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Abstract:

Lie group analysis is used to investigate invariance properties of
nonlinear fractional partial differential equations with three
independent variables. The analysis is applied to the conformable
fractional Kadamtsev-Petviashvili equation (KP). All of the
vector fields and the Lie symmetries are obtained. We show
that the conformable fractional KP equation can be
converted to a conformable fractional partial differential equation
with  two independent variables. Henceforth, the produced
equation can be transformed to a conformable fractional
ordinary differential equation.

1 Introduction

Fractional calculus (FC) is regarded as a generalization of the
classical differentiation and integration for arbitrary noninteger
(real or complex) order. FC is almost as old as the classical
calculus and goes back to times when Leibniz and Newton
invented  differential calculus. It has been developed
progressively up to now, and it is regarded as a novel topic.
After 1974, FC is rapidly developed. Fractional derivatives and
integrals have many uses and they themselves have arisen from
certain  requirements in applications. Some of known fractional
derivatives are Riemann-Liouville, modified Riemann-Liouville, Caputo,
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Hadmard, Erdélyi-Kober, Riesz, Grinwald-Letnikov, Marchaud and
others; see [1]-[8].

In 2014, a new definition of fractional derivative with an
interesting idea that extends the familiar limit definition of the
derivatives of a function has been introduced by Khalil,
Alhorani, Yousef, and Sababheh [9]. The new definition is
called the conformable fractional derivative. Unlike other
definitions, this definition prominently compatible with the
classical derivative and it seems to satisfy all the requirements
of the standard derivative. The importance of the conformable
fractional derivative lies in satisfying the product and quotient
formulas. Moreover, it has asimple formula for the chain rule.
Since Khalil’s definition, conformable fractional derivative has
become more and more pervasive for its effectiveness on
other mathematical disciplines [10]-[29].

The Lie symmetry theory is regarded as an important tool
in studying the analysis of differential equations. Furthermore, it is
the most effective method for constructing analytical solutions of
nonlinear differential equations. Lie’s theory is powerful, versatile,
and fundamental to the development of systematic procedures
leading to the integration by quadrature or at least to lowering
the order of ordinary differential equations, to the determination
of invariant solutions of initial and boundary value problems, to
the derivation of conserved quantities, or to the construction of
relations between different differential equations that turn out to
be equivalent [30]-[33]. In the beginning of the 19™ century the
first work in the subject of Lie symmetry was given by the
Norwegian mathematician Sophus  Lie. After that many
studies have been devoted exclusively to the theory of the Lie
symmetry groups and their applications to the field of differential
equations [34]-[36]. Lie group analysis of fractional differential
equations was investigated recently for example see [37]-[54]. Some
of these studies were with Caputo fractional derivative [49], [50],
modified Riemann-Liouville fractional derivative [54], and Riesz
fractional derivative [53]. The most of the studies were with
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Riemann-Liouville fractional derivative [37]-[48]. However, each of
the equations under consideration with  Riemann-Liouville
fractional derivative can be transformed to a nonlinear ordinary
fractional differential equations where the fractional derivative
in the reduced equations is turned out to be the Erdélyi-Kober
fractional derivative depending on a parameter pB. However, the
produced equations can not be solvable as in the classical
derivative.

In [55] the generalized Lie symmetry technique is proposed
for derivation of point symmetries of FPDE with two
independent variables. The method is applied to Korteweg-de
Vries, modified Korteweg-de Vries, Burgers, and modified Burgers
equations with conformable fractional time-derivative and classical
space-derivative. It was shown that with the help of derived
Lie point symmetries the corresponding invariant solutions
convert each of the considered equations to a nonlinear ordinary
differential equation with classical derivative. Also in [56] the
Lie symmetry analysis of Korteweg-de  Vries, modified
Korteweg-de Vries, Burgers and modified Burgers equations with
conformable fractional time and space partial derivatives are
established. For each equation all of the vector fields and

the Lie symmetries are constructed. We show that these
equations can be converted to either fractional ordinary
differential equations with conformable derivative or ordinary
differential equations with classical derivative.

