
J. Al-Azhar University –Gaza              2004,  Vol. 7, NO. 2                                     P 1-14 

 
On Some Integral Inequalities  

of Gronwall Type 
 

Atta A.K. AbuHany (1), Sh. Salem (2), Ibrahim M. Salman (3) 
 

(1) Department of Mathematics, Al-Azhar University of Gaza, Gaza, 
Palestine, E.Mail: attahany@yahoo.com 

(2) Department of Mathematics, Al-Azhar University, Nasr City, 11884, 
Cairo, Egypt 

(3) Department of Mathematics, Al-Aqsa University, Gaza, Palestine. 
Received: 29 September  2004 / Accepted: 5 February 2005 

Abstract:  In this paper, some integral inequalities of Gronwall type in 
more than one variable are presented.  Some applications are presented also. 
 
Keywords: Gronwall integral inequalities, Two and three independent  
variables, Hyperbolic equations . 

 
INTRODUCTION 

 
Inequalities play an important role in almost all branches of 

mathematics. The integral inequalities involving functions of one and more 
than one independent variables play a fundamental role in the study of 
differential and integral equations. By means of which, various investigators 
provided explicit bounds on the unknown functions, [1, 2, 3, 4, 5]  and the 
references given therein.  

 
In this paper, we establish explicit bounds on some certain integral 

inequalities of Gronwall type .  
 

MAIN RESULTS 
 

In what follows , R denotes the set of real numbers and ),,0[ ∞=+R is 
the subset of  R , ),[),,[ 0201 yyIxxI == ,  theare subsetsgiven of +R , 

and 21 IID ×= .  The first order partial derivatives of a function 
),( yxZ defined for Ryx ∈, with respect to x and y are denoted by ),( yxZ x  

and ),( yxZ y  respectively. We use summation convention and throughout 
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this paper, all the functions and their partial derivatives which appear in the 
inequalities are assumed to be real-valued and all the integrals involved are 
of positive values and exist on the respective domains of their definitions.  

 
Our main results are given in the following theorems . 

 
Theorem 1. 
Let ),(),,( yxhyxu be nonnegative continuous functions and  1),( >yxk  , 
defined on D  for ytyxsx ≤≤≤≤ 00 ,   . Suppose that ),( yxkx , ),( yxk y , 
and  ),( yxkxy be nonnegative and  continuous  functions  defined  for 

., +∈ Ryx  If 
  

         ,),(),(),(),(
0 0

dtdstsutshyxkyxu
x

x

y

y
∫ ∫+≤          (1) 

for +∈ Ryxyx 00 ,,,  , then 
 

}.),(),(),(),(),(exp{
),(

),(),(
),(

0 0

0000
00

00 dtdstshyxkyxkyxkyxk
yxk

yxkyxk
yxu

x

x

y

y
∫ ∫++−−≤    (2) 

Proof :  Define a function  Z(x,y) on D  by the right hand side of (1)   
   

,),(),(),(),(
0 0

dtdstsutshyxkyxZ
x

x

y

y
∫ ∫+=                    (3)  

 
then  Z(x, y) > 1 . From (1), (3) we have  

 
),(),( yxZyxu ≤    for Dyx ∈,                 (4) 

 
Differentiating (3) with respect to x ,and then with respect to y we get  

dttxutxhyxkyxZ
y

y
xx ),(),(),(),(

0

∫+= ,      

         
    ),(),(),(),( yxuyxhyxkyxZ xyxy += .           (5) 

From (4) and (5) we have  
),(),(),(),( yxZyxhyxkyxZ xyxy +≤ .  

