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Abstract

The connected-(2,2)-out-of-(m,n):F linear (circular) lattice
system consists of mxncomponents. The system fails if and only if an
area of connected failed components includes a square 2x2 of
connected failed components. In this paper a new recursive algorithm
to find the reliability function of the connected- (2,2)-out-of-(m,n): F
linear and circular system is obtained. The algorithm depends on the

functioning and the failure state of the consecutive 2-out-of-n: F
linear and circular system.

Keywords: The consecutive k-out-of-n: F system, The connected
(r,s)-out-of-(m,n): F system.
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Notation:
L(C)
]Il

P(,)

: Linear (Circular)
:={12,..,n}

: The power set of T .

: The set of all functioning sets of the consecutive 2-out-
of-n: F linear (circular) system
: The set of all failed sets of the consecutive 2-out-of-n: F
linear (circular) system
: The reliability (unreliability) of the j™ component, and
Pw :H Pj: O :qu YW T,
jew jew
: The reliability (unreliability) of the j" component at the
i™ layer (circle).
- The reliability (unreliability) of the i layer (circle),
when W represents the i layer (circle)
By =H pij’q\;\/ =Hqij ‘W g]ﬂ]
jew jew
: A function of parameters p, n, s, where

n—-s S

P, =p(ns)=p""q
: Probability (reliability) the consecutive 2-out-of-n: F
linear (circular) system represented by a set W.

R(W) = pyda
: The reliability of the consecutive 2-out-of-n: F linear
(circular) system, = > R(W)

Wed, ¢
: The reliability function of the connected-(2,2)-out-of-
(i,n): F linear (circular) subsystem
: The reliability function of the connected-(2,2)-out-of-
(i,n): F linear (circular) subsystem when X represents the
i layer (circle).
: The reliability function of the connected-(2,2)-out-of-
(i,n): F linear (circular) subsystem, when any X e @L(C)

represents the i layer (circle).
: The reliability function of the connected-(2,2)-out-of-

(i,n): F linear (circular) subsystem, when any X e ‘PL(C)

represents the i layer (circle).
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1. Introduction

The consecutive k-out-of-n: F system is specified by the number of
connected components, n, and the minimum number of consecutive
failed components, k<n, that transform the system from the
functioning to the failure state. The system was firstly studied by
Kontoleon [1], and then by Chiang and Niu [2]. It is classified
according to the connection between components into two types:
linear and circular. Many researchers have extensively studied the
reliability of the system, and many generalizations were appeared
(Derman et al. [3], Malinowski and Preuss [4], and Yamamoto and
Akiba [5].

The connected-(r,s)-out-of-(m,n):F linear & circular system consists
of mxncomponents, the components of the linear system arranged as
the elements of a (m,n)-matrix, while the circular system consists of
m circles and n rays, (the circles have the same center, the
intersections of circles and rays represent the elements, where ‘ray’
means a line from the center of the circles to their perimeters) , see
figure 3.1. The system fails if and only if all components in a
connected (r,s)-submatrix fail. This system is considered as a type of
2-dimnetional version of the consecutive k-out-of-n: F linear (circular)
systems, which was firstly introduced by Salvia & Lasher [6], and
then generalized by Boehme et al. [7].

Studying the reliability of the 2 dimensional consecutive system is
very complicated compared with the one dimensional consecutive
system. Yamamoto and Miyakawa [8] and [9] found the reliability of
the linear and the circular system using recursive algorithms
respectively, whereas Yamamoto and Akiba [10] introduced a
recursive algorithm to find the reliability of the circular system only,
they considered the system as a cylindrical grid and made a vertical
cut between the 1% and the n™ rays, and then treated the circular
system as a linear system. It is worth mentioning that the connected
(r,s)-out of-(m,n): F system has diverse applications such as the design
of electronic devices, disease diagnosis on the X-ray, pattern detection
[9], ‘Feelers for measuring temperature on reaction chamber’ [7].
Nashwan [13] obtained an algorithm to find the failure function of the
connected (2,2)-out-of-(m,n): F linear and circular lattice system,
while this paper use the same technique to obtain the complement,
“the reliability function of the connected (2,2)-out-of-(m,n): F linear
and circular lattice system using recursive algorithm”.
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The following assumptions are assumed to be satisfied by the

connected (2,2)-out-of-(m,n): F linear and circular lattice system.

