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Abstract:

In this article, we state and prove new extensions of some Steffensen
type inequalities which allow bounds involving any two subintervals instead
of restricting them to include the end points motivated by Cerone . We show
that Cerone's results, which have been previously published, can be obtained
as special cases of those obtained here.
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1. Introduction

Inequalities are at the heart of mathematical analysis [2, 4, 6].
Steffensen's integral inequality was established in 1918 and it lies in
the core of integral inequalities. It can be used for dealing with the
comparison between integrals over a whole interval [a,b] and
integrals over a subinterval [7].

The following inequality is well- known in the literature as
Steffensen's inequality[11]
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Theorem 1.1 Assume that two integrable functions f (¢) and g(¢)
are defined on the interval [a,b] with f (¢) nonincreasing and that
0<g@)<1on]a,b]. Then

[ roas<| rogod <" roya @

b
where /IzL gt)drt. (1.2)

If f is non-decreasing, then (1.1) is reversed .

Steffensen's inequality has been generalized in many ways. In
this section, we focus at Cerone’s generalizations of Steffensen’s
inequality. The following theorem contains some of Cerone’s
generalizations (see [3]).

Theorem 1.2 [3] Let f g :[a,b]—> R be integrable functions on
[a,b] and let f be nonincreasing. Further, let 0 <g(#)<1and

2=[ g@)dt =d, ~c, ., where [c,.d,][a,b] for i =1,2 and
d <d,.
(a) Then

[[r0g ar Sjjlf(t)dt LR, d,) (1.3)
holds where,

R, d)=["(f O~/ @))g@)dt 0. (1.4)
(b) Then

j:f(t)dz —r(cz,dz)ﬁjjf(t)g(t)dt (1.5)
holds where,

reydy) = [, (fe)~f O)gdr20. (1)
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Remark 1.1 If in Theorem 1.2 we take ¢, =a (and so d, =a+ A1),

then R (a, a+A)=0. Further, taking d, =b so that ¢, =b — 1, gives
r(b—A,b)=0 . The Steffensen's inequality (1.1) is thus recaptured.
Since (1.2) holds, then ¢, >a and d, <b giving [c,,d,]]a, b].
Theorem 1.2 may thus be viewed as a generalization of the

Steffensen's inequality as given in Theorem 1.1, to allow for two equal
length subintervals that are not necessarily at the ends of [a, b].

In our paper [ 1 ], we extended the results of Theorem 1.2 for
the case i =1, 2, ..., n and established the following theorem .

Theorem 1.3 [ 1] Let f g :[a,b]—> R be integrable functions on

[a,b] and let [ be negative and nonincreasing. Further, let
b
0<g(@)<1 and /1=J. g(t)dt=d, —c, ,where [c,,d,] c[a,b] for

i=12,...,nandd,<d,<...<d,, n=2,3,4,... .
(a) Then

b d, d, d,
(n—l)Lf(t)g(t)dtSLl f(t)dt+Lz f(t)dt+...+J.cnil () dt
+ R (Cnfl o dnfl) (17)

holds where,

R(Cn—ladn—l):J.:l (f(t)_f(dl))g(l‘)dl‘-Fj:2 (f(t)—f(d2))g(t)d[ .
(SO @, ))g0d 0. (1)
(b) Then

[Proda " rods [ fod[" fOd-re,.d,)

n-1 n
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<(-Df £ 2@ d (19)

holds where,

e, d)=[, (fe)=/O)g0dr+[, (fe)~f O)gdi+...

+LI; (f,.0=f®) (t)dt+j (f)~f@)g@)dt =0.
(1.10)

2. Extensions of Cerone's Results for General Subintervals

Pecari¢ et al, [ 8 ] have introduced the following lemma in
order to generalize Cerone's results for the function f/k :

Lemma 2.1 Let k£ be a positive integrable function on [a, b],and let
f, g, h:[a,b] >R be integrable functions on[a,b ]. Further, let

d b
[c,d]c[a,b]withj h(t)k(t)dt:j 2 (¢)k (t)dt. Then, the

following identities hold

[ ronod-[ rogoa-=| (f(d) f(‘)j Ok @) d

k(d) k(@)
+I [/;Ef; J/fcgijk(t)(h(t) g(t))dt+L [ %—%Jg(t)k(t)dt,
@.1)
and
' ‘ (SO _f©
[, roswd -] ror0d =], ( k() k(c)Jg(f)k(t)dz
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[ fle) f@) b f@) fle)
+L ( m—mjk(t)(h(t)—g(t))dt +L ( m—mJg(t)k(t)dt.