In this work, the Lie symmetry analysis is developed
to investigate nonlinear time-space fractional partial
differential equations with three independent variables. This
method which utilizes  the  development prolongation
formulas is applied to time-space conformable fractional
KP  equation. AIl of the generators of the vector
fields and some of the invariant variables are
introduced. The KP equation can be transformed to
an easier form of conformable fractional partial
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differential equation. Henceforward, the produced equation can
be converted to a conformable fractional ordinary
differential equation.

2 Conformable Fractional Calculus

Definition]. [9] Given a function f:[0,oo) — K, the conformable
fractional derivative of order @ of [ 15 defined by

1=ty
DAf(#)] = limg—g 0 (1)

£

for all ¢t =0, ae(0,1]. If D[f(t)] emste for ¢ m some interval
(0,a), a = 0, and lim_g+ D¥[f (t)] exists, then

DI ()] = Jim D[ (2)].

If DO[f(t)) exasts for £ €0, @), then f 15 sad to be q-cifferenfiable
at t. One should notice that a fimchon could be g-differentable
at a point but not differentiable at the same point For mstance,

1 1 A ER
f{r]:ﬁ .D![f{t}]:; Consequently, D![f]{ﬂ_j:z, but the first
devative of f at t = 0 does mnot exst
Definition2. [9] Let e €(nn + 1], and f be n differentiable at r.
where ¢t > 0. Then the conformable fractional derivative of [ of
order @« 15 defined by

f'-"JI:f+E[‘n”_E]—f':~m{i‘:l

DEf(t) = limgsg - (2)
Defimtion (2) can be rewnften m an equvalent form

Df)z) = [D*="f Mz
With eemn+ 1] and f is (n + 1)-differentiable at t=0, it 1s
easily fo show that

DR{J{‘ :}I(I-':J — rn+l—ﬂ'f |:n+lj(r:].
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Theorem 1. [9] Let o« ({0,1] and f, g be a-differenfiable at a
point t > 0, then

1. D¥[af (t) + bg(r)] = a[D=f ()] + b[D%g(r)] for all @, b € F.

2. f(r) = ¢, then DY[f(r)] = ptP ", forallp € B

3.If f(ry=3. then DA[f(r)]=1.

4 If f iz the constant fumction defined by f(t) = ¢, then
DE[f ()] = 0.

5. DY[f (£)g()] = f (£)D[g(e)] + g(e)DT[f (¥]].

& D= rfcrl] _ SDSLFE—f DT [5(t)]
| Lace) Lg(t)]? ’
- ilts]

7. If in addition [ is differentiable, then D=f(r)=r11"% T

Definition 3. [9] Let o € (m.m+ 1] then the conformable fractional
L . . e 1 ot (-t
derivative is given by IP[f(6)] = e ()] == ) So f(r)dr

Definition 4. [3] P[f(r)] = I[e*~Lf(t)] = jn*gl[i;'dr. where the infegral is the
usual Fiemann mmproper infegral, and o« £ (0,1].

Theorem 2. [8] DIr9[f ()] = f(t). for tz=0, where [ iz anv
Contimons  fonction in the domain of 1.

Theorem 3[13] I9DT[F(£)] = F(t) — Tr_o L@ g ¢ > 0, whee

f 8 m (n+1)— diffmentable finction, = < & < n + 1.
Lemma 1.[13] Let f: [0.b) - B be differentiable and 0 < o = 1.
Then, for all ¢ = 0 we have ITDY[f ()] = f(t) — fF(o.

Lemma 2.[16] Let f : [0.b) — B be differentiable and 0 < @ < 1.
Then, for all ¢ = 0 we have DDB[f ()] = D=E[f (t)).