1. The state of the component and the system is either “functioning”
or “failed”

2. All the components are mutually statistically independent.

2. The consecutive 2-out-of-n: F system

In this section, the Index Structure Function [11-13] is used to present

the consecutive 2-out-of-n: F system. Let I' denotes the possible

labels (indices) of the components of the consecutive 2-out-of-n: F
linear and circular system, hence the failure space of the components

is P(T}). The set X e P(I}) represents the system, and consists of

all indices of failed components, is called “functioning set” if no two
consecutive indices of failed components are included in X, otherwise,
X is called “failed set”, (e.g. in the consecutive 2-out-of 6: F linear and

circular system, the set X ={1,2,5}cI; or for simply X=125,

indicates that the 1%, the 2" and the 5™ components are in the failure
state, hence X is a failed set, but the set X=135 is a functioning set. On

the whole, we can partition P(I}) into two disjoint sub collections,
O and ¥
(circular) system respectively, where ®

the functioning and failure space of the linear

(c) 18 defined as the set of all

functioning sets of the linear (circular) system, and
\PL(C)={XeP(]Iﬁ):{i,iJrl}gX}where iel’ ,( for the circular

system i el where the (n+1)" component is the 1% component, and

the (n+2)™ component is the 2" component ..., etc.).

3. The Proposed Algorithm

Consider the connected-(2,2)-out-of-(m,n): F linear (circle) system |,
the system fails if a square of 2x 2 connected components are failed, if

]Iﬁ denotes the label of the components for any layer (circle), hence
P(]Iﬁ) :®L(C) U\PL(C) is the failure space of the components for any
layer (circle), if the event “X,Y e P(]Ii) represent any two

consecutive layers (circles), and XY e‘PL(C)” occurs, then the
system fails. (see figure 3.1).
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Figure 3.1: Example of a failed connected-(2,2)-out-of-(m,n):F linear
and circular systems.
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Now, assume the connected-(2,2)-out-of-(i,n): F linear (circle)
subsystem is in the functioning state, add the (i+1)™ layer (circle) to
the (i, n) subsystem, keeping the resulted (i+1,n) subsystem is also in

the functioning state. If X,Y e P(I.) represent the (i+1)" and i"

layers (circles) respectively, this implies that the area of the connected

failures in the consecutive layers (circle) is not including a connected

square of 2x2 failed components, i.e. X Y ¥ (see figure 3.3

and 3.2.a ,b,c). In general, we have the following cases:

1 If Xe®,,, then for all Y eP(T}), we have XNYe¥ ),
which implies that X is not a cause for failure i.e. (i+1,n)

subsystem is in the functioning state. (see figure 3.2.a)
2. If XeW,, thenforall Ye®  ,wehave XNYe¥ ),

which implies that X is not a cause for failure i.e. the (i+1,n)
subsystem is in the functioning state. (see figure 3.2.b)
3. If Xev, ) the (i+1, n) subsystem is in the functioning state

for some YeW, . such thatX(YeY¥ ),
XNY e‘PL(C)which implies that the (i+1,n) subsystem fails,

(C
otherwise

which contradicts our assumption (see figure 3.2.c). To restrict all
. . 1.

these cases, define @L(C)(X)—{Y eP(L):XNY e‘PL(C)} and

lI’L(C)(X):{Y e¥ )t XNY e‘PL(C)} . Note that, anyone can

easily check the following:
L O)(X) =0, U¥ ) (X):  VXe¥,

2.0,6,(X)=P(T}):¥X €®,,
3.0, (1) =0 Vi) (Ih) =1 -
4.0, S O (X ):VX eP(L})

Now, for i=1,2,..., m-1, define the random variable Z, on P(T;)

