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Abstract:

The two-dimensional consecutive systems have been used for
many engineering systems, the thin film transistor liquid, connector
pins for an electronic device, the diagnostic disease X-ray system, the
super vision system, the reactor, etc., one of the most important system
is the 2-within-consecutive-(2,2)-out-of-(m,n): F linear (circular)
system.

The 2-within-consecutive-(2,2)-out-of-(m,n): F linear (circular)
system consists of m X n components, it fails if there are at least 2
failed components within any square of 2 x 2 components. This paper
computes the reliability function of the system using a recursive
algorithm, which depends on the working states of the consecutive-2-
out-of-n: F linear and circular system. The proposed algorithm
requires 0(m22™~2) computing time, which is little less than that in
the literature. Illustrative example of the system was provided with
independent identical distributed components, but also it is applied for
the independent non-identical case.

Keywords: One dimensional consecutive system, Two-dimensional
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1. Introduction

The consecutive k-out-of-n: F system consists of n connected
components is a one-dimensional consecutive system, it fails if at least
k consecutive components fail, it is classified according the
connection between components into two types: linear and circular.
(Chang and Niu 1981) introduced the system, but it had mentioned
previously by (Kontoleon 1980) under the name “r-successive-out-of-
n: F system”. many engineering systems have been used the model of
consecutive k-out-of-n: F linear and circular system (e.g. oil pipeline
system, telecommunication systems, spacecraft relay stations, vacuum
system of the electron accelerator, the photographing of a nuclear
accelerator, microwave stations and quality control problems, etc.).
Later, abundant researches studied its generalizations and reliability
function, optimal design, reliability bound and importance, which
achieved in (Derman et al. 1982, Sfakianakis and Papastavridis 1993,
Malinowski J., Preuss 1995, Chao et al. 1995, Chang et al. 1998,
Yamamoto H., and Akiba 2003, Nashwan 2015, Cai et al. 2016,
Gokdere et al. 2016, Cai et al. 2019, and Zhang et al. 2019).

One of these generalizations, is “the consecutive-k-within-m-out-of-n:
F system” which was introduced by (Griffth 1986) despite it had been
mentioned by (Tong 1985). The system fails if there are m consecutive
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components, which are including among them at least k failed
components. There are many system models can be considered as a
special case of it, the consecutive k-out-of-n: F system when k=m, the
simple k-out-of-n: F system, when m=n, the series system when k=1,
and the parallel system when k=n. (Sfakianikis et al. 1990) and
Papastavridis and (Koutras 1993) were proposed efficient lower and
upper bounds. Moreover, (lyer 1992) studies the life time of the
system, as well as many researchers were studied its reliability
(Derman et al. 1982, Bohme et al. 1992, Sfakianakis et al. 1992,
Malinowski and Preuss 1995, Habib and Szantai 2000, Eryilmaz 2012,
Endharta et al. 2016, Nashwan 2018, Nashwan 2020). The system is
applied to quality control and inspection procedures, non-random
clustering, radar detection and sliding-window detection systems.
After that, the two-dimensional version of consecutive system was
introduced by (Salvia & Lasher 1990), under the name “consecutive
k?-out-of-n?: F system”, the system consists of n?components, the
components are distributed and connected like a n X n square grid,
each side has n components; the system fails if there is at least kxk
sub square grid that contains all failed components. (Bohme et al.
1982), generalized the notion of the 2-dimensional consecutive
systems, to the connected-X-out-of-(m,n): F system, X is the shape of
a sub region of failures that lead the system to fails. In the linear type,
the system consists of (m x n) components (connected and distributed
on a lattice as m xn matrix, the matrix elements represent the
components, the m rows includes n components, and the n columns
have m components, while the circular system consists of m circles
and n rays, the circles have the same center, each circle includes n
components, and each ray have m components, the components
located at the intersection points between the path of the rays and the
circles, see (Yamamoto and Akiba 2003, Nashwan 2015, Cowell
2015, and Nashwan 2019).

(Papastavridis and Koutras 1993) proposed the 2-dimensional k-
within-consecutive-(r,s)-out-of-(m,n) linear and circular system, it
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fails when {X= k-within-(r,s)}, i.e. any k components fail among any
r X s submatrix (a grid of r X s components in the circular system).
The system has many important applications in our daily life (the Thin
Film Transistor Liquid Crystal Display failure model. The XGA
(1024x768 = total 786432 dot) TFT display system fails if and only if
more than or equal to 10 dots fail in 10x10 dot matrix, then the system
rectangle 10-within (10,10)-out-of-(1024, 768): F system). (Akiba and
Yamamoto 2001) as well as (Lin and Zuo 2000) presented recursive
algorithms for exact reliability for such system, while (Chang and
Huang 2010) computed the reliability of the system using a finite
Markov chain.