Lemma 3.[16] Let 0=w =1, f be a-differentiable at g(t) = 0. and
g be a-differentiable at ¢ = 0, then
D[(f og)(e)] = D[f (gNID (g™ "
Lemma 4.[23] Let 0 <@ = 1, f be differentiable at g(t)., and g be

c-differentiable at © = 0. then D%[(fog)(t)] = [f (g(tN]D%[g(L)]-
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3 Lie Symmetry Analysis

In this ssction we will show that the Lis symmetry anslvsis can bs
successfully applisd to time-space fractional partial differentisl squations
with thres indepesndsnt wariablas whers the fractional derivatives ars in the
sepse. Also we will propose a prolongation formula for the

conformabla
following form of

aquations under consideration. We will deal with the
tima-space fractional partial differential squations

i, &), G¥ T, FTV
§u & dFu & g u
_— i
F{c_.x, et #’51!*"5 :#’51'.? .}, L S (1)

. Fu §%u
whare uw=ult.x.¥) F{I:,I_. o = o r“"} is & nonlinsar differential
* J X ﬂ'l

§fu  §u #¥u - . _—

operator and 3F’ 3oe o A tha conformasbls fractiomal derivatives

_ S Fy ) -

of order 5., o and y., respectively. Here prrrll the szguantial factional
derivatives given bw
e Tl gy e gy
TeTE ey . i mn= 3.4... {47
Gt Fxtt fr § ot S Gl

The invertible one point transformations resads
&)

E=Tixrnuch ¥= dtxnywel, ¥F=Fitxywe &= U0y el
and

In order to find a basis of the Lis group ws nssad to creats
than to selve the dstermining svstem of sguations. The infinitzsimal
of (3} arz pressnted by

transformations
F=rt + erl(t,x.p.u) + ol =7, (&3]
¥ = x + sf(e,x, v, u) + ol %), (1:3]]
F =y + el(ex,yu) + o). (Ec]
f=u+ smlt,xyu) + o= {6d}

It is adsguats to introduce the infinitesimal operator

g a a
E'I‘-f':hx;}',tﬂ E'l' {ie.x, y. 1) a"‘ f i, x, . 1) s

MNow, the group transformations (3) corrssponding to operator {7) can

¥V o=zlt, %y u)

ba obtasinad bw Sl:l].‘-‘iII.E tha Li= =-quaﬁ-:-:us
2= = g(f, £ F. 1), —E £, %, 7 i), '—|;_ (£ £ Fd), —T]'Ex,} &), (B

ac
subject to the mthal conditions

IEhI:-:]=|:J xl:-n=x‘ Fl:-ﬂ:-r‘

In this case, a surface uw —uwit x,¥) is comverted to it _salf b

tha group of transformations generatad by Vo if

flpng = u.

Vi — ultx,y)) = 0 whenever u = ult.x.¥) 27
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Now, the transformation (5) form a symmetry group G of equation (3)
if the function (%, Z%, #) satisfies the equation
aﬂu ~ 090 @va 3%¢d a*va )

}’. aza’agr’ axza'ayzv'

0< B ay<=s1, (10)

whenever the function u = u(t,x, y) satisfies equation (3). Extending
transformation (5) to various kinds of derivatives, we can obtain

aBa 9k

at: at:+£ntﬁ(t X,V U U, Uy, U y)+0(52) (11a)
a(’(

e = e (6 X, e, U ) + O(E2), (11b)
et )+ 0, "
gy ayv &n X,V U, Up, Uy, Uy £ (11c)
aZﬂ"“ a2ay

S5 = 30 T e (6%, Y, U U U, Uy, ) + O(E7), (11d)
v azv

555 = 5y TP (G XY, WU U Uy, ) + O(€2), (11e)