 
From which, we get 
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),(
),(
),(

),(
),(

yxh
yxZ
yxk

yxZ
yxZ xyxy +≤ .              (6) 

 
Since  1),( >yxk  , then from (3) and (6), we have  
  

),(),(
),(
),(

yxhyxk
yxZ
yxZ

xy
xy +<                             (7) 

 
and  since  0),( ≥yxZ x  and 0),( ≥yxZ y , it is easy to see that  
 

  
Z

Z
Z
Z

y
xyx ≤

∂
∂ )(   ,    

 
so from (7) we have  
 

  ),(),()
),(
),(

( yxhyxk
yxZ
yxZ

y xy
x +≤

∂
∂  .                      (8)  

 
Integrating (8) with respect to   y  from ytoy0 , we get  

   

       ∫+−≤−
y

y
xx

xx dttxhyxkyxk
yxZ
yxZ

yxZ
yxZ

0

),(),(),(
),(
),(

),(
),(

0
0

0 ,                  

 
and hence 
 

                  dttxhyxkyxk
yxZ
yxZ

yxZ
yxZ y

y
xx

xx ),(),(),(
),(
),(

),(
),(

0

0
0

0 ∫+−+≤  .    (9) 

 
Integrating (9) with respect to x   from xtox0 , we obtain    

  

.),(),(),(),(),(
),(
),(

ln
),(
),(ln

0 0

0000
00

0

0

dtdstshyxkyxkyxkyxk
yxZ
yxZ

yxZ
yxZ x

x

y

y
∫ ∫++−−+≤     (10) 

From (3) ,  ),(),(),,(),(),,(),( 00000000 yxkyxZyxkyxZyxkyxZ === ,   
then  we get from  (10) that  
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{ } ,),(),(),(),(),(
),(
),(

),(
),(ln

0 0

0000
0

00

0

dtdstshyxkyxkyxkyxk
yxk
yxk

yxk
yxZ x

x

y

y
∫ ∫++−−≤×

from which, we have  
 

{ }.),(),(),(),(),(exp
),(

),(),(
),(

0 0

0000
00

00 dtdstshyxkyxkyxkyxk
yxk

yxkyxk
yxZ

x

x

y

y
∫∫++−−≤     (11) 

Hence, from (11) and (4) we have the required result .   
 
The following special cases conclude four results which can be 

obtained by suitable substitutions in Theorem 1 .  
 
Special Cases I . 
 
1) If we replace k(x,y) by a constant  c > 1, then from Theorem1 , we 
have, if  

 ,),(),(),(
0 0

dtdstsutshcyxu
x

x

y

y
∫ ∫+≤  

then 

 )),(exp(),(
0 0

dtdstshcyxu
x

x

y

y
∫ ∫≤ .         (12) 

2) If we replace k(x,y) by a function of one variable k(x), then from 
Theorem 1,        we have , if 

   ,),(),()(),(
0 0

dtdstsutshxkyxu
x

x

y

y
∫ ∫+≤   

and k(x) > 1, then 

  )),(exp()(),(
0 0

dtdstshxkyxu
x

x

y

y
∫ ∫≤ .          (13) 

 
3) If we replace k(x,y) by k(y), then from Theorem 1, we have, if 

      ,),(),()(),(
0 0

dtdstsutshykyxu
x

x

y

y
∫ ∫+≤  

then  

)),(exp()(),(
0 0

dtdstshykyxu
x

x

y

y
∫ ∫≤ .          (14) 
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where   )(),(),(),(),(),( 000000 ykyxkykyxkykyxk === . 
     

4) If we replace k(x,y) by  c +k(x)+k(y), then from Theorem 1, we  
have, if  

 ,),(),())()((),(
0 0

dtdstsutshykxkcyxu
x

x

y

y
∫ ∫+++≤  

 
then  

( ) )),(exp(
)()(

)]()()][()([
),(

0 000

00 dtdstsh
ykxkc

ykxkcykxkc
yxu

x

x

y

y
∫ ∫++

++++
≤  (15) 

 where    
   

)()(),(),()(),(),()(),( 00000000 ykxkcyxkykxkcyxkykxkcyxk ++=++=++= . 
  
We note that the proofs of (1)-(4) can be completed by following the 
proof of Theorem 1 with suitable changes . 
  

In the following theorem, we consider functions of three 
independent variables .  
 