It is worth mentioning that, the computation of 2-dimensional
consecutive system reliability is very complicated, the familiar with
the literature knows that all the previous methods were very
complicated, therefor, many researchers were studied the reliability
boundaries, optimal arrangement, and a special cases of the k-within-
consecutive-(r,s)-out-of-(m,n) linear and circular system. (Nashwan
2016) studied a special case of the system when k =r =s = 2 and
computed the reliability using a Markov chain, (EI Sayed 2009)
studied the failure probability function of the system when n=2,34.
while (Makri and Psikallis 1997) provided an upper and lower bound
of the its reliability.

This paper introduced a recursive algorithm to compute the reliability
function of the 2-within-consecutive-(2,2)-out-of-(m,n): F linear
(circular) system [denoted L(C)(2,m,n) system], where it is structured
as follows: In the second Section, the consecutive 2-out-of-n: F
system is reviewed, and studied its failure and working states, the
third section evaluated the reliability the L(C)(2,m,n) system using the
working and the failure states in the consecutive 2-out-of-n: F system.
Throughout, the paper assumes that (the system has a mutually
statistically independent components, and they are either “failed” or
“working” states, as well as the system), Table 1 explains the used
acronyms and notations.
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Table 1: Acronyms and Notation

I =i+ 1,...,j}
[v] : The greatest integer number of y.
P(1}) : The power set of I},
u : The composite function a times, where f(x) = x modn +
f et
1:xel;_4

px(qwx) | - Reliability of the set W where pyyx = [1jex pi,ax = [ljex q;
R(X) 1= P{Z; = X} = pxqx

Rycy(i,X) | : The reliability of the subsystem L(C)(2,i,n) when X

represents the failed components in the i"" layer (circle).

Rycy(@) | : The reliability function of the subsystem L(C)(2,i,n)

2. The Consecutive 2-out-of-n: F Systems

Consider the consecutive 2-out-of-n: F system, it consists of n
components and fails when any 2 consecutive components fail. If 1%
denotes indices of the system components, and the system is
represented by the set X = {x,x,,....,x;} S I}, the element of X
refers the indices of the failed components, such that x; < x; for all
1<i<h<j<n . X is a failure state, if X includes any two
consecutive indices, for example, assume X = {1,3,5,7} represents the
consecutive-2-out-of-7-out-of-n: F system, the system consists of 7
components, the odd components are only the failed components,
while the even components are in the working state. Moreover, X is a
working state when the system is linear, and a failure state if the
system is circular.

Define CDL(C)(FL(C)) is the collection of all working (failure) states of
the consecutive 2-out-of-n: F linear (circular), then P(I%) = ®© y
r'“© where ®4© = {x € P(I}):I7,, ¢ X} such that r € I},_,in the
linear type, and for the circular one r € I} where n + 1 = 1. Note that
WL is a sub collection of W€, due the connection between the 1% and
the n™ components vice versa ®¢ C L.

Journal of Al Azhar University-Gaza (Natural Sciences), 2021, 23 (5)




Imad 1. Nashwan

3. Reliability Function of the L(C)(2,m,n) System.

Consider the L(C)(2,m,n) system, the system fails, if any 2
components among any sub matrix 2 x 2 fails. In fact, the system fails
if one of the following events occurs (see figure 1):

1. Any layer (or circle) in the system has 2 consecutive failed
components,

2. The indices of the failed components in any layer (or circle)
are far away from those in the next layer (or circle) less than 2
steps.

For any layer (circle) in the system, denotes the components by I3,
and the failed components of any two consecutive layers (circles) are
represented by X,Y € P(II}). To avoid the first event of failure above,
X should be a working state in the consecutive 2-out-of-n: F linear
(circular) system i.e. X € ®“© otherwise, there are two consecutive
failed components on the same layer (circle), which implies that the
whole system is going to the failure state. To avoid the second event
of failure, |x —y|>2,Vvx€ X,y €Y, in the linear system, and
Yn [Uae{l,n—l,n} f“(X)] = @ in the circular type, see the following
figures.