aEHIﬁ aZi‘{u

=5t enata®a(t, x, ¥, U, Up, Uy, Uy, .. ) + O(£2), (116
2?—‘:: = %+ Vv (6, x, ¥, U U, Uy, Uy, ... ) + O(E2), (11g)
where
n'e = tl“”'n +1 =P Pru,,
r’xa = xl-a x+(1—a)x afux,
N = yi‘yny +@A=y)yiu,,
nxaxa = x —Zcr xx (1 — ac)x —2a ): + 2(1 —a:)xl zﬂ‘fuxx
+ (1 —a)(1-— ZQ)x'z‘xfu
i = yEERY + (A —y)y T + 2(1 =)yt T uy,
+(1 —y)(A = 2y)y~ 2 qu,,
r?Jrﬂ.xc,.xﬂ. — x3—3anxxx + 3(1 — {x)xz—?mcnxx + (1 — CE)(]. —_ za)xl—Banx
+3(1 —a)x? 2 Euyyry + 3(1 — a) (2 — 3a)x' 3% &uy,
+(1—a)(1—-2a)(1—3a)x"3%u,,
Ny = yITEY 4 3(1 — )y Y + (1 —y)(A = 20y
+ 3(1 - }’)yz_:sycuyyy + 3(1 - Y)(z - 3y)y1_3y(uyy
+ (A=A =-2y)A =3V)y " u,,
q : (12)
an
1" =De(M) — utDe(t) — weDe(§) — uy De((), (13a)
n* = Dx(n) - uth(T) - uxDx(g ) - uny({ )! (13b)
Uy =Dy(ﬂ) _utDy(TJ _uny(‘E)_uyDy((), (13C)
N = De(™) — et D (T ) — e Dy (§) — uxny(c ), (13d)
7?” = Dy(rl‘y) - U-ytDy(T ) - unyy(‘-c )— Uyy y(q) (13e)
??xxx = Dx ('?xx) - ux;rt:Dx(T ) - uxxxDx (f ) - uxxyD;((C ): (]3f)

nyyy = Dy(??w) - uyytDy(t ) - uynyy(e ) Uyyy y({ ) (l?’g)
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Here D, D, and D, denote the total derivative operators and are

defined as D, = + ut ™ + Ut - + utt s + u}'fai
D, = + Uy — 0 +uxxa + Uy — S +u i
ax du U, ou, J’Iau},
a a a
Dy = By+uy6 -Q-ux}r -Q-uty‘a +u”6u

If the vector field (7) generates a symmetry of (3), then V must
satisfy Lie symmetry condition

Pr("“’mT’B)V(A1)|A o= 0, (14)
1=
where
abu 9% aYu 3%%u 9%ru
AI_ m -F (thJ y! u’ﬁx_“’@’axza’d}rzy’ -")-

1 Time-space fractional Kadamtsev-Petviashvili equation

The following form of time-space fractional Kadamtsev-Petviashvili (KP)
equation will be treated

af 9%u 3%\ 2 %y
maxa"'a(m_a) tauzs 2a+bax4a Coymr =0 (13)

where B, @ and y (0 < B, @, y < 1) are parameters characterizing
the orders of the conformable fractional time and space derivatives.
Coinciding with the theory of Lie symmetry, one can achieve the
infinitesimal  criterion (14) of (15) by applying the (4a, 2y,
B) —prolongation ~ Pr#«2vfy 1o (15). The usual simplifications lead
to the following relation

anL 3 —+ Zanx“ — + n*atB + qun¥a¥a 4 cnrVr + bp¥a¥a¥a¥a = 0. (16)

It is convenient to rewrite equation (16) in the form

ax? 2% quy, + a(1 — a)x*~2%nu, + 2ax~pFeau, + n¥e'f + qunTe¥a
+cnPr¥r + by¥e¥a¥a¥a = (17)
which must be satisfied whenever equation (15) holds. Equation (15)
simplifies at once to the form

X1 Byy, + ax?720u2 + ax? 2%y, + a(1 — @)xV2%uu, + cy? My, +
c(L =Yy uy + bx* " * Uy, + 6b(1 — @)x® 4, +

b(1 —a)(7— 11a)x>*u,, + b(1 — a@)(1 — 2a)(1 — 3a)x~*%u, = 0. (18)
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Substituting the fommmlas for n%e, p¥e¥e,n?v¥r pFefctets from equations
(12,13} and n'Ffe == Fxl—ont 4 (1 — By Faxt Cru,, + (1 — et Fx % fu,,
with 7% = D7) — ey De(T) — e Dy (§ ) — 1y, De({ )  into equation (16).
Feplacing  wppe: by _;xza'gti'ﬁuﬂ - %xm—zuﬁ - %xm_zuu“ - %{1 — a)x ™ g,