Theorem  2. 
Let ),,(),,,( zyxhzyxu be nonnegative continuous functions and   
 

1),,( >zyxk  ,  defined  for +∈ Rzyx ,, . Suppose that the derivatives  
 

),,( zyxkx , ),,( zyxk y  , ),,( zyxkxy , ),,( zyxkxyz ,  be nonnegative and 
continuous functions defined for +∈ Rzyx ,,  . If 

  

         dtdsdrtsrutsrhzyxkzyxu
x

x

y

y

z

z

),,(),,,(),,(),,(
0 0 0

∫ ∫ ∫+≤               (16) 

 
for  +∈ Rzyxzyx 000 ,,,,,  , then 
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{

} )17(.),,(),,(

),,(),,(),,(),,(),,(),,(

),,(exp
),,(),,(),,(

),,(),,(),,(),,(
),,(

0 0 0

000

000000000

000000

000000

dtdsdrtsrhzyxk

zyxkzyxkzyxkzyxkzyxkzyxk

zyxk
zyxkzyxkzyxk

zyxkzyxkzyxkzyxk
zyxu

x

x

y

y

z

z
∫ ∫ ∫+

−++−+−

−≤

                                                                                       
 

Proof :  Define a function W(x,y,z) by the right hand side of (16),   
  

    ,),,(),,,(),,(),,(
0 0 0

dtdsdrtsrutsrhzyxkzyxW
x

x

y

y

z

z
∫ ∫ ∫+=      (18) 

 
 then  

  ),,( zyxW > 0  for +∈ Rzyx ,, , and from (16), (18), we have  
 

),,(),,( zyxWzyxu ≤            (19) 
 

Differentiating (18) with respect to x, with respect to y and then with respect 
to z, respectively gives 

 

,),,(),,(),,(),,(
0 0

dtdstsxutsxhzyxkzyxW
y

y

z

z
xx ∫ ∫+=        (20) 

 

,),,(),,(),,(),,(
0

dttyxutyxhzyxkzyxW
z

z
xyxy ∫+=       (21) 

 
),,(),,(),,(),,( zyxuzyxhzyxkzyxW xyzxyz += .       (22) 

 
From (19) and (22), we have  
  

),,(),,(),,(),,( zyxWzyxhzyxkzyxW xyzxyz +≤ .       (23) 
 
and  from (23), we get 
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        .),,(
),,(
),,(

),,(
),,(

zyxh
zyxW
zyxk

zyxW
zyxW xyzxyz +≤             (24) 

 
Since  1),,( ≥zyxk  , we have   

  

.),,(),,(
),,(
),,(

zyxhzyxk
zyxW
zyxW

xyz
xyz +≤        (25) 

 
Since   0),,( >zyxWz and ,0),,( >zyxWxy it easy to see that  
 

 
W

W
W

W
z

xyzxy ≤
∂
∂ )(     ,               (26) 

   
then from (25) and (26) , we obtain 
 

),,(),,()
),,(
),,(

( zyxhzyxk
zyxW
zyxW

z xyz
xy +≤

∂
∂  .        (27)  

 
Integrating (27) with respect to   z  from ,0 ztoz  we get  
   

 dttyxhzyxkzyxk
zyxW
zyxW

zyxW
zyxW z

z
xyxy

xyxy ),,(),,(),,(
),,(
),,(

),,(
),,(

0

0
0

0 ∫+−≤−  (28) 

 
Now from (21)  and (18) we have   

 
),,(),,( 00 zyxkzyxW xyxy =  ,  ),,(),,( 00 zyxkzyxW = ,   

 
hence, from (28), we obtain 
 

  .),,(),,(),,(
),,(
),,(

),,(
),,(

0

0
0

0 dttyxhzyxKzyxK
zyxk
zyxk

zyxW
zyxW z

z
xyxy

xyxy ∫+−≤−      (29) 

 
Since 
 
 
 



8                                                       Atta A.K. AbuHany et. al.     

 

 
 