C.OE OO OOC’) . : The System Failures
OOO OO @OO o O ves O d: Xrepresents layer (circlsc)),
OOOOO OO O O abc: X,Y € <1>L(C):§;rel;ent
i e 5 consecutive layers (circles),
O O. .O’l a,b:y—xblit;C;eeYr,t':
ag.gggg@.@@ v e X
L Rl iy n £4X)
60000000000 i
OO0 00000 - @n cXNY %0

O Functioing Components
@ Failed Components

Figure 1. The failure states of the L(C)(2,m,n) system.
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J n

COOQ Q=) @ If X & Y represent
OO‘O OOO O _consecutive layers(circles),

s : s Do * linear |y—x|>2VyeY,vxeX
0.0. OO‘ "'Oi_l Circular Y n U X
OOOO O‘O O’ aE(l.n—;n(}D
OOOO OO+ QO @ rtompmens
o IoJooe ¥

Figure 2. A working state of the L(C)(2,m,n) system.

In this context, let Z; be a random variable fixes the state of the i
layer (circle) such that, the event that {Z; = X} is the event that “the i
layer (circle) has the failed components denoted by X € P(I%)”, and
A (X) denotes the event that “the subsystem L(C)(2,i,n) is in the
working state, where the set X € P(I}) represents the i" layer
(circle)”, which means that the (i-1) ™ layer (circle) may be any set
Y € ®O sych that, X and Y have no common failed components or
they have not any failed component before or after the failed
components represented by X, (see figure 3.1, a, b and c).

Now, define ®*(X) ={Y € dl:|y — x| > 2Vy € Y vx € X} for the
linear system, and for the circular system ®¢(X) ={Y € ®%,v n
[Usetin-1ny fEX)] = 0}. Note that the elements of

®LO(X) are consists of all elements that participate in the event

L(C) .
A7 (X)), le.

(Z, = X} =1

AF©O(x) =

C 0=z =xn U A | ci=23...m
YedLO(X)
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Theorem 3.1: Consider the L(C)(2,i,n) subsystem, for i=1,2,...,m and
, X € P(I}) then

R(X) i=1and X € ®y
Ry (i, X) = { R Z Rypy(i—1Y) i=2andX € @
YedL©O(x)
0 X € Ty

Where the reliability of the system is

Rycy(m) = Z Ryc)(m, X)
XedL©
Proof:

For i=1
RL(C)(er) = P{A;(X)} = P{Z, = X} = R(X) = pxqx
Fori=2,3,...,m

R0 =P =PLzi=x30] | ] 4nm

YedL@(x)

-r{ | @=0nu.0)
YedL©(x)

_ Z P{{Z; = X} n {Ai_1(V)})
YeaLO)(x)

=Pz =0 ) P
Yeadl@(x)

=ROO ) Ryoli-11)

YedL©(x)
For i=m
RL(c)<m>=P{ U Am<X)}= > P(0)
XedL(©) xeplL©)
= Z RL(C)(m'X)

Xepl©
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Example 3.1: Compute the reliability of the 2-within-consecutive-
(2,2)-out-of-(3,4): F circular system when the components are
independent and identically distributed.

For convenience’ sake write for example X = 124 instead of X =
{1,24},

P(I1}) = {0,1,2,3,4,12,13,14,23,24,34,123,124,134,234,1234}
o¢ = {0,1,2,3,4,13,24}, dC(p) = @,
P(1) ={9,3}, @) ={d,4}, Q)
={0,1}, ®°(4)=1{9,2},
®¢(13) = {¢}, ®C(24) = {0}

R:(1,0) = R(®) = p*
Rc(1,{1}) = R(1,{2}) = Rc(1,{3}) = Rc(1,{4}) = R(1) = p3q,
R(1,{13}) = R{13}) = R(1,{24}) = R({24}) = p?¢*
Re(D) = ) Re(LX)

=Rc(1,0) + Rc(1,{1}) + Rc(1,{2}) + Rc(1,{3})

+ Rc(1,{4}) + Rc(1,{13}) + Rc(1,{24})

=p' +4p’q +2p°¢’*
Re(2)= ) R
XeqpC
R-(2,8) = R(D) Z R.(1,7) =
ZedC(p)