—%x""‘“"}:z‘z}'uﬂ - %[1 — y)atty =y, — 6(1 — @)x Mg, — (1 — a@)(7 — L1a)

X e — (1 — @) (1 — 2a)(1 — 3e)x %, whenever it occurs, and equating the
coefficients of several monomials in partial denvatives of w, we obtain the
full determining equations for the symmetry group of equation (13). The
usual simphfication for the fll determining equations lead to the eguations

Ty =T =Ty =&, = == My =0,

3xioFE —3(1—a)x— i E 4 (1 — Byxt—tFr —xl-eti e, =0,
24:']?3‘2}‘{}. +xl-agl-Br —q,

21 —y)y M —4c(l - @)1 —y)x Yy E 4 o1 — )1 — 2p)y ™ -

ey AL, + 2ey T gy, —e(1— )y T, =0,

Z2ax?0E — Za(l — a)xt0E + axtog, = 0,

—6bxd L+ 6b(1 — a ¥ ¥E, — 6b(1 — @) 8L + dbxt e, =0,

Loy ™, —de(1 —a)x 'y T E 4 2e(1 —y)y T — 20y, =0,

3h(1 —a)(1 —2a)(1 —3a)x* ™, + 3a(l — e)x™ 2% uf, —bx* %L 0 —
ax?~tyf  —6b(1 —a)x?E L — bl —a)(7 — lla)x?%E  —3b(1 —
a)(1—2a)(1l—3a)x™*f—a(3—2a)(l—a)x *uf —cy* *f,, —c(l -
VIYITHE, — xR 1Ty, + 2ax7 720, +a(l —a)x' T2 =0,
2h(l — @) (7 — 11e)x® %, + 2ax 2y f, — 4bx¥¥8E L — 18b(1 — a)x3 % E,,
—2B{1 —a)(7 — 1la)xl~%f — 2a(l — a)xt 20 uf — x1-9 1P, + ax?2E g=0
xiEgt =Py, + bxt e+ 6b(1 — @)tV + B — @) (7T — 1la)xt e
New + B — @)(1 — 2a)(1 — 3a)x' ™y, + ax® *Tun,, +a(l —a)x'™Tun, +
ey Ty + (L =)y Ty =0 (19)

The solution of the system of equations (190 is elementary and is
given by

= %t + o ti P, (20a)
£ = fx - Ly ot Ry () + 2 (o), (200)
=Ly +y Ty, @200
n = -:Ta.u _[:'lc;:i]yrtl_:ﬂmllﬂ _ :Elq Y2 ) +§tl—ﬂ¢‘[:}_ (20d)
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As aresult, the Lie group generators are given by

—1-8 2
i=t""5% (21a)
_to,x0 20 2o
Vz_Bé‘t 3a:ax+3]f6y 39u (21b)
Va=x""0p(t) o=+ St F P (1) = @Qlc)
3 adx a au’
- —ap1- 2 - 9 _ APy a
Va =Ey1’x1 apl ‘Blpf(t);"'}’l ]’lp(t)g_myytl 2,!31;):'0:)E
__1 ys2-28 ui
Zacy t ¥ du’ (21)

It is worth noting that the Lie algebra for fractional and classical
KP equation have the same dimension and when f=a=y =1 the
Lie algebra for the fractional KP equation reduces to that of classical
KP equation [36]. Now we will check the closenesses property of the
vector fields under the Lie bracket to satisfy this condition we need
to put further constraints on the functions ¥Y(t) and ¢(t). So let us
set K(t)=10, and 9=0. As a result we have

V: =0, Va=0, whereas [V, V] = V4.

