said to be weakly primary if whenever O0#rme N(reR,

meM), then meN or r"M < N for some positive integer 7.

Remarks 2.1

1) Clearly, every primary submodule of a module is weakly
primary submodule. However, since 0 is always weakly
primary ( by the definition), a weakly primary submodule
need not be primary. Thus the weakly primary submodule
concept is a generalization of the concept of primary
submodule.

2) We can show directly from the definitions that every weakly
prime submodule is weakly primary, however the converse is
not in general true since for example if R= Z, the set of
integers, M =27 x Z and
L=(4,0)Z+(0,1) 2z, then L isa weakly primary

submodule [§],
however it is not weakly prime submodule since

0= 2(2,1) € L. But neither
2M c L nor(2,1)e L.

3) Itis known that if N is a primary submodule of an R-module
M, then (N:M) is aprimary ideal of Rand /(N:M) isa
prime ideal of R, [6]. Contrary to what happens for a primary
submodules, if N is a weakly primary submodule, the ideal
(N :M) is not in general a weakly primary ideal of R, and

also /(N :M) 1is not in general a weakly prime ideal of R.
For example: Let M denotes the cyclic Z-module Z/6Z .
Take N ={0}. Certainly N is a weakly primary submodule of
M, but neither (N :M)= 62 is a weakly primary ideal of R
nor /(N:M)=6Z2 isa weakly prime ideal of R. However
we have the following results:
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Proposition 2.2 Let R be a commutative ring, M a faithful cyclic
R-module and N is a weakly primary submodule of M. Then
(N : M) is a weakly primary ideal of R.

Proof. Assume M =Rxandlet O0#abe(N: M) with a¢(N:M),
then there exists re R such that a(rx)gN, so axgN. As
0#abM < N, it follows that 0=z abxe N( for if abx=0, then
abe(0:x)=(0:M)=0, a contradiction). Since N 1is a weakly

primary submodule of M, p" e (N :M) for some positive integer .
Thus (N :M) is a weakly primary ideal of R. i

Proposition 2.3 Let R be a commutative ring, M a faithful cyclic
R-module and N is a weakly primary submodule of M. Then

\J (N : M) is a weakly prime ideal of R.
Proof. Assume M = Rx and let O=#abe (N:M) with

ag(N:M), then ag¢(N:M). As in the proof of the previous

proposition, " e(N:M) for some positive integer n. Thus

be(N:M) and /(N : M) is a weakly prime ideal of R. m

Proposition 2.4 Let R be a commutative ring, M a P-primary R-
module and N is a weakly primary submodule of M. Then (N :M)

is a weakly primary ideal of R.
Proof. Let Oz#abe(N:M) with ag¢(N:M), then there exists

meM —-N such that amegN. As 0zabM c N, we have
abme N . If abm=0, then abe(0:m)=(0:M)=P, so
b" € Pc (N : M) for some positive integer n. If abm #0,since N is

a weakly primary submodule of M, b e (N :M) for some positive
integer n. Thus (N : M) is a weakly primary ideal of R. i

Proposition 2.5 Let R be a commutative ring, M a P-primary R-
module and N is a weakly primary submodule of M. Then

\J (N : M) is a weakly prime ideal of R.
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Proof. Let Ozabe (N:M) with ag,(N:M), then

ag (N :M). Thus there exists me M — N suchthat amg N. Asin

the proof of the previous proposition, b e(N:M) for some

positive integer n. Thus be /(N:M) and +/(N:M) is a weakly

prime ideal of R. O

3. Characterization of Weakly Primary Submodules
The following two results concerning weakly primary submodules
that are not

primary were proved in [7].

Proposition 3.1 Let R be a commutative ring, M an R-module, and
N a weakly primary submodule of M. If N is not primary submodule
of M, then (N:M)N=0.

Proposition 3.2 Let R be a commutative ring, M a multiplication R-
module, and N a weakly primary submodule of M. If N is not

primary submodule of M, then N’ =0.

