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Abstract: 

Lie group analysis is used to investigate invariance properties of 

nonlinear fractional partial differential equations with three 

independent variables. The analysis is applied to the conformable 

fractional Kadamtsev-Petviashvili equation  (KP).   All  of   the   

vector  fields   and   the   Lie   symmetries   are obtained.  We   show   

that   the   conformable   fractional   KP   equation   can  be  

converted  to  a conformable  fractional  partial  differential  equation 

with   two   independent   variables.   Henceforth,   the   produced   

equation   can  be   transformed    to    a  conformable    fractional   

ordinary   differential  equation. 

1 Introduction 

Fractional  calculus  (FC)  is  regarded  as  a generalization  of  the  

classical    differentiation    and   integration   for   arbitrary   noninteger   

(real or complex)  order.   FC   is   almost   as   old  as   the   classical   

calculus   and   goes   back  to times  when  Leibniz  and  Newton  

invented  differential calculus.  It   has   been   developed  

progressively  up  to  now,  and  it  is  regarded   as   a  novel   topic.   

After  1974,  FC   is  rapidly  developed.  Fractional  derivatives  and  

integrals  have  many  uses   and   they   themselves  have   arisen   from   

certain   requirements  in  applications.  Some  of  known fractional   

derivatives are Riemann-Liouville,  modified  Riemann-Liouville,  Caputo,  
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Hadmard,  Erdélyi-Kober,  Riesz,   Grünwald-Letnikov,   Marchaud   and  

others;  see  [1]–[8]. 

        In  2014,  a  new   definition  of  fractional  derivative  with  an  

interesting  idea  that  extends  the  familiar  limit  definition  of  the  

derivatives  of  a function    has   been   introduced  by   Khalil,   

Alhorani,   Yousef,  and  Sababheh [9].  The   new  definition   is  

called  the  conformable  fractional  derivative. Unlike  other  

definitions,  this  definition  prominently  compatible  with  the  

classical   derivative  and  it  seems  to  satisfy  all   the  requirements  

of   the standard  derivative.  The  importance     of     the     conformable    

fractional   derivative    lies     in     satisfying    the     product  and  quotient  

formulas.  Moreover,  it  has   a simple  formula  for  the  chain  rule.  

Since   Khalil’s   definition, conformable    fractional    derivative    has    

become    more   and   more    pervasive  for   its   effectiveness   on   

other     mathematical   disciplines   [10]–[29]. 

      The   Lie   symmetry   theory  is  regarded   as   an  important  tool   

in  studying  the  analysis  of   differential   equations.  Furthermore,  it   is  

the  most   effective  method  for   constructing   analytical    solutions     of    

nonlinear  differential equations.  Lie’s  theory  is  powerful,  versatile,  

and  fundamental  to  the  development    of  systematic procedures  

leading  to  the  integration  by  quadrature  or  at  least  to  lowering  

the   order   of  ordinary  differential equations,  to   the   determination   

of   invariant   solutions  of  initial  and  boundary   value   problems,   to   

the   derivation   of  conserved   quantities,   or   to  the   construction   of   

relations  between  different   differential  equations  that   turn  out   to   

be   equivalent   [30]-[33].   In   the   beginning  of   the  19
th

  century  the   

first   work   in   the   subject   of    Lie    symmetry    was    given   by   the  

Norwegian    mathematician    Sophus    Lie.   After   that    many    

studies   have   been  devoted  exclusively  to  the  theory  of   the   Lie   

symmetry   groups   and  their  applications  to  the  field  of  differential   

equations  [34]–[36].  Lie  group analysis  of  fractional   differential  

equations  was  investigated   recently  for  example  see  [37]–[54].   Some   

of   these   studies  were  with   Caputo   fractional  derivative  [49], [50],   

modified   Riemann-Liouville  fractional  derivative  [54],   and   Riesz   

fractional  derivative  [53].  The   most   of   the   studies   were   with  
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Riemann-Liouville   fractional  derivative  [37]–[48].  However,  each   of   

the   equations   under  consideration    with    Riemann-Liouville     

fractional  derivative  can  be  transformed   to  a  nonlinear   ordinary   

fractional    differential  equations   where    the   fractional   derivative   

in   the   reduced   equations   is  turned  out   to   be  the  Erdélyi-Kober  

fractional   derivative   depending   on  a  parameter   β.   However,   the   

produced   equations   can   not   be   solvable  as  in   the   classical   

derivative. 