Moreover, the symmetry algebra of equation (15) is spanned by the
two vector fields

g @
V1=t1ﬁ;, V2=

[

u a
38u’

a
Yo (22)

W

a 2y @
L2l
dx 3dy

h=-1 Y

Employing the infinitesimal generator V, the relevant similarity variables
can be found by solving the characteristic equation

d dx d —d
pdt _adx ydy -—du . (23)
3t x 2y 2u
Consequently, the associated invariance are determined by
= =L =28
v = xt3a, w = ytEr, u=%¥w w)ts . (24)
The transformation (24) convert the differential equation (15) into
gray g2y ary amw\2 g1 oy ac gy 9« AW _
bav4“+aw3u2“+€6w27+ (au") _5(;+2)604+v60‘15 wauﬂa_o'
(25)

Equation (25) is a nonlinear fractional partial differential equation with
conformable sense and two independent wvariables. It 1s convenient to
switch equation (15) to ordinary differential equation. To achieve this
goal we investigate the Lie symmetry analysis for the introduced
equation (25). Applying the (4a,2y) — prolongation Pr@®2My o (25)
the infinitesimal criterion is given by

o o Za
£ 2204 0 20y a2 4 2ane o8 — B (L4 2) e + anUetew +

avT du {avu dew avex
UT]U“U + wnvﬂm + mm],m,, + b?‘,‘u“u“v“v“ =0, (26)

(108) Journal of Al Azhar University-Gaza (Natural Sciences), 2019, 21



Lie Group Analysis of Conformable Fractional KP Equation

which may be written as
=y, + vt + anu?Tiew, + an(1 — a)vlTY, + 2anleylTOY, —
g(& + 2) nve + an¥eVa¥ + unle’ + wnte? + cn@r@y + bpvavatela = Q. 27

Where the formal expansions of nYe, pYaVa @@ pla? = pla®
and nYaVaVala are given by

ne = v 4+ (1 - a)u™UW,,

?,,ll.l,;,rll.l'ﬂr — UZ_Z“I}W + (1 _ a)ul'za’n” + 2(1 _ a)vl—Zaquuu +
(1 - a)(1 — 2a)p2%W,,

NP9y = W20 + (1 - Pt + 2(1 — P W, +
A - -2~ 7%,,

nva? = Ul—anvv + (1 — v~ %Wy,

nYe = v 4 (1 - @)™ Wy,

q"a”a"aua — U-ﬂ.—d.anvuuu + 6(1 _ a,)v3—4aquuv + (1 _ a,)(7 _ lla)uz—a&aquv +
(1—a)(1 —2a)(1—3a)vi™ Y + 4(1 — a)v3~ &YW, + 6(1 — a)(3 — 4a)
p2tary, o+ (11— a)(7 — 11a)(2 — 4a)v™ W, + (1 — a)(1 — 2a)(1 — 3a)
(1 — 4a)v~* &Y, (28)

The conventionally treatment of the equation (27) leads to the following
full determining equations for the symmetry group of equation (25)

(o =G =8y =Nyy =0,

Ny + 2§ — 21 — av™¢ =0,

25 — 20— -3y + (1 - e~ =0,
6b(1 — @)&, + 4buty, — 6bvE,, — 6(1 — @)bv™¢ = 0,

36, — 3(1 — QU — 200 PV, — ¢, + 0T =0,

_ — -t 2 _t _
48, —4(1 —a)v ) &+ - Wy, (-7 0o — §w +
(1 -2v)07 ' + 20V gy = 0,

2027%E, + 2av?2WE, + 2b(1 — a)(7 — 11a)v2 &, + 6bv* %, p —
4bv**E,,, + av?T2 %y + 18b(1 — a)v Ly — 18b(1 — a)v T E,, —
2b(1 — o)(7 — 11a)u?™**¢ + (=2 + 3a)v™%¢ — wvl™%E,, —

2a(1 — a)vi~2e@E =,
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3a(l — a)v'~2YE, — 4a(l — a)?v™29YE — auv?~2OPE,, +
a(1 — (1 — 2)v~2eWE — B (2 +2) 0179, — wv g, +
3(1 —a)(1 — 2a)(1 — 3a)bv'~*§, — bu*=*7&, ., —

