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Abstract:

In this paper we derived several generating relations involving
the modified hypergeometric functions ,F;(a,b;c+n;x) by the
group theoretical method known as Wisner’s method. We have
considered a three parameter Lie group by giving a suitable
interpretation to the index n of the modified hypergeometric
functionsand obtained some known as well as some new generating
relation for modified hypergeomtric functions. Some particular cases
of these relations are also investigated.
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1 Introduction

Several generating relations for hypergeometric functionshave
been derived by different methods e.g. classical, theory of Lie-group
etc. see [3,6]. In this paper we appeal to the Lie theoretic concepts and
derive generating functions involving series of the modified
Hypergeometric  functions ,F;(a,b;c +n;x), because of the
important role which hypergeometric functionsplay in problems of
physics and applied mathematics, the theory of generating functions
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has been developed various directions and found wide applications in
different branches of science and technology. Weisner in [7] introduce
Lie operators and then obtained generating functions for generalized
hypergeometric corresponding to increasing and decreasing of
numerator parameter a. Monoch and Jain [4], Agrawal and Jain [1]
etc, have also applied it to obtain generating function by variation of
parameter a. Also Chongdar [2] has derived some generating functions
for the said functionsby Lie algebraic method. This paper is an attempt
to exhibit the group theoretic significance of generating relations for
modified hypergeometric functions.

We begin by considering the following ordinary differential
equation which satisfed by the Hypergeometric
functionsy =, F;(a, b; c + n; x) [5].

x(1-0 4 [c+n—(a+b+ DL —aby=0 (L1)

2 Group-Theoretic Discussion
. d ] ] .
Replacing - by o by Y3y and y by u(x,y) in (1.1), we
get the following partial differential equation :
0%u

0%u ou
x(1 —x)ﬁ+ [c—(a+Db+ 1)x]£+ym—abu =0 (2.1)
Thus u(x,y) = y™,Fi(a,b;c +n;x) is a solution of (2.1), since
»F;(a, b; ¢ + n; x) is a solution of (1.1).
Now we introduce the following linearly differeintal operaters

f]3=y%+§(2c:—a—b—1)

N § U I

Jm =y [x6x+y6y+c 1] (2-2)

0 0

Ut =yIA -0 +y5—(a+b=-0)]

such that
SO F(abic+nx))=(n+2(2c—a—b—

D)y™,Fi(a, b;c+n;x)

J-O™,Fi(a,b;c+n;x)) = (c+n—1y" ' Fi(ab;c+
n—1;x)
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J* ", Fi(a,b;c+n;x)) = wynﬂzﬂ(a, b;c +

(c+n)
n+1;x)
Now we have the following commutator relations:
U3J*=2* Ut 1=2p° (2.3)

where [A,B]lu = (AB — BA)u ..

The above commutator relations (2.3) show the set of
operators J3,J7,J*, 1 where 1 stands for identity operator, generates a
Lie algebra which isomorphic to si(2).

Now we can write the differential operator as follow

L=)J = (P —5@-b—-1)03+5(@—b+1)) (24)
from which it follows that L commutes with each operator

U, L1=0"L1=U%L]=0 (2.5)

3 Extended forms of the groups generated by J-operators

To find the extended form of the group generated by J3, we
must solve the following differentail equations

dy(an _ '
dar - y(a ) (3'1)
and
w@n _ 1., g :
—a = ;@c—a-b—-1v(a) (3.2)

where y(0) = y,and v(0) = 1.
From (3.1) we get

dy(ar) 1 r_ ’
fwmda = f da

logy(a') =a' +k
we put a’ = 0 to find the constant k
logy = k
Then
logy(a’) = a’ + logy

y(a’) =ye”
and from (3.2) we get

fav(a’);da’zf%(Zc—a—b—l)da’

dar wv(ar)
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logv(a) =2 (2c—a—b—1a'+k
we put a’ = 0 to find the constant k

k=0
Then
logv(a) =2 (2c—a—b—1)a’
v(a’) — e%(ZC—a—b—l)al
Thus
evPu(x,y) = e%(zc_a_b_l)a'u(x, yed) (3.3)

Similarly we get
e u(x,y) = (14D u(r +22,y + b') (34)

and
eCI]+U(X, y) — (1 _ C/y)(a+b—c)u((x _ 1)(1 _ C,_'y) +
y
) 1_C,y) (3.5)
Therefore
ec']+eb']_ea']3u(x, y) = e%(Zc—a—b—l)al(l _ Cly)a+b—6(1 +
bryc-1
) (3:6)
Xu((x(1+2) = DA~ +b)) +
(y+bne® )
" 1—cr(y+br)

