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Abstract:

In this paper, we establish explicit expressions and some
recurrence relations for single and product moments of lower
generalized order statistics from Gompertz distribution.

The results include as particular cases the above relations for
moments of reversed order statistics and lower records. Further,
using a recurrence relation for single moments we obtain
characterization of Gompertz distribution.
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1. Introduction

The order statistics appears in many statistical applications and is
widely used in statistical modeling and inference. Such models
describe random variables arranged in ascending order of magnitude.
In a wide subclass of generalized order statistics, representations of
marginal, joint and probability density distribution functions are
developed. The results are applied to obtain these representations for
several expressions for the joint of generalized order statistics from
Exponential Pareto distribution [9].

The Gompertz distribution plays an important role in modeling
survival times, human mortality and actuarial tables. According to the
literature, the Gompertz distribution was formulated by Gompertz to
fit mortality tables. Examples of uses for Gompertz curves include:
mobile phone uptake, where costs were initially high (so uptake was
slow), followed by a period of rapid growth, followed by a slowing of
uptake as saturation was reached, and population in a confined space,
as birth rates first increase and then slow as resource limits are
reached.

On the other hand, generalized order statistics (GOS) have been of

interest in the past twenty years because they are more flexible in
reliability theory, statistical modeling and inference, the generalized
order statistics have been introduced as a unified distribution
theoretical setup, which contains a variety of models of ordered
random variables with different interpretations. The subject of order
statistics has been further generalized and the concept of generalized
order statistics (GOS) is introduced and studied by Kamps in a series
of papers and books [1,8-10].
The ordered random variables such as order statistics play an
important role in many branches of statistics and applied probability.
Kamps in [6] introduced the concept of gos and showed that order
statistics, record values, and some other ordered random variables can
be considered as special cases of generalized order statistics. Ragab in
[16] established several recurrence relations satisfied by the single and
the product moments for order statistics from the Generalized
Exponential Distribution (GED). The relationships can be written in
terms of polygamma and hypergeometric functions and used in a
simple recursive manner in order to compute the single and the
product moments of all order statistics for all sample sizes, for more
details see [4].
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Kamps in [6] introduced the concept of generalized order statistics
(gos) as a unified approach to different model e.g. usual order
statistics, sequential order statistics, Stigler's order statistics and record
values. They can be easily applicable in practice problems except
when F () is so-called inverse distribution function. For this, when F()
IS an inverse distribution function, we need a concept of lower
generalized order statistics (Igos), which is given as:
forn=>k,k=1,m;, =m,.... ,m, =m € R"" 1 then

Vi=k+(n—-r)(im+1)>0,1<r<n.
By the Igos from a continuous distribution function F(x) with the
probability density function (x) , we mean random variables
X'(1;n;m; k), ..., X' (n; n; m; k) having joint pdf of the form

k(T2 v T F G ™ f ) IF o)1 f ()

(1.1
for FFY (1) >x; = x, =+ = x, > F71(0).
The pdf of the r-th Igos, is given by
Fxremmao @) = Z2 P f () gh (FG0),
(1.2)

and the joint pdf of r-thand s-thlgos, 1 < r <s<n,x>y1lis
fX'(r;n;m;k),X'(s;n;m;k) (x y)
[F O™ f () gh *(F(x))

TTUFEOT )
(1.3)

T (r)F (s )
X [hn (F(3)) = ho(F ()]

where C,_q =[[j=;y; such that y;=k+ n—-9)(m+1),T'(r) =
(r—1)! and Im(x) = h,,(x) — h,,(1),x € [0,1), such that

- am+l
hm(x)z{mﬂx m;tl
—Ilnx, m= 1
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We shall take X'(0;n;m; k) =0 Actually if m=0, k=1 then
X'(r;n;m; k) reduced to the (n—r+1)—th order statistics,
Xn—r41.n from the sample X, X,, ..., X;,. Also, when m = —1, then
X'(r;n;m; k) reduced to the r-th lower k record value, for more
details see [15].

Recurrence relations for single and product moments of lower
generalized order statistics from the inverse Weibull distribution are
derived by Pawlas and Szynal in [15]. Khan et al. in [8] and Khan and
Kumar in [10] have established recurrence relations for moments of
lower generalized order statistics from exponentiated Weibull, Pareto,
gamma and generalized exponential distributions. Ahsanullah in [1],
and Mbah and Ahsanullah in [13] characterized the uniform and
power function distributions based on distributional properties of
lower generalized order statistics, respectively.