       In  [55]  the  generalized  Lie  symmetry   technique   is   proposed   

for  derivation   of    point   symmetries   of   FPDE  with   two   

independent   variables. The   method  is   applied   to Korteweg-de  

Vries,   modified   Korteweg-de  Vries,  Burgers,  and  modified   Burgers   

equations   with   conformable   fractional   time-derivative    and    classical   

space-derivative.  It   was   shown  that  with   the   help   of   derived  

Lie  point   symmetries   the   corresponding   invariant  solutions 

convert   each  of   the   considered  equations   to  a  nonlinear   ordinary   

differential   equation  with  classical  derivative.  Also  in  [56]  the  

Lie  symmetry  analysis  of  Korteweg-de   Vries,   modified  

Korteweg-de  Vries, Burgers   and   modified   Burgers   equations    with    

conformable   fractional   time  and   space  partial  derivatives   are   

established.   For   each    equation    all    of    the    vector    fields     and  

 the   Lie   symmetries   are   constructed. We   show  that   these    

equations   can   be  converted   to   either   fractional    ordinary   

differential   equations      with     conformable    derivative     or     ordinary     

differential      equations     with   classical   derivative.  

       In   this   work,   the   Lie    symmetry    analysis    is    developed     

to   investigate   nonlinear     time-space     fractional     partial     

differential   equations    with    three    independent    variables.   This    

method      which      utilizes     the     development    prolongation      

formulas    is     applied    to    time-space     conformable     fractional   

KP     equation.    All    of    the      generators     of     the     vector     

fields     and     some   of    the      invariant       variables      are       

introduced.    The     KP     equation    can    be    transformed        to    

an   easier     form     of     conformable        fractional       partial     
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differential    equation.    Henceforward,    the    produced   equation   can    

be    converted    to    a  conformable     fractional     ordinary     

differential    equation. 
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5 Conclusion 

In   summary,    we    have   applied    the   theory   of    Lie    symmetry    

with    three   independent   variables.    The   methodology   is    used    to    

investigate  invariance  properties  of  nonlinear  time-space  conformable  

fractional  partial  differential  equations    with   three   independent   

variables. 

The  efficiency  of   the   method   is   illustrated   by   its   

application   to   the conformable   time-space    fractional   Kadamtsev-

Petviashvili   equation. Subsequently,   the   relevant   vector   fields   and   

the   symmetry   reductions   have  been  derived.  It  should   be   

noted  that   the  similarity   reduction   method  converts  the  

equation   under    consideration   to   an   easier   form   of partial    

differential   equation    with   conformable   fractional   derivatives,   

moreover,  the   number   of    the   independent   variables   is   reduced.   

Henceforward,   the  new  equation  has  been  converted   to   an   

ordinary   conformable   fractional differential   equation.   It   is   

evident   that   any   solution   for    the   produced   equation    is   also   

a   solution    of    the    original   equation. 

It    is    worth   mentioning    that    the    similarity   reduction   

method    convert   a  conformable    time-fractional    partial    

differential      equation      with       more      than        two       independent   

 variables    to    a    partial    differential     equation   with    classical  

derivative.   However,   the    methodology     transformed    the   time-

space  conformable   fractional   partial  differential  equation  with  

more   than   two   independent   variables   to   a  fractional    partial 

differential   equation   with   conformable  concept. 

As    a  future    work,   one    can   perform   the   Lie    

symmetry    analysis   to  other   partial   differential   equations   with    

time   and   time-space   fractional   derivatives.   Moreover,   it   may   

be    interesting    to   apply   the   same    methodology    for    systems    

of   time   and   time-space   fractional   differential  equations   whenever   

the   time  and   space   derivatives    are   the   conformable fractional  

derivatives. 
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[17]  Y.  Ç enesiz,  A.  Kurt,  “The  solution  of  time  and  space  conformable  

frac- tional heat equations with conformable Fourier transform”, J. ausm. 7, 2, 

130-140 (2015). 

[18] D. R.  Anderson,  D. J.  Ulness,  “Results   for   conformable  

differential   equations”,  preprint (2016). 

[19]  B. Bayour, D. D. F.M. Toress, “Existence of solution to local 

fractional nonlinear differential equation”, J. jcam, (2016). 

[20] O. S. Iyiola, E. R. Nwaeze, “Some new results on the new con-  

formable fractional calculus with application using D’Alambert ap- proach”, 

Progress in Fractional Differentiation and Applications”, 2, 115- 122 (2016). 

[21] M. Z.  Sarikaya,  “Gronwall type inequality for conformable 

fractional   integrals”. RGMIA   Research   Report  Collection, 19 Article 

122 (2016). 

[22]  F. Usta, M. Z. Sarikaya, “On   generalization   conformable  

fractional    integral   inequalities”,   RGMIA  Research  Report  Collection, 

19, Article 123 (2016). 



Lie Group Analysis of Conformable Fractional KP Equation 

Journal of Al Azhar University-Gaza (Natural Sciences), 2019, 21          (115) 
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