6(1 —a)bv3~*2g, — (1 —a)(7 — 11la)bv?22E,, —

31 — a)(1 — 20)(1 — 3)bv~=%¢ - c(1 — V' ~2Y¢, +

B = @) (3 +2) 07" — cw g, =P + WUy +
2av?~?%y, + a(1 — )vi~2%y = 0,

bvq_qanuuvv + 65(]— - G-ng_éanuuu + b(l - C()(7 - 11(1)”2—4117?”” +

wv™ ., + (1 — a)(1 — 2a)(1 — 3a)vr™*n, + cw? ¥, +

c(1 -y, +v2 %, + av?"2%¥n,, + a(l — vi~2%yy, —

£ (1 + 2) vl=ay, = 0. (29)

3\a
The wsual simplification for the system of equations (29) leads to

= 1-y = & yryl-a 1-a =8y — y _ 2
(=o', §=20M 4, n=2(a-p’ -2 (30)

where ¢; and ¢, are arbitrary constants. Hence, the symmetry group
of equation (25) is spanned by the two  vector fields

—x @ a 4 —_ 0 1 —_ O (a—y) a
V; :Ul & — ——— V. :wl Yy — —wyul a—__(.l)y_.
1 v adw’ 2 dw + 2c du 2ac v

(3D

Moreover, the Lie group 1is closed under the Lie bracket, that is;
Vi, V2] = 0. (32)

On the other hand, the similarity variables for the infinitesimal generator
V: can be approached by solving the relative characteristic equation

du —ad¥ (33)

pl—a - a
which implies the invariant wvariables
¥ = =07 + D(w). (34)

The successive application of transform (34) into equation (25) leads to the
second order linear ordinary differential equation with classical sense

o (@) + (1 - P~ (@) == [£+ L+ 1] w2, (35)

ac L3a

Hence, the solution d(w) is given by

D(w) = —= [ﬁ+? + 1] w? +%my + 8, (36)

2acy? l3a
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where &,, &, are constants of integration.

In the remainder of this section we will find the similarity variable
for the infinitesimal generator V,, which can be introduced by using a
similar consideration. Solving the associate characteristic equation

dw 2cdv —2acd¥
wl~Y  wlyl-a (a=y)wY

It follows immediately that

o=2v" -1, @ =097, g@m). (38
o4 2y dacy

Substituting the transformation (38) into the differential equation (25)
yields

16¢*h0"" + 4¢2a@0" + 2caw®" + 4c?a®'® +
2B (1 _ —¥y-a)
c[—y+2a—2—?(;+2)]@'——. (39)

2a

It is worth mentioning that the results in the time-fractional KP equation
and the time-space fractional KP equation are consistence and they are
the same when we substitute a =y =1 in the time-space fractional KP.
Also they are consistence with the classical KP equation and have the
same results when f=a=y=1.

Journal of Al Azhar University-Gaza (Natural Sciences), 2019, 21 (111)



Basema A. Tayyan , Ayman. H. Sakka

5 Conclusion

In summary, we have applied the theory of Lie symmetry
with three independent variables. The methodology is wused to
investigate invariance properties of nonlinear time-space conformable
fractional partial differential equations with three independent
variables.

The efficiency of the method is illustrated by its
application to the conformable time-space fractional Kadamtsev-
Petviashvili equation. Subsequently, the relevant vector fields and
the symmetry reductions have been derived. It should be
noted that the similarity reduction method converts the
equation under consideration to an easier form of partial
differential equation with conformable fractional derivatives,
moreover, the number of the independent variables is reduced.
Henceforward, the new equation has been converted to an
ordinary  conformable fractional differential equation. It s
evident that any solution for the produced equation is also
a solution of the original equation.

It is worth mentioning that the similarity reduction
method  convert a conformable time-fractional partial
differential  equation with more than two independent
variables to a partial differential equation with classical
derivative. However, the methodology transformed the time-
space conformable fractional partial differential equation with
more than two independent variables to a fractional partial
differential equation with conformable concept.

As a future work, one can perform the Lie
symmetry analysis to other partial differential equations with
time and time-space fractional derivatives. Moreover, it may
be interesting to apply the same methodology for systems
of time and time-space fractional differential equations whenever
the time and space derivatives are the conformable fractional
derivatives.
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