(2.2)

The following theorems have been established by Pecaric et al,
[ 8 ] as anew generalizations of Cerone’s result for the function f /k

Theorem 2.1 Let k be a positive integrable function on [a, b], and let
f, g h :[a,b] >R be integrable functions on [a, b] such that [ /k

is nonincreasing. Further, let 0<g@)<h(t) and

[" hok@di=[ g)k@)di, where [, d,][a,b] for
i=1,2andd <d,.
(a) Then

[[f0gwd<[" fOrOd+RE.d) @3

holds, where

o[ f@)_f@)
R(cl,dl)—L [k(t) k(dl)]g(t)k(t)dtZO. (2.4)

(b) Then

[ ronod-re, dy<| fogoda @)

holds, where
_ f(cz)_&
read) =], ( ke k@)

If f /k is a nondecreasing function, then the inequalities in (2.3),
(2.4), (2.5) and (2.6) are reversed.

jg(t)k(t)dt >0. (2.6)
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Remarks 2.1
(a) If we take ¢, =a and d,=a+A and we take k(t)=1 in

Theorem 2.1 of part (a), we obtain a Mercer’s generalization of
the right-hand Steffensen’s inequality(see [5, Theorem 3]).
(b) If we take ¢, =b—A and d,=b and we take k(f)=1 in

Theorem 2.1 of part (b), we obtain a Mercer’s generalization
of the left-hand Steffensen’s inequality which is obtained in
[9] from a generalization given by Pecari¢ in [10] (see [9,
Theorem 2.7]).

(c) If we take A(t)=k({)=1 in Theorem 2.1, then we obtain

Theorem 1.2

The aim of this article is to introduce more extensions to the
work of Pecari¢ et al,[7]. Let us first extend the results of Theorem
2.1 forthecase i =1, 2, 3.

Theorem 2.2 Let k£ be a positive integrable function on [a, b], and
let f, g, h :[a,b]—> R be integrable functions on [a, b] such that
flk s nonincreasing.  Further, let 0<g(#)<Ah(t)

andjj" h(t)k(t)dz:jjg(x)k(zr)dz,where lc,,d ]c[a,b] for

i=123andd <d, <d,.
(a) Then

b dy dy
2L F@)g)dt sjc F@)h(@)dt +L F@h@)dt +R(c,,d,)

(2.7)
holds, where

R(c,,d,) = j [ 1@ 1 (dl)Jg(t)k(t) dt

k@) k()
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a

o fO)_fd)
+j [m k(dz)jg(t)k(t)dtZO. (2.8)

(b) Then

Jzzf(t)h(t)dt +j:f(t)h(z)dt ~rles.dy) <2[ £O)g@)di

(2.9)
holds, where
) SO
ries,dy) =, [ o) F (t)Jga)k(r)dr
bl fle) f@©)
+L3(W03) k(t)Jg(r)k(z)drzo. (2.10)

If f /k is a nondecreasing function, then the inequalities in (2.7),
(2.8), (2.9) and (2.10) are reversed.
Q)
k()
fOf@) O
k@) k)’ k(@)
SO, 1@d) [
k@) k(d,) k(¢
M <f_(d1) and &
k@) k@)’ k(t)
O _fd)

k(t)  k(dy)

Also since 0<g(t)<h(t), we get 0=>—g(t)=—h(t), and then
0<h(@t)—g@t)<h@).

Proof of part (a): Since

is nonincreasing on [c,,d,], then

is nonincreasing on [c,,d,], then
Similarly,

is nonincreasing on [d,,b ], then

is nonincreasing on [d,,b], then

Now, let us introduce

Lie,dyab)=["f Oh@)dt ~[ f©)g@)dr, a<e,<d,<b
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and
L(eydyab)=["f O h@)dt -[ f ©)g@)dt, a<c,<d,<b.