©)"

such that {Z;,, = X} the event “the (i+1)" layer (circle) is represented
by X e P(]Iﬁ)”, and A+1(X) the event “the connected-(2,2)-out-of-
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(i+1,n): F linear (circle) subsystem is in the functioning state, where
the set X represents the (i+1)" layer (circle)”. Note that VX e P(I})

{Z,,=X} (i=0

{z,ﬂ—x}ﬂ{ U )A(Y)} 'i=12,3,...,m-1

Y0, (X

O..a. @) X.Y e P(I;) represent any 2

.... OO consecutive layers (circles)
O®O® O‘ a X e®,.Ye¥, and

b XNY ¥
'.‘.‘ OO b: Xe¥ Y e0,, and
O.q. ® % XOY &Py

c. X,YeV¥

Aa(X)=

but XNY e, .
Q Functiving Components L(C) L(C)

. Falled Componenty

Figure 3.2: Example of a functioning state of the layers (circles) in
the connected-(2,2)-out-of-(m,n):F systems.
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Figure 3.3: Example of the functioning connected-(2,2)-out-of-
(m,n):F system.

i1

m

Theorem 3.1: Consider the connected (2,2)-out-of-(m,n): F linear
(circular) system, in the functioning state, then

1. Forall X eP(L})=R, (LX) =R(X).
2. Fori=1,2,..., m-1, then the reliability of the (i+1,n) subsystem,
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RL(c) (i +1, ®) = RL(c) (i )RL(C) (®)
3. For i=12,..., m-1, and for all XeV¥

Ry (i1 X)=R(X)| R (,(,0)+ > R(i,Y)|and

RL(C)(HL‘P): > RL(C)(i+1,x)

XG‘I‘L(C)
4. Fori=1,2,....m, then
R|_(c)(i):R|_(c)(i’\P)"'Rl_(c)(i’@)

Proof:

1. Forall X eP(I}), if i=1, then the system consists of one layer
(circular), ie. there is no failure, ie.
RL(C)(l,X):P{Al(X)}:P{lex}:RL(c)(X).

2. Fori=1,2,3,....m-1,and forany X € ®

RL(C)(”LX): P{Am(x)}
celiaein] U aofl-ot e xniac

L)’

=R(()Z (X =Ry ()R, (©)

X e@uc)

3. Forany X eVY, . ,andfori=1,2,3,...,m-1,

L)
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RL(C)(i+1,><)=P{A.+1(X)}=P{{Z.+1=X}ﬂ{ U A.(Y)H

Y €0 cy(X)

_ { U {{zi+1x}m{Ai<Y)}}}

€0 c)(X)

YeG)L(C)(X)
=R(X ){ Z ]RL(C)(i Y )+ Z ]RL(C)(i’Y )}
Y e@,_( ) Y e‘PL( )(X)

Then R (i+1X)=R(X ){RL(C) (i,0)+ R g (i,Y)} and

Y E‘PL(C)(X )

R, (i +1,‘I’)P{ U AL(X )} > P{AL(X)]

X E\PL(C) X E‘PL(C)
- Z ]RL(C)(I +1’X)
Xe‘{’l_(c)

4. Finally, it’s clear that, for i=1,2,...,m

RL(C)(i):P{ U A(X)}z > P{A(X)}: 2 IRL(C)(i’X):

X eP(I}) xeP(I}) XeP(I;)

= RL(C)(i'X)+ Z RL(C)(i’X)zRL(C)(i’\P)—I—RL(C)(i'@)
Xe¥ ¢ X0y )
Now, we propose the algorithm of calculating the reliability of a
connected-(2,2)-out-of-(m,n): F linear and circular systems. This
algorithm is based on the applications of the results given by Theorem
3.1. illustrative examples will be given. The proposed algorithm
consists of the following steps:
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6.

Consider the consecutive 2-out-of-n: F linear and circular system,
and setthe ©, . and ¥,

Forall X e, find ¥ . (X).
Find R, ¢, (10)= > R, (Y),

Ye@L(c)

and R, (L¥)= > Ry (Y)

Ye‘PL(C)
Forall i=12,.,m-1, RL(C)(i+L®):RL(C)(i)RL(C) (1LO).
For all Xe¥ cand i=12,..,m-1, find

RL(C)(”LX):R(X) RL(C)(i’®)+ R(i,Y) and then,
Y
R (i+1%)= > R (i+1X).

