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A New Fractionally Conformable Form of Hilbert's Integral Inequality

Abstract:

Fractional integral of non-integer order is considered as one of the most
important topics dealt with in scientific research during the past decades, and
has evolved significantly in past years. We employ one of the recent fractional
calculus( the conformable one ) and derive some new integral inequalities
related to Hilbert's type inequalities. The best possible constant is determined
for general and some other special cases.
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Introduction

The conformable derivative and
conformable integral came as a new
Fractional Calculus that introduced and
studied by some mathematicians in the
recent years. In [Khalil et. al. 2014], the
author gave the definitions of conformable
derivative and conformable integral as
follows:

Definition 1.3 (Conformable derivative)
[Khalil et.al.2014]

Let f:[0,0) > R and t > 0. Then the
Conformable derivative of f of order «a is
defined by

DN
=£i£13f(t+€t i ) —f@®) 3.1)
for t>0 and a€(0,1]. If f is a-

differentiable in some (0,a), a >0 and
lim;_,og+ D*(f)(t) exists, then

DE(F)(©) = lim D).

If f is differentiable, then we have

d
D*(f)(0) = t““% : (3.2)
Definition 2.3 [Khalil et.al.2014]

(Conformable integral)

leta>0,t=>a,and let f be a function
defined on (a,t] where a € (0,1]. Then,
the a-differentiable integral of f is defined

by,

@

» (3.3)

t
@ = |
a
provided the Riemann improper integral
exists.
Definition 3.3 [Anderson 2014]
Let « € (0,0]and 0 < a < b . A function
f:[a,b] = R is a-integrable on [a,b] if the
integral

b b
ff(t) datsz(t) t*ldt (3.4)
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exists.
Definition 3.4 [Andrews et. al.1999] (Beta
function)

@ tu—l
B(u, 1.7) = .l- W dt
0 1
= fs”‘l(l —s)"1 ds
0
The well-known Hilbert’s inequality and its

equivalent form are given as :
Theorem 3.1 [Hardy et. al. 1934]
If f,g = 0,such that

0< | f2(x)dx <o
Of

and
0<Jf, O dy <o,

then the Hilbert's integral inequality is
[ [12299) 1.,

x+y
0 0

w 12 /o
<7T<ff2(x)dx> (f
0 0

and
o 2
ﬂﬂd% o

( x+y
0

|
< m? f f?(x) dx
0
where the constants factor m and w2 are
the best possible. Inequality (3.5) is the
well-known Hilbert's inequality.

In 1925, Hilbert's integral inequality
has been generalized by Hardy-Riesz as the
following result.

Theorem 3.2 [Folland 1999]

Ifp>1, %+% =1and f,g are

1/2
9°() dx) (3.5)

(3.6)

non-negative real functions such that

0< | fP(x)dx <
/

and
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oo

0<fg"(y)dy<oo,

0

then
ffﬂx)g(y) e
x+y Y
00
1
o P
<Lﬂ ffp(x) dx
sin (5 0
. 1/q
x | [emay 3.7)

0
where the constant factor m cosec(m/p) is
the best possible.

Inequality (3.1) has been studied and
generalized in many directions by a number
of distinguished mathematicians.

See Abu Hany (1)2014, Hany (2)2014, Miao.

They expended considerable effort in
finding best possible constants for the new
inequalities they deduced.

4, Main result

The main objective of this paper is
obtaining some new extensions of Hilbert's
type inequality and some important
applications by using some conformable
calculus. Where the strict inequality
considered and the best possible constant is
determined in general and for some other
special cases.

Firstly, we shall prove some lemmas
which play crucial roles in proving our main
results. The following one is useful in
establishing our results.

Lemma4.1
Ifg > 1and a € (0,1], we get

oj & . e () de
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_ la-A/o)ra/a)

x> 0.
I'(@) g

Proof:
a
Let y = % ,dey = (g) daz;x >0,

then we have
r 1 x\1/a
Of (x +y)° (§> G
© . Y
[ @)
(x+%)
0 a

r 1 a\la ;x\«
[ e

[ee]

1 a\l/4
=b[m (;) d,z

z=ay, dez = a%d,y then we have

1 a z
b[ (a + 2)« (;)q da?

1

_f L (&Y gea
) (a4 ay)® \ay @ oy
0

< 1 1 1/q
B f (1+y)* <§) da¥
0

y_l/q y_l/q

- T T ) e
0 ) 0
1 X\gq
Of (x + y)“ <§> G
_ j’? ya—(a)—l
N ) RC)
=pla—-(1/9),1/q9)
_T(a-Q/)ri/q)
B r'(a) '
In the following, we present a new

fractional form to the well-known Hilbert's
inequality (3.5).

ya—l dy

dy
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Theorem 4.2 From Lemma 4.1,and letp = q = 2, then
If f, g are non-negative real functions such f(x)g(y)
oxd
that f f (x + )a ay
0<J.f2(x)dax<00, :
1 1
sl s @07,
< < < x)dx
fO g (3’) aiy L | I—v(a) f |
and forp>1,;+;=1, a € (0,1] , then | 0 ]
© 1/2
we have P@= WA/ [ o
f)g») I'(a)
———— daxd,y < 0
o o (e O (o () (0
0
(@) - ; r(e=@)r G| r(«-3)r6)
2 2 =
2 I(a) Ir'(a)
e <j'f'<x>dax>
0 172 ;o
- 1/2
X (f 9*) day> (4.1) <ff () dx) (j 9*) dy)
0
0
1
where the constant factor [a-(1/2D)TA/2) F<a— (%))F(l) 2
I(@ B 4
is the best possible. - I' (@) ff () dx
Proof: 1/2
For a € (0,1], we have <°° ,
o roo f(x)g(y) X f g Mdy | .
fo fo rep)? dgx dg < )
fx) 9») _ . o
1 1 deX dgy. The following theorem is a generalization of
00 (x+y)2 (%)4 (x+y)2 (§)4 Theorem 4.2..
. Theorem 4.3
By Cauchy Schwarz inequality for integrals, If f and g are non-negative real
5 functions and f, g € L,(0, %) such that
< foo Im& d.xd
(X+Y)a(;) J
1 [ee]
w o r 0<fy 90N day <0, p>1, s +==1,
X jj 9°» - dgxdgy and a € (0,1], then
00 @+ ) J f f9®)
G+ )" dyxdg,y