By using Lemma 2.1, we obtain

L(c,,d;;a,b)+ L(c,,d,;a,b) +J:l (&—f (dl)jg(t)k(t) dt

k@) k)
o[ f@)_fd,)
+L [m k(dz)]g(t)k(t)dt

- [ A] M]k(t)(he)—g(r)) i+]" [ f0.f (dz)]k(t)(h(t)—g(t))dt

k() k() 2| k) k@)
v f@d)_f©) v [ fd)_f©)
+Ll[ ) k(t)]g(t)k(t)dHLz[ ) k(t)]g(t)k(t)dfzo'
Hence

[l ronod=[ rogwd [ fOned -] fOg0)d

a f@) fd) o f) _fd,)
+L [m k(dl)Jg(t)k(t)dHL [k(z) k(dz)]g(t)k(t)dfzo

and thus (2.7) is valid. The term R (c,, d,) is nonnegative since

f /k is nonincreasing and g is nonnegative, k is positive m

[ @
k()

[O), 1)
k(@) k(e

is nonincreasing on [a, ¢,], for # <c;, then

Proof of part (b): Since is nonincreasing on [a, c,], for

t <c,, then

f@

and

& M imilar &is
k(t)zk(q)'s farly. k()
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f@) fle)
k(@) kcy)
1@ . 1@ fle)
0 is nonincreasing on [c;, d;], for t >c;, then K0 < Ky
Also since 0<g()<h(t), we get 0=>—g(t)=>—h(t), then
0<h(@t)—g@)<h(@).

Now, using Lemma 2.1, we obtain

—L(c,,d,;a,b) —L(cy,d5; a, b)+I [kECZ; ]];?;] )k (@)dt

nonincreasing on [c,, d,], for t 2c,, then and

fey) f@)
+j [k(3) k(f)}g(t)k(t)dt
e SO fe) fS@©) f)
_L Lm k(cz)} (t)k(t)dr+j [k(t) o )jg(t)k(t)dt
“ [ [0 al 1) fO
+L[k(c2) k(t)jk(t)(h() ())dt+j3[k(03 0 ~g(t))dt 20.

Hence

b d, b ds
[, fOg@yar =" fOhOd + [ fOg@)d [ f@O)h)di

“f, [%‘%}g(t)k(t)dt [ [%—%]g@)k@)dt >0

giving (2.9) is valid. The term 7(c;, d;) is nonnegative since f /k is

nonincreasing and g is nonnegative, k is positive m

The following theorem provides more extension of Theorem
22tothecase i =1,2,...,n

Journal of Al Azhar University-Gaza (Natural Sciences), 2018, 20 (2) 107



Atta Abu Hany , Mahmoud Al Agha
Theorem 2.3 Let k be a positive integrable function on [a, b], and

let f, g, h :[a,b]—> R be integrable functions on [a, b] such that
flk s nonincreasing. Further, let 0<g(#)<Ah(f) and

[ nok@ di=[" gOk@dr. where [c,.d,]<[a,b] for

i=12,...,nandd,<d,<...<d,, n=2,3,4,...
(a) Then

b dy dy
(n—l)jaf(z)g(z)dtsL f(t)h(t)dt+L2 F@Oh@)dt+...+

+ jdﬂ_l f (t)h(t) dt + R(cn*l H dnfl) (211)
holds, where

¢ d [%__j W +[° [%—{{gzg]gmkc)m .

o (f(t) fd,)
k@) k(d,.)

j t)k@)dt 20. (2.12)

(b) Then

["rOr@yd+[° fOhOd+ .+ [ f Oh@)dr

" S OO -re,.d) <@ -D] fOgOd  @13)

holds, where

P f(cz)_& f(‘%)_&
r(cn,dn)—Lz [ o k(t)]g(t)k( ) dt +j3 [ o k(t)jg(t)k(t)dt o
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b fle,) f@) fe) £
+,[ [k(nl) k(z)] (t)k(t)dt+'|‘ [Fcn) k(t)jg(t)k(t)dzzo,

(2.14)

If f /k is a nondecreasing function, then the inequalities in (2.11),

(2.12), (2.13) and (2.14) are reversed.