We give now a generalization of Proposition 3.1 which is the
corollary of the next theorem.

Theorem 3.3 Let N be a weakly primary submodule of an R-
module M. If ((N:M) N#0, then N is a primary submodule of
M.

Proof. Let rme N forsome reR and meM . If rm#0, then N
is weakly primary gives me N or r" e(N:M) for some positive
integer n. So assume that 7m=0. First suppose that »N # 0, then
there exists s € N such that rs#0. Thus O#rs=r(m+s)e N, so
N is weakly primary gives " € (N :M) for some positive integer n,
or (m+s)eN. Hence r" €(N:M) for some positive integer n, or
meN. So we can assume that rN=0. Next suppose that

my(N:M)#0, say mk #0 where ke (N:M). Then

O0xmk=(r+kymeN. Thus (r+k)e(N:M) or meN. So
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re{(N:M) or meN. Therefore r" e(N:M) for some positive
integer n, or meN. So we can assume m+/(N:M)=0. Since

NN:M) N=#0, thereexists te/(N:M) and d e N with td #0.
Then O#td=(r+t)(m+d)eN, SO (r+t)e/(N:M) or
(m+d)e N. Thus re (N: M) or meN.  Therefore

r" €(N:M) for some positive integer n, or meN. So N isa
primary submodule of M. m

Now, the following result follows immediately from Theorem 3.3.

Corollary 3.4 Let R be a commutative ring, M an R-module and
N a weakly primary submodule of M. If N is not primary

submodule of M, then for any ideal / of R suchthat [ <+/(N:M),
then /N =0. In particular, /(N:M)N=0.

Remark 3.5 We can give another proof the result stated in
Proposition 3.2 by using Corollary 3.4 as follows: Since M is a
multiplication module, N=(N:M)M. Therefore

N>=(N:M)’M =(N:M)Nc+(N:M)N. Since N is weakly
primary, but not primary, /(N:M) N=0. Thus N*=0.

We next give a characterization of weakly primary submodules.

Theorem 3.6 Let R be a commutative ring, M an R-module, and
N a proper submodule of M. Then N is a weakly primary
submodule of M if and only if for every ideal / of R and every

submodule D of M with 0#IDc N, either [Ic</(N:M) or
DcN.

Proof. <) Suppose that O#sme N where seR and meM.
Take I =Rsand D =Rm. Then 0=IDCN, so either

Ic\(N:M) or Dc N; hence either se,/(N:M) or meN.
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Thus either s"M < N for some positive integer n or me N .
Therefore N is a weakly primary submodule of M.
=) Suppose that N is a weakly primary submodule of M. If Nis

primary, then the result is clear. So we can assume that N is a
weakly primary submodule of M that is not primary. Let

0#IDc N with xeD—N. Weshowthat I c+/(N:M).

Let rel. If 0#rx, then N is weakly primary gives re+/(N:M).

So assume that 0 =rx. First suppose that D #0, say rd #0 where
deD. If dg¢ N, then

re(N:M). If deN, then r(d+x)=rde N, sore (N:M)
or (d+x)eN. Thus re (N:M). So we can assume that
rD=0. Suppose that Ix#0, say ax#0 where a€l. Then N is
weakly primary gives ae (N:M). As (r+a)x=axe N, we get
res(N:M). Therefore, we can assume that Ix=0. Since
ID #0, there exist bel and d,eD such that bd, #0. As
JIN:M) N =0( by Corollary 3.4 ) and 0#b(d, +x)=bd, eN
we can divide the proof into the following cases:

Casel. he (N :M) and (d,+x)eN.

Since O0#(r+b)d, +x)=bd, eN, we  obtain
r+be\/m, SO
Case2. bﬁmand (d, +x)e N.

As 0#bd, e N. We have d,eN, so xeN which is a
contradiction.