Kamps in [7] investigated the importance of recurrence relations of
order statistics in characterization. Now we will go to construct an
explicit expression and some recurrence relations for single and
product moments of Igos from the Gompertz distribution.
Furthermore, the results for order statistics and lower record values
can be deduced as special cases and a characterization of Gompertz
distribution has been obtained on using a recurrence relation for single
moments.

The Gompertz distribution has a continuous probability density
function with location parameter a and shape parameter b,

f(X) — aebx—%(ebx_l)’x >0 , (14)
and the corresponding distribution function is
Fo)=1—e 5™ (15)

In addition, we can get a relationship between f(x) and F(x) from
(1.4) and (1.5) that can be written as

Flx)=1-1% (1.6)

aebx
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2. Explicit expression for single moments

In this section we reduced X'(r,n, m, k) to the r-th lower k record
value when m = —1 in the explicit expression for single moments
and also get it in general when m = 1, for more details see [15].

Casel:m #1
The single moments of Igos for Gompertz distribution can be obtained
from (1.1), (1.2) and (1 5) as follows:

[ o] = 7 [ Y@ g (F)dx
G (T

T m+ D)) ),

_a(, bx-1]¥s71 _4r bx-1
b(e )] aebx (e )

N

x/ [1

(2.1)

ar bx-1 m+1 r-1
Expanding {1 — [1 p—C )] } binomially, we have

E[X(rnmk)] (m+ 1)r 11‘( )z( 1)

X foox’ [1 — 5" 1)]Vr | 1aebx—%(ebx_l)dx.
Using the transformat(;on, t = —InF(x), we obtain
E [X(rnmk)
Dy S0 (TN () (22)

(m+1)7=11(r) i v/ r-+ D1’
for more details see [3].

Case2:m=1
k=ip=J )
E[X{ | = S T+ 1) (2.3)
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Special cases
) Putting m = 0,k = 1 in (2.2), the explicit formula for
single moments of order statistics of the Gompertz
distribution can be obtained as

E[X(n r+1:n)
iy qyive r—=1\(j\__1t+v
b~ Cr” Z [v|= 0( D a? ( i ) ( )(n r4i+2)1+v’ (2'4)
where,
n!
Crp = .
" r-1D!(n-1r)!
i) Putting k = 1 in (2.3), we deduce the explicit expression
for the moments of lower record values for the Gompertz
distribution as

E[x],,| = I%r(r + ). 2.5)

3. Explicit expression for product moments

In this section we reduced X' (r,n,m, k) tother — th lower k record
value when m = —1 in the explicit expression for product moments
and also get it in general when m =+ —1, for more details see [15].
Casel:m # —1

On using (1.3) and binomial expansion, the the explicit expressions
for the product moments of Igos X''(r,n,m, k) and X'/(s,n,m, k),
1 <r < s <n canbe obtained whenm # —1, as

E[X(rnmk)X(inmk)]
r—-1s-r—-1
r — 1 s—r—1
[(r)[(s—r)(m+ 1)s- Zz Z ( B )
X [y [F()]Ys-#~ 1f(y)l(y)dy (3.1)
where,
1) = J,” xI[F ()] +a-PmeD=1¢ (x) gy (3.2)

by setting t = —InF(x) in (3.2), we get
i

_N (i 1
1&y) = ; (c) bi[(s — 7+ a — B)(m + 1)1+ 1611
+c,(s—r+a—-pB)m+ 1)(—InF(x))]
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i

[ 1
N Z (Z) bi[(s —r+a—B)(m+ D]t

c=0

= ,—r+a—pB)(m+ 1)(—InF(x))*
X;(_l) zZl(z+1+40¢)

_ iy (D yw (qyz [G=r+a-p)m+ DI (—inF@)#Hi+e
=b Zc=0(c)22=0( 1) Z1(z+1+¢)
(3.3)

where IG(..,..) denotes the incomplete gamma function defined by
w

IG(Lw) = f ul=le %du.
0
On substituting, the above expression of I(y) in (3.1), we will get

E [X ’(l;‘,n,m,k)xg'"’m'k)] -

b~ics_ _ 1 wi -
F(r)I"(s—r)zrr;l)S—z Z‘::(l)z%;bl lC=0 Z=0(_1)a+ﬁ+zx

I [

f0°° I [FO)s B-Lf () [InF (x)]#*1+<dy.