N[ =

IA

[ o o 1 ‘ ’ o 1P /w 1/q
f f Z(x)f T daydaX < A( f P(0) dax> ( f 9 day> 4.2)
° VG +y>“( ) | 2 d

1/2 where A is the best constant factor, such

x| g (y) —————dyxdyy| . that
f : w+yw()
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1
1 1 1\|P
1= (o= ()
X IF'(a—1/p)Nr A/p)|e .
Proof:
For a € (0,1], we get
f f fg®») doxd,
(x +y)«
0 Ooo o
Sff f(ic) 9g») _dpxdyy |
00 x+y)r (2 )”" (x+y)q( >y

By Holder's inequality for integrals,

fff(x)g(y) dxdy
00

(x +y)*

S

1/q
1
a dgxd,
xJﬁ(wj@+)a 75 daxdyy
r(ae-@)r@e= T
) ffp(x)d x|
|

9y dyy

|

00 1/q
I'(a—(1/p))I'(1/p)
I'(a)

(o= @)r @[ | (- ) @)

r'(a) I'(a)

Q=

. 1/ / » 1/q
X (Jnfp(x)daX> (J'gq(y)day> :
0

0
Thus we have

[

1/p / » 1/q
g([ f”(X)daX> (f g%y)day) .(43)

0 0
Remark : The equality in inequality (4.3) can be
achieved in two possibilities. The first possibility,
if f or g is null that would contradict with one of
the hypotheses. The second possibility, if both
are effectively proportional implies that for
almost all x and y there exist constant ¢ and d
they are not all zero, without lose the generality,

suppose ¢ # 0, and
1

6 gﬁ ’
1
@ +yr|
9(y)

=d|— _
<u+ww
We conclude that

1/p

®™)

cirearse (3)" = g (2)"

; f)”" _pgry (2)7
crr@) () =g (3)
= constant

CxfP(x) =Dygi(y) = constant
where C = ¢P?and D = dP1.
Consequently,

C x fP(x) = constant

fP(x)=bx1

where b = constant/C, thus

ffp(x)d x—bf x td,x

bf x 1x* 1 dx
0
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foofp(x) dox = bjf)pc‘)“2 dx

=bf

0

dx.

xZ—a

Since f

the fact thatf € L,(0, ).
Hence inequality (4.3) takes the form of
strict inequality, so we have

f f f(x)g(y) xdyy

1/p

<A fP(x) dgx
J

1/q

(0]

f 91(y) doy

0
Lemma 4.4

pr > 1and a € (0,1], then

)a/p da,z

_T(a— (a/p))T(a/p)
B I'(a)

,[ (z+a)“

Proof:
a
g, then d,z = — =

yZLZ

Setting z =
d,y. Therefore

1 o =
Oj rais)

[ @

oo

+ a)a

<IQ

o)

y(a/p)_aday

Cyl)ey
) (y + De

y+1)«

[04

AL
o+ De "=

)_“ a-1

dy

i
g

y(a/p) -1
ya= o @m V-

=J(y+1

From the definition of Beta function,
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)a/p iz

= B(a — (a/p),(a/p))
_T(a— (a/p))l“(a/p)
I'(a)
The following theorem presents an
equivalent form to inequality (3.6).

J (Z+a)“

Theorem 4.5

If p>1, %+2= 1, a € (0,1]

and f, g are non-negative real functions
such that0 < fooofp(x)dax <oand0 <

[ 99(7)dgy < o, then

Y e)

j G+ e e
0 0

p

dgy

[ee]

<CP f FP(x) dyx (4.4)

q

foo ©

<o f 910 duy

g

(x+y)a ay dax

I\
(4.5)

where the constant factors CP and C9 are
the best possible, and
C= r(a—(a/p))r(a/p)
r'(a) )
Proof : Let
o f(x)
g =(J; L2

(x+y)x "%

P
x)q .
Now
fooo (fo00 (xff;))a d“x)p day

ol

F(90)
(x +y)«

(7 et

|

By using Theorem 4.3
have

oy d“") e

dox d,y

, equation 4.2, we
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oo [/ 14
f f f(x) < 4
) (X +y)a a Oly
1/p /o 1/q
<4 fP(x)dgx 9i(y)dyy
([rows) ([oroes)

1
o) 5 o) o p
_ f(x)
_A<Of fp(x)dax> (f (0 —(x+y)adax> day> ,

0

Q|

then
» _1
q
f(x)
f (x + y)a dax day
0 0

[o2] oo

1
e P
<A ffp(x)dax
0
Hence
(o] (o] p
fx)
f f x_l_y)a a day
0 \o
SApjfp(x) dgx.

0
We claim that for « =1 , we obtain the

results that has been proved and published
before in this field .
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