Therefore in all the cases, we have re.(N:M). Thus
I < /(N : M) and the proof is complete. O

Proposition 3.7 Let M be a multiplication R-module and N;, N:,
.. Nx be submodules of M. Let N be a primary submodule of M

k
with /(N :M)M=0. 1If ﬁNi c N, then ﬁNi =[N, =0.
i=1 i=1 i=1
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Proof. We have N;=1; M for some ideals /;(i=1,2,....,k)of R.
Then
N N, Ne=105L I M < N, and so IiL..I;

C(N'M)CW/(N'M) Since +/(N:M) is a prime ideal of R,
because is a primary submodule of M, see [6], then
I, cw/(N M) forsome j=1,2, ...,k Therefore,

N=IM c(N:M)M=0. Thus N;=0 for some j =1, 2, ..., k.

k k
Since ﬁNigﬂNigNj:O, then f[N,. =(IN,=0. o

i=1 i=1 i=1

Since every primary submodule is weakly primary, but the
converse is not true, see Remarks 2.1, then we can generalize the
previous result as follows.

Proposition 3.8 Let M be a multiplication R-module that is either

1) a P-primary R-module, or

i) a faithful cyclic R-module.

Let N;, N, ... N; be submodules of M and N be a weakly

k
primary submodule of M with J(N:M)M =0. If HN[ cN,

i=1

then ﬁNl. =0.

Proof. Note first that by Propositions 2.3 and 2.5, /(N:M) is a

weakly prime ideal of R. Now, as in the proof of Proposition 3.7,
k

[IN. N, andso I,1,..], c\/(N:M). If I1,..0I, #0, then
i=1

the proof is similar to the proof of Proposition 3.7. So let

k
I1,..1, =0, then [[N,=11,.1,M =0M =0. O

4. Direct Sum of Weakly Primary Submodules

We show in this section that the direct sum of a finite number of
submodules that contain only one weakly primary submodule is
weakly primary, however the direct sum of weakly primary
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submodules is not in general weakly primary. We start by the
following result.

Proposition 4.1 Let M, and M, be unitary R-modules over a ring
R Let M=M, ®M,, and Nc M, ®M,. Then the following are
satisfied:
(1) N=Q®M, isa weakly primary submodule of M if and only
if Qis a weakly

primary submodule of M.
(2) N=M, ®Q is a weakly primary submodule of M if and only if
0 is a weakly

primary submodule of M, .
Proof. We will prove (1) and the proof of (2) will be similar.
=) Let N=Q® M, be a weakly primary submodule of M. Let

0#rqeQ, qe0. Then (.0)e 0O M,, while
0£r(g,00eQ®M,. Since N=Q® M,
is a weakly primary submodule of M, there exists a positive integer
n such that r"(M, ®@M,)cOQ®M,. Hence r"M,cQ for some
positive integer n. Thus Q is a weakly primary submodule of M.
<) Suppose that Q is a weakly primary submodule of M,. Let
0£r(q.k)eQ®M, with reR and (q,k)eM —(Q® M,). Then
0#rgeQ. Since Q is a weakly primary submodule of M,, and
geQ, then r"M,c(Q for some positive integer n.  Thus

r"M < Q@ M, for some positive integer n. Therefore QD@ M, isa
weakly primary submodule of M. O

Now, we can easily prove the following result.

Proposition 4.2 Let M,, M,,..., M,k be unitary R-modules
overa ring R. Let M=M ®@M,®..®M,. O, isa weakly
primary submodule of M, for some ie€{l,2,..n}, if and only if

(Q; @ ;. M ;) is a weakly primary submodule of M.
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Finally, note that the direct sum of weakly primary submodules is
not necessarily weakly primary, as in the following example:
Let R= Z, the set of integers, and M = Z ®2Z , then

N=(4)® (3) is not a weakly primary submodule of M, since
0#3(4,1)e N, but neither 3"M < N for any positive integer n,
nor (4,1)e N. However, (4) and (3) are weakly primary submodules
of Z
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