(34)
Again setting t = —InF(x)in(3.1) and then simplifying the
resulting equation to obtain that

E [X (rmmioX g,n,mlk)] -

p-G+Dc._ _ o . -
r(r)r(s—r)(rrsl+11)s—z Zz:%) ZSEJO ! c=0 Zz:O(_l)a+B+Z X

(T - 1) <S —T = 1) (l) ( 1) (s—r+a-p)m+ DI | _ I(z+2+ctd)
a B c/ \d Z1(z+1+¢) (ys—B+1)7+2+ctd

(3.5)
Case2:m = -1
i j _
E[X(;JnJ_le)X(S,n,—l,k):I -

(kb)" D€y ws—r—1;  qys—r—a—1 (S — T — 1\ __ITs+i+))
I I(s-r) Za=0 ( 1) ( a )(s—a—1+i+j) (3'6)
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Special cases
) Putting m = 0,k = 1in (3.5), the explicit formula for
product moments of order statistics of the Gompertz
distribution can be obtained as

[X rnmioX (];,n,m k)] =

p— G+ ])Cr,s:n s— T 1 0(+ﬁ+z
rrr(s-r)(m+1)s—2 02 Zc OZZ o( 1)

r—1\(S—1—1\ i\ () [G-r+a—B)(m+DI*I(z+2+c+d)
( a ) ( B ) (c) (d) z!(z+1+c)(n—s+1+p)z+2+c+d (3'7)
where,

n!
r—-D'n—r+D!'(n—-s)

Crn =

i) Putting k = 1in (3.6), we deduce the explicit expression
for the product moments of lower record values for the
Gompertz distribution as

i j —
E[XL(T)’ (S)] -
(b)~+) ZS r— 1( 1)s-r-a- 1(5—7‘— 1) I(s+i+))

) I(s-1) a (s—a—1+i+j)
(3.8)

4. Characterization of Gompertz distribution

The problem of characterizing a distribution is an important problem,
which has recently attracted the attention of many researchers. In this
section, a characterization of Gompertz distribution has been obtained
on using a recurrence relation for single moments.

Theorem 4.1. Let X be a non-negative random variable having an
absolutely continuous distribution function F(x)with F(0) =
0 and 0 < F(x) < 1 forall x > 0, then

E [xgrnlmk)] ]1([b +y,]E [x(rnmk)] +(r—DE [X(r 1nmk)]
+E [aebeE’rnmk)D

(4.1)
if and only if

F(x)=1- e_%(ebx_l),
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Proof. If the recurrence relation in equation (4.1) is satisfied, then on
using equation (2.1), we have

Coy [® ] )
F(‘r; W THFQOI () g H[F (0)ldx
bC,

=jF(r) 0
YrCro1 (% ¥r—1 r—1

Mo O x) (F(x))"  f)gm HF()]dx
(r_l)cr—l

jrr)
Cr—l

Ty (FO)" ™ F(0)gir  [F (x)]dxx

f ) (FG))™ ™ F (0 gL [F (0)]dx
0

" et (F00) T G0 g I ()l

jr) J,
_ Cr—l o Yr—1 r—1
=To ) xI (F))™  f)gm [F ()]
r-DF®)" .
X|b+y + gm(F(x)) + ae’*|dx
(4.2)
Integrating the right hand side in (4.2) by parts, we obtain
I(ir(;; i xI7  aeP*(1— F()[F ()] tgn[F(x)]dx

oo
Cra1

T,

xI7  aeP*(1— F()[F ()] tgn[F(x)]dx

(4.3
which reduces to
T TFCOT T (gl IF OOl ae F () — 1]+ £ (x)}dx
(4.4)
Now applying a generalization of the Muntz-Szasz, Theorem [4.1] to
equation (4.4), we get
ae”*([F(x)] —1) = —f(x)
which prove that
bx—l)

F(x)=1- e 5(°
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5. Conclusion
This paper deals with the lower generalized order statistics from the
Gompertz distribution. Recurrence relations between the single and
product moments are derived. Characterization of the Gompertz
distribution based on a recurrence relation for single moments is
discussed.
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