— R(®) [ Rc(1,8) + Rc(1,0) + Rc(1,{1}) + Rc(1,{2})
+Rc(1,{3}) + Rc(1,{4}) + Rc(1,{13}) + Rc(1,{24})
= p*[p* + 4pq + 2p°q*] = p® + 4p’q + 2p°q*
R (1) =R{1) ) Re(12)
ZedC(1)
= R({1D[R:(1,®) + Rc(1, {3D] = p*qlp* + p3q]
=p’q +p°q*
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R:2.(2) =RU2ZD Y R(1,2)
ZedC(2)
= R{2D[Rc(1,®) + Rc(1,{4})] = p3qlp* + p*q]
=p’q +p°q®
Anyone can easily check that R-(2,{1}) = R-(2,{2}) = R-(2,{3}) =
R-(2,{4}) and R-(2,{13}) = R.(2,{24}) where,
Re(2,{13}) = R({13]) Tzeocrs) Re(1,2) = RAIZDIRC(L, B)] =
r*q*[p*] = p°q*,
Then
Re(2)= ) Re@2X)
XepC
= Rc(2,0) + Rc(2,{1}) + Rc(2,{2}) + Rc(2,{3})
+ Rc(2,{4D) + Rc(2,{13}) + Rc(2,{24})
= [p® +4p’q + 2p°q*] + 4[p”q + p°q*] + 2[p°q?]
=p°® +8p’q +8p°q”

Re(3)= ) Re(3X)
XeoC

R.(3,8) = R(®) Z R.(2,7)

ZedC(p)

— R(®) [Rc(Z. @) + Rc(2,{1}) + Rc(2,{2}) + Rc(2,{3}) + Rc(2,{4})
+R(2,{13}) + R (2,{24})
=p*[p® +8p’q + 8p°q*] = p™* + 8p*'q + 8p*°q*
Anyone can easily check that R-(3,{1}) = R-(3,{2}) = R-(3,{3}) =
R-(3,{4}) and R-(3,{13}) = R.(3,{24}) where,
Rc(3,{1}) = Rc(3,{2}) = Rc(3,{3}) = Rc(3,{4})

=RU{1D) ) R(22) =RMDIR(20) +Re(2 3]
zedC(1)
= p3q[p® +4p"q + 2p°q* + p’q + p°q?]
— pllq + 5p10q2 + 3p9q3
Rc(3,{13}) = Rc(3,{24})
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=R{13) ) Re(2,2) = R{I3DIR(2,0)]
Ze®C(13)
=p*q°[p® + 8p’q + 8p°q*] = p°q°
— p10q2 + 8p9q3 + 8p8q4
Then,
R-(3) = Z R-(3,X) =R:(3,0) + 4R-(3,{1}) + 2R-(3,{13})
xeoC
— p12 + 8p11q + 8p10q2 +
+4ptlg + 20p%2 + 12p°q3
+2p1%q? + 16p°q3 + 16p8q*
R:(3) = p'? + 12p'tq + 30p*°¢% + 28p°q> + 16p8q*

For non-identical state, the reliability of component ij is p, ;, and
then

4
Rc(1,8) = R(®) = npi,j = P11 X P21 X P31 X Paa

i=1
Rc(1,{1}) = pa1 X P31 X D41 X q11 R:(1,{2})
= P11 X P31 X Psa1 X421
Rc(1,{3}) = p11 X P21 X Pa1 X q31 Rc(1,{4})

= P11 X P21 X P31 X Qa1
R(1) = P21 X P31 X Pa1 X qr1 + D11 X P31 X Paz1 X Go1 + D11
X P21 X Pa1 X431+ P11 X P21 X P31 X sy
R(1,{13}) = R({13}) = p2,1 X Pa1 X q1,1 X 431
R(1,{24}) = R({24}) = P11 X P31 X G2,1 X Qa1
and then proceed solution.

4. Evaluation of the proposed algorithm
(Lin and Zuo 2000) introduced a recursive algorithm that required a

computing complexity 0([2r(s—1)ms +(n— S)m] (r + 1)Ts(m—r+1)),
and then (Akiba et al. 2001) proposed more effective recursive
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algorithm with a computing complexity O(mk™), whenk =r =s =
2, itis 0(m22m).

In the proposed algorithm, ®¢ < &%, and the number of the working
[n+1

. . . . — —-j+1
states in @ in any layer (circle) is less than ijzo (n j.+ ) (as

in Chang and Niu 1981), which is less than 271, as well as the
number of R(i,X), which applied for m layers (circles), i.e. the
complexity of the proposed algorithm for Ry ()(m) is O(m x 2"~t x
2" 1) = 0(m2%"2). (For the linear system if N >m, we can rotate
the system 90° degree to have 0(n22™~2)).

5. Conclusion

This paper introduced a recursive algorithm to compute the
reliability function of the 2-within-consecutive-(2,2)-out-of-(m,n): F
linear and circular system, in this context, the collections of all
working states in the consecutive-2-out-of-n: F linear and circular
system was helpful to compute the reliability of the system, where the
complexity of the proposed algorithm is 0(m22"~2), which is less
than the mentioned algorithms in the literature.
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