Xe‘i’l_(c)

Forall i=12...m, R ¢ (i)=R g (i, ¥)+R ¢, (i,0)

Example 3.1: Compute the reliability of connected (2,2)-out-of-(3,4):
F circular system, when the components are independent and
identically distributed.
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I; =1{1,2,3,4}
P(I,)={2.12,3,4,12,13,14,23,24,34,123,234,134,124,1234}

O, ={2,1,2,3,4,13,24},¥_ =1{12,23,34,14,123,234,134,124,1234)
¥, (12)={23,34,14, 234,134},\1'C (123)=1{34,14,134} ¥, (1234)={ |
2)=pi R (L1)=Re (12)=Rc (L3)=R; (L4)=p;,
13)=IR, (1 24)=p?

) ¢ (1,23)=R

(@]

34)=R, (L14)= p?
(1 134) R. (L124)=p;, R (11234)=p;

o
HI—‘
N
w

\_/
%
—~~
-
N
w
Y
N—
Il
%/—\

O

R
R
R
R
R

R. (212)=R(12)| R, (LO®)+ > R (1Y)

Y e¥c (12)
=R (12)[ R, (LO)+R; (123)+ R, (1,34)+ R, (1L14)+R; (1,234)+ R, (1,134) ]
Rg (2,12) = p; [ pi +4p; +2p; +3p; +2p; | = ps +4p; +5p; +2p;
R. (2,123)=R (2,234)=R. (2,134)=R_ (2,124)
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R. (2123)=R (123)| R, (1L®)+ > R. (1Y)

Y e¥ (123)

=R (123)[ R, (1,0)+ R, (1,34)+R; (114)+ R, (1134)]
= pi[ pi+4p; +2p; +2p; +p; | = p; +4p; +4p5+p;

R. (21234)=p] | R, (LO)+ > R (1Y)

Y e¥. (1234)

0
= pg| pi+4p;+2p; |=pg +4p; +2p;
R, (2%)= 3 R (2Y )=4R, (212)+4R, (2.123)+R, (2,1234)

Ye‘{’c
=4p; +20p; +37p, +28p; +6p;
R (2)=R. (2,0)+R; (2,'¥)
= ps +8p, +28pg +56p; +66p, +40pS +8p;
R. (3.0)=R. (2)R; (10)
= p;; +12p;, +62p;; +184p,, +346p., +416p,, +300p,,
+112p;, +16p;,
R (312)=RR, (3,23)=RR, (3,34)=RR, (3,14)

R, (3,12)=R(12){RC(2,®)+ > R (2Y )}

Y e (12)
=R (12)[ R, (2,0)+R, (2,23)+ R, (2,34)
TR, (2,14)+ R, (2,234)+ R, (2,134)]
= p;; +8p,, +27p;, +50p,, +52p,, +26p,, +4p;,
R, (3,123)= R, (3,234)= R (3,134)= R, (3,124)

R (2 )}

=R (123)[ R (2,0)+R. (2,34)+ R, (2,14)+ R, (2,134)]
= p192 +8p182 + 26p172 +45p162 +43p152 + 20p142 +3p132

=R (123){]1% (2,0)+

Y e (123)
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R, (31234)=R (1234)| R, (2,0)+ > R, (2Y)

Y e (1234)

0
= p182 +8p172 + 24p162 +36p152 + 29p142 +12p132 + 2p122
Re (3,%)= 3 R, (3Y )=4R. (312)+4R, (3123)+ R, (3,1234)
=
= 4p113 +36 plg2 +14ZI.p182 +312 pfz +412 pfz +312 p152 +125pl42
+24 p132 + 2p122
R (3)= R, (30)+ R (3.%)
= P> +12p5; +66p.s +220p,, +487p), +728p,, +712p;,
+424p., +141p., +24p +2p2
= p,; +12p*q +66p*°q* +220p°g° +487p°q* + 728p'q°
+712p°%q° +424p°q’ +141p“q® +24p°q° +2p*q™
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