,
),,(

),,(),,(
),,(

),,(),,(

),,(
),,(

),,(
),,(

),,(
),,(

),,(
),,(

0
2

00
2

0

0

0

0

⎥
⎦

⎤
⎢
⎣

⎡
−

−⎥
⎦

⎤
⎢
⎣

⎡
−=⎥

⎦

⎤
⎢
⎣

⎡
−

∂
∂

zyxk
zyxkzyxk

zyxW
zyxWzyxW

zyxk
zyxk

zyxW
zyxW

zyxk
zyxk

zyxW
zyxW

y

yxyx

xyxyxx

    (30) 

 

and             ,
),,(

),,(),,(
),,(

),,(),,(

0
2

00
2 zyxk

zyxkzyxk
zyxW

zyxWzyxW yxyx ≥        (31) 

 
we get from (30) , (31), that  
 

,
),,(
),,(

),,(
),,(

),,(
),,(

),,(
),,(

0

0

0

0

zyxk
zyxk

zyxW
zyxW

zyxk
zyxk

zyxW
zyxW

y
xyxyxx −≤⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

∂
∂      (32) 

 
Now from (29) and (32), we obtain 
 

dttyxhzyxkzyxk
zyxk
zyxk

zyxW
zyxW

y

z

z
xyxy

xx ),,(),,(),,(
),,(
),,(

),,(
),,(

0

0
0

0 ∫+−≤⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

∂
∂ .      (33)  

 
Integrating (33) with respect to   y  from ,0 ytoy  we have  

.),,(),,(),,(

),,(),,(
),,(
),,(

),,(
),,(

),,(
),,(

),,(
),,(

00

000

0
00

00

0

0

0

0

dtdstsxhzyxkzyxk

zyxkzyxk
zyxk
zyxk

zyxk
zyxk

zyxW
zyxW

zyxW
zyxW

z

z

y

y
xx

xx
xxxx

∫∫++−

−+−≤−

 

(34) 
 
From (20),  
     

),,(),,(),,,(),,( 0000 zyxkzyxWzyxkzyxW xx == , 
 
 
from which and (34), we get 
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.),,(),,(),,(

),,(),,(
),,(
),,(

),,(
),,(

),,(
),,(

),,(
),,(

00

000

0
00

00

0

0

0

0

dtdstsxhzyxkzyxk

zyxkzyxk
zyxk
zyxk

zyxk
zyxk

zyxk
zyxk

zyxW
zyxW

z

z

y

y
xx

xx
xxxx

∫∫++

−−+−≤−

 

     (35) 
 
Integrating (35) with respect to x   from xtox0 , we have   

,),,(),,(),,(),,(

),,(),,(),,(),,(),,(

),,(
),,(

),,(
),,(

ln
),,(
),,(

),,(
),,(ln

0 0 0

0000000

00000

00

000

00

0

0

00

0

dtdsdrtsrhzyxkzyxkzyxk

zyxkzyxkzyxkzyxkzyxk

zyxk
zyxk

zyxk
zyxk

zyxk
zyxk

zyxW
zyxW

x

x

y

y

z

z
∫ ∫ ∫+−+

+−+−−≤

⎜
⎜
⎝

⎛
⎟⎟
⎠

⎞
×−⎜

⎜
⎝

⎛
⎟⎟
⎠

⎞
×

 

     (36) 
 

 
from which we obtain  

{

}.),,(),,(),,(

),,(),,(),,(),,(),,(

),,(exp
),,(),,(),,(

),,(),,(),,(),,(
),,(

0 0 0

00000

0000000

000000

000000

dtdsdrtsrhzyxkzyxk

zyxkzyxkzyxkzyxkzyxk

zyxk
zyxkzyxkzyxk

zyxkzyxkzyxkzyxk
zyxW

x

x

y

y

z

z
∫ ∫ ∫+−

++−+−

−≤

 

     (37) 
 

 
Hence, from (37) and (19), we have the required result .  