4 Generating Functions

We will obtain generating relations from the operator J3 by
considering the following two cases of the transformed
functionexp(c'JH)exp(b”’ ) ,F(a,b;c +n;x)

From (2.1) u(x,y) = y",Fi(a, b; c + n; x) is a solution of the
system
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Lu=20
(A—(n+%(2c—a—b— DHu=20
(4.1)
Since L commutes with the operators, we have
SO, Fi(a, b;c+n;x)) = (LSO, Fi(a, b;c +n;x)) =
0
where
S =¥ gcti" gbti”
Therefore the transformation S(y",F; (a, b; ¢ + n; x)) is also annulled
by xL
Now put a’ = 0 in (3.6), we get

_ b’
et gblJ u(x,y) = (1 - C’y)a+b—C(1 + ;)c—l
4.2)

Xu((x(1+2) = D1 =+ +
y+br

’ 1—c1(y+bl))
So, we obtian
C’]+eb’1_[y"2F1(a, b;c+mx)] =1 - cy)*Pc(1+
c-1 y+br n
) (1 C’(y+b’)) (4'3)

X, Fy(a, b;c +n; (x(1 + %) — DA =C(y+b)+1)

So we get the following special cases :-
Casel:Leth'=1,c" =0, (4.3) reduces to:

e/ [y",Fi(a,b;c+nx)] =1+ %)C_l(y + 1" F(a,b;c+
n;x(1+3)) (4.4)
Now expanding this function, we get
el [y",Fi(a,b;c+n;x)] = X 0 — [y ,Fi(a,b;c+
n; x)]|
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—\ym-—1
= Yim=0 y T)n [(c+n—1Dy" " Fi(ab;c+

n—1;x)]
= Yim=0 (]—)m—mr(:'+n—m)m [y" ™, Fi(a,b;c+
n—m;x)] .
Thus
e/ [y",Fi(a,b;c+n;x)] =
Yoo EEmynomF (a,b; ¢ + n - m; x) (4.5)

Equating the two equations (4.4) and (4.5), we get

1 1
(1+ ;)C+”‘12F1(a, b;c+n;x(1+ ;))
(4.6)

=y®_, (C+nr;!m)m [y_m2F1(a' b:c+n-—
m; x)]
1

Lett =~
y

A+ LF (a,b;c +n;x(1+ 1))

4.7)
Yoo (c+n—-m);, F b
_2m=0 ml 2 1(a, ;C+n—
m; x)t™
Casell : Letb'=0,c" =1, (4.3) reduces to:
e/ [y",Fy(a,b;c +n;x)] = (ﬂ—y)”(l — y)rrhe
(4.8)

X, Fi(a,b;c+n;(x—1D(A—y)+ 1)
Now expanding this function, we get

Iy Fy(a,bi ¢ +m50)] = 52 LX [ymFy (a, by
e [y 2 1((1, 'C+an)]_Zk=O k! [y 2 l(a’ ;c+

n; x)]
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w UH* T (c+n—-a)(c+n-b)
=) " - " Fi(a,b;c+n+
1;x)]
w UHEK(c+n-a)(c+n-b)
= Xk=0 k] Lly™* Fi(a,b;c+n+
k; x)]
Thus

e1+[yn2F1(a, b;c + n; x)] “9)

[y"** Fi(a,b;c +n

_i (c+n—a)(c+n—>b)
P (c + n)ik!
+ k; x)]
Equating the two equations (4.8) and (4.9) , we get
(1 =y)¥P= " F(a,b;c+n(x—1D(A-y) +1)
(4.10)

= (c+n—a)(c+n—>b)
= W 2Fi(a,b;c+n

k=0

+ k; x)y*
Finally, we want to point out that the interchanging of the order of the
operators in (3.6) will give different results.

5 Particular Cases

We can obtain the following generating functions for the
Gauss’s Hypergeometric functions.
I: Takingn = 0 in (4.7), we get

1+ )L F(ab;c;x(1+1))
(5.1)

o) (c—m)
=Xm=0 7" 2Fi(ab;c—mx)t™
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Il: Taking n = 0 in (4.10), we get

(1=, F(abc(x—1)(1-y)+1)
(5.2)

O (e = a)i(c = b)y o
- kZo Ok ,Fi(a,b;c + k; x)y*
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