Q)
(

Proof of part (a): Since T

is nonincreasing on [c,, d,] for

t<d,, on|[c,,d,] fort <d,, , ...,on[c, ,d, ] for
t <d,_, respectively, then

fOf@) fO ) fO.fd,)
KO k@) kO k@) k@O Tk, )

1o .
k(¢

respectively. Similarly, is nonincreasing on [d, b]for t 2d,

on[d,,blfort 2d,, ... ,on[d, ,b]fort =2d, ,, respectively,
then
FO @) fO_f@d) [0 _fd,)
k@) k@) k@) k) k@) k@,

respectively. Also since 0< g(¢)<h(t), we get
0>—g({t)=—h(t), then 0<h(t)—g()<h(t), and from Lemma
2.1, we obtain

L6 0. B) L i 0B . +Ley o, 3 0,0)+ [ (fgi ﬁd;J Ok di

f@) fd,) f@© fd,,)
+L [k(t) a )Jg(t)k(t)dt+ j Lk(t) m]g(t)k(t)dt

Journal of Al Azhar University-Gaza (Natural Sciences), 2018, 20 (2) 109



Atta Abu Hany , Mahmoud Al Agha

1 d,
:jd [%—%]k(t)(h(t)—g(t))dt j [fg’; fE ;j t)(h(t)-g(t))dt

N

b [ f6) fd,) fd) f@o
++j [ ta nl)]k(t)(h(z) g(z))dz+j [ m—mjg(z)ka)dz

b fdz)_w b f(dll) f()
+sz[ k(d,) kt)]g(t)k(z)dw... j ( ) k()J ()k(@)dt >0

Hence

d) d, d, b
j f(t)h(t)dt+j62 f(t)h(t)dt+...+Ln_l fOh@yd = [ f@©)g)d

_Lbf(t)g(t)dt —...—jjf(t)g(t)dt [ [%—%jg@)k(ﬂdt

\/

@)
k@,

+f [m_f(dz)]g(z)k(t)dz Tt j (/l’{(

ST ; ] t)k(t)dt >0

~—~—
~—

and thus (2.11) is valid. The term R(c,_,, d,_,)is nonnegative since

f /k is nonincreasing and g is nonnegative, k is positive m

Proof of part (b): Since jli g; is nonincreasing on [a, ¢, ] for

O fe)
OIS

is nonincreasing on [c,, d, ] for t Z¢c,, on[c;, d;]for t 2c;,

t<c,,onla,c,] fort <c

f @)
k(@)

respectively. Similarly,
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1O _ [
k@) k()

..,on|c,,d, ]fort 2c,, respectively, then

k@) k() k@) k)’
respectively. Also since 0< g ()< h(t),weget 0>—g(t)=>—h(t),
then 0<A(f)—g()<h(t), and from Lemma 2.1, we obtain

-L(c,,d,;a,b)-L(c;,d;;a,b)-...~L(c,,d,; a,b)+J.;7 [%—%]g(t)k(t)dt

o) [f(%)—&]g(t)k(t)dt T [f(cn)—@Jg(r)k(t)dt

k(c;) k() o\ kic,) k@)

-[° ( %—%jg(ﬂk(z)dt + [ [ %—%jg(t)kmdz ko
o [ %—’;E—Z;]gmkmm [ [ /;8—%]k(t)(h(z)—gm)dr
+jd ( j;{gz;—%jk(t)(h(t)—g(t))dt +o
+ jd [ %—%Jk(t)(h(t)—g(t))dt >0,

Hence

b b b d,
[ fOg0ydi+[ fO)g@ydr+..+[ f(t)g(t)dt—Lz [ (O)h()dt

_jj f@)h(t)dt —...—f f@)h()d + .[i [f(CZ) —&jg(t)k(t)dt

n
n

k(c,) k()
b)) fO) b)) [
+L3 [ch) k(t)Jg(t)k(t)dt +-"+L,, [ o) k(t)Jg(z)k(t)dt > ()
(2.15)
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giving (2.12) is valid. The term 7(c,, d, ) is nonnegative since

f /k is nonincreasing and g is nonnegative, k is positive m

Remark 2.2 Theorem 1.3 is a consequence of Theorem 2.3 by

takingh(t) =k (¢t)=1.

Conclusion :

In this article, based on the work of Cerone [3] and Pecaric et
al [7], a new Steffensen type inequality has been researched . Our
results are more general than those in [7]. We expect that the results
may attract other researchers to employ them in their future research.
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