 
The following special cases conclude five results which can be 

obtained by suitable substitutions in Theorem 2 .  
 
Special Cases II . 
 
1) If we replace k(x,y,z) by a constant  c > 1, then from Theorem 2 , we 
have, if  
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,),,(),,(),,(
0 0 0

dtdsdrtsrutsrhczyxu
x

x

y

y

z

z
∫ ∫ ∫+≤  

 
then  

 .),,(exp),,(
0 0 0

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
≤ ∫ ∫ ∫ dtdsdrtsrhczyxu

x

x

y

y

z

z

            (38) 

 
2) If we replace k(x, y, z) by k(x) >1 , then from Theorem 2, we  
have, if 

 ,),,(),,()(),,(
0 0 0

dtdsdrtsrutsrhxkzyxu
x

x

y

y

z

z
∫ ∫ ∫+≤  

 
then  

 .),,(exp)(),,(
0 0 0

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
≤ ∫ ∫ ∫ dtdsdrtsrhxkzyxu

x

x

y

y

z

z

        (39) 

 
3) If we replace k(x, y, z) by k(y)>1 , then from Theorem 2, we  
have, if 

 ,),,(),,()(),,(
0 0 0

dtdsdrtsrutsrhykzyxu
x

x

y

y

z

z
∫ ∫ ∫+≤  

 
then 

 .),,(exp)(),,(
0 0 0

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
≤ ∫ ∫ ∫ dtdsdrtsrhykzyxu

x

x

y

y

z

z

         (40) 

 
4) If we replace k(x,y,z) by c+ k(x)+ k(y) , then from Theorem 2, we  
have, if 

,),,(),,())()((),,(
0 0 0

dtdsdrtsrutsrhykxkczyxu
x

x

y

y

z

z
∫ ∫ ∫+++≤  

then 

  .),,(exp))()((),,(
0 0 0

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
++≤ ∫ ∫ ∫ dtdsdrtsrhykxkczyxu

x

x

y

y

z

z

           (41) 
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5) If we replace k(x,y,z) by k(x,y), then from Theorem 2, we have, if 

  

,),,(),,(),(),,(
0 0 0

dtdsdrtsrutsrhyxkzyxu
x

x

y

y

z

z
∫ ∫ ∫+≤  

 
then 

.),,(exp),(),,(
0 0 0

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
≤ ∫ ∫ ∫ dtdsdrtsrhyxkzyxu

x

x

y

y

z

z

          (42) 

 
 We note that the proofs of (1)-(5) can be completed by following 
the proof of Theorem 2 with suitable changes  . 

 
 

APPLICATIONS 
 

In this section we present some applications of Theorem 1 and Theorem 
2. We aim to study certain qualitative properties of solutions of hyperbolic 
partial differential equations . 
 
Example 1. 
     Let  ),,(),(),( yxuyxhyxuxy = where 

0),( 0 =yxux , xyyxhccyxu ≤>= ),(,1,),( 0 , 
 then         

),(),( yxxyuyxuxy ≤                        (43) 
 
Integrating (43) with respect to y from ytoy0 , and with respect to x 

from xtox0  we get   

  ,),(),(
0 0

dtdstsstucyxu
x

x

y

y
∫ ∫+≤  

 
then by Theorem 1 with k(x, y) = c , 
   

  .))((
4
1exp),( 2

0
22

0
2 ⎟

⎠
⎞

⎜
⎝
⎛ −−≤ yyxxcyxu  
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Example 2.  

     Let k(x, y) = )(
2
1 2

0
2 xx − =k(x), for  1)(

2
1 2

0
2 >− xx . Consider the 

equation  
),,(),(),( yxuyxhyxuxy =  

where  
xyxux =),( 0 , xyeyxhyxu ≤= ),(,0),( 0 ,  

then                   ),(),( yxuyeyxu x
xy ≤                       (44) 

 
Integrating (44) with respect to y from ytoy0 , and with respect to x 

from xtox0  we get   

,),()(
2
1),(

0 0

2
0

2 dtdstsutexxyxu s
x

x

y

y
∫ ∫+−≤  

then by Theorem 1,  

  ,))((
2
1exp)(

2
1),( 02

0
22

0
2 ⎟

⎠
⎞

⎜
⎝
⎛ −−−≤ xx eeyyxxyxu  for 2

02,0 xxy +>≥  . 

 
Example 3. 
 
     Let k(x, y) = c + k(x) + k(y), where  
 

     ,
2
1)(,

2
1)(),(

2
1 222

0
2
0 yykxxkyxc ==−=  

and  1)(
2
1)(

2
1 222

0
2
0 >+++ yxyx . Consider the equation  

       ),,(),(),( yxuyxhyxuxy =  
where 

 xyxux =),( 0 ,  22
0

2
00 2

1
2
1),( yyxyxu ++= , xyyxh ≤),(   then     

    
),(),( yxxyuyxuxy ≤    .                        (45) 

Integrating (45) with respect to y from ytoy0 , and with respect to x 

from xtox0  we have 
 
 



                      On Some Integral Inequalities of Gronwall Type                          13 

 

  ,),()(
2
1)(

2
1),(

0 0

222
0

2
0 dtdstsstuyxyxyxu

x

x

y

y
∫ ∫++++≤  

 
then by Theorem 1,  
 

,))((
4
1exp

)(

)
2
1

2
1)(

2
1

2
1(

),( 2
0

22
0

2
2
0

2
0

22
0

2
0

22
0

2
0

⎟
⎠
⎞

⎜
⎝
⎛ −−

+

++++
≤ yyxx

yx

yyxxyx
yxu  

 
),0(, 00 ∞∈yx ,  2

0
2
0

22 2 yxyx −−>+   .  
 
Example 4. 

      Let k(x, y) = 22
0

2 )(
4
1 yxx + , for  4)( 22

0
2 >+ yxx . Consider the equation     

,),(),(),( xyyxuyxhyxuxy +=  where ,),( yxyxh +≤   2
00 2

1),( xyyxux =  , 

,
2
1),( 22

00 yxyxu = we have      

.),()(),( xyyxuyxyxuxy ++≤                            (46)  

         
Integrating (46) with respect to y from ytoy0 , and with respect to x 

from xtox0 ,  
 
we have  

  ,),()()(
4
1),(

0 0

22
0

2 dtdstsutsyxxyxu
x

x

y

y

+++≤ ∫ ∫  

then by Theorem 1,  
 

,)(),(),(),(),(exp)(
4
1),(

0 0

0000
22

0
2

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+++−−+≤ ∫ ∫ dtdstsyxkyxkyxkyxkyxxyxu

x

x

y

y

 
and  then 

( ).)1)()(()1)()((exp)(
4
1),( 00

2
0

2
00

2
0

222
0

2 ++−−+++−−+≤ xxxxyyyyyyxxyxxyxu
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Example 5. 
 Let ,8),,(),,(),,( xyzzyxuzyxhzyxuxyz +=  where ),(2),,( zyxzyxh ++≤  

2
00 4),,( xyzzyxuxy = ,  ,2),,( 22

0 0yxzzyxux = ,),,( 222
00 yzxzyxu = then  

  

 .8),,()(2),,( xyzzyxuzyxzyxuxyz +++≤      (47)     

Integrating (47) with respect to z from ,0 ztoz with respect to y 

from ytoy0 , and with respect to x from xtox0  we have  
 

,),,()(2),,(
0 0 0

222 dtdsdrtsrutsrzyxzyxu
x

x

y

y

z

z

+++≤ ∫ ∫ ∫  

 

then by Theorem 2 with k(x, y, z) = 222 zyx ,  for 222 zyx >1 ,  
         

(

),)(2

),,(),,(),,(),,(

),,(),,(),,(),,(exp),,(

0 0 0

00000000

0000
222

dtdsdrtsr

zyxkzyxkzyxkzyxk
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